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Introduction

@ Non-formal deformation quantization of a manifold M.
(C*°(M), x): noncommutative algebra.
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Introduction

@ Non-formal deformation quantization of a manifold M.
(C*°(M), x): noncommutative algebra.

e For an abelian Lie group G, Rieffel formula ~~ deformation of
C>(G).

@ Universal deformation formula: it deforms also any algebra A
on which G acts (Drinfeld twist).

@ QFT point of view: the real scalar ¢* theory on the
deformation of R™ is not renormalizable.

= Rieffel formula is not universal for the ¢* theory.

Goal: To find a universal formula for ¢*.
— deformation of the Heisenberg supergroup.
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@ Basics of Supergeometry
© Deformation Quantization
© Universal Deformation Formula

@ Application to renormalization
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Basic notions

@ Essence of the concrete approach of Supergeometry: replace
real field R by a real supercommutative algebra
A=Ay ® A1~ AV = R @ nilpotents ab = (—1)12I18l pg

@ Superspace of dim m|n R™" := (Ap)™ x (A;)"

@ Smooth map f : R™" — Aif 3ff € C*(R™) (I C {1,..,n})
¥(x,€) € R7I, (€ = Ties &)

f(x, &)=Y Fk(x)¢

-
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Co(R™") ~ C*(R™) ® AR".
@ Berezin integration: [d¢ f(x,&) = fiy, m(x)
@ Product: £'¢’ = ¢(1, J)¢!V/
@ Natural superhermitian scalar product:

(f.g) = [ dxde T, g €) = 3 =(1,01) [ el ()
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Structure on superfunctions

@ Complex-valued smooth functions:
Co(R™") ~ C*(R™) ® AR".
@ Berezin integration: [d¢ f(x,&) = fiy, m(x)
@ Product: £'¢’ = ¢(1, J)¢!V/
@ Natural superhermitian scalar product:

(f.g) = [ dxde T, g €) = 3 =(1,01) [ el ()

/

e Hodge operation: x¢!/ = 5(/,8/)58’
@ Hermitian positive definite scalar product:

(r.g) = [ dxas T B (e)(x.€) = 3 [ xfiten)
I

— L?(R™"): completion, Hilbert space.
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Heisenberg Supergroup

@ Even symplectic form on R™I" (with m even):

0o |/
w=\|-I 0
0 0

-~ O O

@ Heisenberg supergroup G = R™" x RO with

(x1,&1,a1) (%2, &, a2) =

(x1 +x0,6 +&,a1+ar + %W((Xlufl)v (x2,£2)))

e Non-abelian, neutral element: 0, (x +aZ)™! = —x — aZ.
e Quotient: R™M" — G/Rl‘O abelian supergroup
(x1,€1)-(2, &) = (a + x2, &1 + &)
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— (induced) Schrodinger representation of G

@ Generalization of Weyl's quantization:
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Quantization map

@ Choice of a polarization and Kirillov's orbits method.
— (induced) Schrodinger representation of G

@ Generalization of Weyl's quantization:
Q: LYR™") = £(L2(R2]"))
@ B-space of Schwartz:

BR™") = {f € C(R™"), VD, ||f|l, = sup 3 [D*fi(x)] < 0o}
xeRmM /

@ Extension of the quantization map (oscillating integrals):

Q: BR™") — £(L2(RZIM)
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Deformed product

Product given by von Neumann-Rieffel formula.
* : BR™") x BR™") — BR™")

(F+)@)=r [ dnda fla)gla)edLnatuma )
(Rm|n)2
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Deformed product

Product given by von Neumann-Rieffel formula.
* : BR™") x BR™") — BR™")

(F+)@)=r [ dnda fla)gla)edLnatuma )
(Rm|n)2

Proposition (siciavsky A.G. Tuynman '10)

o Q(f x g) = Q(f)Q(g)
e Q is injective. = * is associative.
o (B(R™"), %) =~ (B(R™M),*) ® Cl(n,C).
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Deformed product

Product given by von Neumann-Rieffel formula.
* : BR™") x BR™") — BR™")

(F+)@)=r [ dnda fla)gla)edLnatuma )
(Rm|n)2

Proposition (siciavsky A.G. Tuynman '10)

o O(f xg) = Q(f)Q(g)

e Q is injective. = * is associative.

o (B(R™"), %) =~ (B(R™M),*) ® Cl(n,C).
o Symmetries: OSP(n, Z) x R™I".
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+ some technical axioms on continuity...
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Universality for Fréchet algebras

o Let (A,||-]|;) be a Fréchet algebra.

