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The Algebraic Formulation of Quantum Field
Theory

» We consider a relativistic quantum theory on Minkowski
space R¢.

» A model is characterized in terms of its net of algebras
A of local observables, which are given by bounded
operators on the Hilbert space of the theory H.

» A contains all local algebras A(Q) C B(H), which are

the von Neumann algebras generated by the observables

localized in a spacetime region @ C RY.
» The assignment

RY 5> O — A(O) C B(H)

contains all the physical information of the theory.
» For this assignment to model the observables of a

relativistic quantum system, the algebras A(Q) must
have...
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. a number of properties:

S-matrix
> ISOtony Daniela Cadamuro
The Algebraic
A(Ol) C ./4(02) for O]_ C (92. gormulitio; <|>;
uantum Fiel
Theory
» Causality
A(0q) C ./4(02)/ for O C 0/2.
» There exists a strongly continuous, unitary

representation U : 77_1 — B(H).

» Covariance
U(g)AO)U(g) " = A(g0), g€ Pl.
» The spectrum of P* is in the closed forward light cone.
» unique “Vacuum state” Q € H invariant under the
action of U.
» Q is cyclic and separating for A(O).
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Xo

The Algebraic
Formulation of
L R Quantum Field
Theory

» The right wedge
Wg == {x € R? : xq > |x0|}

General wedge: Poincaré transform W = AWk + x.

» “Wedges are big enough to allow for simple observables
being localized in them, but also small enough so that
two of them can be spacelike separated”
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Construction of Local Nets from Wedge Algebras i
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» Local nets can be constructed from a “wedge algebra”

and an action of the Poincaré group. The Algebraic
» Let AV be a C*-subalgebra of B(H) such that Quantum Field

Ux, NNU(x,N)* c N if AWg+xC Wg (isotony)
Ux, NNU(x,N)* c N" if AWg+x C Wk (locality)

N is called a wedge algebra.
» Then

A AWR + x — U(x, NN U(x, N)*

is a well-defined, isotonus, local, covariant net of
C*-algebras.
» Extension to smaller regions:
if
O:(WR+X)O(WL+y), y—x€ Wg
then
A(O) := A(WRr +x) N A(WL + y).
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Factorizing S-Matrix Model

Example for an explicit contruction of a right wedge algebra:
Models with factorizing S-matrix on 2-Minkowski space.

a. Fix the particle spectrum of the theory: one species of
particle, massive and scalar.

b. Define the single particle space 71 = L?(R?, du(p)),
together with an irreducible representation U of the
Poincaré group on it. (Same as free field theory with
the same particle spectrum).

c. Construct H as the S-symmetrized Fock space over H;.
‘H then automatically has a representation of the
Poincaré group. In addition, define a representation of
space-time reflection U(j) on H.
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d. Introduce the Zamolodchikov algebra (z and z* as
improper operators on H).

2(01)z(¥2) = S(V1 — ¥2)z(92)z(V1)
2" (01)z" (92) = S(V1 — V2)z" (92)z" (V1)
2(191)Z+(’l92) 5(192 — 191)Z+(192)Z(19 ) + (5(191—192)

e. Introduce a quantum field ¢ (“Wightman framework™)
on 2-Minkowski. Let f € S(R?),

/ dxf (x / dd (77(9)ePD 4 z(9)e =D )

¢(f) is an “operator valued distribution” over
2-Minkowski, defined on D(=subspace of H of finite
particle number states) and leaves this space invariant.
For W € D,

(I < (IFF+ 111D - 1N+ 1)Y2w|
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...with the following properties:
> if W €D, then ¢(f)*V = ¢(f)W

» if W €D, then ¢((O+ m?)f)W

» U representation of Pl,

U, Mo (F)U(x, A)~*
» Q is cyclic for the polynomial algebra generated by ¢.
» ¢ is local if and only if S = 1.

» We consider U(j) :=
(JV)p(V1, .., 0p) =

in terms of z(¢)" :

Proposition

Wedge locality: for f € S(Wg), g € S(W,), there holds

[¢(F), ¢

J,

=0.

= Qb(f(x,)\))'

n(Pn,..,¥1), and we define:

v
¢'(f) =
= Jz(¢)J,

(&]V =0,

J(F)J.
ZH () = JzF (¥)J.

VeD.
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f. We construct nets W —— A(W) of wedge algebras by factorizing

S-matrix
104 " aniela Cadamuro
AWR) = {e’¢(f):f€SR(WR)} , Danils Cad
. "
AW, = {e'¢<f) fe SR(WL)}
It is a well-defined wedge-algebra. Factorizing
-Matrix Mode
g.
Wi, Wg
Alr 2

Define the double cone .
algebras by intersection
of wedge algebras.

h. Apply Haag-Ruelle scattering theory. Result: The
S-matrix is factorizing, and the two-particle S-matrix is
the function we started with.

