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Classification of pseudo-Riemannian submersions with totally
geodesic fibres from pseudo-hyperbolic spaces

Gabriel Baditoiu

ABSTRACT

We classify pseudo-Riemannian submersions with connected totally geodesic fibres from a real
pseudo-hyperbolic space onto a pseudo-Riemannian manifold. Also, we obtain the classification
of the pseudo-Riemannian submersions with (para-)complex connected totally geodesic fibres
from a (para-)complex pseudo-hyperbolic space onto a pseudo-Riemannian manifold.

1. Introduction and the main theorem

Riemannian submersions, introduced by O’Neill [37] and Gray [24], have been used by many
authors to construct new specific Riemannian metrics, like Einstein or positively curved
ones [8, 27], and to study various geometric structures of Riemannian manifolds [17]. In this
paper, we show that the pseudo-Riemannian submersions with connected, totally geodesic fibres
from a pseudo-hyperbolic onto a pseudo-Riemannian manifold are equivalent to the Hopf ones;
see below. First, we give a short review of well-known classification results of Riemannian
submersions and of their nice applications in Riemannian geometry and then we discuss the
pseudo-Riemannian case.

In early work, Escobales [15, 16] and Ranjan [39] classified Riemannian submersions with
connected totally geodesic fibres from a sphere, and with complex connected totally geodesic
fibres from a complex projective space. Using a topological argument, Ucci [44] showed that
there are no Riemannian submersions with fibres CP? from the complex projective space CP”
onto S8(4), and with fibres HP! from the quaternionic projective space HP? onto S%(4).
A major advance obtained by Gromoll and Grove [26] is that, up to equivalence, the only
Riemannian submersions from spheres with connected fibres are the Hopf fibrations, except
possibly for fibrations of the 15-sphere by homotopy 7-spheres. This classification was invoked
in the proofs of the Diameter Rigidity Theorem in Gromoll and Grove [25] and of the Radius
Rigidity Theorem in Wilhelm [45]. Using Morse theory, Wilking [46] ruled out the Gromoll and
Grove unsettled case by showing that any Riemannian submersion 7 : S1° — B? is equivalent
to a Riemannian submersion with totally geodesic fibres, which by Escobales’ classification
must be equivalent to a Hopf Riemannian submersion. A nice consequence of this classification
is the improved version of the Diameter Rigidity Theorem due to Wilking [46].

In the pseudo-Riemannian set-up, the pioneering work is due to Magid [33], who
proved that the pseudo-Riemannian submersions with connected totally geodesic fibres
from an anti-de Sitter space onto a Riemannian manifold are equivalent to the Hopf
pseudo-Riemannian submersions Hf"”’l — CH™. Generalizing Magid’s result, Stere Ianug
and I showed that any pseudo-Riemannian submersion with connected totally geodesic fibres
from a pseudo-hyperbolic space onto a Riemannian manifold is equivalent to one of the Hopf

Received 18 February 2010; revised 20 December 2011; published online 21 June 2012.
2010 Mathematics Subject Classification 53C50 (primary).

The author was supported by a grant of the Romanian National Authority for Scientific Research,
CNCS - UEFISCDI, project number PN-II-ID-PCE-2011-3-0362.



1316 GABRIEL BADITOIU

pseudo-Riemannian submersions: Hy™ ' — CH™, H3™ " — HH™ or H3®> — H8(—4), and
as a consequence we classified the pseudo-Riemannian submersions with connected complex
totally geodesic fibres from a complex pseudo-hyperbolic space onto a Riemannian manifold
(see [4]). In [3], T extended these results to the case of a pseudo-Riemannian base under the
assumption that either (i) the base space is isotropic or (ii) the dimension of fibres is less than
or equal to 3, and the metrics induced on the fibres are negative definite. I also proved that
condition (ii) implies (i) (see [3]). In this paper, we drop these assumptions and we prove the
following main result.

THEOREM 1.1. Let m: H} — B be a pseudo-Riemannian submersion with connected
totally geodesic fibres from a real pseudo-hyperbolic space H}* of curvature —1 onto a pseudo-
Riemannian manifold. Then w is equivalent to one of the following Hopf pseudo-Riemannian
submersions:

2m+1

(a) mc: Hyt{' — CH™, 0 <t <m,

(b) ma : HZMTL — AP™,

c) T : Hjﬁ? — HH™ 0<t<m,
dm+3

d) mp: HQ:ZZJtl — BP™,

)
;
e) mg : Hig — Hg(—4),
)
)

o~~~

f) 7o @ H¥® — H$(-4),
g m%) : H715 — H8(—4),

where CH]" and HH]" are the indefinite complex and quaternionic pseudo-hyperbolic spaces
of holomorphic, respectively, quaternionic curvature —4; AP™ is the para-complex projective
space of real dimension 2m, signature (m,m) and para-holomorphic curvature —4; BP™ is
the para-quaternionic projective space of real dimension 4m, signature (2m,2m) and para-
quaternionic curvature —4.

—~

The plan of the paper can be summarized as follows. Section 2 presents some known
definitions and results in the theory of pseudo-Riemannian submersions. In §3, we exhibit
the construction of the Hopf pseudo-Riemannian submersions from pseudo-hyperbolic spaces,
which ensures the existence of at least one pseudo-Riemannian submersion in each class
(a)—(g) of Theorem 1.1. In §4, we see that the base space B is isometric to either a pseudo-
hyperbolic space or a complete, simply connected, special Osserman pseudo-Riemannian
manifold, which was classified in [10]. To exclude the Cayley planes of octonions, and of para-
octonions from the list of possible base spaces, we prove that the curvature tensor of B has
a Clifford structure. For the remaining cases, we establish that the dimension and the index
of the total space are, in fact, those claimed in Theorem 1.1. This reduces the equivalence
problem of two pseudo-Riemannian submersions to the one of the same base space, which we
resolve in §5. Section 6 features consequences of Theorem 1.1: (a) the classification of the
pseudo-Riemannian submersions with totally geodesic fibres from complex pseudo-hyperbolic
spaces or from para-complex projective spaces under the assumption that the fibres are,
respectively, complex or para-complex submanifolds and (b) the non-existence of the pseudo-
Riemannian submersions with quaternionic or para-quaternionic fibres from HH;" or BP™,
respectively.

2. Preliminaries

In this section, we recall several notions and results that will be used throughout the
paper.
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DEFINITION 2.1. A smooth surjective submersion 7 :(M,g) — (B,g’) between two
pseudo-Riemannian manifolds is said to be a pseudo-Riemannian submersion (see [38]) when
m, preserves scalar products of vectors normal to fibres and when the metric induced on every
fibre Fj, = 7= 1(b), where b € B, is non-degenerate.

The vectors tangent to fibres are called vertical and those normal to fibres are called
horizontal. We denote the vertical distribution by V and the horizontal distribution by H. The
geometry of pseudo-Riemannian submersions is characterized in terms of the O’Neill tensors
T, A (see [37, 38]) defined for every vector fields E, F on M by

AgF = hNVygvF +ovV,ghF, TgF = hV,gvF +vV,ghF, (21)

where V is the Levi-Civita connection of g, and v and h denote the orthogonal projections
on V and H, respectively. We assume that the fibres are totally geodesic, which is equivalent
to TgF =0 for every E, F. The O'Neill tensor A is alternating, that is, AxY = —Ay X for
any horizontal vectors XY, and skew-symmetric with respect to g, that is, g(AgF,G) =
—g(F, ApG) for every vector fields E, F, G (see [8, 17, 37, 38]). Throughout the paper,
X,Y,Z, 7' will always be horizontal vector fields, while U, V, W, W’ will be vertical vector
fields. We assume that dim M > dim B and that M is connected.

We denote by R, R’ and R the Riemann curvature tensors of M, B and of a fibre Fy,
respectively. We choose the convention for the curvature tensor R(E, F) =VgVp —VipVg —
Vig,r- By R'(X,Y)Z we shall also denote the horizontal lift of R'(m.X,m.Y)r.Z. The
structure equations of a pseudo-Riemannian submersion, usually called the O’Neill equations,
are stated next in a totally geodesic fibre set-up.

PROPOSITION 2.2 [8, 17, 24, 37]. Ifn: M — B is a pseudo-Riemannian submersion with
totally geodesic fibres, then

(a) R(X,Y,Z,Z")=R(X,Y,Z,Z") — 29(AxY, Az Z") + g(Ay Z,Ax Z") — g(Ax Z, Ay Z");
(b) R(X,Y,Z, U) = g((VZA)XY, U);

() R(X,U,Y,V) = g((VuA)xY,V) + g(AxU, Ay V);

(d) R(U,V,W,W') = R(U,V,W,W') and (e) R(U,V,W, X) = 0.

COROLLARY 2.3. Ifn: M — B is a pseudo-Riemannian submersion with totally geodesic
fibres, then

(a) R(X,Y,X,Y) = R(X,Y,X,Y) — 3g(AxY, AxY);
(b) R(X7 UaXa U) = g(AXUaAXU)

DEFINITION 2.4. A vector field X on M is said to be basic if X is horizontal and 7-related
to a vector field X’ on B. A vector field X along the fibre 7=%(b), b € B is said to be basic
along 7=1(b) if X is horizontal and 7., X (p) = T, X (q) for every p, ¢ € m~1(b).

We note that each vector field X’ on B has a unique horizontal lift X to M which is basic.
For a vertical vector field V' and a basic vector field X, we have hVy X = AxV (see [37]).

