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Type I1I; factor N

Braided system n Xy of endomorphisms

Loop groups SU(2),...,5U(n) etc Wassermann
Fusion rules of SU(n)y: A=, Ni v

NAN, = > NN, Ny = {N§, b
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Verlinde formula

Ny = ESJS[Q So = {Soutu
P 501
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a-induction

Braided subfactor N ¢ M

}V M/YM+
s <
—_ -
@ mXr
at A — aj\—L

. + — . . .
2y = (ay,ay ) is a modular invariant

Bockenhauer-Evans-Kawahigashi
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Action of A € yXn on Xy gives M-N graph G,

nimrep: non-negative integer matrix representation of original Verlinde algebra

GrGu =) NG,

v

Spectrum of G): Bockenhauer-Evans-Kawahigashi
o(Gy) = {Sux/Su1 with multiplicity Z,, .}

SU(2): nimrep gives classification of modular invariants at level k:

Capelli-ltzykson-Zuber
For NCM— Zg (G an ADE graph)

Gy=¢



SU(3) ADE Graphs
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Subgroups of SU(3)

[ ADE graph Subgroup ' C SU(3)
(ADE) B: finite subgroups of SU(2) C SU(3)
A A Zp—o X Lp—»n

A:Zm X Zn (m#n#3)

D) (n = 0 mod 3)

C:AB(N—3)%) = (Zn_3 X Zn_3) @ Z3

D (n 2 0 mod 3)

C: A(Bn%) = (Zn X Zn) % Z3,
(n Z 0 mod 3)

A(6n%) = (Zn X Zp) % S3

Al
DM (n > 7) A Z|(n+1)/2] X 23
£® E=3Y(36 x 3) = A(3.3%) x Z4
@) _
£ F=3(72 x 3)
5(12) G = ¥(216 x 3)
5(12) B xZ3: BDs x 73
(12) L = 5(360 x 3) & TAg
5(12) K = TPSL(2,7)
5(24)
- = X (6l 0) ~ Ag
- ( 68) = PSL(2,7)
- T~ TA;
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Ar-Temperley-Lieb Algebra

A(aﬂw):/iu'ﬂklﬂ'
Cell system, W - A(aﬁ'y) —C Ocneanu, Evans-P

W(APY))  ~s  representation of Hecke algebra:
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Ar-Temperley-Lieb Algebra

A(aﬂw):/iu'ﬂklﬂ'
Cell system, W - A(aﬁ'y) —C Ocneanu, Evans-P
W(APY))  ~s  representation of Hecke algebra:

Upp;:gf - Z (z)s_(}’l)(z)f_(iz) W(A(prn)m
A

Ao-Temperley-Lieb algebra: U; € (Qy M3)5U(3)k
U?=6U,  UiUj= Ul [i—j>1,

1

UiUit1U; — U; = Ui+1U;Uix1 — Uisq

12/27
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SU(3) ADE Graphs

e SU(3) modular invariants

@ Realisation of SU(3) modular invariants by braided subfactors

Ocneanu, Xu, Bockenhauer-Evans, Bockenhauer-Evans-Kawahigashi, Evans-P

@ Nimrep graphs:

G\G, =) N§,G,, G, =G

o(Gy) = {Sur/Su1 with multiplicity Z,, .}

13/27
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A self-adjoint with [|A|] <2,  ie. o(A) C[-2,2]
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Spectral Measures: SU(2)

A self-adjoint with [|A|] <2,  ie. o(A) C[-2,2]
Map ¢ : T—[-2,2]

d(u) =u+u?, ueT

dim(®kM2)T = <A2k9,§2> = /(w +w_1)2kdw
T
A = U+ U* on (3(Z)

2 2k
z
= / ——dz /\/\/\M
o TVA4 — 22

dim(@FM,)°Y?) = (A?%*Q.Q
( 2) < ) A =S+ S* on ?(N)

/2 z2k\/4 — 72
= | =——=dz /N
2w

-2
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Spectral Measures: SU(3)

o(A) CD = {w; +wyt + wtwalwr,wr € T} 3

Map ¢ : T?—D,

1 -1
O(wi,w2) = w1 +wy ~ +wy wo

3w’

(invariant under action of S3)

D= TF2/553 1 .

