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Asymptotic expansions for anisotropic heat kernels

Liviu 1. IGNAT AND ENRIQUE ZUAZUA

Abstract. We obtain the asymptotic expansion of the solutions of some anisotropic heat equations when
the initial data belong to polynomially weighted LP-spaces. We mainly address two model examples. In
the first one, the diffusivity is of order two in some variables but higher in the other ones. In the second one,
we consider the heat equation on the Heisenberg group.

1. Introduction

This paper is devoted to the asymptotic behavior as time tends to infinity for the
Cauchy problem associated with some anisotropic heat equations, with initial data in
polynomially weighted L? spaces.

There are a number of results on asymptotic behavior of the classical isotropic heat
equation on the whole space:

u(z, 1) = Au(z,t) zeRM,t>0,
(1.1
u(z,0) = f(2), ze RV,

The key to obtain a complete asymptotic expansion of solutions as t — 00 is
a decomposition of the initial data on the basis constituted by Dirac’s delta and its
derivatives, proved in [3] and that we recall for the sake of completeness. The asymp-
totic expansion reads as follows:

Let G (-, t) be the heat kernel. For any 1 < p < N/(N — 1) and k > 0 an integer
the solution of problem (1.1) satisfies:

—1)lel
TONEDS LA (/RN f(z)z“dz) DG, t)H ST fll @

o! LP(RN) ™
ol <k 5

for any initial data f € L'(RN, 1 4 |z|%) such that |z|**' f € LP(RV).

We refer to [3] for a proof and various extensions.

According to this expansion, the asymptotic behavior of solutions of the heat equa-
tion can be described in terms of the Gaussian heat kernel and its space derivatives,
using the moments of the initial data as coefficients.

This decomposition is of isotropic nature; all space variables are treated equally, with
the same homogeneity. This fact does not permit dealing with anisotropic heat kernels

® Birkhduser



2 L. I. IGNAT AND E. ZUAZUA J. Evol. Equ.

that would require different decomposition results, weighting the various Euclidean
variables differently, or even with isotropic heat kernels, as the one associated with
the heat equation (1.1), but with initial data in anisotropically weighted spaces.

In this paper, we present new decomposition results for the initial data that lead both
to new results for the heat equation (1.1) and that, simultaneously, allow handling a
number of anisotropic heat kernels.

We focus mainly on two model examples to illustrate the key ideas and the phe-
nomena that emerge due to anisotropy.

The first one is the following diffusion equation, of mixed order, namely order two
in some of the space variables and order four in the other ones:

ur(z, 1) = Aju(z, 1) + Ayu(z, 1), z=(x,y) eR" xR", ¢ >0,
(1.2)
u(z,0) = f(2), z e R+,

The solution u# can be written in convolution form as u(¢) = G; * f where G; is the
fundamental solution

BERETl] (s
G,(x,y):t G m,m

where the similarity profile G is a smooth function.
Based on the decomposition obtained in [3], we get a new one (see Lemma 3.1
below) allowing us to prove the following asymptotic expansion.
THEOREM 1.1. Letk be apositive odd integer. Forany f € L' (R™ 4" 1+|x k1 +
k+1 . .
|y| 2), the solution u of system (1.2) satisfies

(=B
uen = 3 = fenyady ) DG
Bl2yi<k PV R
_ktl k+1
St I+ T ) fllp ey (1.3)

Observe that the assumptions on the initial data weigh differently the various Euclid-
ean variables, taking into account the inhomogeneity of the diffusion operator. The
resulting decomposition is in agreement with the different weight that the Euclidean
variables have in the fundamental solution, so that the overall contribution of its dif-
ferent derivatives is balanced. For simplicity, we only have stated the result in the
L'(R™*™)-norms but similar results can be stated in L? (R™*") spaces under some
restrictions on the exponent p. The decomposition in [3] would be insufficient to obtain
such results since it is of isotropic nature, thus weighting equally all space variables,
which is not sufficient to deal with the anisotropy of the heat kernel under consid-
eration. The method presented in this paper allows treating separately the Euclidean
variables with different homogeneity.

As we shall see, the decomposition used to obtain this result can also be applied in
the case of the classical isotropic heat equation, leading to new results on its asymptotic
decomposition as t — 00.
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The second problem we address is the heat equation on the Heisenberg group:

ui(z,0,1) = Amu(z, 0,1) (z,0) e R xR, 1 > 0,
(1.4)
u(z,0,0) = f(z,0), (z,0) e R*" x R.

