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Abstract

Andruskiewitsch and Schneider classify a large class of pointed Hopf algebras with abelian coradical.
The Drinfeld double of each such Hopf algebra is investigated. The Drinfeld doubles of a family of Hopf
algebras from the above classification are ribbon Hopf algebras.
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Introduction

Quasitriangular Hopf algebras have an universal R-matrix which is a solution of the Yang—
Baxter equation and their modules can be used to determine invariants of braids, knots and links.
Drinfeld’s quantum double construction gives a method to produce a quasitriangular Hopf alge-
bra from a Hopf algebra and its dual.

The concept of ribbon categories was introduced by Joyal and Street. Their definition requires
the notion of duality and provides isotopy invariants of framed links. Through their representa-
tions, ribbon Hopf algebras give rise to ribbon categories. They were introduced by Turaev and
Reshetikhin in [17] who also showed that the quantum groups of Drinfeld and Jimbo are ribbon
algebras. A ribbon Hopf algebra is a quasitriangular Hopf algebra which possesses an invertible
central element known as the ribbon element.

Kauffman and Radford [12] have shown that the Drinfeld double D(A;) of a Taft algebra A;
(of dimension /2) has a ribbon element if and only if / is odd. The ribbon element of D(A;) for
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[ odd, provides an important invariant of 3-manifolds (see [10]). In [12] the authors also gave
a criterion for a general Drinfeld double to possess a ribbon element. Benkart and Witherspoon
investigated the structure of two parameter quantum groups of s/, and gl, [6]. In [7] they have
shown that the restricted two parameter quantum groups u, s(sl,) are Drinfeld doubles of cer-
tain pointed Hopf algebras and possess ribbon elements under certain compatibility conditions
between the parameters » and s. Gelaki and Westreich in [9] determined when Lusztig’s small
quantum group Uy, (sl,)" is ribbon, unimodular and factorizable.

In this paper we provide a new class of Drinfeld doubles which possess ribbon elements. They
are the Drinfeld doubles of a family of pointed Hopf algebras constructed by Andruskiewitsch
and Schneider in [2]. The pointed Hopf algebras from [2] are liftings of Radford’s biproducts
of Nichols algebras with group algebras. The Radford biproducts are their associated graded
algebras with respect to the coradical filtration. Andruskiewitsch and Schneider [2] showed that
under some restrictions on the group order, all finite dimensional pointed Hopf algebras having
an abelian group of grouplike elements are this type of liftings. The definition by generators and
relations of these pointed Hopf algebras is very similar to that of quantum groups and it includes
Lusztig’s small quantum groups.

If G is an abelian finite group and V a Yetter—Drinfeld module over kG with a braiding of
finite Cartan type (see [4]) then let A = kG # B(V), where B(V) is the Nichols algebra of V. We
show that D(A) is a ribbon Hopf algebra.

In Section 1 we present the construction of the finite dimensional pointed Hopf algebras with
abelian coradical constructed in [2].

In Section 2 the dual Hopf algebra of such a pointed Hopf algebra is investigated. If there are
no linking relations it is shown that the dual Hopf algebra contains a subalgebra isomorphic to a
Nichols algebra. A pointed Hopf algebra whose root vectors are nilpotent is called a Hopf algebra
of nilpotent type. In the situation of a Hopf algebra of nilpotent type and no linking relations the
structure of the dual algebra is completely determined in this section. This recovers a result
from [5]. If the Hopf algebra is not of nilpotent type in the above sense, then its dual might not
be anymore pointed and/or of nilpotent type. It will be interesting to completely determine the
Hopf structure of the dual Hopf algebra in this situation. This would give new examples of Hopf
algebras similar to that determined for rank one in [13].

Section 3 investigates the algebra structure of the Drinfeld double of a pointed Hopf alge-
bra from Andruskiewitsch and Schneider’s classification when there are no linking relations. In
the nilpotent type situation, namely A = kG # B(V) the Drinfeld double structure of D(A) is
completely determined. They have the same defining relations as the restricted two parameter
quantum groups but with more grouplike elements. As an example, (see 3.13) it is shown that
the Drinfeld doubles of certain pointed Hopf algebras are quotients of two parameter quantum
groups of type U, ,-1(g) for a suitable choice of the root of unity r and of the semisimple Lie
algebra g. This can be regarded as a generalization of the fact that the Drinfeld double of a Taft
algebra is a quotient of U, ,-1(sl2).

In Section 4 some notions about Hopf algebras in a braided category are recalled. The integrals
and distinguished grouplike elements of the bosonization algebra are given. In [12] the authors
gave a criterion to decide when a Drinfeld double is a ribbon Hopf algebra. Using this criterion
a sufficient condition for the Drinfeld doubles of biproduct Hopf algebras to be ribbon is given.

Section 5 describes the integrals and the distinguished grouplike elements for the class of
Hopf algebras of nilpotent type with no linking relations, as well as for their dual Hopf algebras.
It is shown that the Drinfeld doubles corresponding to the pointed Hopf algebras of the form
B(V)#kG where V € gyD are ribbon algebras.
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Appendix A contains some quantum binomial formulae taken from [3] and a crucial lemma
that is used in Section 2.

Throughout this paper we work over an algebraically closed field k of characteristic zero. For
an abelian group G and an element g € G by (g) is denoted the cyclic subgroup of G generated

by g, and by G the group of linear characters of G. For g € G, the element § € G = G is defined

as g(x) = x(g) forall x € G.

The standard Hopf algebraic notations from [15] are used. For a Hopf algebra A, by A,y is
denoted the A-module which has the underlying vector space A and for which the action of A is
given by the adjoint action ad 4 (x)(y) = Y_ x1ySxa.

1. The pointed Hopf algebras with abelian coradical

Let D = (G, (gi)1<i<0> (Xi)1<i<0, (@ij)1<i, j<o) be a datum of finite Cartan type associated
to an abelian group G. Thatis g; € G and x; € G such that x;(g;) # 1 for all 1 <i <6 and the
Cartan condition

X (&) xi(gj) = xi(g)™

for all 1 <i,j < 6. The matrix (a;j)1<i,j<o is a Cartan matrix of finite type. Let [T =
{a1,..., a9} be a set of simple roots for the Cartan matrix (a;;)1<;,j<o and let @ be the root
system corresponding to I7. Let also @1 be the set of positive roots of the root system @. For
a;, aj € IT one writes i ~ j if the corresponding nodes in the Dynkin diagram are connected.
Let A = (Aij)1<i,j<6,i~j be a set of linking parameters, that is A;; € k and

rij=0, ifgigj=1loryxx;#e€.

Let V be a finite dimensional Yetter—Drinfeld module over the group algebra kG. Suppose V
has a basis (x;)1<i<o with x; € V&', where Vg := {gv = xi(g)v, §(v) = g ® v} and § is the
comodule structure of V. The group G acts by automorphisms on the tensor algebra 7' (V) where
g(xi) = xi(g)x;. The braided commutators [x;, y]. = ad.(x;)(y) are defined by

adc(x;)(y) =x;y — & (¥V)x;

for all y € T(V). The induced map ¢:T(V) QT (V) - T(V) @ T(V) given by c(x; ® y) =
gi(y) ® x; is a braiding and 7 (V) becomes a braided Hopf algebra in the category of Yetter—
Drinfeld modules.

