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Abstract

In this paper, we establish global Carleman estimates for the heat and
Schrédinger equations on a network. The heat equation is considered on a
general tree and the Schrodinger equation on a star-shaped tree. The Carleman
inequalities are used to prove the Lipschitz stability for an inverse problem
consisting in retrieving a stationary potential in the heat (resp. Schrodinger)
equation from boundary measurements.

1. Introduction

In this paper, we consider two inverse problems on a network formed by the edges of a tree.
The problems we address here enter in the framework of quantum graphs. The name guantum
graph is used for a graph considered as a one-dimensional singular variety and equipped with
a differential operator. Those quantum graphs are metric spaces which can be written as the
union of finitely many intervals, which are compact or [0, co) and any two of these intervals
are either disjoint or intersect only at one of their endpoints.

Quantum graphs arise as simplified models in mathematics, physics, chemistry and
engineering (e.g., nanotechnology and microelectronics), when one considers propagation of
waves through a quasi-one-dimensional system that looks like a thin neighborhood of a graph.
We can mention in particular the quantum wires and thin waveguides. Differential operators
on metric graphs arise in a variety of applications, to quote a few: carbon nano-structures [31],
photonic crystals [19], high-temperature granular superconductors [1], quantum waveguides
[15], free-electron theory of conjugated molecules in chemistry, quantum chaos, etc. For more
details, we refer the reader to the review papers [28-30, 18] and the references therein for
more information on this topic.
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To be more precise, we consider the heat equation on a 1D network I" given by the edges
of a general tree and the Schrodinger equation on a star-shaped tree.
The first system that we consider is the following:

u — Aru+pu=0, inI'x (0,7),
u=nh, ondl” x (0,7T), (1.1)
u(-, 0) = u, inT,

where Ar is the Laplace operator on the network I'. The system is closed with the coupling
conditions at the internal nodes of the tree, namely the continuity and the Kirchhoff’s law
on the flux at all internal vertices of I". Here, u is a collection of functions u%, each of them
satisfying a heat equation on some edge of the network.

Simultaneously, with problem (1.1), we consider the following problem:

i, + Aru+pu=0, inl'x(0,7),
u=h, on dl' x (0,T), (1.2)
u(-,0) = uy, inl,

under similar coupling conditions as in the previous model.

In both cases, we are interested in determining the potential p, a collection of functions
defined on the edges of I, from boundary measurements. In [2, 3], it was proved that the
connectivity, the lengths of the edges and the potential can be retrieved from the knowledge
of the dynamic Dirichlet-to-Neumann map for the wave equation. Here, the potential is
determined from only a finite number of measurements (more explicitly, the measurements
at k < N external vertices of the normal derivatives for the solution of the Cauchy problem
corresponding to the initial data).

In the case of the first system, we are able to prove that we can recover p using only N — 1
measurements, where N is the total number of exterior vertices of the network I'. However, in
the case of the second system, besides the fact that we need to deal with a star-shaped network,
we can only recover the potential p from measurements performed at all the exterior vertices
of I'.

The use of Carleman estimates to achieve uniqueness and stability results in inverse
problems is well known. Some authors use local Carleman inequalities and deduce uniqueness
and Holder estimates. Others make use of global Carleman inequalities and deduce Lipschitz
stability results and hence uniqueness results. We shall follow the second approach.

Inverse problems with a finite number of measurements have been widely studied by
Bukhgeim and Klibanov (see [11], [24] and [25]) by means of Carleman estimates (see
also [23] and the references therein). For a wide class of partial differential equations, their
method provides the stability in the inverse problem, whenever a suitable Carleman estimate
is available. Since [11], there have been many works based on their methodology.

The theory of global Carleman estimates for a parabolic operator has been largely
developed since the work by Fursikov and Imanuvilov [20] and it has been applied to many
situations (e.g., to prove the controllability along the trajectories or the stability in inverse
problems). Since a complete list of references is too long, we refer the reader to [37] for a
quite complete review of the state of the art.

Concerning the Schrodinger equation, we refer to [6, 8, 10, 12, 13, 33, 38], where the
Carleman estimates are proved and used to establish the stability for some inverse problems
(see also [22, 32, 39] for some other Carleman estimates for the Schrodinger equation).

The same approach has given many results for the wave equation. Since a complete list
is too long, we quote only some of them, related to the same inverse problem consisting in
retrieving a stationary potential in the wave equation: [34] and [36] for Dirichlet boundary
data and a Neumann measurement, and [21] for the Neumann boundary data and a Dirichlet

2



Inverse Problems 28 (2012) 015011 L I1gnat et al

measurement. These works are based on the use of local or global Carleman estimates. In the
framework of Carleman inequalities on networks, we mention the recent paper [5] where the
authors establish a global Carleman estimate for the wave equation on a star-shaped tree and
used it to derive the Lipschitz stability in an inverse problem. The Carleman estimate in [5]
involves some positive-definite matrix introduced in [9] to derive a Carleman estimate for the
one-dimensional heat equation with discontinuous coefficients.

As far as we know, the determination of a time-independent potential for the heat or the
Schroédinger equation in a network-like structure has not been addressed in the literature yet.
This type of problem has been studied, e.g., for membranes or elastic strings (see for instance
[4] and the references therein).

Let us now state the main results of the paper. For the given initial data uy and boundary
data h, we denote by u(p) the solution of the above systems associated with the potential
p € L (", R). We introduce the space

H>*'(I' x (0,T)) := L*(0, T; H*(I')) NH' (0, T; L*(I")).
(See section 2 for the definition of H?(I").) We also introduce the ball B,,(0) := {q €
LT, R); |lqllr=) < m}. Then, the following stability results hold.

Theorem 1.1. Assume that p € L°°(T"), ug = ug(x), h = h(x,t) and r > 0 are such that the
solution u(p) of (1.1) fulfils u(p) € H>' (" x (0, T)), du(p) € H>' (" x (0, T)), and such
that for some ty € (0, T), the following holds:

[u(p)(-,t0)| > rae.onT.

Then, for any m > 0, there exists a constant C = C(m, ||0,u(P)||r~rx0,7)), ') such that for
any q € B,,(0) satisfying
d[u(p) —u(q)](v,-) € H'(0,T) for all exterior nodes v,

we have

P = allzry < C(IuE) = w@IC )y + Y 19080) = w@I@, o))
ve&

where £ denotes the set of all the exterior vertices of I' except one.

For the second system, under the assumption that the network is a star-shaped tree, we
can prove a similar stability result.

Theorem 1.2. Assume that p € L*(I'; R), ug = up(x), h = h(x,t) and r > 0 are such that
the solution of (1.2) satisfies

o uy(x) € Roriug(x) € Ra.e. inT,
o lug(x)| >r>0a.e inT and
e du(p) € H>'(I' x (0, T)).

Then, for any m = 0, there exists a constant C = C(m, ||0,a(p)||p21(rx(0,7))> ) > 0 such that
for any q € B, (0) satisfying

du(q) € H*'( x (0, T)),
we have

P — allzey <C Y loduP) —u @I, )l o)

vedll
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The above theorems extend to network classical results on inverse problems. To prove
these results, we need to establish the (new) global Carleman estimates for the heat (resp. the
Schrédinger) equation on trees. Note that if we impose Kirchhoff-type conditions to the weight
function at the internal vertices, the Carleman estimate cannot be derived. In our Carleman
estimates, the weight function has to fulfil some nonlinear flux condition at each internal
vertex. Note that we shall write the Carleman estimates with two parameters (namely s and
A), although a single parameter (s) is usually sufficient in dimension 1. This is just to simplify
the construction of the weight function. On the other hand, for the Schrodinger equation
posed on a star-shaped tree with N external vertices, we consider a combination of N weight
functions in order to cancel some ‘bad’ terms at the internal vertices involving time derivatives
(unfortunately, the extension of our result to a tree with two internal nodes cannot be done by
that approach, see below). That strategy was used in [7], with two different weight functions,
in order to improve the observation region for the wave equation.