Let us recall that, as for the classical heat equation, the heat semigroup on H" is
given by the convolution between the initial datum and the fundamental solution, a
function in the Schwartz class (see [4]).

THEOREM 1.2. ([4]) There exists a function H € S(R***t1) such that, u, the
solution of the heat equation on the Heisenberg group (1.4) is given by

u(vt) = f* Hla
where x is the convolution on the Heisenberg group while H; is defined by

1 z 6
H’(Z’e):tn+1H ﬁ,? .

Moreover, the function H can be computed explicitly (cf. [4])

n . 2
1 20 ioch |z| o
H(z,0) = - exp|\ — — — do
(4m)t! Jr \sinh(20) 2 2 tanh2o

In this case, we obtain the following asymptotic expansion.

THEOREM 1.3. Forany f € L'(R*"*!, 1 4+z|? +10|), the solution u of problem
(1.4) with initial data f satisfies the following

o= ([ rer Z ([ reo)en
j=1

SNA 412 + 10D fllprgeeny, 1> 0, (1.5)

LI(RZn-H)

where Zj, j =1, ...,2n are the first 2n vector fields of the Lie algebra on H".

The results presented here can be extended to more general situations, for example
to the heat equation on homogeneous Carnot groups. We refer to [6] where this issue
is addressed, although the results in that paper do not take into account the differ-
ent homogeneity in what concerns the needed assumptions on the initial data. Note
also the existing results for heat equations in heterogeneous media; for instance in [5]
by combining the results in [3] and Bloch-wave expansions, a complete asymptotic
expansion is given for the heat equation in periodic media. We also refer to [2] for
similar expansions in the context of Vlasov—Poisson—Fokker—Planck equations.

The paper is organized as follows. In Sect. 2, we consider the classical isotropic
heat equation to illustrate that the use of the new decomposition results we present
here leads to new asymptotic expansions as 1 — oo that cannot be derived out of [3].
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In Sect. 3, we consider the anisotropic model (1.2), proving Theorem 1.1 and we com-
pare it with the asymptotic decomposition results one could get out of the isotropic
decomposition results in [3]. In the last section, we present some classical facts about
the Heisenberg group and give the proof of the corresponding asymptotic expansion
stated in Theorem 1.3.

2. Decomposition Lemmas

In this section, we obtain some variants of the results in [3] on the decomposition
of functions defined in the Euclidean space on the basis of Dirac’s deltas and its deriv-
atives. We shall derive some applications to the asymptotic behavior of the isotropic
heat equation for initial data in anisotropically weighted spaces.

In what follows we denote by D(R") the space of C* and compactly supported
functions and by D’ (RY) its dual.

We first recall the following decomposition [3].

LEMMA 2.1. ([3]) Let k be a positive integer. For any f € D(RN), it holds

RN
f= Z ( 01(3 (/RN f(x)x“dx) D8y + Z D*F,, (2.6)

la|<k lot|=k+1

where the functions Fy, defined for |a| = k + 1, are given by

F —kl(_l)k+l llz"xa r) 4 27
a(x)—(‘l')T/o(_)(?) f(?)t_N 2.7)

Moreover, for any p € [1, %), the following holds

1
I FallLoyy < ConacllX Fll Lo @ny-

REMARK 1. By density, the above result holds for all f € L'(RN, 1 + |x|*) with
[+ f e LPRY).

The above result is a consequence of Taylor’s formula with integral remainder,
applied to any test function ¢:

o o 1
p@)= (D"‘co)(O)% +k+1D D] %/0 (1 =" (D) (t2)dt, z e RV,
loe| <k ’ loe|=k+1 "
(2.8)

We now derive some anisotropic variants. For, given z € RN N > 2, we decompose
itasz = (x,y) € R" x R" with m 4 n = N. We then use a splitting argument and
apply first Taylor’s expansion in the y variable with x fixed and then perform Taylor’s
expansion in x.
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LEMMA 2.2. Forany ¢ € D(RN), the following holds

o Za
9@ = D> (DPO

|| =k

B rl
+ > |:(k+1—|y|) > %'/0 (1 — " (DP DY p) (tx,O)dz:| %y'

lyl=k |Bl=k+1-—y

y 1
+k+1) Z y—’/(l—t)k (DY ¢) (x,ty)dt, z=(x,y) eR".
lyi=kt1 V" /0

Proof. Using Taylor’s expansion in y with x fixed, we get

Y
p@ =gt =D (Dly) (. O)% +k+1)
lyI<k '

y 1
x> %/O (1 =0k (DY) (x., ty)dr.

