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(ADE) B: finite subgroups of SU(2) ⊂ SU(3)

A(n) A: Zn−2 × Zn−2
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D(n) (n ≡ 0 mod 3) C: ∆(3(n − 3)2) = (Zn−3 × Zn−3) o Z3

D(n) (n ̸≡ 0 mod 3) -

- C: ∆(3n2) = (Zn × Zn) o Z3,
(n ̸≡ 0 mod 3)

- D: ∆(6n2) = (Zn × Zn) o S3
A(n)∗ -

D(n)∗ (n ≥ 7) A: Z⌊(n+1)/2⌋ × Z3

E(8) E = Σ(36 × 3) = ∆(3.32) o Z4

E(8)∗ -

E(12)
1 F = Σ(72 × 3)

E(12)
2 G = Σ(216 × 3)

E(12)
3 B ×Z3: BD4 × Z3

E(12)
4 L = Σ(360 × 3) ∼= TA6

E(12)
5 K ∼= TPSL(2, 7)

E(24) -
- H = Σ(60) ∼= A5
- I = Σ(168) ∼= PSL(2, 7)
- J ∼= TA5

E
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A2-Temperley-Lieb Algebra

△(αβγ) = i
α−→ j

β−→ k
γ−→ i

Cell system, W : △(αβγ) → C Ocneanu, Evans-P

W (△(αβγ))  representation of Hecke algebra:

Uρ1,ρ2
ρ3,ρ4 =

∑
λ

ϕ−1
s(ρ1)

ϕ−1
r(ρ2)

W (△(λρ3ρ4))W (△(λρ1ρ2))

A2-Temperley-Lieb algebra: Ui ∈ (
⊗

NM3)
SU(3)k

U2
i = δUi , UiUj = UjUi , |i − j | > 1,

UiUi±1Ui − Ui = Ui±1UiUi±1 − Ui±1
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Spectral Measures: SU(2)

∆ self-adjoint with ||∆|| ≤ 2, i.e. σ(∆) ⊂ [−2, 2]
Map Φ : T→[−2, 2]

Φ(u) = u + u−1, u ∈ T

dim(⊗kM2)
T = ⟨∆2kΩ,Ω⟩ =

∫
T
(ω + ω−1)2kdω

=

∫ 2

−2

z2k

π
√
4− z2

dz
∆ = U + U∗ on ℓ2(Z)

dim(⊗kM2)
SU(2) = ⟨∆2kΩ,Ω⟩

=

∫ 2

−2

z2k
√
4− z2

2π
dz

∆ = S + S∗ on ℓ2(N)
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Spectral Measures: SU(3)

σ(∆) ⊂ D = {ω1 + ω−1
2 + ω−1

1 ω2|ω1, ω2 ∈ T}

Map Φ : T2→D,

Φ(ω1, ω2) = ω1 + ω−1
2 + ω−1

1 ω2

(invariant under action of S3)

D ∼= T2/S3

Fundamental domain C of T2/S3
in T2:

(ω1, ω2) = (e2πiθ1 , e2πiθ2)
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dim(⊗kM3)
T2

= ⟨|∆|2kΩ,Ω⟩

=

∫
D

3|z |2k

π2
√

27− 18|z |2 + 4z3 + 4z3 − |z |4
dz

∆ = U⊗1+1⊗U∗+U∗⊗U
on ℓ2(Z× Z)

dim(⊗kM3)
SU(3) = ⟨|∆|2kΩ,Ω⟩

=

∫
D

|z |2k
√

27− 18|z |2 + 4z3 + 4z3 − |z |4
2π2

dz

∆ = S ⊗ 1 + 1⊗ S∗ + S∗ ⊗ S on ℓ2(N× N)
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. . . . . .

Graph A(h)

Jacobian J := det(∂(x , y)/∂(θ1, θ2)) for change of variables

z = e2πiθ1 + e−2πiθ2 + e2πi(θ2−θ1)

A(∞): dε(ω1, ω2) =
1

24π4 J
2dω1dω2, (over T2)

A(h): dε(ω1, ω2) =
1

24π4 J
2d(h)(ω1, ω2) (over T2)

18 / 27



. . . . . .

Graph A(h)

Jacobian J := det(∂(x , y)/∂(θ1, θ2)) for change of variables

z = e2πiθ1 + e−2πiθ2 + e2πi(θ2−θ1)

A(∞): dε(ω1, ω2) =
1

24π4 J
2dω1dω2, (over T2)

A(h): dε(ω1, ω2) =
1

24π4 J
2d(h)(ω1, ω2) (over T2)

18 / 27



. . . . . .

McKay graphs of Subgroups of SU(n)

McKay graph GΓ a nimrep of representation theory of Γ ⊂ SU(n)

Gρ =
∑

j
Sρj
S1j

SjS
∗
j Sij =

√
|Γj |√
|Γ|

χi (Γj) Kawai

T → [−2, 2] : ω → ω + ω−1 = z
ω2 − zω + 1 = 0: ω = {z ± i

√
4− z2}/2 ← z

T2 → (ω1, ω2)→ ω1 + ω−1
2 + ω−1

1 ω2 = z

ω3
1 − zω2

1 + zω1 − 1 = 0

ω3
2 − zω2

2 + zω2 − 1 = 0

ω = z − P + (z3 − 3z)/3P
P = ([27−9zz+2z3+3

√
3
√
27− 18|z |2 + 4z3 + 4z3 − |z |4]/2)1/3

z → (ω, ω′)
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. . . . . .