This paper is organized as follows. In section 2, we introduce the notation and some
classical facts about the heat and Schrodinger equations on trees. In section 3, we present the
analysis in the case of the heat equation. The Schrédinger equation is considered in section 4.
Finally, we discuss some open problems in section 5.

2. Notation and preliminaries

LetI" = (V, E) be a graph, where V is the set of vertices and E is the set of edges. The edges
are assumed to be of finite length and their ends are the vertices of V. For each v € V, we
denote E, = {e € E : v € e}. The multiplicity of a vertex of I is equal to the number of
edges that branch out from it. If the multiplicity is equal to 1, the vertex is said to be exterior,
otherwise it is said to be interior. We assume that I does not contain vertices with multiplicity
2, since they are irrelevant for our models.

From now on, we assume that I" is a tree, i.e. " is a planar finite connected graph without
circuit (closed path). We fix an orientation of I" and for each oriented edge e, we denote by
I(e) its initial vertex and by T (e) its terminal one.

We identify every edge e of I with an interval I,, where I, = [0, ], with [, being the
length of e. This identification introduces a coordinate x, along the edge e.

Let v be a vertex of V and e be an edge in E,. We set

0 i v=1),
’(“’e)—{le it v="T(e)

We identify any function u on I" with a collection {u°}.cr of functions u° defined on the edges
e of I". Each u° can be considered as a function on the interval I,. In fact, we use the same
notation u¢ for both the function on the edge e and the function on the interval I, identified
with e. For a function u : I' — C, u = {u°}.cg, we denote by f(u) : I' — C the family
{f (u®)}eer, where f(u) : e — C.

A function u = {u}.cg is continuous if and only if u#° is continuous on /, for every e € E,
and u is continuous at the vertices of I':

w(i(v,e)) = u(i(v,e)) Ve, e cE,.

The space LP(I"), 1 < p < oo, consists of all the functions u = {u®},cg on I" that belong
to L”(1,) for each edge e € E. This space is endowed with the norm

allfy ey = > Ul ) < oo
ecE
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Similarly, the space L>(I") consists of all the functions u = {u,}.cg that belong to L>°(1,) for
each edge e € E. The corresponding norm is
[allzry = sup |4l =@, < oo.
eek
The Sobolev space H"(I"), with m € N*, consists of all the continuous functions on I"
(viewed as a closed subset of R?) that belong to H™(I,) for each e € E. It is endowed with the
norm
iy = D iy < 00
ecE

The spaces L*(I") and H™ (") are the Hilbert spaces when endowed with the inner products

(u, V)2ry = Z(u V)2, = Z/ u’ (x)ve (x) dx

ecE ecE
and

ke Jkye
(w, V)gn(ry = Z(M V) ) = ZZ/ (ilxbj‘ CL:,(

ecE ecE k=0
Hg (T") denotes the set of functions in H'(I") that vanish at the exterior vertices. We now
introduce the Laplace operator Ar on the tree I'. Even if it is a standard procedure, we prefer
to recall it following [14], for the sake of completeness. Consider the sesquilinear continuous
form ¢ on H1 (I") defined by

P, v) = (W, Vo)) = qummmh

ecE
We denote by D(Ar) the set of all the functions u € H& (I") such that the linear map
v e H}(T) = ¢u(v) := p(u, v) satisfies
lpuM| < ClIVll2ry  forall v e Hy (D).
Foru € D(Ar), we can extend ¢, to a linear continuous mapping on L2 (I"). There is a unique
element in L*(I"), denoted by Aru, such that

e, v) = —(Aru, V)2, forall v e Hy(T).

We now define the normal exterior derivative of a function u = {u}.cg at the endpoints
of the edges. For each e € E and v, i.e. an endpoint of e, we consider the normal derivative of
the restriction of u to the edge e of E, evaluated at i(v, ¢) to be defined by
{—uj;(O*) if i(v,e) =0,

us(l;) if i(v,e) =1,.
With this notation, it is easy to characterize D(Ar) (see [14]):

du’
D(ar) = fu = (u)ecr € HX(D) N HHT): Y 5

e

(i(v,e)) =0 for any interior vertex v}
ecE,

and

(Aru)® = (u®),, foralle € E, u € D(Ar).
In other words, D(Ar) is the space of all the continuous functions u = {u}.cg on I', such
that for each edge ¢ € E, u¢ € H*(I,), and which vanish at each exterior node and fulfil the
following Kirchhoff-type condition:

Do)~ Y w0 =0

ecE; T(e)=v eckE; I(e)=v
ateach interior node v. Itis easy to verify that (A, D(Ar)) is a linear, unbounded, self-adjoint,
dissipative operator on L>(I"), i.e. Re(Aru, w2y < Oforallu € D(Ar).
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@ Measurement

O No measurement

Figure 1. A tree with ten edges.

3. The heat equation

3.1. Preliminaries and notation

In this section, we introduce the notation for the elements of the considered tree. We mainly
follow the notation of [17].

We first describe the procedure to index the edges and vertices of the tree. We first choose
an exterior vertex, called the roor of the tree and denoted by R. The remaining edges and
vertices will be denoted by ez and Og, respectively, where @ = («y, ..., o) is a multi-index
(taking value in {1} U (U, N¥). The multi-indices are defined by induction in the following
way. For the edge containing the root R, we choose the index 1. This edge is denoted by ey
and its second end is denoted by O7. Assume now that the interior vertex Og, which is the end
of the edge eg, has multiplicity equal to mg 4 1. The mg edges, different from eg, that branch
out from Og are denoted by €p with g € {1, ..., mg}. (See figure 1.)

Let now 7 be the set of the interior vertices of I" and £ be the set of the exterior vertices
of I', with R being excepted. We denote by

the sets of the indices for the interior and exterior vertices (except the root R). With this
notation, I = Iz U I¢ is the set of the indices of all the vertices except the root R.

The length of the edge ez will be denoted by 7. Each ey is parametrized by the interval
[0, Iz] so that the end Oz of ez corresponds to x = Iz, while the origin of ez corresponds to
x=0.
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3.2. Carleman estimate for the heat equation

In this section, we derive a Carleman estimate for the heat equation on a tree. The following
properties for a function u = {4%}z¢; : I' — R will be relevant for our work.

(C1) The continuity condition at the internal vertices: u® (lz) = uﬁ(O) for all @ € Iz and
B e (11, mgll i
(C2) The flux condition at the internal vertices: uf(la) =3 u§7(0) forall o € I7.
p=1
(C3) The vanishing condition at the root R and at the external vertices: u(v) = 0 for all
ve{R}UE.

Throughout the paper, we shall use the notation [[1, m]] := [1,m] NN = {1, ..., m}.
We introduce the set

Z={u={u"gq: T x[0,T] > R; u® € c>! (10, I]1[0, T]), u(-, t) satisfies(C1) — (C3)}.

Note that u(-,7) € D(Ar) foru € Z and ¢ € [0, T]. The aim of this section is to define a
continuous weight function ¥ = {/%}ze; : I' — (0, 00) and a constant Cy > 0 such that if
we set

e A0y _ o)

1T — t)’ (p(x,t) = W, xel, te (0, 7),

we have the following Carleman estimate.

0(x,t) =

Proposition 3.1. There exist a continuous function ¥ : I' — (0, 400) and some positive
constants A, o, C such that for all A > Ay, s > so and q € Z, the following holds:

T
f / ((s0) "' (lq/)* + |Argl®) + 22 (s0)|q|* + 1*(s6)°|q|*) e > dx dt
0 r

T
+ / A(s0) (Iq)*e ) (R, 1) dt
0

T T
<C / f g + ArglPe > dxdi + ) / A0 (e (v, 1) dr ).
0 r vel 0
3.