ly|=k+1

Now, applying Taylor’s expansion with respect to x, we get:

By
=1 3 (D£Dlp)0,0)= 1

! |
1=k | 1B1<k—1y| A

B 1
+ > k=l > x—'/ (1 = )Y (DE DY) (1x, 0)dr | 2
Iy Ik Bliiri—y P 0 v
Y’ ! k
+&+1 Z —'/ (1 =" (DY) (x, ty)dt.
lyi=kg1 V7 /0
Writing « = (8, y), we obtain the desired identity. O

We now introduce the space L”(R™, |x|/#l; L'(R”", |y|'"!)), constituted by the
functions f such that [x|B!|||y|V! £ (x, L1 (rny belongs to LP(R™), that is,

P _ p
”f”Lp(]Rm,\xHﬁ\; LYR ||y = /Rm |x|p|B|||f(x7 ')”L](]R”;|y|lv\)dx <o0. (2.9

Following the same ideas of treating differently the different variables x and y, we
get the following result.
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LEMMA 2.3. Forany f € D(R™™), it holds

B
fx,y) = Z (ﬁ+(/ fx, y)xP dedy)D 8o
o<k PV

Hivl
+> > ( y) DYIR f1g, (x) DY 80(y)

ly|=k |Bl=k+1—|y|

+ D DIF,(x,y), (x,y)eR" xR, (2.10)
ly|=k+1

where the remainder terms are defined as follows:

N d
[Rf1py (x) = =D |ﬂl/(l Ol ‘( ) /Rnf(?y)y”dyt—,f,

forlyl <k, Bl + |yl =k+1, and

B (_1)k+1 1 oy y y d
Fy(x,y)—(k—i-l)T/o (11 (?) f(x,?)t_n

forlyl=k+1.
Moreover, for 1 < p < 2, it holds

I Fy ”LP(RN) Syl i f”Lp(]RN) (2.1

and for 1 < p < -5, it holds
IR f gy lr@my S NFULe@m st L1 e jy(ivly)- (2.12)

REMARK 2. The main term is the same as in Lemma 2.1, since

IR
> L(/RN f(x,y)xﬂyydxdy)nyyéo

o=k B!
(= 1)|01\ a o
= z (/ f(2)z dz)D 8o.
|a|<k

But estimating the remainder terms F,, and [M f g, different anisotropic spaces from

those of Lemma 2.1 are needed.

By density, the decomposition holds for all f € L'"(RN | 1 + | - |K) that belongs to

XP = () LP@™, xS LY R, [y () LP @™ LP@®R”, [y ).

lyl<k
We also define the natural norm on X°
||f||)(p = Z ||f||Lf(Rm,|x|k+l—\y\; le(Rn,\yHyl)) + |||y|k+]f||Lp(RN)~
0<lyl<k '

When p = 1, the space XP is exactly the one needed in Lemma 2.1, that is,
L' ®R™" [(x, »)[.
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Proof of Lemma 2.3. We write RN as R” x R". We first fix x € R and apply Lemma
2.1 to the function y — f(x, y). Then,

Hivl
f(x,y)=z( D (/ fx, y)dey) DYso(»)+ D, DYFy(x.y), (2.13)

ly Ik ly Ek+1

where

kLl y
Fy (e, y) = (k4 1) 2 /(1_,)k(z) f(x,z)g. (2.14)
y! 0 t m

t

A similar argument as in [3] shows that for any x € R™ and p € [1, ;"5 ), we have

IFy G, Izrgny SN 1 G, e gen)- (2.15)

Taking the L? (R™)-norm in the x-variable, we obtain estimate (2.11).
We denote by [Mf], (x) the y-moment of order y of f(x,-) in R":

71,0 = [ Fy7ay. 2.16)

We apply Lemma 2.1 to the function x — [M ], (x) and obtain

—_1lAl
Mfl, 0= > ? ( / [Mf]y(x)xﬂdx)Df%(x)
1BI<k—Iy| R
+ > DEIRflpy(x)
|Bl=k+1—1]y|

where [R f1]g, is given by

—1)!8l d
(R f1py (r) = "3'/ (1 - lfi- 1( ) [Mf]y( )t,ﬁ.