DEFINITION 2.5. Two pseudo-Riemannian submersions 7,7’ : (M, g) — (B,g’) are said to
be equivalent if there exists an isometry f of M that induces an isometry f of B so that

7o f=fom.
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3. The construction of the Hopf pseudo-Riemannian submersions

In this section, we exhibit the constructions of the real, complex, quaternionic pseudo-
hyperbolic spaces, of the para-complex and para-quaternionic projective spaces and of the
Hopf pseudo-Riemannian submersions from the real pseudo-hyperbolic spaces.

DEFINITION 3.1. Let (-, '>R;’jj1 be the inner product of signature (m —t,¢+ 1) on R™*1
given by

< = _szyz + Z ZiYi (31)

1=t+1

for = (20, Zm) ¥y = Wo,---,Ym) € Rm“. For any ¢ < 0 and any positive integer ¢, let
HM™(c) = {z € R | (x, x)R;nﬁl = 1/c} be the pseudo-Riemannian submanifold of

Ry = (R™H ds® = —dxo @ dog — -+ — day @ dwy + daygy @ dxygr + -+ + dzy, @ dy).

The space H]"(c) is called the m-dimensional pseudo-hyperbolic space of index t. The hyper-
bolic space H™(c) is the hypersurface {z = (zg,%1,...,2Zm) € R™ |24 > 0, <a:,$>R;n+1 =

1/c} endowed with the metric induced from R}**.

It is well-known that H]"(c) has constant sectional curvature ¢, and we shall define simply
H™ = H"(—-1).

Throughout the paper, we use the notation: H for the field of quaternions; A and B for
the algebras of para-complex and para-quaternionic numbers, respectively; O for the algebra
of octonions (Cayley numbers) and O’ for that of para-octonions [29] (split octonions). For
F e {C,AH,B,0,0'}, and for z € F, we denote by Z the conjugate of z in F and, as usual,
2|2 =zz =2z € R

3.1. The indefinite Hopf pseudo-Riemannian submersions

When K € {C,H}, let (-, '>K;rjjl»1 be the inner product on K™+! given by

t m

i=0 i=t+1
where z = (20,...,2m),y = (W, ..., wy,) € K™, We set d=dimg K and assume c < 0.
We simply note that S9! = {z € K |2z = 1}, and
m—+1 1
Hy o (ef4) = {z € K™ (2, 2 pemyr = 4/c}. (3.3)
The restriction of the projection
{z € K" (z,z}K:ﬂl <0} — {ze K" | (z7z>Kth1 <0}/K*, z—zK" (3.4)
to Hd((:r{)l) '(¢/4) is a submersion

d(m+1)—1 m d(m+1)—1 — _
K HY D e/4) — KHP (¢) = Hy( ) (e/4)/877Y, 228771, (35)

called the indefinite Hopf fibration of Hg((Z:'l
metric on KH[™(c) such that 7 : Hd((Z:l) Y(¢/4) — KH™(c) is a pseudo-Riemannian
submersion with totally geodesic fibres. We shall simply define K H;™ = K H]"*(—4). For ¢ = —4,

and for K = C and K = H, respectively, the Hopf pseudo-Riemannian submersions are:

"(¢/4). There is a unique pseudo-Riemannian

(a) mc: H3\T" — CHJ™ with the fibres isometric to Hi = (S, —gg1) and
(b) mu : Hy,v4® — HH™ with the fibres H3 = (5%, —ggs).
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A nice reference for the construction of m¢ is [7]. Note that CH;™ has holomorphic sectional
curvature —4 (see [7]), and that HH;™ has quaternionic sectional curvature —4.

3.2. The para-Hopf pseudo-Riemannian submersions

There are several models of para-complex and of para-quaternionic projective spaces [9, 11,
14, 18]. Following [14, 18], we present a para-complex model of a para-complex projective
space, AP™, which is simply connected for m > 2, and a simply connected, para-quaternionic
model for the para-quaternionic projective space, BP™; see [9].

For D € {A,B}, let d = dimg D. We consider the inner product of signature ((m + 1)d/2,
(m +1)d/2) on D™ given by

(z,w) = Re <Z ziwi> (3.6)
i=0

e d .
for z = (20, ..+, 2m),y = (Wo, ..., wy) € D™ Identifying D™ ! :RdEZE;/T via (20,5 %m)
~ (28, 2k 28 24), where 2z = (21, ..., 28), 0<i<m, we simply have (z,w) =

7<Z,U}>Rd(m+1)/ for any z,w. In particular, we can write H2m+1 = {z € A™T1|(z,2) = 1} and
Hymt3 = {z e B™ | (2,2) = 1}.

We set Ap"™ = {z € A™*1 | (2,2) >0} and A, = {t =z + ey € A|tf > 0,2 > 0}. The para-
complex projective space AP™ is defined to be the quotient of A6”+1 under the equivalence
relation: Z ~ W if Z = tW for some ¢t € A (see [14, 18]).

We note that H' = {t € A, |tt = 1}. The restriction of the projection AJ'*' — AP™ =
AP /A L to H2™H! gives the Hopf submersion

mp n HEH s AP™ = {g2m gt (3.7)

Moreover, there exists a unique pseudo-Riemannian metric ¢’ on AP™ such that 7 is a pseudo-
Riemannian submersion with totally geodesic fibres [14]. The space (AP™, ¢’) is a complete
para-holomorphic space form and its para-holomorphic curvature is —4.

The construction of BP™ is analogous to the para-complex projective space. We have

BP™ = {z € B"" | (2,2) = 1}/{t € B|tt = 1} = Hy" 1 /1, (3.8)
and there exists a unique pseudo-Riemannian metric ¢’ on BP™ such that the projection
mp : Hyp ) — BP™ = Hy 7/ HY (3.9)

is a pseudo-Riemannian submersion with totally geodesic fibres [9]. Moreover, (BP™, ¢') is a
complete, simply connected, para-quaternionic space form of para-quaternionic curvature —4
(see [9]).

3.3. The Hopf pseudo-Riemannian submersions between pseudo-hyperbolic spaces: the
Hopf construction

All Hopf pseudo-Riemannian submersions between (real) pseudo-hyperbolic spaces can
explicitly be obtained by the Hopf construction.

A bilinear map G : RP x R? — R"™ is said to be an orthogonal multiplication if G is norm-
preserving, that is, |G(x,y)| = |z| |y| for any x € RP,y € R? (see [5, 41]). A Hopf construction
is a map ¢ : R? x R? — R"*! defined by ¢(z,y) = (Jz]* — |y|?, 2G(x,y)) for some orthogonal
multiplication G (see [5, 41]). The Hopf construction can provide several examples of harmonic
morphisms (see [31, 41]), and we would like to refer the reader to the beautiful book [5] due
to Baird and Wood for other nice results on this topic. Since the sectional curvatures K, K’
of the total and base spaces of any pseudo-Riemannian submersion between real space forms
must obey K’ = 4K, we are forced to consider the map ¢(x,y)/2 instead.
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Let Fe{C,AH,B,0,0'}, and let ¢1,p2: F x F — R x F be, respectively, the maps
given by
er(z,y) = (|2 = [y*)/2,2y) and  pa(z,y) = ((J2|* + [y]*) /2, 2y) (3.10)
for any x,y € F, where Z denotes the conjugation of x in F and as usual |z|?> = 2, |y|*> = yj.
For convenience, we denote t1 = (|z|*> — |y|?)/2 € R, t2 = (|z|* + |y|*)/2 € R and w = Zy € F.
Since |w|* = |zy|? = |z|?|y|? for any x,y € F, it is easy to see that
() i fof? + |y = 1, then  +[uf? = &
(i) if |z[? — [y[* = 1, then 3 — |w|* = 1.
Setting d = dimg F', we identify F' x F ~ R?? via
(@2, (v sy D) = @yt 2t y?). (3.11)
When F € {C,H, O}, we consider the following restrictions of ¢; and @5 to ng:ll and to
Hgf;l, respectively:

o1 Hyg ) = {(z,y) € P2 [|a? + |y = 1} — Hj(—4) = {(th,w) ERx F |8} + |w]* = 1};
w2 Hi = {(a,y) € F?|[a? = y]> = 1} — H(—4) = {(t2,w) e R x F |15 — ||’ = {}.
This simple construction gives six Hopf pseudo-Riemannian submersions with totally

geodesic fibres:

m : Hy — H3(—4) = CH{, my: HI — H{(-4) =HH{, =3:H{? — H5(-4),
7y HY — H*(—4) = CH', n5:Hy — H*(—4)=HH', 7¢: H}® — H%(—4) = OH".
The first three submersions are the well-known Hopf fibrations between spheres.

When F € {A,B,0’}, the restriction of ¢ to Hgi;l,
o1 Hy' b= {(z,y) € F2 e + |y* = 1} — Hjj;p(—4) = {(ti,w) € R x F|t] + |w]* = }},
gives another three Hopf pseudo-Riemannian submersions with totally geodesic fibres between
pseudo-hyperbolic spaces:

w7 HY — H(—4) = AH', 7g: Hy — Hy(—4) =BH', 79: H}® — H5(—4).

Note that, for F € {A,;B,0'}, the restriction of s to Hjﬁ;l will give the same 7, s, mg.
In [31], Konderak constructed the harmonic morphisms 277 and 27g via the Hopf construction
(see also [5, Examples 14.6.5-6]). For identification (3.11) of Q' x Q' ~ R'®, the Hopf pseudo-
Riemannian submersion g : H3® — H$(—4) can be written explicitly as

To(21,Y1,- -+, T8, Ys)
= (21 + a3 +af+af —af —ag —a7 —a3—yi —y3 Y5 — Vi + 93
+ g + Y7 +3)/2, T1y1 + Tays + T3ys + Tays — TsYs — TeYe — T1Yr — TsYs, —Tay1
+ T1Y2 + Tay3 — T3Ya — TeYs + TsYe + TY7 — T7rYs, —L3Y1 — TaY2 + T1Y3 + T2Ya
— T7Ys — TYe + TsYr + TeYs, —T4Y1 + T3Y2 — T2Yy3 + T1Ys — T8Ys + T7Ye — TeY7
+ T5Ys, —TsY1 — TeY2 — T7Y3 — TYa + T1Ys + T2Ye + T3Y7 + Tays, —TeY1 + TsY2
— TgY3 + TrYs — T2Ys + T1Y6 — TaY7 + T3Ys, —TrY1 + T8Y2 + Ts5Y3 — TeYa — T3Ys
+ x4y + T1Y7 — TaYs, —TgY1L — Try2 + TeYs + TsYs — TaYs — T3Ye + TaYr + T1Ys).