— Deformed product on B(R™!") can be extended to Ba(R™").
o Let p: R™" x (A®.A) — (A®.A) be an action of R™" on A:

Pzi+z; = Pz1Pz; PO = id, pz(ab) = pz(a)pz(b)7

+ some technical axioms on continuity...
@ Smooth vectors space A% is dense in A

A® = {ac A, z+ p,(a) € C(R™™M)}

Theorem (Bieliavsky A.G. Tuynman '10)

@ Vac A®, p? 1z py(a)isin BA(R’”‘”).
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Universality for Fréchet algebras

o Let (A,||-]|;) be a Fréchet algebra.
— Deformed product on B(R™!") can be extended to Ba(R™").

o Let p: R™" x (A®.A) — (A®.A) be an action of R™" on A:
Pzit+z = PzPzs  Po=Iid, pz(ab) = p;(a)p.(b),

+ some technical axioms on continuity...
@ Smooth vectors space A% is dense in A

A® = {ac A, z+ p,(a) € C(R™™M)}
Theorem (Bieliavsky A.G. Tuynman '10)

@ Vac A®, p?:z s py(a)is in Ba(R™").
@ UDF: ax, b := (p? * pP)(0) defines a deformed associative
product on A%,
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Hilbert superspace

Deﬁn't'on (Bieliavsky A.G. Tuynman '10)

A Hilbert superspace of parity n is a Z,-graded Hilbert space

(H =Ho @ H1,(-,-)) with (Ho, H1) = 0, endowed with a unitary
operator J € L(H) of degree n, satisfying J2(x) = (—1)(+DIxIx.
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Hilbert superspace

Deﬁn't'on (Bieliavsky A.G. Tuynman '10)

A Hilbert superspace of parity n is a Z,-graded Hilbert space
(H = Ho & Hi, (+,-)) with (Ho,H1) = 0, endowed with a unitary
operator J € L(H) of degree n, satisfying J2(x) = (—1)("tDlxIx.

@ Superhermitian scalar product: (x,y) := (J(x),y)
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Hilbert superspace

Deﬁn't'on (Bieliavsky A.G. Tuynman '10)

A Hilbert superspace of parity n is a Z,-graded Hilbert space

(H =Ho @ H1,(-,-)) with (Ho, H1) = 0, endowed with a unitary

operator J € L(H) of degree n, satisfying J2(x) = (—1)(+DIxIx.
@ Superhermitian scalar product: (x,y) := (J(x),y)

o Example: H = L2(R™"), J =%, (f,g) = [dzf(2)(xg)(2).
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Hilbert superspace

Deﬁn't'on (Bieliavsky A.G. Tuynman '10)

A Hilbert superspace of parity n is a Z,-graded Hilbert space

(H =Ho @ H1,(-,-)) with (Ho, H1) = 0, endowed with a unitary

operator J € L(H) of degree n, satisfying J2(x) = (—1)(+DIxIx.
@ Superhermitian scalar product: (x,y) := (J(x),y)
o Example: H = L2(R™"), J =%, (f,g) = [dzf(2)(xg)(2).
e Superadjoint: VT € L(H), 3TT € L(H), Yx,y € H,

<TT(X)7Y> = (_1)‘TI‘XI<X7 T(y)>



Universal Deformation Formula
[ele] }

C*-superalgebras

Superinvolution of a Zo-graded algebra A: map T : A — A of
degree 0 such that (af)f = a, and (a-b)f = (—1)/2llblpf. 5t



Basics of Supergeometry Deformation Quantization Universal Deformation Formula Renormalization
000 00 00®

C*-superalgebras

Superinvolution of a Zo-graded algebra A: map T : A — A of
degree 0 such that (af)f = a, and (a-b)f = (—1)/2llblpf. 5t

Def'n't'on (Bieliavsky A.G. Tuynman '10)

A C*-superalgebra is a superinvolutive Zy-graded Banach algebra
A which can be represented on a Hilbert superspace (H, J) by an
isometric representation (compatible with the superinvolution) of
degree 0:

0:A— L(H)
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C*-superalgebras

Superinvolution of a Zo-graded algebra A: map T : A — A of
degree 0 such that (af)f = a, and (a-b)f = (—1)/2llblpf. 5t

Def'n't'on (Bieliavsky A.G. Tuynman '10)

A C*-superalgebra is a superinvolutive Zy-graded Banach algebra
A which can be represented on a Hilbert superspace (H, J) by an
isometric representation (compatible with the superinvolution) of
degree 0:

0:A— L(H)

o (A= LRl =3, Ifill): C*-superalgebra,
represented by multiplication on # = L2(R™I").
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C*-superalgebras

Superinvolution of a Zo-graded algebra A: map T : A — A of
degree 0 such that (af)f = a, and (a-b)f = (—1)/2llblpf. 5t

