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Locally m-convex *-algebras

De�nition
Let A be a �-algebra. A submultiplicative �-seminorm on A is a seminorm
p on A which veri�es:

1 p(ab) � p(a)p(b), 8a, b 2 A;
2 p (a�) = p(a), 8a 2 A.

De�nition
A locally m-convex �-algebra (lmc �-algebra) is a Hausdor¤ topological
complex �-algebra A whose topology is determined by a directed family of
submultiplicative �-seminorms.
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Locally m-convex *-algebras (continued)
Examples

Banach �-algebras
Inverse limits of Banach �-algebras
products of Banach �-algebras with the product topology
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Locally m-convex *-algebras(continued)

Let A be an lmc �-algebra.
S(A) = fp : A! [0,∞); p is a continuous submultiplicative �-seminormg

S(A) is directed with the partial order q � p if q (a) � p (a) 8a 2 A.
For p 2 S(A), A/ ker p is a normed �-algebra in the �-norm k�kp
induced by p (that is,kakp = p(a)8a 2 A).
Let Ap be the completion of the normed �-algebra A/ ker p.
For p, q 2 S(A) with q � p there is a continuous �-morphism with
dense range πApq : Ap ! Aq such that

πApq (a+ ker p) = a+ ker q.

fAp ;πApqgp,q2S (A) is an inverse system of Banach �-algebras.

Theorem
Let A be a complete lmc �-algebra. Then

A � lim
 
p

Ap up to a *-isomorphism.
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Locally m-convex *-algebras(continued)

The terms used for locally m-convex �-algebras:
m*- convex algebras

Arens -Michael *- algebras ( A. Ya. Helemskii)

R. Arens and E. A. Michael (1952) studied independently lmc �-algebras
as inverse limit of Banach �-algebras
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Pro-C *-algebras

De�nition
A pro-C �-algebra is a complete lmc �-algebra A whose topology is
determined by a directed family of C �-seminorms (a C �-seminorm on A is
a sumultipliative �-seminorm p on A with "C*-property"

p (a�a) = p(a)2, 8a, b 2 A).

The terms used for pro-C �-algebras:

locally C �-algebras (A. Mallios, A. Inoue, M. Fragoulopoulou etc.)

LMC � -algebras (G. Lassner, K. Schmüdgen)

b �-algebras (C. Apostol)
The term �pro-C �-algebra�was �rst used by D. Voiculescu and W. Arveson.
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Pro-C*-algebras (continued)

Let A be a pro-C �-algebra.

S(A) = fp : A! [0,∞); p is a continuous C �-seminormg
S(A) is directed with the partial order q � p if q (a) � p (a) 8a 2 A.
For p 2 S(A), A/ ker p is a C �-algebra in the C �-norm k�kp induced
by p ( that is,kakp = p(a)8a 2 A).
Let Ap = A/ ker p.
For p, q 2 S(A) with q � p there is a surjective C �-morphism
πApq : Ap ! Aq such that

πApq (a+ ker p) = a+ ker q.

fAp ;πApqgp,q2S (A) is an inverse system of C �-algebras.

Theorem
Let A be a pro-C �-algebra. Then

A � lim
 
p

Ap up to an isomorphism of pro-C �-algebras.
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Pro-C*-algebras (continued)
Examples

1 Any inverse limits of C �-algebras is a pro-C �-algebra.
2 If X is a Hausdor¤ countably compactly generated topological space (that
is, 9 a countable family of compact spaces K1 � K2 � ... � Kn � ... such
that X = lim

n!
Kn), then the � -algebra C (X ) of all continuous complex

valued functions on X equipped with the topology de�ned by the family of
C �-seminorms fpKngn , where

pKn (f ) = sup f jf (x)j , x 2 K ng,
is a metrizable unital commutative pro-C �-algebra.

3 Ccc ([0, 1]) the �-algebra of all complex valued continuous functions on
[0, 1] with the topology of uniform convergence on the countable compact
subsets of [0, 1] is a pro-C �-algebra which is not topologically isomorphic to
any C �-algebra.

4 A product of C �-algebras with the product topology is a pro-C �-algebra.
5 The multiplier algebra of the Pedersen ideal of a C �-algebra is a
pro-C �-algebra.
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The enveloping pro-C*-algebra of an lmc *-algebra

R. M. Brooks (1971) constructed the enveloping pro-C �-algebra of a
unital metrizable lmc �-algebra.

A. Inoue (1971) constructed the enveloping pro-C �-algebra of an lmc
�-algebra with bounded approximate unit.
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The enveloping pro-C*-algebra of an lmc *-algebra
(continued)

Let A be an lmc �-algebra with bounded approximate unit.