Writing explicitly the function [M f], , we have

N
= > ( [, s dedy)Dﬂsom

|Bl=k—|y|

+ Z DPIR f1p, (x) 2.17)

|Bl=k+1—|y|

where [R f]g, are given by

N d
[Rf1gy(x) = =D |ﬂ'/(l 1IFI= 1( ) Aﬂf(§,y)yydyi-

Replacing [M f], in (2.13) with identity (2.17), we obtain

( Dy I+IAl
F=2 2 B ( /RNf<x’y>x”yydxdy)Df%(x)z)%o(y)

lyl=<k |Bl<k—ly|
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—Nn!
22 ( )‘ DEIRflgy(x)DYSo(y) + D DY Fy(x.y)

lyI=<k |Bl=k+1—]y] ' lyl=k+1

_D)IB)
= > (/3+ (/N f(x,y)xﬂyydxdy) DY) 8o
o=k PV R
1
£ Y R @bl + S DI,
ly|<k |Bl=k+1—]y| : ly|=k+1

Proceeding as in [3] and using Minkowski’s inequality, forany 1 < p < -, we get
estimate (2.12) on the remainder [R f1g,

IR Fgyllerm S it /R £ 7 dyl| < 1 o gm, . £ pv1y-

Lr(R™)
The proof is now finished. g

We now apply the new decomposition obtained in Lemma 2.3 to the heat equation

(1.1).

THEOREM 2.1. Assume that N = m + n. Forany 1 < p < mln{ —1} and
k > 0 integer, the solution of problem (1.1) satisfies:

1lel
wtn— 3 & ) (/ f(z)z“dz) DG 1)|

loe| <k

) f

L!’(RN)

for any initial data f € L'(RN, 1 + |z|) N &P,

REMARK 3. Inthe case p = 1, the above estimate is the same as the one obtained
in [3] by applying Lemma 2.1.

The range of exponents p for which the above Theorem applies is larger than that in

[3] but the space XP where the initial data are taken is more complex and of anisotropic
nature.

Proof. We now apply Lemma 2.3 to the initial data f. Then,

HG(t)*f > = I)M (/ f(x)x“dx) D"‘G(z)‘

la|<k

=y Z |G (DEIR f1, DY) |

0<|y|=k |Bl=k+1—|y]

+ D 1IG@) * DYFy(x. y)ll 1o ey
ly|=k+1

> D, IDEDIG ) % [RFpy Ollpren)

O<ly|=<k [Bl=k+1-|y|

+ > IDYG®) * Fy(x. Yl Lo
ly|=k+1

LP(RN)

LP(RN)
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= > > [iEplGwiI IR 1s Iy
O=<lyl=k |Bl=k+1—|y|
k+

_k+1
1 UF o,
S>> IR I IDEDIGOI

O<ly|=<k |Bl=k+1-]y|

kel
1T Y f e )

Bltlyl _n 1
A _p -1
< Z Z el 2 2 Pl e, e ptel; L @R, |71y

0<|y|=k |Bl=k+1—]y]
_ktl k+1
+ 1172 N f e vy

_k+l
<t 2 1 fllar.

The proof of Theorem 2.1 is now finished. U

p
Ly

3. An anisotropic heat equation of mixed order

This section is devoted to the analysis of the following system

ui(z, 1) = Aiu(z, N+ Ayu(z, 1), z=(x,y) e R" xR",t >0,
(3.18)
u(z,0) = f(2), z e R,

The solution u of the above system is given by u(t) = G; = f where G; is the
fundamental solution given by

Gix,y) =136 ( T 1%)
t t
and the self-similar profile G is so that its Fourier transform is such that
G, n) = e 1=,

We now apply Lemma 2.1 to the initial data f. Forany 1 < p < N/(N — 1),
N = m + n, we obtain that u, solution of (3.18), satisfies

—1)lel
u(-,t) — Z ( o; (/]RN f(z)z“dz) D“G,(~,t)’

lor|<k

Sz Fllpgyy DL ID*Gillpigny.
Jor|=k+1

LP(RN)

or, writing each index « of length N =n+masa = (8,y) € Z" x 72",

_NIB.w»I
u(e,t) — (D77 ( / f(x,y)xﬁyydxdy)foGt
RN

IEVAl
o= P

S fllps@yy D, IDEDYGillpin).
[Bl+1y|=k+1

LP@RN)
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Remark that, due to the anisotropy of the fundamental solution, the derivatives in the
x-variable decay differently from those in the y-variable:

