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Based on:
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@ 0-deformation of spectral triples

© Cyclic cohomology of one-parameter crossed product

© Cyclic cohomology of Connes-Landi deformation
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Connes-Landi deformation

A: Fréchet, o: T? ~ A smooth
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6-deformation of spectral triples

Connes-Landi deformation

A: Fréchet, o: T? ~ A smooth
OR/Z: deformed product xy on A

frgg= ewi@(mn’—m’n)f-g

when f is a T?-eigenvector of weight (m, n) € Z?, g is a one of weight
(m',n').

A9 = (Aa *9)
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6-deformation of spectral triples

Connes-Landi deformation

A: Fréchet, o: T? ~ A smooth
OR/Z: deformed product xy on A

frgg= ewi@(mn’—m’n)f-g

when f is a T?-eigenvector of weight (m, n) € Z?, g is a one of weight
(m',n').

Ag = (A, *g)
Ay = Ay: deformation of A= A by Rieffel (1993)
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CL-deformation of spectral triples

(A, H, D) spectral triple, U: T?> ~ H

o¢(a) = Ady,(a), Ady,(D) =D
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CL-deformation of spectral triples

(A, H, D) spectral triple, U: T?> ~ H

o¢(a) = Ady,(a), Ady,(D) =D

= dA4p ~ H, 3(9)5 _ eﬂie(m”,—m’n)aé

when a € A is a T2-eigenvector of weight (m, n) and £ € H is a one of
weight (m', n’)
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CL-deformation of spectral triples

(A, H, D) spectral triple, U: T?> ~ H

o¢(a) = Ady,(a), Ady,(D) =D

= dA4p ~ H, 3(9)5 _ eﬂie(m”,—m’n)aé

when a € A is a T2-eigenvector of weight (m, n) and £ € H is a one of
weight (m', n’)
= New spectral triple (Ay, H, D)
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Crossed product presentation of CL-deformation

Strong Morita equivalence

Ag =~ (A® C(T3))7®7 i T2 Kogn (A® C(T3))
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Crossed product presentation of CL-deformation

Strong Morita equivalence
Ag = (A® C(T5))7%7 ik T2 Koy (A® C(T5))

Automorphisms of Z x —; T? x4 A:

O3 fivk) = 3 oM (h)vk,

keZ keZ
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6-deformation of spectral triples

Crossed product presentation of CL-deformation

Strong Morita equivalence
Ag = (A® C(T5))7%7 ik T2 Koy (A® C(T5))
Automorphisms of Z x —; T? x4 A:

O3 fivk) = 3 oM (h)vk,

keZ keZ

—

R x ) A is identified with the mapping torus of c(1): Z ~ T x ) A
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6-deformation of spectral triples

Crossed product presentation of CL-deformation

Strong Morita equivalence

Ag =~ (A® C(T3))7®7 i T2 Kogn (A® C(T3))

Automorphisms of Z x —; T? x4 A:

O fivk) = 3 oD (f)vk

ke ke
R x ) A is identified with the mapping torus of c(1): Z ~ T x ) A

:>Zl>< 2) Txa(l A_KKRIX 2) RIX 1)A

an analogue of “noncommutative torus” < “Kronecker foliation”
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Cyclic cocycles

Differential graded algebra (Q*, d), homomorphism A — Q°
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Cyclic cocycles

Differential graded algebra (Q*, d), homomorphism A — Q°
cyclic n-cocycle < closed trace on Q"

G(F0,.. . ") = 74(FOdfT - - df")
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Cyclic cocycles

Differential graded algebra (Q*, d), homomorphism A — Q°
cyclic n-cocycle < closed trace on Q"

G(F0,.. . ") = 74(FOdfT - - df")

Cyclic cohomology group:
HC"(A) = {cyclic n-cocycles} / {cyclic n-coboundary}
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Cyclic cocycles

Differential graded algebra (Q*, d), homomorphism A — Q°
cyclic n-cocycle < closed trace on Q"

G(F0,.. . ") = 74(FOdfT - - df")

Cyclic cohomology group:
HC"(A) = {cyclic n-cocycles} / {cyclic n-coboundary}

HC"(A) x K,(A) — C,

([9], [e]) = o(e,...,e) (¢ : cyclic 2k-cocycle, e : projection)
([o], [u]) = p(u*, u,u*,...,u) (¢ : cyclic 2k + 1-cocycle, u : unitary)
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Cyclic cocycles

Differential graded algebra (Q*, d), homomorphism A — Q°
cyclic n-cocycle < closed trace on Q"

G(F0,.. . ") = 74(FOdfT - - df")

Cyclic cohomology group:
HC"(A) = {cyclic n-cocycles} / {cyclic n-coboundary}

HC"(A) x K,(A) — C,

([9], [e]) = o(e,...,e) (¢ : cyclic 2k-cocycle, e : projection)
([o], [u]) = p(u*, u,u*,...,u) (¢ : cyclic 2k + 1-cocycle, u : unitary)