Note that 71, mo, 74, w5, 77, ws fall, respectively, in the categories w¢, 7y, ¢, mH, 7Ta, 7B Of
§§3.1 and 3.2. Define n}, = w3, 74 = 76, T = mg. To the best of our knowledge, 7o does not
appear in the literature.

The construction of the Hopf pseudo-Riemannian submersions solves the existence problem
for each class (a) —(g) of Theorem 1.1. In the following sections, we approach the uniqueness.
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REMARK 3.2. The Hopf pseudo-Riemannian submersions are homogeneous, that is, of the
form 7 : G/K — G/H with K C H closed Lie subgroups:

T H3 =SU(m—t,t+1)/SU(m —t,t) — CH;* =SU(m —t,t +1)/S(U(1)U(m — t,t)),
mi s Hy4® = Sp(m — t,t +1)/Sp(m — t,t) — HH;" = Sp(m — t,t + 1) /Sp(1)Sp(m — t,t),
mp s H2 = SU(m +1,A)/SU(m, A) — AP™ = SU(m + 1,A)/S(U(1, A)U(m, A)),

mg « Hyi '3 = Sp(m + 1,B)/Sp(m,B) — BP™ = Sp(m + 1,B)/Sp(1,B)Sp(m, B),

7o Hi2 = Spin(9)/Spin(7) — HE(—4) = Spin(9)/Spin(8),

73« Hi® = Spin(8, 1)/Spin(7) — H®(—4) = Spin(8, 1)/Spin(8),

mor + H¥® = (Spin(5,4)/Spin(3,4))o — H(—4) = (Spin(5,4)/Spin(4,4))o.

By Harvey’s book [28, p. 312], each of Spin(5,4)/Spin(3,4) and Spin(5,4)/Spin(4, 4) has two
connected components: a pseudo-sphere and a pseudo-hyperbolic space. Here (+)o denotes the
pseudo-hyperbolic component.

By analogy to Hopf Riemannian submersions from spheres [8], each of the canonical
variations of mp, mm, 73, 75 and mo gives a new homogeneous Einstein metric on the
pseudo-hyperbolic space. The classification problem of homogeneous Einstein metrics on
pseudo-hyperbolic spaces shall be discussed somewhere else.

4. The geometry of the base space

An important step of the proof of Theorem 1.1 is to establish that the base space is either
a real space form or a special Osserman pseudo-Riemannian manifold. By the classification
of complete, simply connected, special Osserman pseudo-Riemannian manifolds [10, 19], we
explicitly get the geometry of the base space, and then we see that the dimensions and the
indices of the total space and of the base are those claimed in Theorem 1.1. First, we recall
[3, Proposition 3.8], which provides the completeness and the simply connectedness of the
base space.

ProprosITION 4.1. Let w: M — B be a pseudo-Riemannian submersion with connected,
totally geodesic fibres from a complete connected pseudo-Riemannian manifold M onto a
pseudo-Riemannian manifold B. Then B is complete. Moreover, if M is simply connected,
then B is also simply connected.

Let w: M — B be a pseudo-Riemannian submersion. We use the following notation
throughout the paper: n = dim B, s = index B, F}, = 7 1(b) for some b € B, r = dim F}, and
r’ = index F},.

4.1. The construction of a special basis B of H along a fibre

A key ingredient for understanding the geometry of the base and of the fibres is the construction
of a special orthonormal basis B of H along a fibre, which we recall from [3]. First, we state
the following lemma, which provides useful properties of O’Neill’s integrability tensor for a
constant curvature total space.

LEMMA 4.2 [3]. Let m: M — B be a pseudo-Riemannian submersion with connected,
totally geodesic fibres from a pseudo-Riemannian manifold M with constant curvature ¢ # 0.
Then the following assertions are true.

(a) If X is a horizontal vector such that g(X,X) # 0, then the map Ax : V — H given by
Ax (V) = AxV is injective and the map A% : H — V given by A% (Y) = AxY is surjective.
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(b) If X, Y are the horizontal lifts along the fibre 7~ '(n(p)), p € M, of two vectors
X" Y" € Tr(p) B, respectively, g'(X', X') # 0 and (AxY')(p) = 0, then AxY = 0 along the fibre
7 (p))-

The proof of Lemma 4.2 relies on the O’Neill equations. Corollary 2.3(b) simply gives
AYAXV = —cg(X, X))V (4.1)

for every vertical vector field V, which implies (i). By Corollary 2.3(a), we get (ii).

Let pe M and let {vip,...,v,p} be an orthonormal basis in V,. Let X' € Ty, B such
that ¢/(X’,X’) = +1 and let X be the horizontal lift along the fibre 7! (7(p)) of X'. Let
Y1,Ya,...,Y, be the horizontal lifts along the fibre 7= (7 (p)) of

1 1 1
Y v *A ’ v vy *A st T vy *A TPy
cg(X,X)W XLy cg(X, X)W X2 cg(X,X)7r X
respectively. For each i € {1,...,7}, we consider the vector v; = AxY; defined along the

fibre 7=!(m(p)). By Corollary 2.3(a), {vi,va,...,v,} is an orthonormal basis of V, at any
g€ m 1 (n(p)) (see [3]), which can be restated as the following lemma.

LEMMA 4.3 [3]. In the set-up of Lemma 4.2, the fibres are parallelizable.

Set Ly = X. For every integer o with 1 < aw < n/(r + 1), let L, be a horizontal vector field
along the fibre 771 (7(p)) such that

(1) L4 is the horizontal lift of some unit vector (that is, g(Ls, L) € {—1,1}), and
(2) L, is orthogonal to Lo, L1, ..., La—1, and

Lo(p) € ker A7,y Nker A}, N---Nker A7 (4.2)

1(p)
Condition (4.2) is nothing but the statement that L.(p) is orthogonal to any vector in the

system {Lo(p), Ar,v1(p),- .., ALyvr(p), .., La—1(p), AL, ,v1(D),..., AL, ,v:(p)}. Moreover,
by Lemma 4.2(b), L,(q) belongs to ker Azg(q) N ker Azl(q) N---Nker Aza_l(q) for every q €

7 (7(p)). In the set-up of Lemma 4.2, Proposition 2.2(c) implies that
B = {Lo, ALO’Ul, e 7AL0UM ey kal, Akalvl, N aALk,lvr} (43)

is an orthonormal basis of H, for any ¢ € 7! (7 (p)) (see [3]). It is worth pointing out that any
element in B is basic along the fibre 77! (7(p)) by (4.2) and Proposition 2.2(a) (see [3]). Such
a basis B is said to be a special basis.

Counting the time-like vectors of B, we get the following proposition.

PROPOSITION 4.4 [3]. In the set-up of Lemma 4.2, we have n = k(r + 1) for some positive
integer k and s = q1(r' + 1) + g2(r — 7’) for some non-negative integers q1, go with q¢; + g2 = k.

The following corollary will be needed later.

COROLLARY 4.5 [3]. If s € {0,n}, then r' =r (that is, the metrics induced on fibres are
negative definite).

We now split the problem of identifying the geometry of B into two cases: (i) n = r + 1 (that
is, k =1) and (ii) n # r + 1 (that is, & > 1).
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4.2. Casen=r-+1

This case features a constant curvature base space.

PROPOSITION 4.6. In the set-up of Theorem 1.1, n =r + 1 if and only if B has constant
curvature —4.

Proof. Let b€ B, X’ € T,B such that ¢/(X’, X') = 1 and p € 7~ 1(b). Let X € H,, be the
horizontal lift of X”’.

Assuming n =r+ 1, that is, dimH, =dimV, + 1, we see that Ax:V, —» X+t ={Y €
H, | g(X,Y) = 0} is bijective, and thus, for every Y € X+, we can write Y = AxV for some
vertical vector V. By (4.1), we get

9(AxY, AxY) = g(Ax AxV,Ax AxV) = g(X, X)?g(V, V). (4.4)
On the other hand, by Corollary 2.3(b), we have
gV, Y) = g(AxV,AxV) = —g(X, X)g(V, V). (4.5)

Combining equations (4.4) and (4.5), we simply get g(AxY, AxY) = —g(X, X)g(Y,Y) for every
Y € X+, which implies that Ax AxZ = g(X,X)Z — g(X,Z)X for any horizontal vector Z.
Now, by Corollary 2.3(a), we obtain

= —4(g(X, X)g(Y,Y) — g(X,Y)?), (4.6)
which means that B has constant curvature —4.

Conversely, if B has constant curvature —4, then, by (4.6), we get g(AxY,AxY) =
—g9(X, X)g(Y,Y) for every Y € X+, which implies Ax AxY = g(X, X)Y for every Y € X+,
Therefore, by (4.1), Ax:V — X+ is bijective with its inverse given by (Ax) (Y
(1/(9(X, X)))AxY for Y € X1. As a consequence, n — 1 = dim X+ = dimV, = r.