In the above proposition, we have used the following notation: |q|2 = {|qa|2}&eh
la:1* = {1¢"1H}zer, 10:I* = {14%|*}ger, etc, and
/ ude= )" / u® dx.
r wel Iz

In what follows, ¢; = d¢/0t, ¢, = d¢/0x, P, = 3"¢@/0x" forn > 3, etc.
Remark 3.2.

(1) The same inequality holds for the operator 9, — Ar instead of 9, + Ar just by changing ¢
intoT —t.

(2) In the definition of Z, we can replace C>! by H>! as well.

(3) We note that the result is false with only N — 2 measurements for a star-shaped tree with N
edges of length 1. Indeed, a nontrivial solution of the heat equation that vanishes on N — 2
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edges, at the internal vertex and at all the external vertices, does exist. Indeed, consider
the function q = {¢% }ze;, where

g =0,

g (x, 1) = e sin(x), xe0,1), t>0,
g2 (x,t) = —e ™ ' sin(mx), xe (0,1), t>0,
g7 =0, 3<j<N—1.

Then, q is a nontrivial solution of the heat equation on the star-shaped tree with null
measurements at the external nodes R and (917 for3<j<N—-1.

Proof. Let us consider the operator P = 9; + Ar. Set u = e™*?q and w = e *?P(e*?u).
Following [35], we obtain

w = Mu = u; + sp,u+ (Aru + 2spu, + s(Arg)u + s2|<px|2u) = Mju + Mu,
where

Mu = Apu+s<p,u+s2|goxlzu (3.2)
and

Mou =u, + 2spu, + s(Arg)u (3.3)
are the (formal) self-adjoint and skew-adjoint parts of M, respectively. Then,

IWlI* = M0 + Mou||* = [Myu]® + [Mau]® + 2(Myu, Mouw),

where || - || and (-, -) denote the norm and the inner product of LX(T x (0, 7)), respectively.
Step 1. Exact computation of (Mu, Mpu).
Recall that

T (g B B
(Myu, Mou) =Y / / (Myw)® (Myu)® dx dr.
ael 0 0
We compute the integral term on the rhs of the above identity only for one (arbitrary) edge ez
that we denote by e for simplicity. We assume that e is parametrized by x € [0, []. Also, where
there is no confusion, we use the symbols [ [ and [ to denote fOT fol and fOT, respectively.
We write

T 1
/ /(Mlu)(Mzu)dxdt:11+Iz +L+1L
0 0

T pl
Il = / / UyxUy,
0 0

T l
L= / / Uy (25@xlty + SPxxlt),
0 0

with

T !
L= / / (@ + s*@2u) (uy + 259,1,),
0 0

T pl
14=[ /(S(ﬂ:MJrszfﬂfu)(Sfﬂxxu).
o Jo
For I;, we have that
I
=/uxu,
0

I z_f/quxl+/uxut

1

0



Inverse Problems 28 (2012) 015011 L I1gnat et al

‘We write the second term as I, = 121 + I2, where

]2] = ZS//MM(pXux and ]22 = Sf/uxx¢xxu'
12] = _s//(pxx|ux|2+s/§0.x|ux|2

I

Thus,

1
0

and

122 = _S//Mx((p3xu+¢xxux)+5/uxﬁ"xx”
0

=3[ Jowi=s o

- 2 P4x P3x )

l
) / / (pxx|ux|2 + S/ Oxx Uy
0
15 is decomposed as I3 = 131 + I2, where

G:i/f@@u+fmﬁmW,

132 ://(S(pﬂ/l+52|(px|2u)(2S(pqu)'

l
0

Then,
| 2

1 2 lu
L=- (s@y + 2s gox%)T,

132 Z//S‘px(swt +52|(Px|2)ax(|u|2)

1
= —SZ//((coxw,)x+s(¢3)x)|u|2+/s<px(s<pf+s2|<px|2)|u|2 -

0
Finally,

u=//w%+ﬂ%h%w?
We conclude that for the edge e,

T pl T pl
/ / MiuM>udxdt = —2s/ / (pxx|ux|2
o Jo o Jo

T pl s
[0 w3 0 = 2Py - Sondo]
0o Jo 2

1

! 2 2( S 2 3 3
+ Uty + SQeutdy + S| @x + |ul _§§03x + 5700 + 57 (@x)
0

0
(3.4)
Summing now the above identity over all the edges {egz}z<;, We obtain the exact expression of
the scalar product (M u, M>u):

T
(Myu, Mou) = —2s/ /(AF¢)|ux|2
0 r

T N
[ [ WP [Swn =00 - Loy - Soio ]
o Jr 2

T
_ _ . _ s _
43 [ [u 4 s 4 ST+ W~ S8+ P
aer V0
— lz
+s3(<p§‘)3)] (3.5)
0
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Step 2. Terms in the inner product related to the internal nodes.
Let us consider an internal node Oz. Using our previous notation, its parent edge is ez and
its children edges are denoted by €up with 8 € [[1, mgz]]. Let us denote by X? the sum of the
boundary terms involving this internal node Og on the rhs of (3.5). Thus,

T
XY = /0 [u;‘uf‘ + s uu® + s|ufj‘2<p§ + ‘u"‘f( - §<p3x + 52 0%g% +5°( ;7)3)] (Ig, ) dt

/ Z ﬂ otﬂ +s(paﬁ ap aﬁ +s|uaﬁ|
O el ma]l

+ 1P| (=503 + 2070 + 5 (o )3)](0, ) dr.

Moreover, in (3.5), we also have contributions from the exterior nodes in £ and from the root
‘R. These contributions are given by

Y=- 0,¢)dr + Iz, t)de. 3.6
s/o|u|(t)ts2f|u| ¥ (I, 1) dt (3.6)

Ol€lg

Let us now define the weight function ¥ = {¥/%}z¢; on the tree as follows. The components
Y% : [0, Iz] — R are chosen in such a way that ¥* € C* ([0, lz]) and

B [Y¥@* + ¢ (x) > 0on |0, Iz],

(B2) 1//)? > O on [0, 7],

(B3) %C,p >y > %C,p on [0, lz] for some positive constant Cy,,

(B4) [yl < Ky on [0, Iz] for some positive constant K,

(B3) v*(lz) = ¥eP(0) foralla € Iz, B € [[1, mgl],

(B6) w)‘j‘ﬂ(O) — @54— Dy %(lz) > 0foralla € Iz, B € [[1, mzl], o

B) X WO - W) — g+ DYEW|VE ) = X v O >0
Belll,mg]] Belll,mg]]
forallo € I7.

Finding a set of functions as above is easy. We can even take ¥® to be affine,
Y% (x) = agx + bg. The coefficients az and by are the positive numbers that satisfy
(P1) 3Cy > agly + by > bz > 2C, forall@ € I,
(P2) agly + by = b@ forall € I7 and B € [[1, mg]],
(P3) ayp — (mg + 1)ag > O for all@ € I7 and B € [[1, mg]],
P4 Y (459’ — (@)’ — (mg + Daglag— Y ags| > 0foralla e I7.

Belll,mz]] Belll,mz]]
Let us first deal with conditions (P2)—(P4). We define the constants corresponding to the edge
e; by ay = 2 and by = 1. Assuming that we have already constructed az and bz for some

multi-index @, then bz is given by (P2). Next, we have to find a5 large enough to satisfy
(P3)—(P4). Let us choose azg = rgag. Obviously, for large enough rgz, depending on mg,
conditions (P3) and (P4) are satisfied. Finally, assume that all the coefficients az and bz have
been defined to satisfy (P2)-(P4). Adding §C¢ to all the bz 5> We see that (P1) is fulfilled for
Cy large enough, while (P2)—(P4) still hold true.

Let us split X* into X* = X + X + X{ + X, where

T
X7 = /O (]t~ Y [@Pi)o.0]a.