Andruskiewitsch and Schneider [2] introduced the following infinite dimensional Hopf al-
gebra U (D, 1) defined by the generators g € G and x1, ..., xg. As an algebra, the relations in
U (D, )\) are those of G and

gxig ' = xi(9)xi.
ade(x)! =M () =0 G #j, i~ )),
ade(x;)(xj) =Xij(1 —gigj) (<j, i»j).
The coalgebra structure of U (D, A) is given by

Alg)=g®g, Ax)=xi @1+ g Qx;
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forallge Gand 1 <i <6.

Recall that ad. (x;)(y) = ad(x;)(y) forall y € U(D, 1).

Assume that the order N; of y;(g;) is odd for all i and is prime to 3 for all i in a connected
component of type G». The order of x;(g;) is constant in each connected component J; denote
this common order by Nj or N, if « is a positive root belonging to the component J.

Forany o € @, @ = Y% nja;, letht(a) = Y°0_, n;. Put

ga=g) -8 and xo=xi' Xy’
Let (g )ocep+ be a system of root vector parameters, this means that 1, € k and
Ue =0 ifgév" :10rXéVa *e€.

Consider (x4)qcq+ the root vectors corresponding to the positive roots a € @+. They are
iterated braided commutators of x; [2].

The finite dimensional Hopf algebra u(D, A, ) is the quotient of U (D, A) by the Hopf ideal
generated by

xév‘* —ug (W) (oz € §b+)

where the elements u, (1) € kG are defined in [2]. It will be later used the fact that u,(u) are
central in u(D, A, i) and they lie in the augmented ideal generated by gl.N P —1 (see [2]).

We say that A = u(D, A, ) is of nilpotent type if j, =0 for all o € @, It follows from [2]
that in this situation uy (1) = 0 for all & € @1 and we abbreviate A = u(D, 1).

Over a field of characteristic zero any pointed finite dimensional Hopf algebra with an abelian
group G of grouplike elements such that the order of G is not divisible by primes less than 11 is
isomorphic to some u (D, A, u) [2].

1.1. PBW-bases of U(D, i)

Let y1, ..., y, the ordering of (xy)yeq+ corresponding to the convex ordering By, ..., B, of
the positive roots. In the paper [2] it has been shown that { y'l” e y,“,p glu;i 20, g e G} forma
PBW-basis of U (D, A). The images of y; in the quotient u(D, A, ) are also denoted by y;. Then
{ylul -~-yng |0 <u; <Ng —1, g € G} form abasis for A =u(D, A, ).

1.2. Grading of U(D, 0)
Leteq,...,ep be the standard basis of Z?. Then U (D,0) is a Ze-graded Hopf algebra [2]

where the degree of x; is ¢; and any group element g € G has degree zero. Given a homogeneous
element x in U (D, A) we denote its degree by dim(x).

If u € NP, let
yZ:y]M] ...y;p7
8u=28p 8
uj np

Xu=Xg, =" X,
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Note thatif # =0 then y, = g, =1 and x, = €.

For any positive root 8; = Z?:l m;ja; one has dim(y;) = Zi:l m;ije; > 0 and if u € NP
then dim(y,) = >_/_, u; dim(y;).

Since gx; g~ ! = x;(¢g)x; one has that gy,ig_1 = xu(g)yu forall u e N” and g € G. From [19]
one knows that if 1 <i < j < p then

yivi=xp(88;)yiyj + Z c@iyt,....aj-1)yi "'y;ff
1(i,j)

where

j—1
16, j)= (a,-“,...,a,-,])eN-'—’—l] > agdim(y) = dim(y;) + dim(y;)

s=i+1

and c(ajy1,...,aj-1) €k.

It follows that in U (D, 0) one has
YuYo =Y Yuly(u,v) (1.1)
weN?P

such that ay, (u, v) € k and dim(yy) = dim(y,) + dim(y, ) whenever a,,(u, v) # 0.
Let

Alyu) = Z Yol ® Yudyw (1.2)

v,weN?

in U(D, ) where Cy!,w’ dﬁw € k. Since U(D, 1) is a Z? -graded coalgebra one has that
dim(y, ) = dim(y, ) + dim(y, ) whenever both cy'{ w and dﬁ w are not zero.

1.3. The situation A =u(D, 0, u)

Consider now A = u(D, 0, i) as a quotient of U (D, 0).
Then the multiplication relation (1.1) becomes

YuYv = Z ywaw(z,y) (1.3)

weN?P

where now ay (u#,v) € kG and dim(yy) < dim(y, ) + dim(yy ).
The comultiplication in u (D, 0, ) is given by

Alyu) = Z )’ycyl{w@)’wdyﬂ,w (1.4)

v,weN?

where now ¢y, dy.w € kG and dim(y, ) > dim(y, ) + dim(yy, ).
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Let 7 be the ideal of kG generated by the elements 1y (1), @ € @ 7. Then €(Z) =0 and also
xj(Z)=0forany 1 < j < 0. Indeed, the elements uy (1) lie in the augmented ideal generated
by giN " — 1 (see [2]) therefore €(Z) = 0. On the other hand u; # 0 implies that Xl.Ni =€ from
the definition of w;. The equation x;(g;)xi(g;) = xi(g:)“/ raised to the power N; gives that
X (@)™ =1, thus x;(g]" — 1) =0.

If dim(yy ) < dim(y, ) + dim(y, ) in (1.3) then ay,(u,v) € Z since the only way to get a
smaller degree in a product of type y;, yi, - - - yi, is by using the root vector relations xév “ =uy ().
Then €(ay (u,v)) =0.

On the other hand if dim(y, ) > dim(y, ) + dim(yy, ) in the comultiplication formula (1.4)
then by the same argument as above one has that cy'{ w€Tor dy’{w el

In this situation e(cﬁ w)=0or e(d;{w) = 0. Moreover, since cﬁ w OF dﬁw is in the ideal 7
of kG generated by u, (1) one also has yx; (Cy‘i,w) =0or y; (dl_%’w) =0, forall 1 <i <6.

1.4. The situation A = u(D, 0, 0)

If A is of nilpotent type then the root vector relations are xév “ =0 and the degree is preserved
by multiplication and comultiplication. Thus in this situation A = u(D, 0, 0) is also a Z-graded
Hopf algebra and A = kG # B(V) (see [2]).

2. The dual Hopf algebra

Let A=u(D,0, u) be a Hopf algebra as above. For 1 <1< p, let f; € N” be the element
©,...,1,...,0) with 1 on the /th position. Consider the numbers m; with 1 < m; < p such
that o; = B, forall 1 <i <. Thus y,, =x; =y Fmg - Notice that the elements of the previous

section ¢; are elements of N? while the new introduced elements i ; are elements of N7,

Extend any linear characters y € G to an element of A* such that Xx(ug) =01if u #0.
Consider also the following elements & € A* defined by &; (y.g) = du, Fm; for all u € NP. One
has that &; (x;a) = €(a) for all a € kG. B

The following lemma ([13], Lemma 1) will be used in the proof of the third relation of the
next proposition.

Lemma 2.1. Let H be a bialgebra over the field k and suppose that K is a sub-bialgebra of H
with antipode. Suppose that a € G(K) and x € H \ K satisfy xa = qax for some nonzero q € k
and Ax)=x®a+1Qx.Let V=K + Kx +---. Then:

(1) V isafree left K-module under left multiplication with basis {1, x, x2, .. Jor{l,x, x2, ...,
x”_l}for somen = 2.

(2) Suppose that k has characteristic zero and V has left K-module basis {1, x, x2, .. xh
for some n > 2. Then q is a primitive nth root of unity and x"* = c for some ¢ € K which
satisfies A(c) =c®a" + 1 Q c. In particular a # 1.