BpY —f--Fa-p
tllLa RNy — s 4 , . .
1Dy Dy Gellpamny =t * 2 2% 4 € [1, o0] (3.19)
As a consequence, for large 7, we have
(= DB (/ by
u(-, 1) — —_— fx, WxPyrdxdy ) DLY G,
H (ﬂ%q Bly! RV L@y
_1B8l_ Iyl _ k1L
SN fllpyy DL 472 S 12 fllpe -
|Bl+1y|=k+1

Note however that in the left-hand side of the above inequality, there are terms that

decay faster than the remainder ¢t~ 4 . Accordingly, it is natural to split the terms in

the left-hand side in two parts: those that decay faster and, respectively, slower than
k1

N

Define
A(p,k):{(a,b)622:a,bzo,k+1—2N(1—1/p)§a+2b,a+b§k}.

It follows that, as long as f belongs to some weighted spaces, the solution u of system
(3.18) satisfies for large time ¢ the following estimate

(—=D)IBYI 5y sy
Hu(~,t)_ Z W o fx, y)xPyYdxdy ny G, Lo @y
1BI42ly | <k+1-2N(1—1/p)
-k Byl N1
ST flren+ 20 T TP gy gy
(B.y)EA(p.k)
st
S t— 4 |||Z|k+1f||Lp(RN) + Z ”f”Ll(]RN,‘XHBHy‘lV\) . (3.20)

(B.y)eA(p.k)

We now state rigorously the result to which this analysis leads. For the sake of
simplicity, we state it for p = 1 only.

THEOREM 3.1. Forany f € L'(R*™ 1+ |x|*t1 4 |yt the following holds
for large time t:

1)l Bp)]
Hu(-,t) - > % (/RN f(x,y)xﬁyydxdy) Dy G,

IBl+2ly <k

LY(RN)

_ k41
St I+ T D £l ey,
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Proof. We apply estimate (3.20) to obtain the following:

juc.n— > (/RN f(x,y)xﬁyydxdy) Dy G,

IBl+2ly <k

(—=DIEYI
Bly!

LY(RN)

k+1

SN e+ D0 I @y s
(B,y)EA(p.k)

k+1
STE (I 1D il + 10+ 15 fllies) ) -

Since f belongs to L'(RVM), we obtain the desired result. O

Observe that, in view of (3.19), we need twice more derivatives in x than in y to
obtain the same decay of the kernel G;. We now give a new decomposition that, when
applied to the anisotropic equation (3.18), distinguishes the two variables x and y.

We consider the case when k is an odd integer, k + 1 = 2m + 2. Since we have seen
that || DY G|l 1p vy =~ ||D5G,||LP(RN), la| = 2|B| = 2m, we will take into account
that, for the decay rate of the kernel, one derivative in y has the same effect as two
derivatives in x.

LEMMA 3.1. Let k be a positive odd integer. For any f € D(R™'™), it holds

)l
e = 3 S ([ sty ) ol

|BI+2ly =k
o
+ > > v DR fly (x)DY 8o(y)
ly|=(k=1)/2 |BI+2]y|=k+1

+ D DYF(x.y) (3.21)

ly|=(k+1)/2

where the remainder terms are defined as follows:

k+1
k+1(-1)=z [! k=1 4 dr
Fy(x,y)zT( J/)! /O(l—t)k2 (%) f(x%)t—n,

for|y| = % and

(- 1)"3'|/3| dr
[Rf1py(x) = /(1 t)'ﬂ'1 )/Rnf(?y)yydyﬁ

defined for |y| < (k — 1)/2 Bl 2yl =k+ 1.

Moreover, for 1 < p < L it holds

1Fy e @yy S |||y| f(x N Lr @Yy, (3.22)
and, for1 < p < %,

“[Rf]ﬁy”Ll’(Rm) 5 ”f”LP(RmeUﬂ\; LR~ |y|lY]y)- (3.23)
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REMARK 4. By density, the results hold true for a larger class of functions f.