Belll,mz]]
— T — —
Xy = / [[snguauﬂ(la, n-— > [s¢2uPu2?] (0, t)]
0 Belll mgl]

10
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T
Xf::fo [l Pe ) = > [l P 0,0 | ar,

Belll.mg]]

xt o= [ {0 ( = oo+ ot +065) ) e

= 2 [P e 4 PP + P67 )]0 ar
Belll.mg]]

We now estimate each term XF ,i=1,...,4. Using the definition of the function u, we have
for any index @ € I the following identities:

u =e “”( sgoxq —I—qx) u =e “”( sgo,q +q,)

Let us set u(Og, 1) = u*(lg, 1) = u*P(0,1) and ¢(Og, 1) = ¢ (g, 1) = ¢*#(0, 1) for any
o € I7 and B € [[1, mg]]. With this notation, we have

X7 = /0 ! (ufu?(lg,t) - 3 &P, t)) dr

Belll.mgl]

T — — _
= [ wi0n e O (st b5 Y GO + )
0

Belll,mg]]
- Y @)
Belll,mz]]

T
= / u(Og, e (=5l ) +5 ) ¢ g7 (O) dr
0 pelllmgl]

T —
= [ 0 On0u@n (-5 +5 Y ) ar
0 pelllmell

=- / ' (—SQOZ(IE, D+s > . ))M dr. 3.7
0 Belllmgl)
Let us estimate X5 Using property (B4), we infer that
e
T —1)

2
o] = PO+ 92 < —|¢§|2+K|¢3|.

This gives that

|X2|—‘ / sgo;i W(lat) —s Y @2PuPu (0, r))dt

Belll,mgl]

S2T72T27 2 1T7,2
<5 [ PG+ K) 1 0+ 5 [ i P a
0

Y /|u°‘ﬁ|2 161+ &) 16|00 o
ﬁE[[lma]]

1
_ af),aB 2
+2/0 162 |1uP 2 0, t)dt}

=—/ u(@a )| |sox|+1<) 951 )
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T2 B4 k) o
+ Y (G101 K) 16100 |
Belll,mz]]

|
+—f [Pz + Y ol PO, )] . (3.8)
2Jo pelllmgl]

To estimate the term fOT |9%||u%|? (L, t) dt, which occurs in (3.8) and in X¥, we note that

Wl )= Y wP0.0) = e O (—s) (¢ U t) — Y ¢2P(0.1))q(Ox. 1).
Belll,mgzl] Belll,mgl]
Hence,

(pf(lav t)

|u;7<za,r>|2<(ma+1>< Y P00 + 8 u(Oz, 1)

Bellt,mgll
2
). (3.9

T T _
/ l% || (g, ) dt < (mg + 1) f o (I, r)|< [u? (0, )* + s*|u(Og, )|
0 0 Belll.mg]]

- > e

Belll,mz]]
‘We infer that

[\8]

x| (Iz, 1) — 0% (0, 1)
/36[[1 ma]]

Combined to (3.8) and to the fact that (p“ﬂ (0, 1) < 0 by (B2), this yields

(3.10)

_ _ s _ _
x5 45> =5 [ 0P[5+ £) 110
0

T2 _

— |p? K) oF t]dt
+ Y (FlefI+K) 19100
ﬂE[[lma]]

<7 1 ro_
s—— / Z aﬂ||uf(‘ﬁ|2(0,t)dt—<s+§>(mg+l)/ |3 Iz, 1)
0

O Belll,mgll

x( 3 0,07 + 2Oz, P |0f U ) — Y go;‘ﬂ(o,r>|2).
Belll,mg]l Belll,mg]l
(3.11)

Using the definition of X% and estimates (3.7) and (3.11), we obtain that
X*>7{ + 75,
where

T 2
a_ @ Z B [u(Og, t)]
ZI - /(; ( e (la’ t) ! SﬂE[[l mg]] o (0’ t)) 2 “

S2 T T2 o 2
=5 [ e[S 161+ &)t
0
T2 i B
+ > (e |+K) 9210, ar
Belll,mz]]
12
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1 r - -
(o 55) s+ 1) [ O Pl )] )
0

2
- Y e

Belll.mg]]

T
+ [ WO nPI( = Se8+ Sler + 560 ey at
0

dr

—/ u(Og, 1)|? Z (— @5 +s2<p§‘ﬁ<p, +s (go“ﬂ) )(O, 1) dr
0

2
Belll,mz]]
and
3 1
Zy = (S— 5 Z / |§0x5||ual3| (0 t)dr — ( 5)(,71&_}_ 1
Belll,mz]]
T -~ PR
X / [|(P)Oc[(l&, t)| Z |“§ﬁ(0af)|2i| dt
0 Belll,mg]]

We note that |¢%|* > c(16)?, while, with (B3),
10X+ 10517 + 195 |+ [0l | + 95| < c(10)’.

It follows that

_ T o
7 =/ (@ DP[5* (@8 e 1)
0

> 0.0~ g + DI D1|o e 1)

Belll,mg]]
— 2

- > (Pgﬂ((),t)‘>+"':|
Belll,mg]]

T .
= [ 0P (= 00 + 3 w0

Belll,mz]]

~ g+ > v Of) + o]

Belll,mz]]
and

77 = / 3 1P, [sw(waﬁ(O) (mg + DY Iy )|>+0(k9)]dr
O pelll.mgll

Looking at the coefficient of $% in Zii and of s in Zg and using (B6), (B7) and (3.10), we
obtain that for s > sg and A > Ao (with spandA large enough)

X >7Z8+ 275
T
> C/s3k393|u(05,t)|2dt
0

T _
+c/ sw<|u;f(la,t)|2+ Z |u§ﬁ(0,t)|2) dr. (3.12)
0

Belll,mg]]
In particular, X% > 0.
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Step 3. Estimation of the integrals along the edges.

We need the following lemma.
Lemma 3.3 ([35, claim 1]). There exist .y > Ao, 51 = so and A > 0 such that for all . > A1,
s > s1, the following holds:

T s T
[ [ P[50 = 0 = 20 = Soton] ava > arst [ [ Pl axar.
0 r 0 r

(3.13)

As the proof of [35, claim 1] does not involve any integration by parts in x, it is still valid
in our context.
The following lemma is inspired by [35, claim 2].

Lemma 3.4. There exist s, > s1, Ay = ,y, and a positive constant C such that for all A > X,
and s > s

T T
As/ /|¢x||ux|2+xs*‘/ /mr‘mruf
0 T

( Ml + 28 / / P lul + s / S QT 0) + P )

ael

+/\S/ D 1A Dl 1110 + 1A Dl 111 (U )) (3.14)

ael

Proof. Let us consider any edge eg. To simplify the writing, we remove the index & in our
computations. Using the definition of M u (see (3.2)), we have that

T l T 1
1 12—l -1 2 2
s /f|<px| e = s //w M — sou — 02l
0 0 0 0

T )
Cs“/ /|<px|“[|M1u|2+s2|¢t|2u2+s“|¢x|“u2].
0 0

Using property (B3), we obtain that |¢,| < C|¢,|>. Therefore, we have for some constant

A>0
T 1 2
i . Myl
s lf /|gox| ‘|uxx|2<A< ! / /|¢| ) (3.15)
0 0

The first term on the lhs of (3.14) satisfies
y

T
)‘S//|§0x||ux|2:)hs (//|¢x|(_uxx)u_//(|§0x|)xuxu+/(; |<Px|MMx
—//mr e +—//|¢x| u? + 2 //(|¢x|>xx|u|
2 M 2
w5 [ (1o = Qo020 ) [ < 20 (B 0 [ [ i)
+—f/|<px 2 + 2 /f<|<ox|>xx|u|
Juf?
+As/ (|¢x|uux — (gD ) |
o 0