O

THEOREM 4.7. In the set-up of Theorem 1.1, if n =r+1 and 0 < s < n, then 7 falls into
one of the following cases:

(a) 7: HY — H2(—4) = AH",
(b) m: H] — H3(—4) = BH?,
(c) m: H¥® — HY(—4).

Proof. First, recall that B has constant curvature —4 by Proposition 4.6. Let X,
Y € H, such that ¢(X,X)=1 and ¢(Y,Y)=—-1. Let B={X, Axvi,...,Axv.}, B =
{Y,Ayvi,..., Ayv]} be two special bases of H,. The index of B, the number of time-
like vectors, is r — 7/, while the index of B’ is v’ + 1. Therefore, r = 2" +1, s =1+ 1 and
n = 2(r" 4+ 1). The pseudo-Riemannian submersion 7 is of the form = : Hg:,lj:f — BETJIQ.

By a theorem due to Reckziegel [40], the horizontal distribution H of a pseudo-Riemannian
submersion with totally geodesic fibres is an Ehresmann connection, and thus, by Ehres-
mann [13], 7 is a locally trivial fibration, which always comes with a long exact homotopy
sequence

- ma(B) — m1(Frp) — m(Hyl 1) — m1(B) — mo(Fegp) — -+ - (4.7)
Now, we proceed in two cases: (i) ' = 0 and (ii) ' > 1.
Case r’ = 0. Since the fibres are connected, totally geodesic, one-dimensional submanifolds

(when 7/ = 0), any fibre is the image of a space-like geodesic in H;ﬁf,lff Thus, the fibres are



1324 GABRIEL BADITOIU

diffeomorphic to the real line (see [38, p. 113]) and 7 (Fr()) = 0. The long exact homotopy
sequence (4.7) gives m(B) = 71 (H;) = Z. Because B is of constant curvature —4, and, by
Proposition 4.1, is also complete, it simply follows that B is isometric to the pseudo-hyperbolic
space HZ(—4), and that corresponds to (a).

Case r’ > 1. By the long exact homotopy sequence (4.7), and by m; (H;‘:,'j:f) = 7r1(52rl+1) =
0, we get m1(B) = 0. The manifold B is additionally complete and of constant curvature —4.

Therefore, B must be isometric to Hf,i{z(—4). The case ' = 1 corresponds to (b).

We now assume that 7/ > 2. Since, for v’ > 2, m(B) = ﬂg(Hfff{z(—él)) = (St x
R™+1) = 0 and 7T1(H§:,/if) = 1 (S¥'+1 x R27+2) = 0, the long exact homotopy sequence (4.7)
gives 1 (Fr(p)) = 0. On the other hand, since the fibres are totally geodesic in H;:,,if’ , the
fibres are complete and of curvature —1. Therefore, the fibres must be isometric to HE,T 1
By Lemma 4.3, the fibres are also parallelizable, and that restricts the choices of 7’ > 2 to
r’ € {3,7}. The value r’ = 3 corresponds to the cases (c).

We now show that the case ' =7 is not possible, namely, we see that there is no
pseudo-Riemannian submersion 7 : Hi3 — Hi%(—4) with connected totally geodesic fibres.
By Ranjan [39], the linear map U : V, — Hom(H,, H,) given by U(V)(X) = AxV extends
to a Clifford representation U : C1(V,, —g) — Hom(H,, H,,), namely, U (v)U(w) + U(w)U(v) =
2¢(v, w)Id for every v, w € V,, because of Corollary 2.3(b). This makes the sixteen-dimensional
space H, a Cl(V,)-module, which, as usual, decomposes into irreducible CI(V,)-modules. On
the other hand, the signature of the inner product —g(v,w) = —g(v,w) of V, is (7,8), and
from the Classification Table of the Clifford algebras (32, p. 29], we see that Cl(V,,—§) =
Cl(7,5) = R(128) © R(128). In consequence, any irreducible CI(V,)-module is of dimension 128,
and thus the dimension of H, is too small to allow a non-trivial Clifford representation
U : Cl(V,) — Hom(H,, H,) as above. O

The case s =0 corresponds to a Riemannian base space which was completely classified
in [4], while the case s =n is of a Riemannian submersion from spheres (classified in
(15, 39]) when we apply a change of signs of the metrics of the total and of the base spaces.
By Corollary 4.5, the metrics induced on fibres are negative definite if s € {0, n}.

THEOREM 4.8 [4, 15, 39]. In the set-up of Theorem 1.1, we assume n = r + 1. Then the
following assertions are true.

(i) If s =0, then 7 is one of the following:
(a) 72 B} — H(~4),
(b) m: H] — H*(—4),
(c) m: H¥® — H¥(—4).

(ii) If s = n, then 7 is one of the following:
() m: H} — H3(~4),
() 7 H — H(—1).
() 7 HI — HY(-4).

4.3. Casen#r+1

We show that B is a complete, simply connected, special Osserman pseudo-Riemannian
manifold.

4.3.1. Special Osserman manifolds. Following [19], we recall the definitions of a Jacobi
operator and of a special Osserman pseudo-Riemannian manifold.
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DEFINITION 4.9. Let (B, g’) be a pseudo-Riemannian manifold and let R’ be the Riemann
curvature tensor of (B,g’). For x € T, B, we consider the linear map R'(-,z)z : T,B — T, B.
Since ¢'(R'(z,x)z,x) =0, we have Im(R'(-,x)x) C z*, where 2+ = {y € T,B|¢'(y,z) = 0}.
For z € SyB = {x € TyB | ¢'(z,v) = £1}, the restriction R, : 2+ — 2t of R'(-,z)x to xt is
called the Jacobi operator with respect to z, that is, R, (z) = R'(z,x)x for z € z+.

DEFINITION 4.10. A pseudo-Riemannian manifold (B, ¢’) is called special Osserman if the
following two conditions are satisfied at each b € B:

(I) For every x € S,B, the Jacobi operator R’ : v+ — x! is diagonalizable with exactly
two distinct eigenvalues e, A and e, u, where g, = ¢’(z,x) and A, u € R.

(IT) Let Ex(x) = span{z} @ ker(R!, — e, AId). For each © € SpB, if z € Ex(x) N Sy B, then
E\(z) = Ex(z), and moreover if y € S, B Nker(R), — e,puld), then x € ker(R! — g, uld).

g —

The values A and p involved in the previous definition are not interchangeable, for example, if
(B, ¢, J) is the complex or the para-complex pseudo-hyperbolic space of real dimension 2n > 2,
then p = A/4 and ker(R! — e,AId) = span{Jx} is one-dimensional, while ker(R! — e,uld) =
{z, Jz}t ={z|g¢'(z,2) = ¢'(2,Jz) = 0} is (2n — 2)-dimensional.

4.3.2. The base space is Special Osserman. For a pseudo-Riemannian submersion 7 :
(M,g) — (B,g'), we denote by R, the Jacobi operator of (B,g’) with respect to a vector
X' € T,B and, for X,Y € H,, we also denote by R’Y the horizontal lift of R;‘_*(X)(TF*Y) and

we consider R’y as an operator Ry : X+ — X1 with X+ ={Y € H, | g(Y, X) = 0}.
THEOREM 4.11. In the set-up of Theorem 1.1, if n # r + 1, then B is special Osserman.

Proof. Let b€ B, X' € S4B, Z' € T,B and p € 7~ 1(b). Let X,Z € H, be the horizontal
lifts of X’ and Z’, respectively. By Corollary 2.3(a), Ry is given by
R\ (Z)=R(Z,X)X = R(Z, X)X —3AxAxZ = RxZ — 3AxAxZ. (4.8)
Let {v1,v2,...,v,} be an orthonormal basis in V,, that is, g(v;, v;) = €,0; ; with ¢; € {—1,1}.
Let
B = {LQ,ALovl, o 7ALQUT7 o ,Lk_l, Akal’Ul, ey ALk,lvr}
be a special basis of H,,, that is, an orthonormal basis B with Lo = X and Ay Lg = 0 for every
a,B3€{0,...,k—1}. We show that Ry : Xt — X1 is diagonalizable with respect to B and
R’y has exactly two eigenvalues. By (4.8) and (4.1), we have
R/X(Axvi) = Rx(AXvi) — 3AXAXAXU1'
= —g(X,X)Ax’Ui — 39()(7 X)Ax’l)i = —4€XAXvZ', (49)
which gives R’/ (m.(Axv;)) = (Rl (Axv;)) = —dex/m.(Axv;). Since
0 =g(Axvj, AL, vi) = —g(vj, Ax AL, vi)
for every 7, j and every o > 1, we get Ax Ay _v; = 0, which implies that
RZX(ALQW) = RX(ALan) — 3AXAXALavi = —g(X,X)ALQUi = _EXALQ’UZ’- (410)
Projecting (4.10) to the base, we have Ry, (m.(AL, v;)) = —ex/m (AL, v;). Since AxL, = 0 by

construction, we see that

RIX(LQ) = Rx(La) - 3AxAxLa = —g(X,X)La = —EXLa (411)
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for every o > 1 and every 4. Therefore, R'y,(7«(La)) = —ex 7« (Lo ). Summarizing, the Jacobi
operator Ry, is diagonalizable with the eigenvalues —4ex: and —ex/, and moreover their
eigenspaces are

ker(R'y, + 4ex/1d) = {m.(Axv1),...,m(Axv,)} and, (4.12)
ker(R'y, +ex/Id) = {ma(L1), m(Ap,v1), .o s T (AL, 0 )y oy
W*(kal); W*(ALk,l’Ul)y ey ﬂ.*(ALk,1’U7‘>}- (413)

Now, we check that Condition (II) of Definition 4.10 holds.
LEMMA 4.12. IfY' € E_4(X'), ¢'(X',X') = £1 and ¢'(Y',Y") = £1, then X' € E_,(Y").