Def'n't'on (Bieliavsky A.G. Tuynman '10)

A C*-superalgebra is a superinvolutive Zy-graded Banach algebra
A which can be represented on a Hilbert superspace (H, J) by an
isometric representation (compatible with the superinvolution) of
degree 0:

0:A— L(H)

o (A= LRl =3, Ifill): C*-superalgebra,
represented by multiplication on # = L2(R™I").
— Notion of noncommutative superspace.
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C*-superalgebras

Superinvolution of a Zo-graded algebra A: map T : A — A of
degree 0 such that (af)f = a, and (a-b)f = (—1)/2llblpf. 5t

Def'n't'on (Bieliavsky A.G. Tuynman '10)

A C*-superalgebra is a superinvolutive Zy-graded Banach algebra
A which can be represented on a Hilbert superspace (H, J) by an
isometric representation (compatible with the superinvolution) of
degree 0:

0:A— L(H)

o (A= LRl =3, Ifill): C*-superalgebra,
represented by multiplication on # = L2(R™I").
— Notion of noncommutative superspace.
@ Compatible with the universal deformation.
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C*-superalgebras

Superinvolution of a Zo-graded algebra A: map T : A — A of
degree 0 such that (af)f = a, and (a-b)f = (—1)/2llblpf. 5t

Def'n't'on (Bieliavsky A.G. Tuynman '10)

A C*-superalgebra is a superinvolutive Zy-graded Banach algebra
A which can be represented on a Hilbert superspace (H, J) by an
isometric representation (compatible with the superinvolution) of
degree 0:

0:A— L(H)

o (A= LRl =3, Ifill): C*-superalgebra,
represented by multiplication on H = L2(R™I™).
— Notion of noncommutative superspace.
@ Compatible with the universal deformation.

@ Other supergeometric examples.
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QFT on the Moyal space

@ Renormalizable action-functional on the Moyal space R

(Grosse Wulkenhaar '04) ¢:R” > R

Q2 2
5[¢]—/ ( (0,0)? + —XQ()Q—i— 5 — ¢+ APpxpxPpx )
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QFT on the Moyal space

@ Renormalizable action-functional on the Moyal space R

(Grosse Wulkenhaar '04) ¢ :R™ - R
Q2 2
5[¢]—/ ( (0,0)? + —XQ()Q—i— ¢2+A¢*¢*¢*¢)
@ Renormalizable ¢*-action on R™*, with n = 1+ b¢ (b € R):
1, i. M?
tr(g![—é&m, onll? + 7(@7)*2 + /\(¢77)*4>
1
= [ amx (3@ o2 M a1+ Y orinono)



Basics of Supergeometry Deformation Quantization Universal Deformation Formula Renormalization

@0

QFT on the Moyal space

@ Renormalizable action-functional on the Moyal space R

Grosse Wulkenhaar '04 :R™” — R
(

m, (L 2, P 50 M,
S[9] = | d™x(5(0u0)* + - x*0% + 6> + Xpx dx $% )
@ Renormalizable ¢*-action on R™1, with n = 1 + b¢ (b € R):

1. i M?
tr(g![—é&m, Pl + 7(@7)*2 + /\(¢77)*4>

1 b, . M2 b0
_ / A7 (5(0u0)+ X2+ PN 2 )ordrno)

e Change the space, not the ¢*-action.
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QFT on the Moyal space

@ Renormalizable action-functional on the Moyal space R

(Grosse Wulkenhaar '04) ¢:R” > R
1 0? M?
S[¢] = /d"’x(2(é‘u¢)2 + 530+ 0+ Ak o x G x 0)
@ Renormalizable ¢*-action on R™1, with n = 1 + b¢ (b € R):
1 . 2 Mm? *2 x4
tr(ﬁ’[—gxu%@?]*\ + 7(@7) + A(¢n) >
_ w0 2, b* 5 M? 2 b*0

e Change the space, not the ¢*-action.
— Universality of the deformation for the ¢*-action: R™ — Rg"l.
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QFT on the Moyal space

@ Renormalizable action-functional on the Moyal space R

(Grosse Wulkenhaar '04) ¢:R” > R
1 Q2 M?

Slgl = /c/"’x(2(é‘u¢)2 + 00+ B+ A x o %% 0)

@ Renormalizable ¢*-action on R™1, with n = 1 + b¢ (b € R):
1 . 2 M2 *2 *4
tr(ﬁ’[—gxu%@?]*\ + 7(@7) + A(¢n) >

_ m, (1 2 b o M, b*0

e Change the space, not the ¢*-action.

— Universality of the deformation for the ¢*-action: R™ — Rg"l.
— potentially renormalizable theories on other NC spaces.
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Renormalizable actions on other noncommutative spaces
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