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Freenes

Definition
For (A;) C (A, ¢) unital C*-subalgebras we say (A;) are free in A if

VneN vajGAljylg_]Snalj#lj-‘rla(b(aJ):O
we have

¢(araz---ap) = 0.
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Reduced free product

Given unital C*-algebras (A;, ¢;) construct algebra (A ¢) such that
> (A)) free in (A, ¢)
> ¢‘Ai = ¢i

Notation

(A, ¢) = *i(Ai, &)
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Properties of reduced free product

* Cr(Gi) = G/ (% Gi)

A=CleP € 44,

N iyyein, (741

where .,Zi,- = ker ¢;.
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Problem

Let ¢ : N — C and A = x;A; and define

Mg(a1...an) = @(n)ay ... an. (1)

v

Is My welldefined on A?

When is My completely bounded?
For which A;?

For which ¢?

”M¢ch =7

v

v

v

v
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Class C

Definition
Let C denote the set of functions ¢ : Ny — C for which the Hankel
matrices

h=(o(i+j)— (i +j+1))ijen,
k — (¢(, +j+ ]_) — g[)(l +j+ 2))i,j€No

are of trace class and ¢ = lim,_,o ¢(n) exists.
For ¢ € C put

1@lle = [1Allx + Ikl + [e]-
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Known results

Theorem (Wysoczanski 1995)
Let G = *jc/G; and ¢ € C then My : C}(G) — C/(G) is
welldefined and

IMglles < [|9llc-

Theorem (Ricard-Xu 2006)

Let A= x;A; and ¢(n) =s", s €]0,1] then My : A — A is
welldefined and
[Mglep < 1.
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Main result

Theorem (Haagerup-M)

Let A = xjc/(Aj,wj) be the reduced free product of unital
C*-algebras (A;)iec; with respect to states (wj);e for which the
GNS-representation m,,, is faithful for all i € I.

If  : Ng — C belongs to C, then there is an unique linear
completely bounded map

M¢ A= A
such that My(1) = ¢#(0)1 and
Mg(araz ... an) = ¢p(n)araz. .. a,

whenever a; € fi,-j = ker(w,-j) and ip £ ip # -+ F ip.
Moreover ||Myl|lcp < ||0]lc.
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Example

Let D = {s € C||s| < 1}. For every s € D
¢s(n) = s” ()
defines a radial multiplier My on A = xjc/(A;j, w;) with

1—s|
Mg, lleb < T—7o ol (3)
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Strategy

» Uniqueness of M,

» Reduce to A; = B(H;)

» Equivalent description of My
» Construct CDLJ

» Construct T1, To, T

» Show T is M,

» Estimate || T||cp
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Sketch of proof o)

Notation

H=CooP P Hyo o, (4)
n=0 iy#-#in

and denote basis by

A:{Q}UU{’Yl®"'®7n’7j€ﬁijail?é"'7éin}' (5)

n=1

For v € H, define L, € B(H) as

C[yex  fi#h
LV(X)_{ 0 if i = iy

For n,& € H let case 2 if n,,§¢| € Hi and case 1 otherwise.
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Equivalent description of M,

Lemma
Let T : B(H) — B(H) be a bounded linear normal map, and let
¢ : No — C be a function on Ny. TFAE

(a) T(1) =¢(0)1 and

T(a1a2...an) = ¢(n)araz...an (6)

whenever a; € B(H;) = ker(w;) and iy # ip # -+ # ip.

lj

(b) For all k,I € Ny and & € N(k),n € N(I) we have

o ¢>(k+/)L§L:‘7 in case 1
T(LeLy) = { ¢k + 1 —1)LeLy in case 2. ()
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Er(uu\nlence

Sketch of proof Ly

Construction of maps

For x,y € 12(Ng) and a € B(H) put
oM (a Z D(s+yrxaDiseyn, + Z Dsnyp"(a) D&,

o3 a)_ZDS)n aD{s., —i—ZDsnxp “Y(e(a)) D&,

T, = Z cb)(ql)yl for h = Z Xi ©y;
i=1 i=1

Ty = i oL, for k = i zi © wi
i=1 i=1

T=T1+ Tr+cl.
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Sketch of proof Ly

(1)

Properties of &5,

Lemma
If & € N(k),n € N(I) then

o
o) (LeL?) (Zx (k+ t)y(I+ t)) Lel’
t=0

and
e (Lel?) = Yoo x(k + t)m in case 1
xy\Lgby Seox(k+t—1)y(I+t—1)LeL; in case 2.
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Sketch of proof Ly

Properties of ¢ € C

Lemma
With

¢(n) = P1(n) + P2(n) + ¢

1(k+1)= ZZX,k+ty,/+t) (8)

i=1 t=0

ok +1) = ZZZ,(k—Ft w;(I+t).

i=1 t=0

- Hence T has the right behavior
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i?huvnlence

Sketch of proof X1y

Estimate || T ||

1
10D, lleo < % ll2llyil2

2
0P lles < Il2ill2 ]l il

o0
1
1 Talleo < SO s < 11012
i=1

> 2
1T2lles < 310D s < [IKII2
=1
I Tles < I Talles + | T2lleb + llcld|c < [|9]lc
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Open questions

» For which (A;j,wi)ies holds ||Myl|cp = ||@]|c for all ¢ € C?
» Find other examples for ¢ € C with calculable ||¢||¢

» Find ¢ € C with finite support

» Find ¢, € C where ¢, — 1 pointwise
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