Proof of Lemma 4.12. By (4.12),
E_4(X') = span{ X'} @ ker(R, + 4ex/1d) = span{m. X, m.(Axv1), ..., m(Axv:)},

and, thus, the horizontal lift Y of Y’ satisfies

Y =aX+ AxU (4.14)
for some a € R and some vertical vector U. By (4.14),

g(AxU, AxU) = g(Y,Y) — a*g(X, X). (4.15)

To prove X' € E_4(Y’), it is sufficient to show that X can be written as

X =0 + AW (4.16)

for some b € R and some vertical vector W. Applying Ay to (4.16), we get Ay X =bAyY +
Ay Ay W = g(Y, Y)W, which gives W = —AxY/(g(Y,Y)). Similarly, applying Ax to (4.14),
we obtain AxY = AxAxU = ¢g(X, X)U. Substituting ¥ and W into (4.16), we obtain an
equation in b € R

X, X
X =b(aX +AxU) — i]((Y’ Y)) Aux+axvU, which is equivalent to (4.17)
o gxX) ag(X,X)
X =taX = S5 AauU + (b= “U50 ) AU (4.18)
By Corollary 2.3(b),

for every horizontal vectors X, Z and for every vertical vector U. Since A is skew-symmetric
with respect to g and alternating, we have g(AxU, AzU) = —g(AzAxU,U) = g(Aa v Z,U) =
—9(Z,Aa,vU), which, by (4.19), implies that A, yU = ¢g(U,U)X. Then

bax — 95X 4o (ba— Q(X’)Q“’(U’U)) X = (ba+ g(AXU’AxU)) X

g(Y,Y) 9(Y,Y) 9(Y,Y)
g(YyY)—GQQ(X,X)) ( ag(X,X)>
— (ba+ X=X-a(b- X,
( 9(Y,Y) g(Y,Y)
by (4.15). Therefore, (4.18) has the unique solution b = ag(X, X)/g(Y.Y). O

LEMMA 4.13. IfY' € ker(RYy, +ex/1d), ¢'(X', X') = £1 and ¢'(Y',Y’) = £1, then X' €
ker(RY, + ey/1d).
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Proof of Lemma 4.13. Let X and Y be the horizontal lifts of X’ and Y”, respectively. The
Jacobi operator Ry, satisfies

R/X/(Y/) = W*(Rx(Y) - 3AxAXy) = —g/(XI,X/)YI — 37T*(AxAXy) (420)

for any Y’ € X'+, Therefore, Y’ € ker(R, + ex/1d) if and only if AxAxY = 0. Since, by
Lemma 4.2(a), Ax :V — H is injective, AxY =0, hence Ay X =0, which implies that
R (X") = 7, (—3Ay Ay X + Ry (X)) = —g/(Y", Y") X' = —ey+ X", 0

These conclude that B is a special Osserman pseudo-Riemannian manifold. |

In the next theorem, we identify the geometry of the base space and we find the dimension
and the index of the total space in terms of the geometry of the base space.

THEOREM 4.14. Let 7 : Hf::/ — B be a pseudo-Riemannian under the assumptions of

Theorem 1.1. If n # r + 1, then 7 falls in one of the following cases:
H3h — CHp™,

H2mFL — AH™,

H%ﬁg — HH]",

H2m+1 — BH™
H23 — OH?,
Hig — OHY,
H23 — OH3,
Hg?; N ©IP2,

for 0 <t <m and m > 2, and for some 8 < ¢ < 15.

)

500 o Ao T
S N N N N N N N

Proof. We first prove that B is simply connected. When s+ 1" > 1, H:jf, is simply
connected and thus, by Proposition 4.1, B is also simply connected. If s + 1’ = 1, then either
(i) s=0and s =1, or (ii) s=1 and v = 0.

In the case (i) s =0 and 7’ = 1, the base space is Riemannian, which, by Magid [33], must
be isometric to CH™, and thus B is simply connected.

In the case (ii) s =1 and v’ = 0, B is Lorentzian Osserman at the point p, which by Garcfa-
Rio, Kupeli and Vézquez-Lorenzo [19], must be of constant curvature at the point p. On the
other hand, B has constant curvature if and only if n = r + 1. This contradicts our working
assumption n # r + 1. These conclude that B is simply connected.

By the classification theorem of simply connected, complete special Osserman pseudo-
Riemannian manifolds [10, 19], B is isometric to one of the following:

(a) a definite or indefinite complex space form of signature (2m — 2s,2s), 0 < s < m;

(b) a definite or indefinite quaternionic space form of signature (4m — 4s,4s), 0 < s < m;

(¢) a para-complex space form of signature (m,m);

(d) a para-quaternionic space form of signature (2m,2m);

(e) a Cayley plane of octonions with definite or indefinite metric, or a Cayley plane of

para-octonions with indefinite metric of signature (8, 8).

Any non-flat complete, simply connected, para-complex space form is isometric to the
symmetric space SL(m + 1,R)/(SL(m,R) x R) = AP™ (see [10, 11, 19]), and any non-flat
complete, simply connected, para-quaternionic space form is isometric to the symmetric space

Sp(m + 1,B)/(Sp(m,B)Sp(1,B)) = Sp(2m + 2,R)/(Sp(2m,R)SL(2,R)) = BP™ (see [10, 12,
19, 20)).
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By the proof of Theorem 4.11, the values A and p of Definition 4.10 are negative, namely
A= —4 and p = —1. Then B must be isometric to one of the following spaces:

CH™, HH, AP™, BP™, OH? QH?, OH; or Q'P?, (4.21)

with m > 2 and 0 <t < m. By (4.12), we simply have dimker(RY, 4+ 4ex/Id) = r, and in
particular the following conditions are satisfied.

(a) If B € {CH*,AP™}, then ker(R', + 4ex/Id) = span{I X'}, where I is a complex or
para-complex structure. Thus, r =1 and n +r = 2m + 1.

(b) If B € {HH;™,BP™}, then ker(R', + 4ex/1d) = span{I X', JX', KX'}, with {I, J, K}
a local quaternionic or para-quaternionic structure. Therefore, r = 3 and n + r = 4m + 3.

(c) If Be{0H? 0'P?}ocic2, then dimker(Ry, +4ex/Id)=7. Thus, r=7 and
n+r=23.

Now, we find the index of the total space for the choices of B in (4.21).
Case 1: B € {CH™,HH", OH?}o<t<m, o<i<2- In this case, the Riemann tensor satisfies
R(X,Y' XY < —(9(X', X")g(Y",Y') — g(X',Y")?) (4.22)

for any X', Y” vectors on B. Let {vi}icqi,...,
the horizontal lift of a non-null vector X’ € T,
becomes

3 be an orthonormal basis of V, and let X be

(»B. Taking Y’ = m,(Axwv;), inequality (4.22)

R (m. X, 7 (Axv;), m X, mu (Axv;)) < —g(X, X)g(Axvi, Axv;). (4.23)
On the other hand, by Corollary 2.3(a) and by (4.1),
R (me X, mu(Axv;), me X, mu(Axv;)) = —49(X, X)g(Axv;, Axv;).

Now, (4.23) implies 0 < 3g(X, X)g(Axv;, Axv;) = —g(X, X)?g(v;,v;) for any i. Thus, the
fibres are negative definite. Therefore, in Case 1, m should be in one of (a), (c), (e)—(g) of
Theorem 4.14. Note that, in Case 1, B is isotropic, which means that, for any b € B and
any ¢ € R, the group of isometries of B preserving b acts transitively on {Z € T, B|¢'(Z, Z) =
t, Z # 0} (see [47, p. 367]).

Case 2: B =AP™. Since B = AP™ is a para-quaternionic space form of para-holomorphic
curvature A = —4,

R/(le Y/v X,v Y/) > _(g(le X/)g(Y/, Y/) - g(X/a Y/)2)' (424)

By a similar argument to Case 1, specializing (4.24) for a non-null vector X’ and 7, (Axwv;), we

get 0 > 39(X, X)g(Axv1, Axv1) = —g(X, X)2g(v1,v1) and thus the fibres are positive definite
and 7 falls in (b).

Case 3: B = BP™. We shall show that the fibres have signature (2, 1). Note that (BP™,g’)

has a natural para-quaternionic Kéhler structure and its curvature tensor satisfies the relation

RI(XI,Y/7X/,YI) _ —(g’(X/,XI)gI(Y/,Y/) _ g/(ley/)2
=3¢/ (L X", Y')? = 3 (22X, Y')? + 3¢/ (15X, Y)?), (4.25)
where {Jy,J2,J3} is a local para-quaternionic structure, a triple of (1,1)-tensors satis-

fying J1Jo = —JoJy = J3, JZ =¢e1d, ¢'(J; X', Y') + g (X, JY’) =0and g =e9 = —e3 = 1.
Obviously, for any X/, Y” such that ¢'(J3X’,Y’) = 0, we have

R/(X/7Y17X/5Y/) 2 _(g/(X/aX/)g/<Y/vY/) - gl(ley/)z)' (426)
Let X' € TyBP™ such that ¢/(X’',X’)=+1 and let X be its horizontal lift at p €

71 (b). Let J3X € H, be the horizontal lift of J5X'. By (4.25), R/(X', J5X', X', J5X') =
—4¢" (X', X" g'(J3 X', J3X’) and thus

g(AxJ3X, Ax J3X) = —g(X, X)g(J3X, J3X) = —g(X, X)? = —1,
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by Corollary 2.3(a). Let {v1, v, v3} be an orthonormal basis of V,, such that v3 = Ax J3X. We
simply note that g(vs,vs) = —1. For i € {1,2}, taking Y’ = m.(Axv;) in (4.26), we get

R(X' 7o (Axv;), X' e (Ax ;) = =g (X', X)) g (mu (Axv;), T (Ax ;). (4.27)
On the other hand, R'(X, Axv;, X, Axv;) = —49(X, X)g(Axv;, Axv;). Thus, (4.27) becomes

0> 3g(X, X)g(Axv;, Axv;) = —39(X, X)?g(v;,v;) for i € {1,2}. Therefore, g(v;,v;) >0 for
ie{1,2}. O

To see that the cases (e)—(h) of Theorem 4.14 never occur, we first recall the notion of Clifford
structure.