() Suppose that g € G(K) andz € K + Kx satisfy A(2) =z ¢+ 1Qz. Ifz¢ K theng=a
and z = ax + b where a € K is not zero and b € K satisfy A(z) =bRQ@a+1Qb.

Let A the subalgebra (with unit) of A generated by x;, 1 <i < 6. Some algebra and coalgebra
relations for A* are given in the next proposition.
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Proposition 2.2. The following relations hold in A*:

(D) AE) =51+ i ®&.

(2) x&x "= x(g)&. if x € G(A*). In particular x ;& = x;(g)&i ;-
3) gV =o.

4) ad(&)' 4 () =0forall 1 <i,j<0.

Proof. (1) From definition of &; it can be seen that & (yg) = & (y) forall y € A and g € G. One
has to show that &; (ab) = &;(a)e(b) + xi(a)&;(b) for all a, b € A. It is enough to check the last
relation on the basis elements of A. Thus one has to show that:

£ ((ug) uh)) =& ug)e(vuh) + Xxi (Yug)&i (yuh) (2.3)

forallu,ve NP and all g,h € G.
Since gy, = xv(g)yug it follows that & ((y,g)(yvh)) = xv ()& Yuyvgh) = xv (@& (Yulv)-

On the other hand &; (y,g)e (Vvh) + Xi (Vug)éi (Yuh) = & (Yu)e(Yy) + Xi (Yug)&i (¥ ). Thus one
has to show that:

X ()& Yuyv) =& Vu)ew) + xi Vug)éi (Yu)-

If u # 0 and v # 0 then dim(y, ) > 0 and dim(y, ) > 0. The right-hand side of the above
equation is zero since €(yy ) = x; (yxg) = 0. On the other hand if y, y, written with respect to the
above basis of A contains a term of the type x;a; with a; € kG then since dim(y, y, ) # dim(x;) it
follows from the discussion of the previous section that € (a;) = 0 and then &; (x;a;) = 0. Thus in
this situation both terms of the above equation are zero. (Note that dim(y, y, ) = dim(x;) implies
thatu = f, andv=0oru=0and v = f ,.)

Suppose now that ¥ = 0 which means that yu = 1. Eq. (2.3) becomes x,(g)& () =
Xi (8)&;i (yy ). From the definition of &; the only possibility for both terms to be nonzero is that of
v = f; which means y, = x;. In this situation the left-hand side is x f, (g)&; (x;) = x;(g) which
is the same value as the one of the right-hand side term.

The last possibility to discuss is when v = 0 which means that y, = 1. Then Eq. (2.3) becomes
& (u) =& (u)-

) If x € G(A*) then x(ug(p)) = X(xév"‘) = x (xe)M* = 0. Since x (uy (1)) = 0 it follows
that y is zero on the ideal Z of kG.

One has to prove that

x5 (Vug) = x ()& x (Yug) 2.4

forallu e N’ and g € G.
As in the previous section, let

Alyy) = Z Yo ® Yudyw

v,weN?
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where cﬁ w> dﬁw € kG. Then the first term of Eq. (2.4) becomes

XEGue) = D x(vuerw8)&i(Yuding)-

v,weN?

The only possibility for the right-hand side term of the previous equality to be nonzero is when
dim(y, ) = 0 and dim(y, ) = ¢; which means v =0 and w = f;. If dim(y, ) # e; then this is
possible only by reduction via the root vector relations and as in the discussion from the previous
section it follows that either c;/,, or dy ,, are in the ideal Z generated by u(1). Then either
X e wg) =0 (f ¢y € T) or & (yudy wg) = 0 (if dy » € 7). Thus if dim(y, ) # ¢; the left-
hand side of Eq. (2.4) is zero.

If dim(y, ) = ¢;, which is equivalent to y, = x;, then A(x;g) =x;g ® g + gig ® x;g and
x5i(xig) = x(&ig)-

For the second term of Eq. (2.4) one has that

X(@EX ) =x(8) Y &(ueiwg)x (Yudh ws)-

v,weN?

A similar discussion shows that the only possibility for this term to be nonzero is when
dim(y, ) = ¢; and dim(yy ) = 0 which are equivalent to v = f ,; and w = 0. If dim(y, ) # ¢;
then as in the discussion from the previous paragraph it follows that either cl_L,{ w Or dﬁ w are in the
ideal 7 generated by uy (1) and then the value of the term is still 0.

If y, = x; then, using the formula for A(x;), one has that x(g;)& x(x;g) = x(gig), thus
Eq. (2.4) is true in this situation too.

Computing (A ® Id)A and (Id ® A) A for &; in the formula from (1) it follows that A(y;) =
Xi ® xi,thus x; are grouplike elements of A* for any 1 <i < 6. Then the second relation of (2)
follows from the first one.

(3) Let H be the Hopf subalgebra of A*°°P generated by &; and ;. One has x;& = xi (gi)&i xi
and the order of yx;(g;) is N;. The second statement of Lemma 2.1 applied for K = k(x;) and
x =& gives that £ € k(x;). But since & (¢) = 0 for all g € G it follows that &' = 0.

(4) Let z = ad (&) ~%i (§j). Clearly z(g) =0 for all g € G(A) since &;(g) = 0. From Corol-
lary A.6 from Appendix A one knows that z is a skew primitive element of A*, that is

AD)=7Q0 1+ x®z

where x = Xil_aij x;j- Then z(gy) = x(g)z(y) for all g € G and y € A. On the other hand
z(xix;) = z(x)e(x;) + x(x)z(x;) =0 for all 1 < i, j <6 and by induction on r one has
Z(xi, Xip -+ x;,) =0forall r > 2.

In order to show that z = 0 it is enough to check that z(x,,) =0 forall 1 <m < 6.

Let f, f' € A*. Then

(ad(f)(fH)) ) = (fif' S(f2) @) = fi(x) f/(x2) f2(Sx3)
for all x € A. Since

Az(xm):xm®1®l+gm QX @1+ g @ gm ® Xy
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one has

(ad(F)(SD)m) = f1 ) £/ (D) f2(1) + fi(gn) £ Gm) f2(1) + f1(8m) f' (8m) F2(Sxm)
= f(xm)e(f/) + f(gm)f/(xm) + f(ng(xm))f/(gm)-

Suppose moreover that f(g,,) = f'(gm) =0 and €(f’) = 0. Then (ad(f)(f"))(xy) = 0. Clearly
f=E& and [’ = ad(§)™%i (&;) satisfy the above conditions, thus z(x,) =0. O

Proposition 2.5. Let A = u(D, 0, u) as above and H be the subgroup of G generated by the
elements (gl.Ni | i #0). Then G(A*) = G//?I

Proof. If x € G(A*) then relation gx;g~" = x;(g)x; implies x (x;) =0 for all 1 <i < 6. Thus
X (i (g — 1)) = x (™) = 0 and since p; # 0 it follows that x (¢"') =1 and x € G/H. Con-
versely, suppose x € G//T-I C G and extend X to an element in A* as at the beginning of this
section. The equation x(ab) = x(a)x(b) will be verified on the basis elements of A. Sup-
pose a = y,g and b = yyh. If u # 0 or v # 0 then clearly x(a)x (b) = 0. On the other hand
x(ab) = x (yuyvgh) x»(g) = 0 since the part of degree zero of the product y,y, is in Z and by
its definition x |7 = 0. If u = 0 and v = O then the equation x (ab) = x(a) x () is satisfied since
X is acharacterof G. O

Let A* the subalgebra of A* generated by (&;)1<;<s- It follows that A* is the Nichols algebra

of the G-braided vector space W with a basis given by Y¥; € W,!. Similarly to the construction
for A, for any o € @7 let Y, be the corresponding iterated commutators of &;. Denote these
elements with Y1, ..., Y, using the convex ordering of the positive roots. Clearly Y, = &; for all
I<i<y.