Proof of Lemma 3.1. Setk + 1 = 2] 4+ 2. Fix x € R™ and apply Lemma 2.1 to the
function y — f(x, y). Then,

nivl
f(x,y>=z( ) (/ fx, y)yydy)D§ao(y>+ > DIFy(x,y),

lyl=l ly|=l+1

(3.24)

where

_ 1)\ +1 1 14
Fye =0+ 0= /Oa—r)l(f) f(x, X)fl pl=l+1 (325)

t

Observe that for any x € R” and p € [1, -2=), we have

' n—1
IFy e, ey S My G ) e @y (3.26)

Taking the L?(R™)-norm in the x variable, we obtain estimate (3.22).
Recall the definition of [M f],, given in (2.16). We apply Lemma 2.1 to the function
x — [Mf], (x), with a remainder of order k + 1 — |y| and obtain that

N
Mfl,(x) = Z - ) (/ [Mf]y(x)xﬁdx) Dﬂso(x)

|BI<k=21y|
- Z DPIR f1p, (x), (3.27)
|BI=k-+1-2ly|

where

18l d
(R flpy () = "3'/ RELE 1( ) [Mf]y( ) t

Using decomposition (3.27) in (3.24), we obtain that f can be written as

—Dlvl DIAI
fay =3 0 ( > © ) (/ fGe )t dedy)Dﬂao(x)

|
ylem ¥ |Bl<k—2ly|

|Bl=k+1-2]y]

+ > Df[Rf]ﬁyu)) DY 80(y)

+ > DIF,(x.y)
ly|l=m+1

—_Dlrl (=18l

!
yl=m Bl<k—2ly| ¥

nHivl
Yoy & ) DR flp, (ODLS0() + D DYFy(x.y)

lyl=m |Bl=k+1-2]y| : ly|=m+1
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N0
= z b7 (/RN f(x, y)xﬂyydxdy) ny}.’(?o

11,1
pr2iyieomer P!

(=7l
+ > " DUR flpy 0)DYs00)+ >, DY Fy(x. ).
ly|<m |Bl=2m+2—|y| ’ Iy |=m-+1

m
m—1’°

Estimate (3.23) on the remainder [R f]g, is obtained as follows: forany 1 < p <
we have

IR 1gy o S |1l? /R £ )y dy|

LP(R") = ”f”LI’(R",|x|Iﬁ3I; LUR™ |y|l¥]))-

The proof is now complete. O

We now apply this new decomposition to obtain an asymptotic expansion for the
solutions of (3.18) and prove Theorem 1.1.

Proof of Theorem 1.1. We now apply Lemma 3.1 to our initial data f € L'(RV, 1 +
1 4 [y] 5. Then,

16.7)
HGt*f— > (1) ! (/ FoxP dedy)D/’VG,

I(RN)

IBI+2]y =k
< 3 Z |Gox (DEIR A1y DT80 |,
ly|=(k=1)/2 |BI+2]y|=k+1

+ D NG % DYF,(x, i@

ly|=(k+1)/2
= > > IDEDYGC, y) #x [RF1py Oll i)
ly|=tk=1)/2 |BI+2]y |=k+1

+ D IDYG* Fy(x, iy

ly|=(k+1)/2

> > | UDEDY Gy IR sy i L

O<|y|=<k |B|=k+1-1]y|

_ k£l
e LA IR S V9 PP

ly|=(k+1)/2

< > > R I I1DEDY Gl

[y|<(k—=1)/2|B1+2ly |=k+1
_ktl kgL
1yl fllowy)
SED D D
[y|<(k—=1)/2|B1+2ly|=k+1
_ktl kgL
+ eI+ Nyl Z fllpiwey

k1 k£L
A+ X ) fllp @y

RN x[I#1]y[I71)

The proof of Theorem 1.1 is now complete. 0
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REMARK 5. Remark that all the terms in the left-hand side of the main estimate
of Theorem 1.1 have a slower decay than those of the right-hand side. Also observe
that, with respect to Theorem 3.1, in Theorem 1.1, we have assumed only integrability
of (k + 1)/2 moments in the variable y.

4. The Heisenberg group

First of all, we give the definition and describe the main aspects of the Heisenberg
group. Given (z, 0) of R?**1in the form (z,0) = (21, ..., Zns Znt1s - - -, Z2n, 0), the
composition law on the group is given by

n
(z,0)0(Z,0)=|z+7,04+0 + 2Z(zn+jz/j- —ZjZnt))
=1

In this way, (R, o) is a Lie group, whose identity element is the origin (z, 0) =
(0, 0), the inverse being given by (z, )~ = (—z, —0).
Let us now consider the dilations

8, R 5 R 5.2, 0) = (Az, A26).

We have that 8, is an automorphism on (R*'*!, o) for every A > 0. In this way,
H" = (R*"*!, 0, §;) is a homogeneous space. The Lie algebra on H" is given by the
left invariant vector fields

Z; zazj + 22,409, Znyj 231n+j —2zj09, j=1,...,n,0 = 0y.