4.3.3. Clifford structures. We adapt the definition of Clifford structure introduced by
Gilkey [21] and Gilkey, Swann and Vanhecke [23] to pseudo-Riemannian geometry.

DEFINITION 4.15. Let (B, ¢’) be a pseudo-Riemannian manifold and let R’ be its curvature
tensor. The space (B,g’) has a Clff (v)-structure if at every point b there exist (1,1)-tensors
Ji,Ja, ..., J, such that

1 1%
Ri(z,y)z = Jolg'(y,2)z — §'(@,2)y) + 3 D e = )¢ (Joy, 2) Js
s=1

— g (Jsw,2)Jsy — 29" (Jsw,y)Js2) (4.28)

for any x,y, z € T, B, where Ao, A\1,..., A, : B— R, Ag(b) # Ao(b) for s > 1, and ¢'(Jsz,y) =
—§'(z, Jsy) and JgJp + JpJs = —2e405 41d, with e, = 1.

The Jacobi operator at the point b of a manifold with a Cliff (v)-structure is given by

R;(J?) = )\Og/(ya y)x + Z 65()‘8 - /\O)QI(J?, sz)sz (429)
s=1

for any x € y*. Moreover,
R, (Jsy) = Asg'(y,y)Jsy forany s € {1,...,v} and (4.30)
Ry (x) = Xog'(y,y)x for any z € {y, Jry,..., Jy}*, (4.31)

and thus a pseudo-Riemannian manifold with a Cliff(v)-structure is pointwise Osserman
(see [22]).

In the Riemannian set-up, Clifford structures turned out to be a very valuable tool for the
Osserman Conjecture. In [23], Gilkey, Swann and Vanhecke suggested a two-step approach:
(i) show that the pointwise Osserman condition implies the existence of a Clifford structure
with (4.30), (4.31) and (ii) find the manifolds having the curvature tensors of (i). Using this
approach, Nikolayevsky proved the Osserman conjecture in dimension n # 16; see [35, 36]. In
dimension n = 16, the Cayley planes OH?, OP? do not admit Clifford structures [36, p. 510]
and the Osserman Conjecture remains open.

Since the curvature tensor formulae of the Cayley planes of octonions or of para-octonions
are similar to that of QP?, in particular, the eigenspace of the Jacobi operator for A = —4
satisfies

{(c, |a12(ba)c> | Re (ca) = 0} it fal? £ 0,

ker( 2a’b) +4eqpld) = L )
{<|b|2(ab)d, d> | Re (db) = O} . if |b]? # 0,

(4.32)
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for any (a,b) € SpB (see [29]), one can easily see, by analogy to [36, p. 510], that
OH2,0H?,0H?, O’ P? do not admit Cliff(7)-structures. To exclude (e)—(h) of Theorem 4.14,
it is now sufficient to establish the following theorem.

THEOREM 4.16. Let w: M — B be a pseudo-Riemannian submersion with connected,
totally geodesic fibres. If M has constant curvature ¢ # 0, then B has a Cliff (r)-structure.

Proof. Without loss of the generality, we may assume ¢ = +1. Let p € M and b = 7(p) € B.
Let {v1,...,v,} be an orthonormal basis of V,,. For any 1 < s < r, let 5 = cg(vs,vs) € {—1,1}
and let Jo(X') = m. (Axwvs), where X € T, M is the horizontal lift of X’ € T}, B. For any vertical
vector v € V,, we define the linear map AV : H, — H,, given by A"(z) = A,v for x € H,. Since
M has constant curvature ¢, by Ranjan’s paper [39] we have

A"AY + AYAY = —2¢g(v,w)Id (4.33)
for any v, w vertical vectors. Thus, JoJ; + JiJs = —2cg(vs, v)Id = —2¢4d, ,Id. Also, by Ran-
jan’s paper [39] we have g(A"X,Y) = —g(X, A"Y) for any X,Y € H,, which simply implies
g (XY = —¢ (X', J,Y') for every X', Y’ € T;, B and every 1 < s < r.

Now, we show that the Jacobi operator of B satisfies (4.29). Let X')Y’ € T, B with
g (Y'Y')==1, and ¢g(X',Y’)=0. Let X and Y be the horizontal lifts of X’ and Y,
respectively. Let

B = {Lo, ALO’Ul, N 7AL0'U7‘> e ,kal, ALk_1v17 . 7ALk_1UT}

be a special basis of Hp such that Ly = Y. We recall that B is orthonormal and that Ay Lg =0

for every «, 5 € {0, . — 1}, by construction. X can be written as
9(X, La)
X =¢9(X,) Y)Y T
IXVY 4D Ty e
(X, Ay?)l X AL Uz)
Y i Ar, vi. 4.34
+;CQ(KY)Q(’UZ,U1 v +ch LonL (Uzavi) Lo ( )

Since B is orthonormal, Ay Ay, v; = 0 by the proof of Theorem 4.11. Applying Ay Ay to (4.34),
we get

X Ayvl)

—A Ay Ay v,
cg(Y,Y)g(vi,v;) YAy Ay

Ay Ay X = Z
= _ngig ,X7 Ay’Ui)Ay’UZ‘ = —Zgicg(X, JZY)JZY

Then

Ry (X') = m(Ry X = 3Ay Ay X) = g/ (Y, Y)X' 43¢ &g/ (X', JY') LY. (4.35)
Polarizing (4.35), we get

R/(X/7YI>Z/ — C( /(Y/ ZI>X/ _ g/()(/7 ZI)YI>

+ cZeZ (LY, ZNT X' — g (X', Z)JY' =24 (J: X', Y1, Z)). O

COROLLARY 4.17. There are no pseudo-Riemannian submersions w: H?® — B with
connected, totally geodesic fibres from a 23-dimensional pseudo-hyperbolic space H23 onto
any of the Cayley pseudo-hyperbolic planes of octonions QH2, OH? ,OH? or onto the Cayley
projective plane of para-octonions Q' P2,
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REMARK 4.18. Ranjan [39] proved that there are no Riemannian submersions 7 : §%3 —
OP? with connected, totally geodesic fibres (that is, (g) of Theorem 4.14). For a topological
proof of this fact we refer the reader to [42].

5. The theorem of uniqueness

To prove Theorem 1.1, we need the following Theorem of Uniqueness.

THEOREM 5.1. Let my,m: H! = B be two pseudo-Riemannian submersions with
connected, totally geodesic fibres from a pseudo-hyperbolic space onto a pseudo-Riemannian
manifold. Then there exists an isometry f : Hj* — H}* such that my o f = m. In particular, m;
and Ty are equivalent.

Proof. The main ideas of the proof are: (1) for a given basepoint b construct special bases B!
and B? for the fibres F}! and F2, respectively, such that B! and B? have the same projections to
the base B and (2) show that the unique isometry sending B* into B2 preserves the integrability
tensors everywhere and sends fibres into fibres.

Let b € B and p,q € H such that 71 (p) = m2(g) = b. We denote by V! and V? the vertical
distributions of 7; and 7, and by H' and H? the horizontal distributions of 7; and 7,
respectively.

Let {vip,...,vrp} be an orthonormal basis of V) and let X" € Ty B such that ¢'(X’, X') =
+1. We denote by X! and X? the m- and mo-horizontal lifts of X’ along the fibres
E! = 77(b) and F? = 75 ' (b), respectively. Let (Y{, Y3, ..., V;!)) and (Y2, YZ,...,Y;?) be the
m1- and mo-horizontal lifts of

! A ! A L A
(_g()(l’)(l)ﬂ—l* X1V1p, Wﬂl* X1U2py .-+, Wﬂl* lerp) y
along F}! and F?, respectively. For each i € {1,...,r}, we consider the vectors v; = Aﬁfl Y,
defined along F}', and w; = A3.Y;? along F?. By §4, {v1,...,v,} is a global orthonormal
basis of vector fields on F}', and we claim that so is {wy,...,w,}. Indeed, by Corollary 2.3(a),
we see that

g(wi, wy) = g(A% Y7, AX=Y7)
= (5) (R (m2: X2 ma Y2, 12 X2 1 V) — g(X2, X2)g(V2,Y?) 4+ 9(X2,Y?)?)
= ()R (m XY mu Y m X mn Y — g(XH X g(YE Y 4+ g(X L YH?)
= g(A5 Y, A5 Y = g(vi,v5) = €30
along F?. Let B! = {L(l),Aiévl, e Aiévm o L}C_l,AlL}c_lvl, . AlLi_lvT} be a special basis

of H' along F}' such that L = X' (and A}, Lé =0). Let L?,...,L? | be the mp-horizontal
lifts of m.Li,...,m.LL_, along F?. We take L3 = X2. Let

2 2 2 2 2 2 2
B = {LO7AL%w17 e ,AL%w,., .. "Lk—17ALi_1w17 .o "AL%_le'}' D

LEMMA 5.2. (i) The vector field A§(2wi is basic along Fb2 and 7'('1*14‘1)(11}1‘ = 7T2*A2X2w7; for
every 1.

(i) We have A%, L7 =0 and A3, L3 = 0 for every a and f3.