Let D = (G, (xi)1<i<o> (g,-)lgige, (@ij)1<i,j<6)- It can be verified that is a datum of finite
Cartan type associated to the abelian group G.

Corollary 2.6. If A= u(D, 0, 0) is a pointed Hopf algebra of nilpotent type then A* = u(ﬁ, 0,0)
is also a pointed Hopf algebra. A basis for A* is given by {xY, |u e N?, 0 <u; < Ng, — 1,
x € G}

Proof. If ;1 =0 and A =0 then A is a Z-graded Hopf algebra and any x € G extended to A*
as in the beginning of this section becomes a grouplike element of A*. The previous theorem
implies that A* = B(W) # kG and the basis description follows from [2]. O

Remark 2.7. In a recent paper [14] it was proved that all the liftings of B(V) # kG where G
is an abelian group whose order has no prime divisors < 11 are monoidally Morita—Takeuchi
equivalent and therefore cocycle deformations of B(V) # kG. Thus their dual algebras are the
same and Corollary 2.6 remains true for any lifting of B(V) #kG. Thus if A = u(D, A, u) then
A*= (D, 0,0) as algebras for any A and u.

3. The Drinfeld double of A

Let A=u(D,0, ) as in the previous section.
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Proposition 3.1. The following relations hold in D(A):

(1) g&ig™ =X (9)& forallg € G.

2) gy =ygforany g € G and y €G.

(3) xi&j =&jx; fori # j.

4) [xi,&il=xi — g forall 1 <i<0.

(5) Ify € G(A*) then y \xiy =y (gi)x; forall 1 <i <6.

Proof. One has that
af = (a1 — f S_1a3)a2

for all @ € A and f € A*. For the first formula notice that g& = (g — & < g~ !)g and g —
& —g¢ ' =x (9% Similarly gy = (g~ y < g )gand g ~ y = y(9)y whiley — ¢~ ' =
y(g~1)y. Thus the second formula is proved.

To prove relations (3) and (4) notice that
A =g ®x®1+x0101+g g ®x;.

Then x; f = (gi = f)xi +xi = f+ (g — f < S 'xi)g;, forall f € A*.
Since S~ lx; = —Xig; ! this last formula becomes

xif=(g— Pxitxi—~f—(g—f—xi—g "ai. (3.2)

If f=§&; with j #1i then g; — &; = &; and the first term of the above equality is &;x;. On the
other hand the other two terms are zero since x; — &; =§&; < x; = 0. Indeed (x; — §;)(yug) =
§j(ugxi) = xi ()& (yuxig) = xi(8)§;(yuxi). Since i # j one has dim(y,x;) # dim(x;). Then
the product y,x; has a term of the type xja; with a; € kG in its writing as linear combination of
the standard basis (after putting all terms x; g together) only by using the root vector relations.
Thus in this situation a; € 7 and €(a;) = 0 which implies that &;(x;a;) = 0. Similarly, &; —
x; = 0 and the third relation is proved.

For the next relation suppose that f = &;. Then g; — & = & and the first term of the
above equality is &x;. On the other hand x; — & = x; since (x; = &)(Vug) = & (Yugxi) =
Xxi (8)& (yuxi8) = xi ()& (yux;) and if u # 0 (which means that dim(y, ) # 0) then as before
this term is zero. If # = 0 which means y, =1 then (x; — &§)(y,g) = (x; — &) (g) =& (gxi) =
Xi (g). Thus the second term of Eq. (3.2) is x;. The last term, —(g; — & < x; — gfl)gl- is equal
to—g;sincegi —~ & =§&;,& —x;=cand e — gi_1 = €. The proof for & < x; = € is similar to
the one of x; — & = y;. The proof of (4) is now complete.

For the last relation put f =y in (3.2). One has g; <~ y = y(g;)y. The other two terms are
zero since x; — y =y < x; = 0. The proof of these facts is similar to the one in part (3). One
uses that y is zero on Z since y € G(A*). O

Let A=u(D,0,0) with D = (G, (gi)1<i<0. (Xi)1<i<o> (@ij)1<i,j<o) a Cartan datum of fi-
nite type. Using Proposition 3.1 and formula (A.7) from Appendix A the following relations hold
in D(A):
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N = (g x )N =0, (3.3)

©0xi (g0 =(xidi " ex)xi, (3.4)
@0Ex )0 =(x"g. ex)é (3.5)
ad(x;)' % (x;) =0, (3.6)
ad(&x") " (&x;") =0, 3.7)
ad(e)(Ex ') = (1—gix ), (3.8)
Ax) =x Q@1+ g Qx;, (3.9
Ay ) =x"@&x " +ExT®L (3.10)

To verify the relation (3.8) one has
ad(x) (Ex; ") =xikix, ' —gdin g xi = k- gy = (1—gix )

Consider D' = (G x G, (@i)1<i<20, (Vid1<i<eo, (bijigi,j<20) wWhere a; = g;, agyi = Xi_l
and v; = Xl-afl, Voti = xfla,- forall 1 <i <6.

The matrix (b;;) consists of two diagonal copies of the matrix a;;. It can easily be verified that
D’ is also a datum of finite Cartan type associated to the abelian group G x G. (The character
group of G x G is identified with G x G.)

Define the linking parameters A given by

oL i=ite,
V=00, j#i+6.

If the generating variables of U (D', 1) are denoted by z; then define
¢:U(D', L) — D(A)
by
P =gx. P =xi.  dGor) =dix

forallge G and x € G and for all 1 <i<0.

Relations (3.3)—(3.8) show that ¢ is a well defined algebra map and relations (3.9), (3.10) im-
ply that ¢ is a Hopf algebra map. In the next corollary it is proved that ¢ induces an isomorphism
of Hopf algebras ¢ : u(D’, A, 0) — D(A). (See also [5].)

Corollary 3.11. Let A = u(D,0,0) be a pointed Hopf algebra with D = (G, (g)1<i<6>
(xi)1<i<o- (@ij)igi,j<o) a Cartan datum of finite type.

(1) Let 'D/ = (G X G, (a,')lg,'gzg, (V,‘)]g,’gz@, (bij)lgi,jgw) and A deﬁned as above. Then
D(A) = u(D', 1,0).

(2) The Drinfeld double D(A) is generated by G, 6 xi, & (i= 1,0), with the defining relations
given by those of A, A* and the relations from Proposition 3.1.
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Proof. If A is of nilpotent type with no linking relations then G= G (A*) and the last relation of
the Proposition 3.1 holds for any y € G. Then it follows from Corollary 2.6 and the PBW-basis
description of A that as an algebra D(A) is generated by {g, x, xi,&,| g€ G, x € 6, 1<i<0}.
This implies that the above map ¢ is surjective and it factors through a map ¢ : u(D’, A) — D(A)
also denoted by ¢. Let s be the number of connected components of the Dynkin diagram of
the Lie algebra g. Since dimu(D’, A, 0) = |G|*[[;_, N?pi = dim D(A) it follows that ¥ is an
isomorphism. O

Let I" be an abelian groupn > 1, K;,L; € I', x; € I for all 1 <i<n,and (a;)1<i, j<n
a Cartan matrix of finite type. A reduced datum of Cartan finite type was defined in [16].