De�nition
A �-representation of A on a Hilbert space H is a continuous �-morphism
ϕ : A! L(H).

R(A) = fϕ; ϕ is a �-representation of Ag
Rp(A) = fϕ; ϕ 2 R(A) with kϕ (a)k � p (a) 8a 2 Ag
R(A) = [p2S (A)Rp(A)
I = fa 2 A; ϕ (a) = 08ϕ 2 R(A)g is a closed bilateral �-ideal of A.

A/I is an algebra with involution.
For p 2 S(A),bp : A/I ! [0,∞),bp (a+ I ) = supfkϕ (a)k ; ϕ 2 Rp(A)g is a C �-seminorm on A/I .

MARIA JOIŢA, University of Bucharest (Institute)Crossed products of lmc *-lgebras EU-NCG 4, Bucharest 2011 10 / 35



The enveloping pro-C*-algebra of an lmc *-algebra
(continued)

De�nition

The pro-C �-algebra E (A) =
�
A/I , fbpgp2S (A)� is called the enveloping

pro-C �-algebra of A.
δA : A! E (A) denotes the canonical map.

Proposition
Let A be an lmc �-algebra with bounded approximate unit. Then

E (A) � lim
 
p

E (Ap) .
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Locally m-convex *-algebras with enveloping C*-algebras

De�nition
We say that an lmc �-algebra A with bounded approximate unit has an
enveloping C �-algebra if the enveloping pro-C �-algebra E (A) is isomorphic
with a C �-algebra.

S.J. Bhatt and D.J. Karia (1993) proved a necessary and su¢ cient
condition for an lmc �-algebra admits an enveloping C �-algebra.

Theorem
An lmc �-algebra with bounded approximate unit admits an enveloping
C �-algebra if and only if A has a maximal continuous C �-seminorm.
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Locally m-convex *-algebras(continued)
Examples

ACω[0, 1] =
T
n�1
ACn [0, 1], where

ACn [0, 1] = ff 2 C[0, 1]; f 0 exists and f 0 2 Ln [0, 1]g

is a complete lmc �-algebra with pointwise operations, involution

f ! f �, f �(t) = f (t)

and the topology given by the family of submultiplicative
�-seminorms fpngn�1

pn (f ) = kf k∞ +

 
1R
0

��f 0(t)��n dt! 1
n

.

E(ACω[0, 1]) � C[0, 1] (S.J. Bhatt and D.J. Karia)
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Locally m* -convex algebras (continued)
Examples

Let D = fz 2 C; jz j � 1gand U = fz 2 C; jz j < 1g.
Aω (D) =

T
n�0
An (D) , where

An (D) = ff : U ! C; f is analytic and f (k ) has continuous
extension on D, 8k with 0 � k � ng

is a complete lmc �-algebra with pointwise operations, involution

f ! f �, f �(z) = f (z)

and the topology given by the family of submultiplicative
�-seminorms fpngn�1,

pn (f ) =
n
∑
k=0

1
k !
supf

���f (k ) (z)��� ; z 2 Dg.

E (Aω (D)) � C[�1, 1] (S.J. Bhatt and D.J. Karia)
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Locally m-convex *-algebras with enveloping C*-algebras
Examples

Let A = ff 2 C∞ (R) , f (n) 2 L1(R) 8n 2Ng.
A with the topology determined by the family of submultiplicative
�-seminorms fpngn,

pn (f ) = kf k1 +
f (n)

1

is a complete lmc �-algebra.
E (A) � E

�
L1(R)

�
(S.J. Bhatt and D.J. Karia)
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Group actions on lmc *-algebras (pro-C*-algebras)

Let A be an lmc �- algebra (pro-C �-algebra).
Aut(A) = fσ : A! A; σ is a �-isomorphismg

De�nition
A continuous action of a locally compact group G on an lmc �-convex
algebra (pro-C �-algebra) A is a group morphism g 7! αg from G to
Aut(A) such that the map

g 2 G ! αg (a) 2 A

is continuous for each a 2 A.
We say that the continuous action α is G -invariant if for each
p 2 S(A), there is Mp > 0 such that

p (αg (a)) � Mpp(a), 8g 2 G and 8a 2 A.
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Group actions on lmc *-algebras (pro-C*-algebras)
(continued)

Suppose that α is a G -invariant continuos action of G on A.

For p 2 S(A) and g 2 G =) 9 Mp > 0 such that

p (αg (a)) � Mpp(a)8a 2 A

=) 9 αpg : Ap ! Ap such that

αpg � πAp = πAp � αg

Moreover, αpg � αpg�1 = αpg�1 � αpg =idAp .