Snn(0:0) =5S2,0:6) [ S(l6x—6i)

1<I<k<n
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The Araki expansion S matrix

Daniela Cadamuro

» Task: Characterization of local operators in the double
cone algebras.

» Existence and uniqueness of the Araki expansion for Factorizing
-IViatrix oqge|
arbitrary bounded (or in fact more general) operator.

A= Z / d™0d™ L (0,m)2™(0)2"(n)

» The coefficients functions:

1 m
a0 = —— > (~1) oSt x

’ CeCer,,,m

x < =1, JA* JzHm=1CD(d)q >



Lechner 2006

» Define

<A>= 3" (-1)%5cSE < Ic|Alre >ni
CeC,,,k

Proposition
In a model with regular scattering function S, let
Ac .A( WR).
a)< A >0 is analytic in the tube R" — iB,.
b) Let 0 < k < k(S). There holds the bound,
8 lIsli

<A (g =)l e T
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EXtenS|On S-matrix
Now, let A be an operator localized in a double cone. Dapllcecant

e
Factorizing
S-Matrix Model
@ 1 W +r L
IAT
3 ll
0 6
Wy -T A
4 ; 7

» Based on the interplay between A and JA*J in the
functions f,m](H), the Malgrange-Zerner Theorem and
the Epstein's Edge of Wedge Theorem.
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Characterization Theorem for Local Operators e
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» If Ais a bounded operator localized in a double cone,
then the coefficients functions are boundary values of
meromorphic functions Fj on Ck, which fulfil bounds

k
|Fr(Q)] < (M) ehr cosh(ds)]sin As| H ehr cosh([9j]+p) o
\/ﬁ j?és Characterization

Theorem for Local
Operators

« TL K — o 1H|M<n+m)r

p,m=1
p#m

with { =0+ i(0,..,0, As, 7, .., m), As € (0, 7).
fulfil the recursion relations
Frin(6 —i0,n+im+i0)= Y (-1)/%scx
CeCmtnym
|C] m-+n
xsc[] (1— I1 sgf’;,}.) Fonin—z/c|(B+i0, f+im —i0)
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...and the properties of S-periodicity and S-symmetry

Fi(61, ... 0+2ir, . ( H S(6i—6; )Fk(el,..,ej,..,ak)

i=1
i#j Characterization

Theorem for Local
Fk(ﬂl, . ’l9j, 19j+1, . 19;() = 5(’19]4_1—’[9]')/:;((191, . 19j+17 19J', . 19/()

Operators

Conversely, given a family of functions F; with those
properties, then the Araki expansion defines an operator (an
unbounded quadratic form) which is localized in a double
cone.

A— Z/ d7od 77Fer,,(tSHr:O n+im—i0)zt"(6)z"(n)

Question: encode the norm bounds of A in terms of Fy.



The second part of the theorem

Locality
» Show [A,¢'(x)] =0if x=Re;,R>r

» Show [A,¢(x)]=0if R< —r.

factorizing
S-matrix

Daniela Cadamuro

Characterization
Theorem for Local
Operators



factorizing

The second part of the theorem S matrix

Daniela Cadamuro

Locality
» Show [A,¢'(x)] =0if x=Re;,R>r
The bounds of the coefficients functions play a Characterization
fundamental role. A

» Show [A,¢(x)]=0if R< —r.



The second part of the theorem

Locality

» Show [A,¢'(x)] =0if x=Re;,R>r
The bounds of the coefficients functions play a
fundamental role.

» Show [A,¢(x)]=0if R< —r.

m n
JA* ) = Z d"6d 20 N pr (0410, p+im—i0)z+™

minl

where F[ = F (- + im).

The recursion relations play a fundamental role.

(6)z"(n)
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Conclusion and Outlooks

» We have a general theorem which characterizes
explicitly the local operators in Factorizing Scattering
Models.

» Open task: to encode ||A||x in terms of Fx. How can
this be formulated?

» We provided an example in the case § = —1
(Buchholz/Summers 2007).

A = 5 [ dsansion"De@)gmz* )z 6)
+5 [ dndosinn()g(0)en)z(n)2(0)

+1 [ dnds cosn(" g0 (n)z (1)z(0)

Can we find an example for S = —1 with non-trivial
recursion relations? (Schroer/Truong 1978)
Can we find an example for general 57
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