It consists of a datum Dyeg = Drea(I', (Li)1<i<n, (Ki)1<i<n> (Xi)1<i<n» @ij)1<i,j<n) Such
that:

X (K xi(Kj) = xi(Kj)",
xi(Lj) = x;(K;),
KiLi#1, and x;(K;)#1

forall 1 <i,j <n.
Let Dyeq be a reduced datum of finite Cartan type and X a Yetter—Drinfeld module over k[I"]
~1

with basis x1, ..., X, ¥1,..., Yy Where x; € X{’l and y; € X1X<i,-‘ Let (/;)1<i<n be a family of
nonzero parameters in k.
Let I" act on the free algebra k(x1, ..., Xn, Y1,..., Yn) by yxi = xi_l(y)x,- and yy; = x(v)yi,

forally e I'and 1 <i < n.
The Hopf algebra U (Dreq, [) is defined [16] as the quotient of the smash product k(x1, ..., x,,
Y1y ...y Yn) #k[I'] modulo the ideal generated by

ad.(x;)! 7% (x;) forall 1 <i,j<n, i# ]
adc(yi)' "% (y;) forall I<i, j<n,i#j
xiyj — xj(L)yjxi — 8ijli(1 — K;L;) forall 1 <i, j <n.

Example 3.12. This example shows that D(A) is a quotient Hopf algebra of U (Dyeq, [) whose
representations were studied in [16].

Let A=u(D,0,0) with D = (G, (g,')lgigg, (Xi)lgig(% (aij)lgi,jge) a Cartan datum of fi-
nite type. N

Let Dreq = Drea(I's (Li)1<i<o, (Ki)1<i<o, (Fidi<i<o, (@ij)igi,jgo) where I' = G x G,
Li=gi, K; = Xfl and ¥; = lelg,». (f is again identified with G x G)Letli=2xiy9 =1
for all 1 <i < n. Then from [16], p. 27, it follows that U (Dyeq, ) = U(D’, 1) where U(D’, L)
was defined above. Thus D(A) is a quotient of U (Dregq, /).

Example 3.13. In the next example we will show that certain Drinfeld doubles can be realized
as quotients of the two parameter quantum groups U, -1 (g) for a suitable choice of the root of
unity r and of the semisimple Lie algebra g. This can be regarded as a generalization of the well
known fact (for type A1) that the Drinfeld double of a Taft algebra is a quotient of U, -1 (sl2).
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Let C = (a;5), <ij<o be a Cartan matrix of finite type and g be the associated semisimple
Lie algebra over Q. Let d; € {1,2, 3} be a set of relatively prime positive integers such that
dia;j =djaj; forall 1 <i, j <6.Letr,s be two numbers such that rs~1is aroot of unity of odd
order N and prime with 3 if g has components of type G».

Let (—,—) be the Euler form of g which is the bilinear form on the root lattice Q defined by

diajj, 1<],
(i, j) = Ao, aj) =1 di, =],
0, i>].

To the semisimple Lie algebra g and the numbers r, s one can associate a two parameter
quantum group U := U, 4(g) as in [11]. U, ;(g) is generated by e¢;, f;, a)iil w;' 1 subject to the

following relations:

)

+1 +1 _  +1 +1 == A== A = A= |
RD o 0] =w; o, W =e5 w7,
+1 /£1 71 +1 +1 Fl _ s+l /F1 _ 4.
0 =07 o), w; o =0, W =1
o= () =), o =L =) (),
R2) wiejo; " =r"'s ej, wiejw; =r sVle s
-1 —(j,i) i, ] / /—1 _ {,))—{j,i .
R3) w;fjw; ' =r () ])fj7 ) fio), — =0 )fj,
wj —(,z)l/-

i i

RA) i fj — fiei =8 :

l—a,-j

1 —a;; k) 1—ajj—k o, .
k=0 ris;
l—a,-j l
—da;j k 1—aii—k . .
LOND S A I
k=0 ris;
where cff) = (rys; YFK=D/2 kG0 g=kED) for i # j and (Z)q is the quantum binomial coeffi-

cient, see Appendix A. U, ;(g) is a Hopf algebra with the comultiplication given by

At =o' et Al =o B,
Alej))=¢; @1+ w; Qe;, A(f)=fi®w;+1® fi.
The counit is given by
W) =1 e@*)=1 eer=ef)=0
and the antipode is given by

S(a)iil)za)fl, S(w;il)zwf”, S(ei):—a)fle,', S(f,-):—f,-a)l/.*l.

Since the matrix C = (a;;)1<ige is of finite Cartan type one has that det(d;a;;) # O so there
are odd numbers N such that the matrix (d;a;j)1<i<o is invertible in Zy. Suppose further that
s =r~ ! is a primitive root of unity of order N.
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We will show that under these assumptions certain Drinfeld doubles are Hopf quotients of
r 1 (g)

Let G = ]—L 1 ZNn and g 1, gz, ..., 8o be generators of each component of the product. Define
Xi € G by xi(gj)=r (0l . It follows that x;(g;) =r (0./)+0:0) = pdiaij Tt can be checked
that the characters y; are well defined and D = (G, (gl)lglgg (Xxidi<i<o» (@ij)i<i,j<o) is a Car-
tan datum of finite type. Let A = u(D) := u(D, 0, 0). We will show that D(A) is a quotient of the
two parameter quantum group U, ,—1(g). Define ¥ : U, ,-1(g) — D(A) by ¥(e;) = %)szi,
v(fi) = r—Tes &, v(wi) = gi, w(a) ) = x;i. Using formula (A.2) from Appendix A it can
be checked that Y is well defined. The relations (R5) and (R6) are sent to 0 by ¢ since
ad 4 (x;)1 =i (xj) =0 and respectively ad s (&)~ (g 1) = 0. It can be checked that v is a Hopf
algebra map. In order to see that i is surjective one has to check that the set of the grouplike
elements of U, ,-1(g) is mapped onto G X G. Thus one has to see that the subgroup generated
by {xi)1<i<o is the entire G. This fact follows from the assumption that the matrix (d;a;;)1<i<eo
is invertible in Zy .

4. Braided Hopf algebras

Let H be a finite dimensional Hopf algebra and R € ZyD be a Yetter—Drinfeld module
over H.

Recall that R is called a braided Hopf algebra in ZyD if it is an algebra and coalgebra such
that the comultiplication and counit are morphisms in ZyD.

Let A and H be Hopf algebras and p: A — H and j: H — A Hopf algebra homomorphisms
such that pj =idy. Let

R:=A"=laecA|(d®pA@=ax1}. 4.1

Then R is a braided Hopf algebra in ZJJD with the following structures:

(1) H acts on R via the adjoint action.

(2) The coaction of H is (p ® id) A.

(3) R is asubalgebra of A.

(4) The comultiplication on R is given by Ar(r) =r1jpS(r) ® r3 € RQ R.

For all r € R one has p(r) = e(r)1y. This can be seen applying m.(p ® Sg) to the identity
r®pr)=rel.

Define v:A — R by v(a) = a;jpS(az). Then v(ab) = ajv(b)jpS(az) and v(aj(h)) =
v(a)j(h) forall a,b € A and h € H. It can be proved that v is a coalgebra map and it induces
a coalgebra isomorphism v : A/Aj(H)* = R [4]. Thus v*: R* — A* is an algebra embedding
and

VE(R*)={f € A*| f(aj(h)) = f(a)e(h) foralla € A, h € H}. 4.2)

4.1. Themap¢:A — R#H givenby a > v(ay) # p(az) is an isomorphism of algebras with
the inverse given by r # h +— rj(h).
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4.2. Dual Hopf algebra

One has that p*: H* — A* and j*: A* — H™* are Hopf algebra homomorphisms such that
j*p* = idH* Then
AT = {f e A" | ([d® jHA(S) = [ ® €}
{feaA* | f(aj(h)) = f(a)e(h) forallac A, he H}
= v*(R™).