St HC"(A) — HC"2(A), HP*(A) = lim HC**(4)

k—o00

Makoto Yamashita (Cardiff) Connes-Landi deformation EU-NCG 4 6 /13



Connes-Thom isomorphism in cyclic cohomology

Theorem (Elliott-Natsume-Nest, 1988)
A: Fréchet, o : R ~ A smooth
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Cyclic cohomology of one-parameter crossed product

Connes-Thom isomorphism in cyclic cohomology

Theorem (Elliott-Natsume-Nest, 1988)
A: Fréchet, a: R ~ A smooth
®: K. (A) = Kitr1(R x4 A) the Connes—Thom isomorphism
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Cyclic cohomology of one-parameter crossed product

Connes-Thom isomorphism in cyclic cohomology

Theorem (Elliott-Natsume-Nest, 1988)
A: Fréchet, a: R ~ A smooth
®: K. (A) = Kitr1(R x4 A) the Connes—Thom isomorphism

#o: HC"(A) — HC"THR x° A)

<¢7 X> = <#a(¢)7 ¢(X)>
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Cyclic cohomology of one-parameter crossed product

Connes-Thom isomorphism in cyclic cohomology

Theorem (Elliott-Natsume-Nest, 1988)
A: Fréchet, a: R ~ A smooth
®: K. (A) = Kitr1(R x4 A) the Connes—Thom isomorphism

#o: HC"(A) — HC"THR x° A)

<¢7 X> = <#a(¢)7 ¢(X)>

Example
T: trace on A, invariant under «
ix7(a, b) = 7(ah(b)): cyclic 1-cocycle on A
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Cyclic cohomology of one-parameter crossed product

Connes-Thom isomorphism in cyclic cohomology

Theorem (Elliott-Natsume-Nest, 1988)
A: Fréchet, a: R ~ A smooth
®: K. (A) = Kitr1(R x4 A) the Connes—Thom isomorphism

#o: HC"(A) — HC"THR x° A)

<¢7 X> = <#a(¢)7 ¢(X)>

Example
T: trace on A, invariant under «
ix7(a, b) = 7(ah(b)): cyclic 1-cocycle on A

= #a4(f) = TroixT on RXF R xP A~ K*&A
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Cyclic cohomology of one-parameter crossed product

Invariant cocycles

A: Fréchet, a: R ~ A smooth
X: generator of «

¢: cyclic n-cocycle on A, invariant under o
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Cyclic cohomology of one-parameter crossed product

Invariant cocycles

A: Fréchet, a: R ~ A smooth
X: generator of «

¢: cyclic n-cocycle on A, invariant under o

e Dual cocycle ¢ on R x5 A

¢3(ff’,...,f"):/Z (R, ... D)

n —
=0 =0
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Cyclic cohomology of one-parameter crossed product

Invariant cocycles

A: Fréchet, a: R ~ A smooth
X: generator of «

¢: cyclic n-cocycle on A, invariant under o

e Dual cocycle ¢ on R x5 A

¢3(f°,...,f"):/Z (R, ... D)

n —
j—0 =0

@ Interior product ix¢ on A

n+1
ix¢(ao, ey a,,+1) = Z(—l)f7¢(a0da1 s X(aj) s da,,+1).
j=1
Connes-Landi deformation

EU-NCG4  8/13



Cyclic cohomology of one-parameter crossed product

Invariant cocycles and ENN-isomorphism

Theorem (Y., 2010)

A: Fréchet, a.: R ~ A smooth
¢: cyclic n-cocycle on A, invariant under o
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Cyclic cohomology of one-parameter crossed product

Invariant cocycles and ENN-isomorphism

Theorem (Y., 2010)

A: Fréchet, a.: R ~ A smooth
¢: cyclic n-cocycle on A, invariant under o

[#ad] = [ixp] in HC"F1(A)

Outline: X: generator of 6 = ¢ = ig¢
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Cyclic cohomology of one-parameter crossed product

Invariant cocycles and ENN-isomorphism

Theorem (Y., 2010)

A: Fréchet, a.: R ~ A smooth
¢: cyclic n-cocycle on A, invariant under o

[#ad] = [ixp] in HC"F1(A)

Outline: X: generator of &= gZA) = ig¢ Connes’s 2 x 2-matrix trick for o
and &
R~ Ma(R x5 R x,.A)  (with generator Y)

= Two embeddings W1, V5: R x5 R x, A — Ma(R x5 R X, A)
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Cyclic cohomology of one-parameter crossed product

Invariant cocycles and ENN-isomorphism

Theorem (Y., 2010)

A: Fréchet, a.: R ~ A smooth
¢: cyclic n-cocycle on A, invariant under o

[#ad] = [ixp] in HC"F1(A)

Outline: X: generator of &= gZA) = ig¢ Connes’s 2 x 2-matrix trick for o
and &
R~ Ma(R x5 R x,.A)  (with generator Y)

= Two embeddings W1, V5: R x5 R x, A — Ma(R x5 R X, A)

Viliv(¢ ® Tra,)) = igd Wi (iy (¢ ® Trm,)) = ixd
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Invariant cocycles and ENN-isomorphism, cont.