The convolution product of two functions f and g on H” is defined by
(e = [ fworewi= [ f@e 0w,

where v~! is the inverse of element v with respect to the group operation o on H".
Here, dw is the Haar measure on H” which is exactly the Euclidian measure on R>"+1,
It should be emphasized that the convolution on the Heisenberg group is not commu-
tative. However, if P is a left invariant vector field on H", then one sees easily that

P(fi* f2) = fix Pfa=Pfi* fa.

The canonical sub-Laplacian on H" is given by

2n
s =37
j=1

In the case of the Heisenberg group H", the exponential and logarithmic maps (see
[1], Ch. 1, p. 48, for the definition of the Exp and Log maps on general homogeneous
Lie groups) are given by (see [1], p. 167 and Remark 3.2.4 on p. 163)
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2n
EXp ZZ]ZJ+9® = (Zv 0)1Z=(le"-vz2n) (428)
Jj=1
and

2n
Log(z.0) = > z;Z; +00. (4.29)
j=1
We point out that properties (4.28) and (4.29) are not true in general for homoge-
neous Lie groups as we can see in the following example. Following [1], Section 3.2,
p. 158 let us set RY = R” x R” and denote its points z = (x, #) with x € R and
6 € R". Given a m x m matrix B with real entries let

(x,0)0(, 1) = (x+§,9+r+%(3x,§)),

where (-, -) stands for the inner product in R”. Again, §; : RN — RNV, Sp(x,0) =
(Ax, A20) is an automorphism of (RV, o) for any A > 0. Then, (R", o, 8;) is a homo-
geneous Lie group of step two. In this case, the Exp and Log functions are given by
(see (3.11), p. 167 in [1])

1
Exp((§,7)-2) = (E, T+ Z<Bé,§>)
and
Log(x,0) = (x, 6 — %(Bg, E)) -Z

where

E7)-Z= X+ > 1O,
j=1 i=1

and X1, ..., X;;, ©1, ..., ®, is the Jacobian basis.
We can see that (4.28) and (4.29) hold if and only if B is a skew-adjoint matrix. In
the case of H", this holds since the matrix B is given by

0 I,
B =4 .
(Hn O)

In the particular case of skew-symmetric matrices B, we believe that the results of this
section are still valid.

We now recall some results concerning Taylor’s formula with integral remainder
on homogenous Carnot groups (G, o).

LEMMA 4.1. (Lemma 20.3.8, [1]) Let x,g € G and u € C™(G, R). Then, we
have
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m

1
ucoh) =3 —((Log hu))

k=0

1
+$ / (1 — 5)™((Log h)"*1u)(x o Exp(sLog h))ds.  (4.30)
- J0

Let us now apply this Lemma to the case of the Heisenberg group H". Using the
structure on H", we obtain that for any 27 € H" and s € R, the following holds
Exp(sLog h) = sh.
Thus, Lemma 4.1 (see Corollary 20.3. 9 in [1], p. 755) gives us the following:
LEMMA 4.2. Let x, h € H" and u € C"™t1(H", R). Then, we have

m 2n+1
u(xoh)=>" Z Zi, ... Ziyu)(x)
k=01iy,..., ir=1
2n+1
+ Z (mH”)”,“/( —5)"(Zi, ... Zi,,,,u)(x o sh)ds,
i1,y imt1=1

where hy,+1 = 0 and Zrp 41 = O.

We now follow the same ideas as in the case of the anisotropic heat equation mak-
ing partial decompositions in some of the involved variables. Here, in the context of
the Heisenbergh group, variables z = (z1, ..., z2,), and z2,4+1 = 6 will be treated
separately. For simplicity, we treat here only the case m = 1.

LEMMA 4.3. For any ¢ € D(R***1), the following identity holds:

2n
9(z.0) = 9(0,0) + >_z;(Z;9)(0,0)
j=1
1 2n 1
+ / (1—1s) Z 2jzk(ZjZkg)(sz, 0)ds +/ 0(O¢)((z, s0))ds.
0 ; 0
J.k=1
REMARK 6. We emphasize the difference with formula (20.63) in [1], p. 761:
2n
¢(z,0) = ¢(0,0) + ZZj(ijp)(O, 0) +6(0¢)(0,0)
j=1

+ Z / (1 —9)zjzk(Z; Zrp) (52, s0)ds.