Thus A* = R* # H* via f — fip*j*(Sf2) # j*(f3) with the inverse given by r* # f
V) p*(f).

4.3.  Under this isomorphism one has that

r*# O #h) = (V") p (O (ri () = v* ) (r1j () p* () (r2) (h2))
= () D) p () (r2j () = r*(r) () (pr2)h)
=r*(r) f(h).
4.4. By duality one has that A = A™* = R** # H** = R # H and it can be checked that the

isomorphism obtained in such a way is just the isomorphism from 4.1.
For all r € R and h € H it follows that S_lj(hz)rj (h1) € R since

(Gd® p)A)(S~1j(h)rj(h1)) = S7 j(ha)r1j(h1) ® p(S™1j(h3)raj(ha))
=857 j(ha)rj(hy) ® p(S™'j(h3) ) (h2))
=S j(hrjthy) 1.

4.5. Definition

Let A be a finite dimensional Hopf algebra. An element z € A is called a left integral of A
(respectively right integral of A) if az = €(a)z (respectively za = €(a)z) for all a € A. The space
of left (respectively right) integrals of A is a one dimensional ideal fi (respectively fz) of A and
S(f/i) = [}, where S is the antipode of A (see [15]).

Ifze f/i is a nonzero left integral of A, then there is a unique grouplike element y € G(A*),
called the distinguished grouplike element of A* such that za = y (a)z, foralla € A. If 7/ € f,:
then az’ =y 'z, forall a € A.

Ifie f/:* is nonzero, then there exists a unique grouplike element g € G(A) such that fA =
f(g)Aforall f € A*. The element g € G(A) is called the distinguished grouplike element of A.

4.6. Left integrals in A
Let x be a left integral of R and A be a left integral of H. Then Ax = Aj.x # Ay is a left

integral of A. Clearly h(Ax) = e€(h)Ax and r(Ax) = A (STHAD.P)x = Are(S™H A .P)x =
e(r)yAx forallh € H and r € R.
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4.7. Thereis y € G(H*) such that h.x = y (h)x for all h € H. Indeed

r(h.x) = r(j(n)xj(Sha) = j(h3)(S™" j (ha)rj (1)) xS (ha)
= j(h3)e(S™1j (ha)rj(h1))xS(ha)
=e(r)(j(h)xj(Sha)).

Thus A.x is an integral in R and since the space of integrals is one dimensional it follows that
h.x =y (h)x for some y € G(H*).

4.8. The distinguished grouplike element of A*

Let ag and oy be the distinguished grouplike elements of R and H. Then xr = ag(r)x and
Ah =ap(h)A for all r € R and h € H. Let o4 be the distinguished grouplike element of A.
Then a4 is given by the following equation: (Ax)(r #h) = aa(r # h)(Ax).

On the other hand

(Ax)(r#h) =ag(r)(Axh) = ozR(r)Ahg(S_l(hl).x)
= ar(Map (h)y ™ (h) Ax = ar(r)(y ™ an) () Ax.

Using 4.3 it can be shown that oy = ag #y lay.

4.9. Right integral in A*

If ¢ is a right integral in R* and A a right integral in H* it can be similarly checked that ¢ # A\
is a right integral in A* (see also [8]).
Similarly to 4.7 it can be proved that there is a grouplike element g € H such that f.t = f(g)¢
for all f € H*. Indeed
(fits(f)r* = fit(Sfar*S> f3)Sfa
= fire(Sfar*S® f3)Sf2
=r*(1) fitS(f2)

for all ¥* € R* and f € H*. Thus f.t is an integral in R* and since the space of integrals is one
dimensional it follows that f.r = f(g)t for some g € G(H).

4.10. The distinguished grouplike element of A
Let gr and gy be the distinguished grouplike elements of R* and H*. Thus r*t = r*(gg)t

and h*A = h*(gu)A for all ¥* € R* and h* € H*. It follows that the distinguished grouplike
element of A is g4 = gg # ggp. Indeed,

*# HE#N) =r"(fr)# or = fi(@r t# fr(gu)r =71"(gr) f(88H)

forall ¥* € R* and f € H*. Using 4.1 and 4.4 it follows that g4 = gr # ggH-
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4.11. The situation when R is a graded braided Hopf algebra

Suppose R = @fy:o R(i) is a graded braided Hopf algebra with R(0) = k. Then R(N) =k is
the space of left and right integrals in R [1]. Thus R is unimodular and «g = €. If R = @fvzo R(i)
is a graded braided Hopf algebra in ZyD with R(0) = k then R* = EBfV:O R(@)* is a graded
braided Hopf algebra in gin. Thus R* is also unimodular and gg = 1. Thus in this situation
oaa=c#ylagand gs =1#ggn.

4.12. Ribbon elements

A Hopf algebra A is called quasitriangular if there is an invertible element R =) x; ® y; €
A ® A such that A(a) = RA(a)R™" for all a € A, and R satisfies the following relations (A ®
id)R=Ri3R2»3, (d® A)R =R;3R1p where R =) x; ®y;i @1, Ri3=) xi®1®y;, Rp3 =
> 1®x; ®yi.Letu =) S(y;)x;. Then uS(u) is central in A and is referred to as the Casimir
element.

An element v € A is called quasiribbon element of a quasitriangular Hopf algebra (A, R) if:

(D) vi=c,
(2) Sw)=v,
(3) e(w) =1,

4) A(v) = RR~'(v ® v) where E:Zyi @x;iif R=) x ®y.

If v is central in A then v is called ribbon element of A and (A, R, v) is called ribbon Hopf
algebra. Ribbon elements are used to construct invariants of knots and links [12,17,18].

The Drinfeld double D(A) of a finite dimensional Hopf algebra A is a quasitriangular Hopf
algebra with R =) (1 ® ¢;) ® (f; ® 1) where ¢; and f; are dual bases of A and A*. Kauffman
and Radford provided the following criterion for a Drinfeld double D(A) to be a ribbon Hopf
algebra.

Theorem 4.3. (See [12].) Assume A is a finite dimensional Hopf algebra and let g and y be the
distinguished grouplike elements of A and A* respectively. Then:

(1) D(A) has a quasiribbon element if and only if there exist grouplike elements h € A, § € A*
such that h> = g and 8> = y.
(i) (D(A), R) has a ribbon element if and only if there exist h and § as in (1) such that
S*2@)y=h(—a~8s"n"!
foralla e A.

4.13. Condition for D(A) to be ribbon

According to 4.3 D(A) is a ribbon algebra if and only if there are grouplike elements 64 and
h4 in A* and A, respectively such that 8% =ep# y’]ozH and b2 = 1 # ggn and

S*a)=ha(6a —~a 84" ")hp™! 4.4)
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foralla € A.
It is enough to check this conditions on the algebra generators of A namely, » € R and j (h)
withh e H.

4.14. Suppose that there are grouplike elements § € G(H*) and h € G(H), respectively
such that §2 = aHy’l and h? = ggn- Consider 64 =€ #8 and hy = 1 #h. These are grouplike
elements of A* and A, respectively and 8% = ez #ayy ! and h124 =1#ggy.