=) αpg 2Aut(Ap) =) g ! αpg is a continuous action of G on Ap

(αpg )p is an inverse system of �-isomorphisms
αg = lim p

αpg
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Group actions on lmc *-algebras (pro-C*-algebras)
(continued)

Lemma
Let α be a G-invariant continuos action of a locally compact group G on
an lmc �-algebra (pro-C �-algebra) A. Then there are continuous actions
αp of G on Ap , p 2 S(A) such that

αg = lim p
αpg

for each g 2 G .
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Group actions on lmc *-algebras

Suppose that α is a G -invariant continuous action of G on a complete lmc
*-algebra A with bounded approximate unit.

For each g 2 G , αg = lim p
αpg , where g 7! αpg is a continuous action

of G on Ap , p 2 S(A).
For p 2 S(A), g 2 G ) αpg 2Aut(Ap)) 9 fαpg 2Aut(E(Ap)) such
that fαpg � δAp = δAp � αpg .

For p 2 S(A)) g 7! fαpg is a continuous action of G on E(Ap).
For each g 2 G ,

�fαpg�
p
is an inverse system of C �-isomorphisms.

Let fαg = lim pfαpg .
g 7! fαg is a G -invariant continuous action of G on E(A).
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Group actions on lmc *-algebras

Proposition
Any G-invariant continuous action α of a locally compact group G on a
complete lmc *-algebra A with bounded approximate unit induces a
G-invariant continuous action eα of G on E(A).
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Group actions on lmc *-algebras (pro-C*-algebras)
(continued)
Examples

Example

Let (G ,X ) be a transformation group with X a Hausdor¤ countably
compactly generated topological space and G a compact group. Then the
map αg : C (X )! C (X ) de�ned by

αg (f ) (x) = f
�
g�1 � x

�
is an isomorphism of pro-C �-algebras for each g 2 G , and the map

g ! αg (f ) from G to C (X )

is a G -invariant continuous action of G on C (X ). Moreover, if α is
aG -invariant action of G on a metrizable unital commutative
pro-C �-algebra A, then there is a transformation group (G ,X ), X =Sp(A)
which induces the action α.
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Group actions on lmc *-algebras (pro-C*-algebras)
(continued)

Example
Let A be a complete lmc �-algebra with bounded approximate unit
(pro-C �-algebra) and ϕ 2Aut(A).
The map n! αn, where

αn = ϕn,

is continuous action of Z on A.
Moreover, if ϕ is an inverse limit of �-isomorphisms, then α is Z-invariant.

Example

The map t ! αt from Z2 to Aut(Aω(D)), where

α0 (f ) = f and α1 (f ) (z) = f (�z) , 8f 2 Aω(D), 8z 2 D,

is a continuous action of Z2 on Aω(D).
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The covariance algebra

Let α be a G -invariant action of G on a complete lmc �-algebra A with
bounded approximate unit.

Cc (G ,A) = ff : G ! A; f is continuous with compact supportg is a
topological �-algebra with:

(f � h) (t) =
R
G
f (g)αg

�
h(g�1t)

�
dg

f #(t) = ∆
�
t�1
�

αt
�
f
�
t�1
���
, where ∆ is the modular function on G

fNpgp2S (A),Np(f ) =
R
G
p (f (g)) dg .

De�nition
The lmc �-algebra L1(G , α,A) obtained by the Hausdor¤ completion of
Cc (G ,A) is called the covariance algebra associated to α.
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The covariance algebra (continued)

Proposition
Let α be a G-invariant action of G on a complete lmc �-algebra A with
bounded approximate unit.

1 L1(G , α,A) is a complete lmc �-algebra with bounded approximate
unit.

2 fL1(G , αp ,Ap),χpqgp,q2S (A),p�q , where

χpq : L1(G , αp ,Ap)! L1(G , αq ,Aq), χpq (f ) = πAp � f ,

is an inverse system of Banach �-algebras and moreover,

L1(G , α,A) � lim
 
p

L1(G , αp ,Ap) up to an � -isomorphism.
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Question

Let α be a G -invariant action of G on a complete lmc �-algebra A with
bounded approximate unit.

Question

When is E
�
L1(G , α,A)

�
isomorphic to a C �-algebra?

De�nition
The enveloping pro-C �-algebra of L1(G , α,A) is called the crossed product
of A by α and is denoted by G �α A.

Proposition
Then

G �α A � lim 
p

G �αp Ap up to an � -isomorphism.
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Covariant representations (recall)

Let A be a Banach �-algebra with approximate unit and α a continuous action of
G on A.