14
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Al s’
<3 (s ‘||M1u||2+s3x//|wx 3»#) +7//|¢x|3|u|2

)»S 2 T |u|2
+3f/(|¢x|>m|u| +Asf <|gox||u||ux|+|<|¢x|>x|7> )
0

T |u|2
+As |@xllual x| + |(|(px|)x|7 @). (3.16)
0
The claim follows by summing (3.15) and (3.16) over all the edges. O
Step 4. Conclusion. O

By (3.5), (3.13) and (B1), we obtain for A > 1
Iwl* = IMu + Mou|®
= [Myu|? + |Mul* 4+ 2(Myu, Myu)

T
= ||M111||2+||M2u||2+2{ ZX“+Y—2sf f</)m|ux|2
0 r

aelr

T
2[5 212 3 2
+ [ [ R[50 =00 =206 - sod0]

> Ml + Ml +2{ DX+ ¥

aelr

T T
+2s / / (YL + AP )0 + ALs’ / / uPle,*}
0 r 0 r

T
> |Myul* + [[Mau]* + ZX“+Y+A/\S3/ /|u|2|(ox|3. (3.17)
0 r

aelr

Multiplying (3.14) by A/2C and adding it to (3.17), we obtain

5 ) A ALs® 2 3 AAs 2
IMaull” + (M= 1= = f + — Pl " + 5~ [ZNILH

AMl _ s _ , A
+R//|¢x| Arul + Y X7+ ¥ < |wiP+ 3B, (3.18)

aelr

where
B =B +B;
T
= s / D lofuuf)(0) + |9 u® | ()
0

oel

T
+)\S/O Z L% Dl [4¥12(0) + |(|¢§§‘|)X||u°‘|2(1a)).

ael

We now prove that for s large enough, the term B is small compared to ) - Iy X% so that
B can be absorbed by the lhs of (3.18). Using (3.12) and the fact that u vanishes at the vertices
of E UR = aI', we see that

T T
C _
B, < CA 0u(Og, 1)|2dt = CA? / Olu(Og, ))Pdt < — ) X%, 3.19
> s/OZm( )| sOZm( e <= 3 (3.19)

ael aelr aelr
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Using again the fact that u vanishes at the vertices of 91", we obtain with (3.12) that

Bl<cxs/ Z|¢”u“|<0a,r><|u U0+ Y |u§‘ﬁ<o,z>|>

el Belll,mg]l

/ 3 ((sx) 6716 (O, 1) + 67 (O D11 U, O

aelr

+ > |u;“ﬁ(0,t)|2)) d

Belll,mg]]

C _
<= ) x°. 3.20
- (3.20)

aelr

Gathering together (3.18), (3.19) and (3.20), we obtain

A Ars?
it + (1= 2) + 2 [ [ ior + %2 [ [l
2s 20
vz [ /w— sl (1= ) x4y < wie

aelr

Writing explicitly the term Y and tacking into account the sign of the functions ¥¢ occurring
in Y, we obtain for s and A large enough the following:

T T T
||M111||2+||M211||2+)»s3/ /|u|2|¢x|3+xs/ /|¢x||ux|2+xs—1/ /|¢x|_l|AFu|2
0 r 0 r 0 r

T _ T _
+ZX“+/0 As91|ux|2<R,t)dt<C(||w||2+f ZMO"‘IM;:‘Iz(lw)dr)-

welr aelg

(3.21)

Finally, using the definition of M,, we obtain
T T

w5 [ [led mParar < cast [ jo aMal o Plusf + ool
o Jr o Jr

T
C / / (s~ IMaul? + Aslo,lluel® + Aslo, ]~ @l lul?). (3.22)
0 T

From (3.21) and (3.22), we infer that for s > s3 and A > A3 (with s3, A3 large enough) we
have that

T T
Ml + [Mau]]? + 25° / / Pl + As [ / 0,2

T _
//kpxr (AruP + u ) + 3 X7+ /Asewumn,r)dz
0

aelr
< ( w|® + / Z AsO% % (I, 1) dt).
(XGlg
Replacing u by e™*?q in the last inequality, we readily obtain (3.1). O

16
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3.3. Inverse problem

Before proving the stability result in theorem 1.1, we need to analyze the following system:

u¥(x, 1) = u® (x, 1) + b* (xX)u* (x, 1)

+R¥(x, 1) f% (x), (x,1) € (0,lz) x (0,T), @el,

u® (g, 1) = 0, 1e(,T), acelg,

ul(0,1) =0, te0,7T),

u®(lg, 1) = u*f (0, 1), te(0,T), @elr, pelll,mgll
Ul (lg, 1) = :Zdl u?(0,1), te0,7), @elyg,

(3.23)
where b = {b*}z¢; € L2 ().

Proposition 3.5. Assume that u = {u®)ge; is a solution of (3.23), which satisfies u, €
H*Y(T x (0, T)). IfR = {R%(x, t)}ge; is such that R, € L® (" x (0, T)) and that

IR(x,t9)| =2 r>0, forae.xel andsomert, € (0,T), (3.24)
then there exists a positive constant C = C(||R||1~rx .7y, [IPllrry, 1) such that
Il 2y < C (nu(-, llea + Y l19au(, ~>||Lz<o,n) (3.25)
vel

forany f € L*(T").

Proof. We proceed as in [37]. Set z = d,u. Then, z = {z%}5<; satisfies

22 (x, 1) = 225.(x, 1) + b* (0)2" (x, 1)
—i—R?(x, t)fa(x), (x,t) e (0,Iz) x (0,T), wael,
(I, 1) =0, te(0,T), el
Z10,1) =0, te,T),
2z, 1) =22 (0,1), 1€ (0,7), aelr, Belll,mgl
(g, 1) = i z§7(0, 1), te(0,7), o elr.
B=1
(3.26)
On the other hand,
R(x, )f(x) = d,u(x, 1) — (Aru)(x, 1) — bu(x, t). (3.27)

Using a change of variables, it is sufficient to prove (3.25) when ¢ty = T /2.
We now apply the Carleman estimate (3.1) with ¢ = z = 9,u (and some fixed A > 0)

T T
f / [(6) 7" [9,ul* + 50|, ul* + (s6)°[3ul*]e > + / (50) (|3 ul* e >?) (R, 1) dt
0 r 0

r T
< C(/ / |attu — Al"&,u'z e_ZS(a + Z/ S0(|axru|2 e—ZS(o)(v7 l) dl)
0 r A

ve&
T T
< C(f / (1(RE* + [3,u]?) e*ZW’+Z/ 50(|8x,u|262“”)(v,t)dt>,
0 r ve€ 0

17
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which gives, for s large enough,

T T
/ f [(56) " [3,ul + s[aul> + (56)°|uPTe 2% + / (s0) (|3ul? e ) (R, 1) di
0 r 0

T T
< c(f / [(3,R)f|? e~ 2 +Z/ s0(|8x,u|zez“")(v,t)dt>.
0 r 0

ve€

Since lim,_g e 2¢®) = 0 for x € " and |@, (x,1)| < C#*(x,1) forall x € T and t > 0, we
obtain

T 2 250, 1) /2 0 2 —2s5@(x,t)
[galx, = )| e "2 dx = — [u(x, )| e =% dx | dr
r 2 0 at r

T/2
= / / [2atualtu - 2s8,(o|alu|2] e*2s<p(x,[) dx dt
0 r
T/2
S f / (218,u][3,u] + Cs6[3,u%) e 22 dx dr
0 r
T/2
< C/ /((s20)—1 |3zru|2 + (S0)2|3,u|2)e_25¢(",1) dx dr
0 r

C T T
< —/ f|(8tR)f|ze’2S"’dxdt+Ce’CSZ/ [0ul (v, 1) dr. (3.28)
s Jo Jr 0

vef

Using (3.24), (3.27) and (3.28), we obtain that
/ f))P e TP dx < C f IRGx, T/2)f (x)|? #5172 dx
r r