For a = j(x) with x € H the condition (4.4) becomes

SPx)=h(—x 8", 4.5)

For a = r one has that

Argr(r#1) =09 (r1) @ ¢(r2)
= ((r) #p(r) ® (v(r3) # p(ra))
=) #p(r)) ® (v(r3) #1)

sincer1 @ @ Qpra) =ri@ro®rz3® 1 forall r € R.

Thus
(e#8) = (r#1)=(v(r) # p(r2))(e #5,v(r3) #1)
=v(rD# plr2) =v(r)#1
=r#l.
Similarly

r#1) « (e#8 )= () #1)(e#57  v(r) # p(r))
= () #1)5~ (p(r1)).

Thus the condition (4.4) for a =r is
§%(r) = (h.v(r))8 ™ (p(r)) (4.6)
forall r € R.
5. Drinfeld doubles which are ribbon

Using the results from the previous section, we determine the left and right integrals of
A Zu(D,0,0) and its distinguished grouplike element. By duality, the integrals of A* and its
distinguished grouplike element are also described. The condition obtained in the previous sec-
tion for D(A) to be a ribbon algebra will be verified for A =u(D, 0, 0).

Consider H = kG for an abelian group G and V be a finite dimensional Yetter—Drinfeld
module over the group algebra kG. Then V has a basis (x;)1<igo With x; € Vg)fi, where Vg)f." =
fveV|gv=yx(gv, §(v) =g ®v}and § is the comodule structure of V.
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Suppose that V e Z))D of finite Cartan type, which means x;(g;) # 1 for all 1 <i <6 and
there is a Cartan matrix of finite type (a;;)1<i,j<e¢ such that

X (&) xi(gj) = xi(g)™

forall 1 <i,j<6.

Let R = B(V) the Nichols algebra of a finite dimensional braided vector space V € ZJ}D
of finite gartan type. Then A = u(D,0,0) = B(V) #kG and from Corollary 2.6 it follows that
A*=u(D,0,0).

Proposition 5.1. Ler Ag = ﬁzgecg be the integral of kG and x = {’zlyiN"_l. Then
t = Agx is a left integral of A and t, = x Ag is a right integral of A.

Proof. Since x is a homogeneous element with maximal degree in B(V), it follows from [1]
that x is a left and right integral of R. Then 4.6 implies that Agx is a left integral in A and 4.9
implies that x A is aright integral in A. O

Proposition 5.2. The element y € G(A*) defined by vy (g) = le Xﬁfi(N"*])(g) and y(x;) =0is
the distinguished grouplike element of A*.

Proof. Using 4.8 the element ay = ag # y~'ay is distinguished grouplike element of A*. In
the situation R = B(V) and H = kG one has that ag = €g and oy = €g. On the other hand
y is given by the equation g.x = y(g)x for all g € G. Since g.y; = xp;(g)y; it follows that

._ —(N;—1
gx=[1", xp ()" ~'x and thus y =], xﬂ[( .o

Proposition 5.3. Let Ag = ﬁ Y peg ¥ be the integral of kG* and Y = []I_, YiN’_l. Then
T; = AGY is a left integral of A* and T, =Y Ag is a right integral of A*. Moreover the element
g=Ili_, gg_v"_l) is the distinguished grouplike element of A.

Proof. Using Corollary 2.6 one has that A* = u(ﬁ, 0,0) where D was defined in Section 2.
Then Propositions 5.1, 5.2 applied to u (D, 0, 0) give the integrals and the distinguished grouplike
element of A*. O

Theorem 5.4. Let D = (G, (gi)1<i<6, (Xi)1<i<o, (@ij)1<i, j<o) be a datum of finite Cartan type
and A =u(D, 0, 0) the pointed Hopf algebra associated to it. Assume that the order N; of xi(gi)
is odd for all i and is prime to 3 for all i in a connected component of type G,. Then D(A) is a
ribbon Hopf algebra.

Proof. One has to verify relations (4.5) and (4.6) from 4.14. Using the above notations it follows
that x = [+ xa® ' = r yiN"_1 is a left integral in R = B(V). On the other hand from
Proposition 5.2 g.x = ([[,cq+ x&*~1)(g) which means that

y= 1 x"

acdt



2072 S. Burciu / Journal of Algebra 320 (2008) 2053-2078

Similarly, Proposition 5.3 implies that = [ [, ¢4+ yle! = [,y Nilis a right integral

in R*. One has that x.Y = x ([ [,co+ gév”_l)Y for all x € kG*, which shows that

g=[] "

acdt

(Ng—1) (Ng—1)

Since Ny is odd consider in 4.14 § = [[,cp+ Xe > andh =[] co+ 8a °

Condition (4.5) is automatically satisfied since H = kG is cocommutative. Indeed, if g € G
then S2(g) =g and h(6 —~ g — 8 Hh~ 1 =68(g)s Y (g)hgh™' =g.

On the other hand condition (4.6) has to be checked only on a set of algebra generators of R,
for example x; with 1 <i <#6. Since A(x;) =x; ® 1 + g ® x; this condition can be written
as h.v(x,-)éi’] (gi) = S2(x;). Since S2(x;) = Xi (g,')’lx,- and v(x;) = x; this condition becomes
xi (W8N (g) = xi(g) !

For 1 <i <0 lets;, given by s;(a;) = o; — a;ja;, be the reflection corresponding to the
simple root «;. If B = Zf: | Cs0g is a root then

0 0 0
si(B) = cssiles) =Y ooty — aisei) = — <chai5>ai
s=1

s=1 s=1

and therefore

6
(Z am>al =B —si(B). (5.5)

Then

Nj—1

(N —1) P (N —l) p
e xith) = ]_[x,g E (&))ﬁ(ﬂ >= [ T(xs;(exites)) ™

j=1 Jj=1

Suppose B; = Zle cjsas with cjs € Zo, forall 1 < j < p. Then

[4

0 . 0 L Ci
X6, i) = [ [ 157 e xi (8% = [ [ (i gi)) == 7.

s=1 s=1

Suppose that «; € J, the connected component of the Dynkin diagram that contains «;.
Without loss of generality one may suppose that «i,...,ag, are the simple roots of J and
{B1,...,Bp,} are the corresponding positive roots. It follows that xg,, () xi(gg,) =1 if m ¢
{1,..., p1} since a;,,, = 0.

Thus 81 (gi) xi (h) = 1Xl (g,)(ZY aise ) . Since x;(gi) =1 one has that

l . ZHI 4o
_ 1 disCjs _ Zj=14s=1isCs
5 (g xi(h) = H Xi () =xig) T

j=l
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Thus, in order to show that D(A) has a ribbon element one has to check that

P16

ZZQ,‘SCJ‘S =2.

j=1s=1

Let pj = 7 L 1 B;/2 half sum of the positive roots of the connected component J. Using
Eq. (5.5) one has (Zf'zl ajscjs)a; = B; — s;(B;) for any 1 < j < py. Therefore

P16 P
(Zzaiscjs)ai =Y (B —si(B)) =2(ps —si(p1))-

j=1s=1 j=1
Since s;(py) = ps — a; one gets that 2?1:1 221:1 ajscjs=2forall 1 <i<6. O
Appendix A

Forn e Nand g #0, let (n)g —1+4+qg+--+¢g" " forn>1and (0), = 1. Define (n),! =
(1)g(2)g -+ (n)4 and let
(), =@
i), (Dgln—i)!

be the quantum binomial coefficients.