Overview

SU(3) ADE graphs as nimreps

Spectral measures

Almost Calabi-Yau algebras and the Nakayama automorphism
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. . . . . .

A2-planar tangles

si sign strings, e.g. + +−−−+−
Vs1,s2 , vector space with basis given by A2-planar tangles

generated by

subject to the Kuperberg relations: δ ∈ R, α = δ2 − 1

K1:

K2:

K3:

{e1, e2, e3} basis of C3

∈ Hom(ρ⊗ ρ,C) :
ei ⊗ ej→δij

∈ Hom(C, ρ⊗ ρ) :
1→

∑
ei ⊗ ei

: 1→
∑

ei ⊗ ei→3

21 / 27
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. . . . . .

A2-planar algebras

si sign strings, e.g. + +−−−+−
Vs1,s2 , vector space with basis given by A2-planar tangles

generated by

subject to the Kuperberg relations: δ ∈ R, α = δ2 − 1

K1:

K2:

K3:

{e1, e2, e3} basis of C3

∈ Hom(ρ⊗ ρ,C) :
ei ⊗ ej→δij

∈ Hom(C, ρ⊗ ρ) :
1→

∑
ei ⊗ ei

: 1→
∑

ei ⊗ ei→3

−→ Ui ∈ (
⊗

NM3)
SU(3)k , A2-Temperley-Lieb operator:

U2
i = δUi , UiUj = UjUi , |i − j | > 1,

UiUi±1Ui − Ui = Ui±1UiUi±1 − Ui±1

P1 ⊗ P2 ⊗ P3→P
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. . . . . .

From A2-TL to almost Calabi-Yau algebras

Construct semisimple tensor category A2-TL
with simple objects f(i ,j) ∼ generalized Jones-Wenzl projections.

Nimrep G and cell system W define monoidal functor
F : A2-TL→Fun(NXM , NXM):

F (f(k,l)) =
⊕
i ,j∈G0

Gλ(k,l)
(i , j)Ci ,j

F (f(1,0)) =
⊕

i ,j ∆G(i , j)Ci ,j = (CG)1 (G = Gρ)

F (f m(1,0)) = ⊗m(CG)1 = (CG)m

Define graded algebra:⊕∞
k=0 F (f(k,0))

∼= CG/{
∑

b,b′ W (△(a,b,b′))bb′} = A(G,W )
Cooper
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. . . . . .

Almost Calabi-Yau algebras

Hilbert series of graded algebra: H(t) =
∑

Hnt
n

Calabi-Yau algebra of dimension 3: H(t) = 1
1−∆t+∆T t2−t3

Bocklandt, Ginzburg

0→ A⊗ A→ A⊗ V̂ ⊗ A→ A⊗ V ⊗ A→ A⊗ A→ A→ 0

For A = A(G,W ): H(t) = 1−Pth

1−∆t+∆T t2−t3

Â = 1Aβ Nakayama automorphism β

Almost Calabi-Yau algebra:

0→ 1Aβ−1 → A⊗A→ A⊗ V̂ ⊗A→ A⊗V ⊗A→ A⊗A→ A→ 0
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. . . . . .

Nakayama automorphism for A(G,W )

γ: automorphism of graph given by clockwise rotation by 2π/3
(γ3 = id)

β =


γ2 for A(n), n ≥ 4,

γ2n for D(n)∗, n ≥ 5,

γ for E(8),
id otherwise.

A(n) D(n)∗ E(8)
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. . . . . .

Hochschild (co)homology and Cyclic homology

Can use the exact sequence

0→ 1Aβ−1 → A⊗A→ A⊗ V̂ ⊗A→ A⊗V ⊗A→ A⊗A→ A→ 0

to construct a projective resolution of A as an A-A bimodule.

Use this resolution to compute the Hochschild homology and
cohomology of A, and its cyclic homology.

Hochschild (co)homology and cyclic homology of A  
invariants for subfactor N ⊂ M realised by pair (G,W )
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invariants for subfactor N ⊂ M realised by pair (G,W )

26 / 27



. . . . . .

T. Banica and D. Bisch, Spectral measures of small index principal
graphs, Comm. Math. Phys. 269 (2007), 259281.

B. Cooper, Almost Koszul Duality and Rational Conformal Field
Theory, PhD thesis, University of Bath, 2007.

27 / 27



. . . . . .

T. Banica and D. Bisch, Spectral measures of small index principal
graphs, Comm. Math. Phys. 269 (2007), 259281.

B. Cooper, Almost Koszul Duality and Rational Conformal Field
Theory, PhD thesis, University of Bath, 2007.

27 / 27