< C/r ( 3zu(x, g)‘z + ‘AFU(X, g)‘z + 'u(x’ g)‘z) o250 T/2) 4y

C T T
< —/ f|(a,R)f|2e—2dedt+Ce—CsZ/ [0ul? (v, 1) dr
s Jo Jr 0

vef

Ty >
+Clu- 3 ) ey
Since ;R € L>®(T" x (0, T)), the following holds:

/ If(x)|2 e—ZS(p(x,T/Z) dx
r

c (7 T T
< ;/ /|f|ze_2‘“”dxdt+Ce_C‘Z/ Iaxtu|2(v,t)dt+C||u(.,E)Hiﬂm.
0 r 0

vel
It follows from the definition of ¢ that

T
(p(x, 5) <o) forall (r,1) €T x (0,T)
so that

T
f / |f(x)|2672s(/’()c,f) dx dr < T/ |f(x)|2€72s¢(x,T/2) dr.
0 r r

Therefore,

(1—2 If (x)|? e~ 250 T/2) dt<CZ T|a ul>(v,t)dt + Clju ( - r I?
P . X 0 Xt k] El 2 HZ(F)'

vef
The desired inequality follows for s large enough. (]

We are now able to prove the stability result for the system (1.1).

18
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O,

Figure 2. A star-shaped tree with four edges.

Proof of theorem 1.1. Let us denote

w=u(p) —u(q).
It satisfies the following system:
w; =Arw—qw+RfinI" x (0, 7T),
w(x,t) =0,ondl" x (0,T),
where f = q — p, R = u(p). Note that R € C([0,T]; H'(I')) ¢ C(T x [0,T)),
for u € L*(0,T; H*(T")) and u, € L*(0,T;L?*(I")). Using our hypothesis, we see that
IR(-,%9)| = r > 0 on I'; hence, we can apply proposition 3.5 to obtain

P = allizry < C(I1BE) = B@IC 1)y + D 1:8E) = w@I©, o))
vel

where C = C(||0,u(p) ||z x0,7))> 19z (ry, 7). The proof is now complete.

4. The Schrodinger equation on a star-shaped tree

In this section, we consider a network I', which is a star-shaped tree constituted by N edges e;
(with N > 3) connected at the internal node O (see figure 2). Here, the parametrization of the
edge e; is chosen so that the origin O of e; corresponds to x = 0, while the endpoint O; of e;
corresponds to x = [;, for all j € [[1, N]].

We consider the following Cauchy problem:

iyj,t +yj,xx +pj(x)yj = fj(x9t)» X e (O» lj)7 .] € [[LN]L te (07 T)v (41)

y;(0,1) = y:1(0,1), 1€ (0,T), jlelll,N]l, 4.2)
> 3is0.)=0,  te(0. 1), 4.3)

1SN

y(j,t) =0, jelll,N]l, te(,T), “4.4)

y(x, 0) = yo(x), xeTl, 4.5)

19
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where p = {p;};=1,nv € L*(I") is some given potential function. Our main aim is to prove the
stability for the inverse problem consisting in retrieving the potential p from the measurement
of y,(l;,t) for j € [[1, N]]. This is done thanks to some Carleman estimate in following the
classical Bukhgeim—Klibanov method.

The first step will be the proof of a Carleman inequality on I'. The key point is that
choosing only one weight function ¥ = {¥;} ;=15 : I' = R as in the case of the heat equation
is not convenient since we fail to control some boundary terms. Instead, we consider a family
of weights {y* }k=1. allowing us to get rid of some bad boundary terms at the internal node.

4.1. Carleman estimate

Let (Wf)lg k<~ be a family of functions fulfilling the following properties:

Y% :[0,1;] > RisofclassC*  Vj k € [[1, N]], (4.6)
Yi0) = ¥i2(0) Vi1 ki, jo. ko € [[1, NI, 4.7
) @F + @) @) =0 Yxel0, ;] Vjkelll, N, (4.8)
W' () #£0 Vxel[0,5;] Vijkelll,N]], (4.9)
% >y > g Vx e [0,1;] Vj kelll,N]l, (4.10)

where C > 0 is some positive constant. We also assume that the following flux conditions at
x = 0 are satisfied:

> @) =0 Vkelll, N, @.11)
ISjSN
> WHO)=0 Vjelll.N], (4.12)
1<k<N
Y IWHOF =C Vjelll N, (4.13)
1<k<N
D WH'O=C Vielll.NL (4.14)
1<k<N
D LN OF >0 vjelll N, (4.15)
1<k<N

for some constants C; > 0 and C, € R. Such a family of weight functions (1/fj’?) 1< k<N EXIStS.
It is sufficient to consider (affine) functions of the form t/f;‘ x) = a’;x + %C with C <« 1 and

v [N=1 ifj=k,
YGT)-1 ifj £k

20
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Note that if another internal node would be present, condition (4.15) (with the opposite sign
due to the orientation) would not be satisfied. Let us introduce the families of weights
) QI _ V)

e =7y &N =

and the class of functions

Z={q=1(qj)j=1vy € C(I' x[0,T]);
q; € C*'([0,1;1 x [0, T]) Vj € [[1, N]], and (4.2)-(4.4) hold}.

Proposition 4.1. Assume that the family of weights (wlf ) fulfils (4.6)—(4.15). Then, there exist
some constants Ao > 1, so = 1 and Cy > 0 such that for all A > ,g, all s > 59, and all q € Z,
the following holds:

Tl
3 o
S [ a4 a6 0 + () + b1 e
0 JO

1<jk<N
T l‘, 5 —_
<G E (// 19 +1gj x| €% dxdt
0 Jo

1<j,k<N
+f0T Asej’?(lj)|qj,x(1,)|2e—m? dt) , (4.16)

where i = /—1 and A7111‘ and 1\7’2‘ denote the operators
(Mfq); = [s(¢k, +igk,) — 2is?|¢k 1P1q; + 2isek g, (4.17)
@15q); = [—s(¢k, +igh ) +2is 0% P1g; + g0 — 2is0k g + i . (4.18)

Proof. In what follows, the letter ¢ will denote a constant (independent of s, A, q, j, k) which
may vary from line to line. Let q € Z be given, and for j, k € [[1, N]], let

u’j‘ = e_s‘pqu'» w/j‘- = e_“"fL( e u’j‘.),
where L denotes the operator

L =3 +id>.
Straightforward computations show that w* = M*u* with

w]; = (Mkuk)j = uljf’t + sgojf’tu]; + i(u]j‘-’m, + 2s<pf’xu’;’x + sgojxxulj‘» + 52|¢ﬁx|2u§),
with the operator M* acting simply on the components of u* along the different edges. Let M’l‘
and M5 denote, respectively, the (formal) adjoint and skew-adjoint parts of the operator M.
We readily obtain that

(M’fuk)j = i(2s<pf~xu’;’x + sgoll;yxxu";) + S(pitlft.];, (4.19)

(M3u"), =, +i(uf, + $%105 7). (4.20)

Letting (Azlfq)j = &%) (M’fuk)j and (Mlz‘q)j = &%) (M’z‘uk)j, we easily check that (4.17) and
(4.18) hold. On the other hand,

W2 = (M7 + Mau||” = [|Mfut|]® + || M3u€|* + 2Re(Mu’, Myu®),
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where (u,v) == 3 oy fOTfOZj u;(x, t)vj(x, 1) dxds and ||w||*> = (w, w). The proof of the
Carleman estimate is inspired by those of [33, proposition 2.1]. In the first step, we compute
precisely Re(MYu¥, Mu). In the second step, we check that the boundary terms related to the
internal node O give positive contributions. The third step is completely similar to the second
step in the proof of [33, proposition 2.1].