(iii) The basis B* is a special basis of H? along F? and Wl*Angl v; = 7('2*14%3 w; for every i
and «.
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Proof. Let Z' € T,B, and let Z' and Z? be the m;- and ma-horizontal lifts of Z’ along F}
and F?, respectively. By Corollary 2.3(a), we get
g(AAQXﬂUZﬁ Z2) = —g(A§(2§/;2,A§(QZQ) = (%)(R(X27E27X27 Z2) - RI(X27YZ-2, X27 ZQ))
= (%)(R(Xlayil,xl’ Zl) - R/(Xl»Yilel’Zl)) = 7g(A§(1Yi1,A§(122)
= g(A§1Ui5Z1)7
which simply implies (i). By (i), we see that

(A% L2 w;) = —g(L2, A%ow;) = —g' (9. L2, Tow A%z w;)
= ¢/ (LY, m Ak ivy) = (A% LY vi) =0, (5.1)
for every ¢ and «. Thus, A§(2 L? = 0. Therefore, by Proposition 2.2(a), we obtain that
29(A2, L3, w;) = 29(A%, L3, A%.Y?2) = R/(L2, L3, X2, Y?)
— R(LZ, T3, X2, ¥2) + g(A3, X2, 43, V7) — g(A3, X2, 43, 2)
= R'(Lo, Ly, X', Y}') = R(Lg, L, X, Y1) = 2g(Ap, Ly, vi) =0,
for every i. Thus, A%z L% = 0 and hence B2 is a special basis of H?2.

By Proposition 2.2Zc), AL2 w; is basic along I (for details see [3, Lemma 3.4]), and by an
argument similar to [3, Lemma 3. 4] one can see that 7r1*AL1 vy = 7r2*AL2 w;. O

Since B! and B? are special bases, they are orthonormal, by §4. Let F : T,H{* — T,H}"* be
the linear isometry given by F'(v;) = w;, F(AlL1 v;) = A%2 w;, F(LL) = L2 for any 1 <i <
0 <a< k-1 Since H} is a frame- homogeneous space, there exists an isometry f : Hf — H e
such that f(p) = ¢ and f., = F (see [38, 47]). It remains to prove that my o f = 7.

We say that the condition (%) is satisfied at « € Hp if

() m(f(@) =m(x), fualMy)=Hiu, [(ApF)=A} gf.F forany E,F e T, H

We will proceed in four steps.

Step 1. (x) holds at p.

Step 2. (x) holds at every z € F}l.

Step 3. If 4 : [0,1] — Hf* is a 7 —horizontal geodesic with 5(0) € F}}, then (%) holds at any
point (), where ¢ € [0, 1].

Step 4. mo(f(z)) = m1(z) for any = € H.

Proof of Step 1. From the definition of F', we simply have mo(f(p)) = m1(p) and
Fep(Hy) = Hi ). (5:2)

We recall that the vectors of B! are basic along F}'. Since

A}L‘lL}l . A}Lé vj = g(L}l, Lé)@}, vj (5.3)
along F}! (see [3]) and since A' is alternating, we see that V!, v; = (3)[v;,v;]. Similar relations
hold for 7o, and, at p, we simply have f.[v;,v;] = [fivi, f*v]] [w;, w;]. Therefore,

f*(AAlL}XviAlL}an) f (Allv )f*( lej>- (5.4)
By the definition of f and (5.4), we get fi,(ALF) = f*pEf*pF for any K, F € T,H}. O

Proof of Step 2. The following lemma shall be needed right away. |
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LEMMA 5.3 [38, p. 105]. Let Ny, Ny be two complete, connected, totally geodesic pseudo-
Riemannian submanifolds of a pseudo-Riemannian manifold M. If p € Ny N Ny and T,N; =
TP.ZVQ7 then N1 = N2.

Since f(F}), F? are totally geodesic in a complete manifold, they are complete. By the
definition of f, f(p) =q, f(p) € f(F})NF;. By (5.2), Ty (f(Fy))) = T EyZ, which, by
Lemma 5.3, implies that f(F}) = F2. It follows that (7o f)(z) = m2(z) for every z € F}} and
that Ty f(Fy) = Ty F for every z € F). Hence, f..(H.) = H?»(Z) for every z € Fy!. Since
Jep = (Tauglrz) 7' 0 (T14p|21) and since every vector of B! and B? is basic along F}' and F?,
respectively, fo.(ARF) = A _pfe.F for every E, F € T.Hf* and every z € Fy.

Proof of Step 3. Let v : [0,1] — B be a geodesic in B starting from b = v(0). Let ¢ = (1).
For any z € F}}, w € F? we denote by v} :[0,1] — H and ~2 : [0,1] — H{* the ;- and -
horizontal lifts of v starting from z = v1(0) and from w = ~. (0), respectively. Note that the
global existence of the horizontal lifts is ensured by the Ehresmann- completeness of H. Let

Fb — F!and 72 : F} — F? be the holonomy diffeomeorphisms of v given by 7. (z) = v1(1)
and m2(w) = 75 (1), respectlvely (see [8, 27]). A nice fact to point out is that ’7'71 and 72 are
1sometrles since the fibres are totally geodesic [8, 30]. Now, we prove that f o 7)(z) = 72 o f(2)
for any z € F}.

The geodesic f o~} is mo-horizontal if its initial velocity is (cf. [8, 15]). We see that

d .
Ggont)| = LR € furlrth) = T3 (5.5)
t=0
Thus, 'y]%(z) = fovz for any z € Fb, which can be reinterpreted as fOTvl(Z) = 7'3 o f(z).
Therefore, f(F}) = FZ, hence f..(H.) = H7 ) and m 0 f(z) = mi(2) for any 2 € F.

We now check that f preserves the O'Neill integrability tensors. Let X'(¢), Y/ (t),..., Y,/ (?),
Li(t),...,L;j_,(t) be the parallel transports along ~ of m.X', .Y, ... 7Y}
L, m L) Let (X)), YiH(),..., Y, (), Li(t), ..., Li_,(t)) and (X2(t),Y2(D),...,
Y2(t),L3(t),..., L7 |(t)) be the m1- and m2-horizontal lifts of

(X'(),Y{(t), ..., Y(£), Li(#), - ., Ly 1 (1))
along F! Sy and F? Sty respectlvely Set v;(t) = Aﬁfl(t ( ) and w;(t) = A§(2(t)Yf(t). Fixing
z € Fb , we simply define v! = v1. We need to establish the following technical lemma. |

LEMMA 5.4. (i) We have vl(Vﬁl(t)Akl(t)Y (t)) = 0 and v* (Vi1 )AL1 (t)Lﬁ( )) = 0 for any
i? a7 /3'
(ii) The basis {v1(t),...,v.(t)} is an orthonormal basis of vector fields on the fibre FA}(t).
(iii) We have h' (Vs (t)ALl (t)vl( )) =0.
(iv) The vector field 7T1*(AL1 (t )vl(t)) is the parallel transport of 7r1*(A1L1 vz)
() The  basis B0 = {L0) ALy (), Ay ur(0)--- Ly, AL i)
Aii_l(t)vr( )} is an orthonormal basis of M., and moreover AL1 (t)LB ): 0 for
any « and (3.

Proof of Lemma 5.4. (i) Since H{* has constant curvature, by Proposition 2.2(b), we get
0= R(X'(t), Y} (1),%,U) = g((Vs1 A)x1 (Y (1), U)
= g(Vir Ax (n Y} (1), U) — g(Alvﬁle(t))/z;( ),U) = g(Ax1 () V41 Vi (1), U)
9(Vyr Axa)Yi (1), U).
Therefore, v (V41() Ak, Y (t)) = 0. Similarly, we get v (Va1 Az, y L(t)) = 0.
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(ii) We simply have
A ()9 (vi(t), v;(t)) = g(v' Vi, v5) + 903,01 Vi gyvs) = 0, (5.6)

which implies that g(v;(t),v;(t)) is constant along v*(¢) and thus {v;(¢)}1<;<, is an orthonormal
basis.

(iii) Using the fact that (Vg, A)g, is skew-symmetric with respect to g (see [8]), and that
the total space has constant curvature, by Proposition 2.2(b), we have

0= R(LL(1), Z,4" vi(t)) = g(V4r AV L1 (1) Z, 0i(t)) = —9(Z, (V41 AY) L1 (yvi (1)
=—g(Z, v'lAlLl wvi(t)) +9(Z, Alvﬁngl(t)Ui(t))Jrg(Z, ALé(t) o' Vsi0i(t))
= —9(Z,V; 1AL1 (t)vl( )

which implies (iii).
(iv) By (iii), we simply have V;(t)ﬂl*(AlLL(t)Ui(t)) =0.
(v) By (iv), we have that B'(¢) is an orthonormal basis of H'lyl(t)' By (i), we get

PO 9(AL 1y Lp(1): vi(1) = 90" Vi iy ALy 1y L(1),0i) + 9(ALs (y Ls (1), v Visa yvi) = 0,

which 1mphes that g(Ai1 i Ls),vi(t) = (A}J1 0 L5(0),0:(0)) =0 for any i. Therefore,
Aps o Ls(t) = 0. u

Similar results hold for m. In particular, 772*(AL2 (nWwi(t)) is the parallel transport of
Tox (A2, w;). From Step 2, m. (A}, v;) = wz*(AL2 w;), and therefore their parallel transports
must be equal to each other:

Tz (AL (1) 0i (1) = Taup(2) (AZ2 (ywi(t)), (5.7)

and that can be rewritten as f..(A4 Ll(t)vz(t)) A%Q (nwi(t). Using an argument similar to
Step 2 for the special bases B'(t) and B2(t), we simply get f,.(ALF) = A% pfoF for any
E,F € B'(t).