Example:

@ «: action of Z on a Fréchet algebra B
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Invariant cocycles and ENN-isomorphism, cont.

Example:
@ «: action of Z on a Fréchet algebra B

@ 0: Kit1(Z xo B) — K.(B) connecting map in the
Pimsner—Voiculescu sequence
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Invariant cocycles and ENN-isomorphism, cont.

Example:
@ «: action of Z on a Fréchet algebra B

@ 0: Kit1(Z xo B) — K.(B) connecting map in the
Pimsner—Voiculescu sequence

@ D: generator of & on Z x, B
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Invariant cocycles and ENN-isomorphism, cont.

Example:
@ «: action of Z on a Fréchet algebra B

@ 0: Kit1(Z xo B) — K.(B) connecting map in the
Pimsner—Voiculescu sequence

@ D: generator of & on Z x, B

@ ¢: G-invariant cyclic n-cocycle on Z x, B
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Invariant cocycles and ENN-isomorphism, cont.

Example:
@ «: action of Z on a Fréchet algebra B

@ 0: Kit1(Z xo B) — K.(B) connecting map in the
Pimsner—Voiculescu sequence

@ D: generator of & on Z x, B
@ ¢: G-invariant cyclic n-cocycle on Z x, B

= <iD¢aX> = <¢78(X)>
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Correspondence of invariant cocycles

¢: cyclic n-cocycle on A, invariant under o
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Correspondence of invariant cocycles

¢: cyclic n-cocycle on A, invariant under o

= ¢ is a cyclic cocycle over R x — o R x, ) A.
Yot
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Correspondence of invariant cocycles

¢: cyclic n-cocycle on A, invariant under o

1)
e: minimal projection in K°°, embedding

= ¢ is a cyclic cocycle over R x —= 5 R x ) A.
e 709t

V:Ag - ASK® 2R x—= o Rx_a A,
o o.() o

ONO%

X—X®e
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Cyclic cohomology of Connes-Landi deformation

Correspondence of invariant cocycles

¢: cyclic n-cocycle on A, invariant under o

= ¢ is a cyclic cocycle over R X —5 o) R %) A.
) t

e: minimal projection in K°°, embedding

V: Ay — ARK™ ngmo_?R X ) A,
’ t

X—X®e

9 = W*(4): cyclic n-cocycle on Ay
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Cyclic cohomology of Connes-Landi deformation

Correspondence of invariant cocycles

¢: cycIic n-cocycle on A, invariant under o
= ¢ is a cyclic cocycle over R x — Do 5 Rx_a) A.
e: minimal projection in K, embeddmg

WA9—>A®’COONR[X )(2R[>< A

Tt

X—X®e

9 = W*(4): cyclic n-cocycle on Ay

Rem. ¢ is a trace on A = 69 (x(9)) = ¢(x)
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Comparison of cocycles

#;('ﬁ oéz) @) #0(1)2 HP(.A) — HP(R K;-\

0,62 R x,a) A) = HP(Ap)

-1
E(@) = (#(;(1\)’0_(2) (@] #0(1)>

ot
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Comparison of cocycles

#-5 o © #.,0: HP(A) — HP(R X 5

aff) R x ) A) ~ HP(Ap)
ot

-1
E(@) = (#(;(1\)’0_(2) (@] #0(1)>

Theorem (Y., 2010)

¢: cyclic n-cocycle on A, invariant under o
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Comparison of cocycles

#;('ﬁ UéQ) @) #0(1)2 HP(.A) — HP(R K;-\

0,62 R x,a) A) = HP(Ap)

-1
E(@) = (#(;(1\)’0_(2) (@] #0(1)>

ot

Theorem (Y., 2010)

¢: cyclic n-cocycle on A, invariant under o

[EO(6)] = [6] + blix, ix, 9] € HC™?(A)
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Invariance of Chern-Connes character

Theorem (Y., 2010)
(A, H, D) spectral triple, U: T?> ~ H

o¢(a) = Ady,(a), Ady,(D) =D

(Ag, H, D) deformed triple
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Invariance of Chern-Connes character

Theorem (Y., 2010)
(A, H, D) spectral triple, U: T?> ~ H

o¢(a) = Ady,(a), Ady,(D) =D

(Ag, H, D) deformed triple

(cha 1,0y, ) = (D (ch(a, 1.0)), %),

i.e. =0 (chp,py) = ch(y,p).”
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Cyclic cohomology of Connes-Landi deformation

Invariance of Chern-Connes character

Theorem (Y., 2010)
(A, H, D) spectral triple, U: T?> ~ H

Ut(a) = AdUt(a)7 AdUt(D) =D
(Ag, H, D) deformed triple

(cha 1,0y, ) = (D (ch(a, 1.0)), %),

”

ie. 'E(G)(Ch(H,D)) = Ch(H,D)

(D (chay.1.0))s X) = (ch(am.py: X) + O{ix;ix, cham.p)s X)

and
V0 : (ZO(cha, 1.0)), ) € Z.
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