Step 1. Exact computation of Re (M’fuk, M’z‘uk).

We intend to compute

T pl
Re(M‘uf, Mku¥) = Re Z /[ (MEub) j(MEuk) ; dx dt.
0 JO

1<j<N

Let us fix any pair (j, k) of indices in [[1, N]] and let us compute fOTfOIf (M’fuk)j (M’z‘uk)jdx dr.
For the sake of simplicity, we shall drop the indices j and k during the computations, and we
shall write [ u for fOTfOZ’ u(x, t)dxdr, and [ h for fOT h(t) dt. Then,

2Re/ / (M) j(Mku*) jdx dt = 2Re / [i 25@xtty + s@utt) + s@ullil; — i (g + 57|y *U)]
0JO

=hL+5L+5h,

where

I} = 2Re / / 1(25@uttx + S@uct) (U — iUy + 57027 T)),

I = 2Re / / a7 — ),
I = 2Re// sou(—is®| oy *).

Obviously, I3 = 0. Let us begin with the computation of /;:
I = 2Re f f (25@utty + s@u) (s + 5° |9 |*W) + 2Re / / Qs + speu)it; = I} + 17

To calculate / 11 , we need to evaluate the real part of the integral term J := ([ U g,u,. Integrating

by part yields
J= _/./u_x((pxxux+(pxuxx) +/(px|ux|2

where [ stands for /;. On the other hand,

2Re // U@y = // O (Ul + Uylyy) = /f (pxax|ux|2
1
= _//wxx|ux|2+/(ﬂx|ux|2‘0‘
Therefore,

1

2Re) = —2// som|ux|2+//<pﬂ|ux|2—/gax|ux|2 .
1
= _//(pxx|ux|2+/(px|ux|2‘0-

I
b
0

1
(

+2/¢x|ux|2 )
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It follows that

1! _2Re{2sJ+s// Gucllilig + 257 //(%) Ui + § /f Pucl sl |u|2}
= 4s5ReJ — 25Re / (32Ut + @ity )y + 25Re / Oy .
4250 f/(m alul? +25° /fgomw uf?
=2s{—// ¢xx|ux|2+/<px|ux|2\;}+s(f/<p4x|u|2—/[¢3x|u|2]6
—2 / / wxxwxf) +2sRe / poals| — 65 / / @ Dudul?
2s3/(gax)3|u|2 oy f/ Dy Pluf?
- —4s// Pty |? +s/f Paxlul® — 45’ ff(wx)zwxxw

l
+ [ 25t 4 (sinc+ 25 @Ol + 2sgReuar),

On the other hand,

112 = 1// (2s§0xux + SQOXXM)M_[ - 1// (2S</?xu_x + sgoxxﬁ)u,

=—i /f (2S(pxtux + 2S(pxuxt + SQrut + S(pxxut)ﬂ

l
i f f 25( ity + it il — i / 2sp| i / f St
1
= / / (5 4 + 250u,70) — i / 25|

l

—1// S (Uthy + ut) —1/sgox,|u| ‘ —21s// Ol —i/2s<pxﬁu, .

i / / S (T — 1,70) + / (s — )|

It remains to estimate /5:

L = // s, (un; + uuy) + /f S@; (—Ulty + Uy ) =: 121 +122.
We find that

—/f S§0tt|“|2,
1

L= iSI (thu+<pzux)u_x—iS/<ptuu_x0

I

_iS/ (@il + @ity )uy + iS/@rﬁux 0

1

= 2Re //(is)(px,uu_x—i— 2Re/(—is)(p,uu_x o

Thus,

Lt b+l = —s // ol +sf/ ousluf? - 4s3/ sl
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i f f S (T — 0,TE) — s / f gulul® + 2Re / f (i5) ot

+ / 2sulits + (=53 + 257 (@) ul? + 250 Re (uily)

)
+isec(ui; — uu) + 2Re{(—is) @ uit,}] o

We conclude that (with the indices written again)

SoOWIE = Y [Imeti + 1Mt

1<k<N 1<k<N

T pl; T pl;
Kok g2 Kk
+ Z {—4s/0/0 TN —4sIm/O/O (pj,x,uju’]‘.yx

1< kSN
’ l/ 2 3 2
+ / / WP [s(@h 4 — @) — 457 (9]0 ]
0 JO

T J—
+ f (250 ) 1* + (=53, + 287 (@] DI + 2595 (Re(@ijudf )
0

k Sk kN ik ook ko kvl
+2s¢jthe(—1ujuj’x) + 1s<pj,x(ujujyt — uj*’uj)]‘o} . 4.21)

Step 2. Estimation of the boundary terms at the internal node O.
We estimate each term in

T T
> (=29) /O AROIROEESY) /0 (59 3,(0) — 25° (¢} .(0))) [u(0)?
Ji.k

Jik

T T
+) (=2s) / 9h (ORe(u(0) (0)) + Y (=25 / ¢}, (0)Re(—u(0)u  (0))
0 0

Jik JiK
T
+ Z/ (—i)¢%,(0) (01, (0) — u, (0)u(0)) = Jy +Jo + J3 + Js + Js.
ik 0

In the above equation and in the following ones, we write merely
u(0) :=u;(0.1). @(0) =¢;(0.1), ete.
Using (4.12), (4.13) and (4.3) (for g;), we see that

T
n=C2 Y [ A0 O sy + a0

TR
T T

=2 [ St nor -2 [ (X ko) e > lg.0p
o 7 —Jo P

T

asre Y [ (L1ehOF)u0ig, 0

ik

T
=2 [ 3k O uor
0 ik
Therefore,

T
h+h=>) / (595 3,(0) — 45 (¢} .(0))) [u(0) ]*. (4.22)
ik 70
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On the other hand, using (4.13), (4.14) and (4.3), we have that
T
J=-2s)" / % (0)Re[u(0) e** (—s¢} (0)g;(0) + ¢;.(0))]
7 J0

T
—27Re [ | ¥ o0, | P
0 -
J.k

T 1(0) e g2¥(0) -
+25ARe /0 u ):’(T — ; > (Z(wf)”m) +1 Z[(w}‘)/(onz) 4,:(0)
j k k

T
=2s’Re / >0k (0)¢h (0) | u(O)]. (4.23)
0 X
Jk
Combining (4.22), (4.23) and (4.15), we obtain that for s > s; and A > A,
\s e Vi) 5
J+Dh+J A u(0)|-. 4.24
A BT s Z/ — o (4.24)

Finally, we claim that J; = J5 = 0. Indeed using (4.3), we obtain that

Jy = —2sIm< fo go,(O)u(O)Zu (O)dt)

- _2S1m/ (pt (O)M(O) Z( sgo]x(o)q(o) + QJX(O)) e_S(p(O)dt

J.k
= 0’
while Js = 0 by (4.11). Thus, we conclude that
T/ 90 \?3
Sh+h+l+di+J5 2> CS3)»3/ ( ) lu(0)|%, (4.25)
o \U(T—1)

fors > s, A = Aj.

Step 3. Estimation of the integrals along the edges.
Direct estimations as in [33, proposition 2.1] (without any integration by parts) yield that for
some constant A > 0

{( 45)[ / @ s P — 4sIm/ f ga”,m

+ / f i P[s(0h 4 — 0h ) — 48 (sof,xfwjixx]}
o Jo
2 Tl e kv ko2 3lek3k2
say e[| b Peos [ [ Pude) e
; o Jo t(T—1t)y "/° 7 o Jo T

provided that s > sz; A = Ap. Combining (4.21), (4.25) and (4.26), we infer that

T rl; T pl; ewf
Z{f/ [|(M’fu’<)j|2+|(M’2<u")j|2]+xzs// W
= Lo Jo 0o Jo t(T'—1)
S s [T ! 2
s )" 1uj]1™ +cs )v/ < > |u(0)]
fo /0 S o \1((T'=1)
<o ([ [ 1wt s [ 1o apia (4.27)
X — o Jo j 0 Jox\tJ Jx N . .
Js
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Replacing u’]‘ by e_‘"”fk‘qj in (4.27) gives (4.16). O

Remark 4.2. Note that (4.16) is still valid if, in the definition of Z, one replaces
q; € C*1(10,1;] x [0, T]) Vj € [[1,N]]

by
qe H*' (' x (0, T)).