Proof of Step 4. Let x be an arbitrary point in H. Since H;' is connected, there exists
a broken geodesic v(t) in B connecting b and 71 (x) (see [38, p. 72]). Applying successively
Step 3 to each smooth piece of the broken geodesic, we see that (x) is satisfied at every point
z € F, ) for every t; in particular, (x) holds at x. O

REMARK 5.5. A very important result due to Escobales is the criterion of equivalence of
two Riemannian submersions, which states that if 71, 79 : M — B are Riemannian submersions
with connected totally geodesic fibres from a connected complete Riemannian manifold onto a
Riemannian manifold, and if, for some isometry f : M — M, the condition (x) holds at a given
point p € M, then there exists an isometry f: B — B such that myo f = f omp. Although
the proof of Lemma 5.4(i) invokes R(X,Y,Z,U) = 0, a usual hypothesis in the geometry of
transversally symmetric (pseudo-)Riemannian foliations (see [43]), the proof of Theorem 5.1
relies on the construction of a special basis, which is specific to a pseudo-Riemannian submer-
sion with totally geodesic fibres of a non-flat real space form. In Theorems 6.1 and 6.2, we shall
see that Theorem 5.1 can be adapted to the case of pseudo-Riemannian submersions with (para-
Jcomplex, connected, totally geodesic fibres from a (para-)complex pseudo-hyperbolic space.

6. Applications of the main theorem

We summarize the results proved in the previous sections.
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Proof of Theorem 1.1. By Theorems 4.7, 4.8, 4.14 and Corollary 4.17, B is isometric
to one of the following spaces: HF(—4), H8(—4), H§(—4),CH™, AP™ HH™ ,BP™, denoted
simply by B’. There exists an isometry f: B — B’. Let «/ : M’ — B’ be the Hopf pseudo-
Riemannian submersion with the base space B’ and with M’ a pseudo-hyperbolic space. Also,
by Theorems 4.7, 4.8, 4.14, we see that a = dim(M’), | = index(M’), and thus M’ = H". By
Theorem 5.1, ' : H* — B’ is equivalent to fom: H{* — B’, namely, there exists an isometry
f H — H{ such that 7o f = f o 7. Therefore, 7 and 7’ are equivalent. a

As a consequence of Theorem 1.1, we now obtain classification results for pseudo-Riemannian
submersions with totally geodesic fibres from (a) CH", (b) HH;", (c¢) AP™, (d) BP™. First,
we define the following Hopf pseudo-Riemannian submersions with totally geodesic fibres:

(a) mem: CH3Y = H%’:gj JH! — HH" = Iij[j‘r%‘”’ JH3, given by mcm([zH]]) = [2Hj);
(b) mcp: CHZmT! = HZZL‘L JH} — BP™ = Hzn“fjr'l JH3, given by mcp([zHY)) = [zH3);
(c) map: APP™HL = Hym i3 /HY — BP™ = Hy" 13 /HY, given by ma p([2H]) = [2H].

The fibres of 7¢c w1, mc B, a5 are isometric to CH{, CH', AP, respectively.

THEOREM 6.1. Ifm: CHf — B is a pseudo-Riemannian submersion with connected, totally
geodesic fibres from a complex pseudo-hyperbolic space onto a pseudo-Riemannian manifold
and if the fibres are complex submanifolds, then 7 is equivalent to one of the following Hopf
pseudo-Riemannian submersions:

(a) mem : CHYWT' — HH™  (b) mcp : CHZ' ' — BP™.

Proof. Let 6 : H;{fj‘ll — CH} be the Hopf pseudo-Riemannian submersion over CH;'. Now,
m and 6 are pseudo-Riemannian submersions with totally geodesic fibres, and by Escobales
[16, Theorem 2.5] so is 7 o 0, to which we can apply Theorem 1.1. By our usual assumption
dim CH > dim B, we see that the dimension of the fibres of 7 o 6 is greater than 1. Therefore,
7 o0 is equivalent to the Hopf pseudo-Riemannian submersions (¢)—(g) of Theorem 1.1, which
implies that m must be of the following forms:

(i) CHai' — HH™,

(i) CH2m+l — BP™,

(iii) CHY — H8(—4),

(v) (CH77 — H88(—4).

By Nagy [34, Proposition 4.2], the dimension of the fibres must be 2; thus (iii)—(v) are not
possible. We refer the reader to [39] for a different proof of the non-existence of (v), and to [4]
for that of (iii). Let mq,mo : (CHgfr{l — HH]" be two pseudo-Riemannian submersions with
totally geodesic fibres. By Theorem 5.1, 7 0§ and ms 0 € are equivalent, and, by the proof
of Theorem 5.1, there exists an isometry f : Hfﬁf’ — Hfﬁ? depending on the choice of an

orthonormal basis {v1p, vap, vy} of V; =Ker(m00), p e Hf;’j_‘g?’, such that
maofo f=mob. (6.1)

If we choose this orthonormal basis such that vs), is §-vertical, then, by a similar argument to
the proof of Theorem 5.1, we see that f sends any #-fibre into a #-fibre, and thus there exists
an isometry f : (CHgg'}fll — (CH%;T{l such fof=60o f. By (6.1), we get my 0 f = 1.

A similar argument can be used to show the equivalence of two pseudo-Riemannian
submersions 7y, 7y : CH2™ L — BP™. O
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THEOREM 6.2. Ifm: AP® — B is a pseudo-Riemannian submersion with connected, totally
geodesic fibres from a para-complex projective space onto a pseudo-Riemannian manifold and if
the fibres are para-complex submanifolds, then 7 is equivalent to the Hopf pseudo-Riemannian
submersions:

o AP . BP™,

Proof. Let my : H2%"! — AP® be the Hopf pseudo-Riemannian submersion over AP?.
One can show by an analogous argument to [34, Proposition 4.2] that in the para-case, the
fibres are also of dimension 2. Applying Theorem 1.1 to 7 o 7, we obtain that 7 should be
of the form

(i) APP™H - BP™ or (i) AP*™T? — HHZ™H

Since the signatures of HHZ™T! and APY™T3 are (4m +4,4m) and (4m + 3,4m + 3),
respectively, (i) is not possible. The uniqueness of (i) follows analogously to the proof of
Theorem 6.1. |

REMARK 6.3. The two twistor spaces 7 : (Z¢,g) — BP™, ¢ = £1 (see [1]) of the para-
quaternionic Kéhler manifold BP"™ are equivalent to the Hopf pseudo-Riemannian submersions
nep : CH2Z™ — BP™ (when e = —1) and ma p : AP?™T! — BP™ (when ¢ = 1). Here g is the
canonical Kéhler-Einstein (when ¢ = —1) or para-Kéhler-Einstein (when € = 1) metric of Z°¢
(see [1]). By Alekseevsky and Cortés [1, Theorem 3], there are two Einstein metrics in the
canonical variation on Z¢ and only one of them is e- Kéhler—Einstein. Another nice fact is
that the twistor space m: Z — HH;" of the quaternionic Kdhler manifold HH;" is equivalent
to mcu : CH3 T — HH]™

COROLLARY 6.4. (i) There are no pseudo-Riemannian submersions 7 : HH]* — B with
connected quaternionic fibres.

(ii) There are no pseudo-Riemannian submersions 7 :BP™ — B with connected para-
quaternionic fibres.

Proof. First, we recall that any (para-)quaternionic submanifold of a (para-) quaternionic
manifold is totally geodesic [2].

(i) To obtain a contradiction, suppose that such a submersion 7 exists. Let my : Hyp't5®
HH]" be the Hopf pseudo-Riemannian submersion over HH;". By Theorem 1.1, 7o my is
equivalent to one of the following: H}° — H®(—4), H¥®> — H§(—4) or H{? — H§(—4), thus
must be of the form

(a) HH} — HS(—4), (b) HH} — H$(—4) or (c) HHS — HS(—4). (6.2)

We conclude that the fibres are four-dimensional and that m o e w : CHJ, ., — HS(—4), (t,s) €
{(1,0),(1,4), (3,8)} are pseudo-Riemannian submersions with complex, totally geodesic, six-
dimensional fibres, which contradicts Theorem 6.1.

The proof of (ii) is analogous to (i). O

REMARK 6.5. The Ucci topological proof [44] of the non-existence of (6.2(c)) cannot be
extended to (6.2(a)) and (6.2(b)), because HH3;, H®(—4), H§(—4) have the homotopy types
of S, a point and S*, respectively.
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REMARK 6.6. Unlike the Riemannian submersions from spheres, the pseudo-Riemannian
ones from pseudo-hyperbolic spaces feature less rigidity when we drop the condition of totally
geodesic fibres. Particularly, while any Riemannian submersion from a sphere is equivalent to
a Hopf one [46], this is no longer true for the pseudo-Riemannian submersions from pseudo-
hyperbolic spaces. Indeed (cf. [6]) any pseudo-hyperbolic space H* can simply be written as a
warped product H* = (H*! x; S', gye), via the identification ¢ : H*~! x S — H{, given by
(w0, 2),u) = (zou, ) for every u € S, (vg,2) € H*™!, 29 € Ry, x € R*!. Here f: H* ! —
R, is given by f(zo, (z1,...,24—1)) = Zo, and the metric of the warped product is gpe—1 —
f%gg1. Now the projection

o HY = H ! xp SY— HO7!

is a pseudo-Riemannian submersion (with totally umbilical fibres [8]), which is not equivalent
to a Hopf one, except possibly when (a,l) € {(3,1),(7,3),(15,7)}. The classification problem
of pseudo-Riemannian submersions from pseudo-hyperbolic spaces remains open.
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