De�nition
A (non-degenerate) covariant �-representation is a triple (ϕ, u,H), where
(ϕ,H) is a (non-degenerate) �-representation of A and (u,H) is a unitary
representation of G , such that ϕ (αg (a)) = ug ϕ (a) u�g , 8a 2 A, 8g 2 G .

Rep(G , α,A) = f(ϕ, u,H) ; (ϕ, u,H) is a non-degenerate covariant
�-representationg

Proposition

The map (ϕ, u,H) 2 Rep(G , α,A)! (ϕ� u,H) 2Rep
�
L1(G , α,A)

�
, where

(ϕ� u) (f ) =
R
G

ϕ (f (t) ) utdt,

is a bijective correspondence.
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Crossed products of complete lmc *-algebra

Lemma
Let α be a continuous action of G on a Banach �-algebra A with
approximate unit. Then the map

(ϕ,H) 7!
�

ϕ � δL1(G ,eα,E(A)) � j ,H�
where

j : L1(G , α,A)! L1(G ,eα,E(A)), j (f ) = δA�f
is a bijective correspondence between Rep(G �eα E(A)) and
Rep

�
L1(G , α,A)

�
.
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Crossed products of complete lmc *-algebra

Theorem
Let α be a continuous action of G on a Banach �-algebra A with bounded
approximate unit. Then there is a C �-isomorphism
Φ : G �eα E(A)! G �α A such that

Φ
��

δL1(G ,eα,E(A)) � j� (f )� = δL1(G ,α,A) (f )

for all f 2 L1(G , α,A).

Corollary
Let α be a G-invariant continuous action of G on a complete lmc
�-algebra A with bounded approximate unit. Then

G �α A s G �eα E(A).
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Remark
Suppose that α is a G-invariant continuous action of G on a complete
locally m-convex �-algebra A with bounded approximate unit and A has an
enveloping C �-algebra.
E(A) is isomorphic to a C �-algebra ) G �eα E(A) is isomorphic to a
C �-algebra ) G �α A is isomorphic to a C �-algebra.
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Multiplier algebra of a pro-C*-algebra

Let A be a pro-C �-algebra and

M(A) = f(l , r) ; l , r : A! A are left and right module morphisms such
that al(b) = r(a)b, 8a, b 2 Ag

M(A) equipped with the topology determined by the family of
C �-seminorms fpM (A)gp2S (A), where

pM (A) (l , p) = supfp (l(a)) ; p(a) � 1g,

is a pro-C �-algebra.

Theorem
Let A be a pro-C �-algebra. Then

M(A) � lim
 
p

M(Ap) up to an isomorphism of C �algebras.

MARIA JOIŢA, University of Bucharest (Institute)Crossed products of lmc *-lgebras EU-NCG 4, Bucharest 2011 30 / 35



Multiplier algebra and crossed products

Let A be a C �-algebra and α a continuous action of G on A.
The map iA : A! M (G �α A) de�ned by

iA (a) (f ) (g) = (af (g) , f (g) αg (a)) for all f 2 Cc (G ,A), g 2 G

is a faithful C �-morphism.

Corollary
Let A be a pro-C �-algebra and α a G -invariant continuous action of G on
A. Then

�
iAp
�
p is an inverse system of C �-morphisms, and

iA = lim 
p

iAp

is an embedding of A into M(G �α A).

MARIA JOIŢA, University of Bucharest (Institute)Crossed products of lmc *-lgebras EU-NCG 4, Bucharest 2011 31 / 35



Remark
Suppose that α is a G-invariant continuous action of G on a complete
locally m-convex �-algebra A with bounded approximate unit and G �α A
is isomorphic to a C �-algebra.
G �α A is isomorphic to a C �-algebra ) G �eα E(A) is isomorphic to a

C �-algebra
) M (G �eα E(A)) is isomorphic to a C �-algebra
Since E(A) can be identi�ed with a pro-C �-subalgebra of M (G �eα E(A)),
E(A) is isomorphic to a C �-algebra.
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The main result

Theorem
Let α be a G-invariant continous action of G on a complete lmc �-algebra
A with bounded approximate unit. Then G �α A is isomorphic to a
C �-algebra if and only if A has an enveloping C �-algebra.

Corollary
Let G be a locally compact group and let A be a complete lmc �-algebra

with bounded approximate unit. Then the projective tensor product L1(G )b
πA of L1(G ) and A admits an enveloping C �-algebra if and only if A
admits an enveloping C �-algebra.

L1(G ) b
πA � L1(G ,id,A), idg =idA for all g 2 G .
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Thank you for your attention!
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