4.2. The boundary problem

We consider the following boundary initial-value problem:
jr+uj+piu; =0, xe(0,0), jelll,N]l, 1e€(0,T),

u;(0,1) = u(0,1), j,kell[l,N]], t€(,T),

Z,Q@, u;(0,1) =0, te 0,7), (4.28)
uj(lj,t) = h;(1), JeIlll,N]l, 1€(0,7T),

u(x, 0) =ug(x), xerl.

In what follows, we fix the initial data ug and the boundary data h = {£,};_ v, and we denote
by u(p) the solution of the system (4.28) associated with the potential p € L (I").

Theorem 4.3. Assume that p € L (I"; R), ug € L*(I") and r > 0 are such that

o up(x) € Roriug(x) € Ra.e. inT,
o lug(x)| >r>0a.e inT and
e du(p) € H>'(I' x (0, T)).

Then, for any m = 0, there exists a constant C = C(m, ||0,a(p)||p21(rx(0,7))> ) > 0 such that
forany q € B,,(0) C L*(T"; R) satisfying

du(q) € H*'(I x (0, T)),
we have that

P —dalleey <C D 8um) — w@]1; ¢, .

1<j<N

Proof. Consider any p, q as in the statement of the theorem, and introduce the difference
y := u(p) — u(q) of the corresponding solutions of (4.28). Then, y fulfils the system

iyj,t +yj,xx+q1(-x)yj :fj(x)Rj(xs t)9 X € (Os l})v je [[l,N]], re (O, T),

yj(0,2) = y(0,1), Lkelll,N]], te(0,1),

ZlgjgNyj,x(O, t) =0, te(0,7), 4.29)
yilj, 1) =0, JeIlll, NI, 1€(0,7T),

y(x,0) =0, xeTl,

with f; = ¢g; — p; (real valued) and R; := (u(p));. To complete the proof of theorem 4.3, we
need the following result.

Proposition 4.4. Suppose that R = {R;} ;= y satisfies

e R(x,0) e RoriR(x,0) e Ra.e. inT,
o [R(x,0)| >2r>0aeinT,

e Re H'(0,T; L*)) and

o 3,y € H>'(I" x (0, T)).
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Then, for any m > 0, there exists a constant C = C(m, ||R;||20,7:10(r))» ') Such that for
any q € L*(I",R) with ||q||r~q) < m and for all f € L*(T", R), the solution'y of (4.29)
satisfies

[1f]l 2y < C Z Iy jx (s a1 - (4.30)

1N

Proof of proposition 4.4. Let f € [*(T';R) and R € H'(0,T;L®(I")) be such that
R(x,0) € R ae. in I', and let y be the solution of (4.29). We take the even-conjugate
extensions of y and R to the interval (-7, T), i.e. we set y(x,t) = y(x, —t) fort € (—T,0)
and similarly for R. Since R(x, 0) € Ra.e.in ", we have that R € H!(—T, T; L>*(I")), and y
satisfies the system (4.29) in I x (—T7, T'). In the case when R(x, 0) € iR a.e. in I", the proof
is still valid by taking odd-conjugate extensions.

Letz(x, ) = y;(x, —t). Then, z satisfies the following system:

Zj,t + iz.j,xx + 15]1(X)Zj = ifj(-x)Rj,t(x’ t)’ X € (07 l])’ .] € [[1’ N]]v re (_Tv T)’

zj(0,1) = (0, 1), Jkel[[l,N]]l, te(-T,T),
Z1gjg1vzj,x(0v t) =0, te (-T,7),

z;j(l;,1) =0, jelll,N]l, te(-T,T),
z(x,0) = —if(x)R(x, 0), xeTl.

4.31)

We apply proposition 4.1, but on the time interval (—7, T') instead of (0, T'). Therefore, here
we consider

LAt fon= 2= e x )
Tro@-n VT TEna o ’ o
As in the proof of proposition 4.1, we introduce wf e ¥z s (M’z‘z) = ) (M'gwk) j and
(Mk k)j = w +1(wlm +s |g0“|2 k) Next, we set

Z / / o250k (Mkz)jz]dxdt.

1< k<N

k _
0 (x,1) =

Then, we have

0 I/ -
]:Z/T/O (M’z‘wk)jw’;dxdt
Jik T
0 pl;
_Z /f wh w"dxdt+1// (—wh ([ + % |¢f P lwh|?) dxds
770

af i)

Note that, by (4.31) and (4.1 1),
D wh (Owh0) = (2j.(0) — s¢h (0)2(0)) e ¥ V2 (0) = 0.
J

J

Therefore,

1 ls 1 Ly
Re(/) = 3 Z/ |wj (x, 0)*dxdr = Z/ e 240180 2R (x, 0)[*dx.
k70 ik 70
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Using the hypothesis on R(x, 0), we infer that
2 L ,
Re(J) > = > / e 729, 01 (1) [2dly. (4.32)
2 7 Jo

On the other hand, we have that
0 pl Lo~ I/ 00 ol . 1
<y </ f e—ZW(Méz)j)Fdxdr) (f f e_ZW"|Zj|2dxdt>
Iy -1Jo -1Jo
1 5 3 0 rli 250k 5
2 T —rJo
0 pl .
+A2sl// ezwf|z,~|2dxdz}
-1Jo '

0 i —
o D[ i asa
ik —-TJ0

0 ‘z,» ,
+a4s? / / Ch 3e_z‘y‘p§|zj|2dxdt},
—-1J0

where we used the fact that

ejf > T2

N

S

N

(4.33)

From (4.33), the Carleman estimate (4.16) (applied on the interval (—7, T') instead of (0, T')),
and the fact that ¢ (x, 0) < ¢%(x, ) forall (x,7) € (0, 1) x (=T, T), that 6} e~2%} is bounded
from above in (0, /;) x (=T, T), thatq € L*°(I"), and that R; € L*(—=T, T; L>®(I")), we infer
that for s and A large enough

T pl , T
I <er 272y {/ / e*z-‘Wﬂthlzdxdsz/ ej’fe”“’flz,,x(l,-,r)lzdt}
& W-rlo -T
2 -3 b 250k (x,0) | 12 1 .—1 ’ 2
<A Z/ e 2 O 2dx 4 er 572 Z/ lzjx(Lj, )|7dt. (4.34)
TR T )T

It follows from (4.32), (4.34), and the fact that z(x, t) = —z(x, —t) for (x,1) € T" x (=T, 0)
that for s and A large enough

I 0
Z/ e 20 (x)2dx < cZ/ |2j. (L, DI7dr. (4.35)
ik 0 i

Then, (4.30) follows from (4.35) since
672szp;f(x,0) 2 ef2sT’2(e“?1)'

This completes the proof of proposition 4.4 and of theorem 4.3. ]

5. Open problems

We now mention a few open problems related to our work. One of them is whether it is possible
to reduce the number of measurements at the boundaries. It could be interesting to combine
the ideas of the paper with those appearing in [16] and [17] where fewer measurements on
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the boundary are needed but some rationality assumptions on the lengths of the edges have to
be made. For the Schrodinger equation, the question whether a Carleman estimate on a tree
with N exterior vertices can be written with only one weight function and N — 1 boundary
observations seems to be challenging.

The extension of this work to more general graphs with other kind of coupling is also an
open problem. We recall here the works of Kostrykin and Schrader [26, 27], where self-adjoint
Laplace operators with general coupling conditions are introduced.
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