J.k=1

Proof. We apply Lemma 4.2 to x = (z,0) and & = (0, 0), elements from R?* x R.
Thus,

1 1
9(z,0) =¢(z,0)+ [ (009)((z,0) 0 (0, 50))ds = ¢(z, O)+/ 0(O¢)((z, s0))ds.
0 0
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We now apply Lemma 4.2 with x = (0, 0) and & = (z, 0):

2n 2n

0(z,0) = ¢(0,0)+ D> z;(Z;9) 0, 0>+/ (1 =5) > zjzk(Z; Zkp)(sz, 0)ds.

j=1 Jj.k=1

Putting together the above identities, we obtain that

2n
¢(z, 1) = ¢(0, 0)+Zz](2,<o)<o 0)+/ (1—9) D 2j2(Z; Zkgp)(sz, 0)ds
J.k=1
1
+ / 0(O¢)((z. s0))ds
0
and the proof is now finished. ]

We now apply the Taylor-like identity in Lemma 4.3 to obtain a decomposition of
a function f into Dirac’s delta basis adapted to the Lie algebra on H".

THEOREM 4.1. Forany f € L'(R**"!, 1 + |22 + |0]), the following decompo-
sition holds:

2n
f= (Azn+l f) 50+JZ:; (/RZnH ij(Z, 9)dzd9) 2180 + (OF)

2n
+ D ZiZi(Fjxdo(®)). 431
jk=1
where
Lo 0
F(z,0) = — —flz,—)ds (4.32)
[ N
and
Zj 2k z 6Y dsdf
ij(z)=// (1-9= ( ) S (4.33)
Moreover,
| Fllpensry < 165 1Lt qran+1y
and

I Fill 1 a1y < llzjza fllprentt).-

Proof. First of all, it is sufficient to prove the above theorem for smooth f and then
extend the result for any f € LY R+ |z|2+16]). Let us choose f and ¢ two smooth
functions. Applying Taylor’s expansion obtained in Lemma 4.3, we get the following:
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2n
oo = [ 10 (00,043 2200.0) | dzds
j=1
1 2n
+/2 1JC(Z,Q)/ (I—ys) Z 22k (Zj Zrp)(sz, 0)dsdzd
R n—+ 0 j,k:l

1
+/ f(z,G)/ 0(Op)(z, s6)dsdzdo
]RZnJrl 0

= <60,0,¢ > / f(z,0)dzdo
R2n+l

2n

=2 < Zidoo. ¢ > / f(z.0)z;dzdo
R2n+1

j=1

2n 1
Z Zj zk ds
+ Z/ <ijk<o><z,o>/ (1—S)f(—,9)—J—dezd9
k=1 /R 0 s s s5s

1
+ / (©9)(z. 6) / o (z, 9) 95 4.a0.
Rzn+l 0 ) S S

Observe now that

: 2k d
/ (ZjZrp)(z, 0)/ (1 —s>f(i,e)1_ﬂ_k7fldzd9
R2n+1 0 Ky s s S

1 .
-/ (Z,-ka)(z,O)[//(1—s)f(5,9)z—’z—kdsie}dz
R2n RJO s § 858

Z/R2 (ZjZrp)(z,0) Fjk(2)dz = (Fj)60(0), Z; Zxp) D', D

=(Z; Zi(Fjx80(9)), 9)>' . D

! - 7 dsdd
ij(Z):/R/O (=97 (?0)%}% sszn :

% 0
F(Z,@)Z—/ —f(z,—)ds
R2n+1 S N

we obtain the desired decomposition. The estimates of the L'-norms of F and F ik
immediately follow. 0

where

Denoting

We now apply the decomposition obtained in Theorem 4.1 to obtain the asymptotic
behavior of the solutions of the heat equation on the Heisenbergh group H".
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Proof of Theorem 1.3. Using decomposition (4.31), we have that

2n
Hu(Z, 97 t)_ (/RZn+1 f) Ht * z] (/]RZnJrl ij(z, 0)) ZJH[
j:

LI(R2n+1)
2n
< |OF % Hyll gy + D, 112, Zi(Fjdo(0)) * Hyll 1 ensy
jk=1
2n
= ”F * @Ht ”LI(RZ"'H) + z ”(F]kSO(@)) * (ZjZkHt)”Ll(Rz"‘H)
jk=1
2n
< ||F||L1(R2n+l) ”@Ht ”LI(RZHJrl) + z ||F/k ||L1(R2”) ”Z/ZkHt ||L1(R2n+l)
k=1
2n
2
< 10f gy + D Nzjzf lpigeeny < 1301+ 1213 £ll 1 gens)-
J.k=1
The proof of the decay rate property is now finished. 0
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