5 V)

1\
Fundamental domain C of T?/S3 0 .
in T2 Q >

: -

§ \‘57

— (o271 L2mi0
(w17w2)_(e mlvem 2) 00 [ H
0,
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Spectral Measures: SU(3)

A=UR1+1U*+U*®U
H k T2 2k on €2(Z X Z)
dim(2“Ms)™ = (A0, Q)

/ 3’z|2k
© m2/27 — 18|22 +42% + 42° — [2[*
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Spectral Measures: SU(3)

A=Ux1+1U+UeU

2 on Ez(Z X Z)
dim(e*M;)™ = (|A]*Q,9)
/ 3|z[2k
- dz
© m2/27 — 18|22 +42% + 42° — [2[*
dim(@*M;)°U®) = (|1a]*Q,Q)
_ / |2[2/27 1822 + 42 1 42° — [2f*
o 2m2

A=S®1+1®S5*+5*®S on 2(N x N)
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Graph A

Jacobian J := det(9(x, y)/d(61,02)) for change of variables

7= e27ri01 + e—27ri92 + eZ7ri(092—01)

o A): de(wy,ws) = Tlﬂﬂdwldwz, (over T?)
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Graph A

Jacobian J := det(9(x, y)/d(61,02)) for change of variables

7= e27ri01 + e—27ri92 + eZ7ri(092—01)

o A®): de(wy,wn) = 57 J2dwidws, (over T?)

2474
o AN de(wy,wn) = 2417T4J2d(h)(w1,w2) (over T?)

1
15
18

9, ®
0
0 % & ® ® #® 1

0,
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McKay graphs of Subgroups of SU(n)

McKay graph Gr a nimrep of representation theory of ' C SU(n)

Spj * vV IT1 .
G, = Zj S—’SSJSJ Sij = \/ﬁx,-(l’j) Kawai
T — [-22]: w — wtwl=z

w?—zw+1=0: w={z+tiVd—2%2}/2 « =z

-1 -1
TZ —B> (wl,wg)—>w1+w2 +w;wr =2

Wi —zwd+Zw—1 = 0
wg—?wg—l—zwg—l =

w=z—-P+(z3-32)/3P
P = ([27—92Z+22%+3v/3/27 — 18|22 + 423 + 423 — |2|*]/2)/3

z— (w,w)
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Ar-planar tangles

s; sign strings, e.g. ++ — — — + —
Vs1.5,, Vector space with basis given by Ap-planar tangles

generated by Y \T/

subject to the Kuperberg relations: 6 € R, a=46>—1

Kl:Oza
A

i
!
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Q = 5| E@ej—ﬂiu
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K1;©=a
K3'Q6|



Ar-planar algebras

z — Ui € (Qy M3)5U(3)k, Ap-Temperley-Lieb operator:

K1:

K2:

—~—<
Il

K3:
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Ar-planar algebras

z — Ui € (Qy M3)5U(3)k, Ap-Temperley-Lieb operator:
U,-2:5U,', U,'UJ':UJ'U,', ‘I'—j|>1,
UiUiz1Ui — U = Uit1UiUir1 — Uigq

K1:

K2:

—~—<
Il

K3:
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From A,-TL to almost Calabi-Yau algebras

Construct semisimple tensor category Ax-TL
with simple objects f; ;y ~ generalized Jones-Wenzl projections.

Nimrep G and cell system W define monoidal functor
F: A2-TL—>FUH(NXM, NXM):

ij€Go
° Ffe) = @i;8¢(i,/)Cij = (Co) G =6,

o F(f7y) = &™(CG) = (CG)m

Define graded algebra:
Do Flfiko) = CG/H{YE,y W(AEPP)bY} = AG, W)

Cooper
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Almost Calabi-Yau algebras

Hilbert series of graded algebra: H(t) = > Hpt"

Calabi-Yau algebra of dimension 3: H(t) = m

Bocklandt, Ginzburg
0 3 ARA S AQVRASAQVRASARA A0

For A= A(G, W): H(t) = Hﬁ%

~

A=1A3 Nakayama automorphism [

Almost Calabi-Yau algebra:

01451 > ARA 5 AQVERA » AQVERA - ARA = A— 0
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Nakayama automorphism for A(G, W)

~: automorphism of graph given by clockwise rotation by 27/3
(7* =id)

~ for A n>4,
= 42" for  DM* p>5
N v for  E®)

id otherwise.

A pln)
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Hochschild (co)homology and Cyclic homology

@ Can use the exact sequence
01451 > ARA » AQVERA » AQVERA - ARA A0

to construct a projective resolution of A as an A-A bimodule.
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Hochschild (co)homology and Cyclic homology

@ Can use the exact sequence
01451 > ARA » AQVERA » AQVERA - ARA A0

to construct a projective resolution of A as an A-A bimodule.

@ Use this resolution to compute the Hochschild homology and
cohomology of A, and its cyclic homology.

@ Hochschild (co)homology and cyclic homology of A ~~
invariants for subfactor N C M realised by pair (G, W)
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