Note that if g # 0 then
n n _
(), = (), D
q q

for all 0 < k < n. The proof of this is deduced from the equalities: (I’l)q—l = q_("_l)(n)q and
(n)y-11= gD (),
If ba = gab then

n

@+ =32(7) ait

i=0 q

forall n € N.

Let A be a finite dimensional Hopf algebra. Suppose x, y € A suchthat A(x) =x®1+a®x,
A(y)=y® 14+ b® y where a,b € G := G(A). Moreover, suppose that gxg~! = x(g)x and
U= ju(g)y for all g € G where x, 1 € G. Let zy = ad(x)" (y). Then

8y8
N N . .
=y (=1 ( ; ) x(@' VP p(a) NV yad (A2)
i=0 x(a)

The proof of the above formula is by induction on N. One has

1

21 =ad(x)(y) =xy —ayS(x) =xy —aya™ x =xy — p(a)yx
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and
Zn41 = ad(x)(zy) = xzy —azya 'x =xzy — xN(@up(@)zyx.

Thus

N
(N i o
IN+1 = Z(—l)l< . ) X(a)’(l 1)/2/1.((1)1)61\] l+lyxl

i=0 tx@

al N
=Y (=1 (l. ) x (@2 @) VT yx y @) pa)
i=0

x(a)
_ XN—Hy + (_l)N+1X(a)N(N+1)/2M(a)Nny+1

N T/N y .
+) =1 [( l.) x(@)' 2 p(ay’
i=1

x(a)
N (=2)G=1)/2 ( Ni—1_( \N N+l—i i
+1. ! x (@) n(@)' ™ x(@" pla) [x yx
= V@

N+1

(N +1 I . o
= Z(-U'( + ) x (@) D2 (@) x NIy
i=0 ! x(a)

since

N N » N+1
() +<. 1) x(@" ’+1=< . ) :
L x(@ =y @

We see that zy has the same formula as in [3], formula (A.8), p. 33. In 'Lemma A.l,p. 33 of
the same paper it is proved that if x (b)u(a) = x ' ™" (a) and z, = ZLO a;x'yx" 7! then o; satisfy
the following system:

2 a(;) (7’) (@) x (@i =0, (A3)
i<r—nh x (@) x(a)

I1<i<r

) ou'<i) (r_i) X (B) 7V x (@)Y =0, (A4)
u x(a) v x(a)

ui<r—v
The following lemma and its proof is similar to Lemma A.1 from [3].

Lemma A.S. Let A be a finite dimensional Hopf algebra. Suppose x,y € A suchthat A(x) =x®
l+a®x, A(Y)=yR1+bQ®y wherea,b e G :=G(A) and ab = ba. Moreover, suppose that
gxg ' = x(g)x and gyg~"' = u(g)y for all g € G where x,u € G. Assume that xD)u(a) =
x'7"(a) for some r >0 and let z = ad(x)' ™" (y). Then z is a skew primitive element of A,
AR)=z®1+a'7"b®z
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Proof. It can be shown that z = ), _; a,x“yx" " where , are the scalars corresponding to

formula (A.2) and they are the same as in [3], Lemma A.1. One has A(x") = Z?:o (7)qxia”_i ®

x"~ for all n > 0, where q = x(a). Thus

A) = Z“u(Z (?) xla"™! ®X”"'> Xx(y®1+b®y)
u=0 i=0 q

roou r—u u r—u
— 2 : 2 2 :au . . xl(lu_lyxj(lr_u_j Q xUTixrmu=J
; 1/ q q

= Z aix'yx/ @1
i+j=r

+ Z ( Z au(?) (”;u) M“_i(a)xj(a”_i)>xiyxjar_i_j®x’—i—f
q q

0<i+j<r N iusr—j

r
+ Zauarb ®xuyxr—u
u=0

+ Z ( Z au<i)q< . )qxj(au zb))xl+jar =ip @ x" tyxr u—j

O<i+j<r N iusr—j J

=zQ1+db®z.

The last equality is true since the first term of the above sum is z® 1 and the third termis a"b @ z.
By formula (A.3) for each i + j < r the coefficient of the x' yx/a" ™'~/ & x"~'7/ in the second

term is zero. Similarly, using that (?)q = (u'ii)q, formula (A.4) implies that the coefficient of

xitig—i-ip® x”_iyx’_“_j in the last term is zero. O

Corollary A.6. With the notations from Section 2, the element 7 = adA*(Si)l_“'ﬂi (&) is skew
primitive in A*:
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1—a;j
AR =z®1+x xi®z
forall 1 <i,j<6.

Proposition A.7. With the notations from Section 3 one has that adpa)(&; x —hyl=ai; (&; Xj_l) =0
forall 1 <i,j<6.

Proof. Note that Proposition 2.2 implies that the relations

nn—1)

XEx T =g, G =x(g) T &My (A.8)

hold in A* for all x € G(A*), 1 <i <6 and any n,s > 0.
Using formula (A.2) the relation ad 4+ (E,-)l_“"-/ (&) =0 can be written as:

N N
Z(—U'(s) xi (@) Oy (e N Ui =0
s=0

Xi(8i)

where N =1 —a;;. Since Ap«(§;) =& ®@ 1+ x; ®§; one has Apa«(§) =1®&; +&; ® x; and
thus ApayEix, D =x"' ®&x " +&x ' ®1.
Using again formula (A.2) one has

adD(A)(EiX_l)N(EjX,-_l)

X (N " s s s
=Z<—1)A<s) BN 0 I A U U 3 MNP TR Py
s=0

X; (&)

al N

Ce(s— _ s

=Z<—1)s< ) PO I ()
s S/ % i)

_s —(N— ey —g — (N—=s)(N—s—1)/2+s(s—1)/2

.%.iN SX,' ( S)é;-ij léfxi SX[ l(gi)

2 N N
= xi(g)™" WZ(—I)S( ) Xi(e) OV P gy

=0 /% e
s —(N-— —les. — —s(s—
N Ve A i (g O
2 N N
— — — — — s
= xi (g™ >/2Z<—1)S< ) X (@) T xi (@) TV e )
=0 S/ xig)
s —(N=s 1 —s —(N— — —s(s—
N TV T T )TN T () T (g T
2 N N
— — o o —o(o— — S
= xi(g;)) " xi (g™ NWZ(—I)A(S) Xi(8) xi () TV g
s=0 Xi (&)

ENTEE x(8) " i (gi)_(N_s)SXlefN
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N
1 - _ N2 N s(s=lan— _
=x; % Mg xi g™ NWZ(—W( ) Xi(g) TN (e
=0 Xi (8i)

'giN_SS.isis

N
L _ N2 N _(2N-s—1 _
= ;"% xi @) N xRS <—1>S<S> xi(g) ™ xj(8) ™"
=0 Xi (8i)

EN g g

N
1 _ N2 N _ _ _
= x N xie) N ai(e)™ N>/ZZ<—1>S<S> Xi (8" T i (g TV X (8™
’ =0 Xxi (i)

5178

If N=1—a;j then —Ns +s =a;;s and x;(g:)* x;(g) ™" = xi(g;)*.
Thus

ad(5ix ") (5,7

—-1. - —(1—q:: A2
= x5 " ki) T xi (g NN
N

N
-Z(—DS( ) Xi (@) TV i (g ) EN g
57 i)

s=0
-1 - —(1—a:: _N2 1—ajj
= x5 N e T i (g NN Pad ) (€ (€)= 0.
Formula (A.1) for ¢ = x;(g;) and relations (A.8) were used in the above computations. O
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