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We get obstructions to existence of semi-Riemannian submersions with totally
umbilic fibres.

Introduction.

The theory of Riemannian submersions was initiated by O’Neill [13] and
Gray [8]. Presently, there is an extensive literature on Riemannian submer-
sions with different conditions imposed on the total space and on the fibres.
A systematic exposition could be found in the A.Besse’s book [4]. Semi-
Riemannian submersions were introduced by O’Neill in his book [14]. In this
paper we study the semi-Riemannian submersions with totally umbilic fibres.

The main purpose of section §2 is to obtain obstructions to the existence
of the semi-Riemannian submersions with totally umbilic fibres and with
compact and orientable total space, in terms of sectional and scalar curvature.
Using a formula of Ranjan [15], we obtain an integral formula for mixed
scalar curvature TV, which give us obstructions to existence of the semi-
Riemannian submersions in some special cases. Then we establish other
integral formula of scalar curvature of total, base and fibres spaces and another
obstruction to existence of semi-Riemannian submersions is obtained.

In section §3 we study the semi-Riemannian submersions 7: M —
B with totally umbilic fibres, when the mean curvature vector field H is
parallel in the horizontal bundle along fibres and R(X, Y, X, Y) is constant
along fibres for every X, Y basic vector fields. If moreover we assume
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that B is a Riemannian manifold and M is a semi-Riemannian manifold of
index dimM — dim B we deduce that the mean curvature vector field H
is basic if and only if the horizontal projection of R(X,Y)AxY, denoted
by hR(X, Y)AxY (see page 2), is basic for every X, Y basic vector fields.
We get there are no semi-Riemannian submersions 7: M — B with totally
umbilic fibres, M a constant positive curvature semi-Riemannian manifold
of index dim M — dim B > 2 and B a compact and orientable Riemannian
manifold. Then we find that a semi-Riemannian submersion with totally
umbilic fibres, with R(X, Y, X,Y) constant along fibres for every X, Y
basic vector fields and with basic mean curvature vector field from an m-
dimensional semi-Riemannian manifold of index r = m —n with non-negative
mixed curvature onto an n-dimensional compact and orientable Riemannian
manifold, has totally geodesic fibres, integrable horizontal distribution and
null mixed curvature. Therefore a semi-Riemannian submersion 7: M — B
with totally umbilic fibres and with sectional curvature of the fibres non-
vanishing anywhere, from a constant curvature semi-Riemannian manifold M
of index dim M —dim B > 2 is a Clairaut semi-Riemannian submersion. Also
we study the case of positive sectional curvature fibres. We give a sufficient
condition to have every fibre with zero sectional curvature, when the total
space has constant curvature.

1. Preliminaries.
In this section we recall some notions and results which will be needed.

DEFINITION. Let (M, g) be an m-dimensional connected semi-Rieman-
nian manifold of index s (0 < s < m), let (B, g’) be an n-dimensional
connected semi-Riemannian manifold of index s’ < s, (0 < s’ < n). A semi-
Riemannian submersion (see O’Neill [14] ) is a smooth map w: M — B
which is onto and satisfies the following three axioms:

(a) m.|, is onto forall p € M;
(b) The fibres w~'(b), b € B are semi-Riemannian submanifolds of M ;

(c) m, preserves scalar products of vectors normal to fibres.

We shall always assume that the dimension of the fibres dim M — dim B
is positive and the fibres are connected.

The vectors tangent to fibres are called vertical and those normal to fibres
are called horizontal. We denote by V the vertical distribution and by #€ the
horizontal distribution.
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B.O’Neill [13] has characterized the geometry of a Riemannian submer-
sion in terms of the field tensors T , A defined for E, F € I'(T M) by

AEF = hthUF + UVhEhF
TEF = hVUEvF + UVUEhF

where V is the Levi-Civita connection of g. Here the symbols v and % are
the orthogonal projections on V and # respectively. For basic properties of
Riemannian submersions and examples see [4], [8], [13]. The letters U, V,
W, W’ will always denote vertical vector fields, X, Y, Z, Z' horizontal vector
fields and E,F,G,G’ arbitrary vector fields on M. A vector field X on M is
said to be basic if X is horizontal and 7 —related to a vector field X’ on B. It
is easy to see that every vector field X’ on B has a unique horizontal lift X to
M and X is basic. The following lemmas are well known (see [13], [6]).

LEMMA 1.1. Let X be a horizontal vector field. If g,(X, Z) = g, (X, Z)
for all Z basic vector fields on M, for all p,p’ € 7' (b) and for all b € B
then m. X is a well defined vector field on B and X is basic.

LEMMA 1.2. We suppose X and Y are basic vector fields on M which are
w-related to X' and Y', and V is a vertical vector field. Then

a) h[X, Y] is basic and 7 -related to [ X', Y'];

b) hVxY is basic and w-related to V,Y' , where V' is the Levi-Civita
connection on B;

c) hVyX = AxV.

Let {ei,...,e,,} be a local field of orthonormal frames on M such that
e, ..., e, are vertical vector fields and e, ..., ¢, are basic vector fields,
where r = dimM — dim B denotes the dimension of fibres. We have
gleq, ep) = &,64 for every a, b (where g, € {—1, 1}). We shall always
denote vertical indices by i, j, k,l,... = 1,...,r and horizontal indices by
o, B,y,8,... = r+1,...,m. The summation ) _ is taken over all repeated
indices, unless otherwise stated.

The convention for the Riemann tensor used is

R(E, F)G - VEVFG - VFVEG - V[E,F]G
and

R(E,F,G,G)=—g(R(E, F)G,G).

Let g be the semi-Riemannian metric of a fibre 7 ~!(b) , b € B. We make
the following notations:
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R, R/, R for the Riemann tensors, K, K’, K for the sectional curvatures,
and s, ', § for the scalar curvatures of the metrics g, g’, g, respectively;

HV
T =§ cieqR(ey, € e4,€;), H = E giT,e;,

8(A, A) =) euepg(Acep, Acyep) = Y Ei8ag(Ag,eir Acyer),
o, B o,

g(Ta T) = Zgigjg(Teiej, Teiej) = Zgigozg(Teiea, Teiea),

i,j o,

div(E) =) &ig(VoE.e) + Y £ag8(Ve, E. ).

If X is an unitary horizontal vector and V is an unitary vertical vector
the sectional curvature of the 2-plane {X, V} is called the mixed sectional
curvature.

DEFINITION. A semi-Riemannian submanifold F of a semi-Riemannian
manifold (M, g) is said to be totally umbilic submanifold if the second
H
fundamental form 11 of F is given by II(U, V) = g(U, V)— for every U,
r
V tangent vector fields to F.

Notice that 7 V is the second fundamental form of the fibres and AyY is
a natural obstruction to integrability of horizontal distribution.
If the fibres of the semi-Riemannian submersion are totally umbilic

1
submanifolds then Ty V = —g(U, V)H forevery U, V vertical vectors fields
r
1
and g(T,T) = —g(H, H).
r
By O’Neill’s equations [13] we get the following lemma.

LEMMA 1.3. If t: (M, g) — (B, g’') is a semi-Riemannian submersion
with totally umbilic fibres then:

a) RWU,V,U,V)=RU,V,U,V)+ [e(U,V)> —g(U,U)g(V,V)lg < i i)

oy
H H\?
b) RIX,U, X, Uy=gWU,U)|g(Vx—.X)—g (X, =) |+ g(AxU, AxU)
r r
¢) R(X,Y,X,Y)=R@mX, 7Y, 7. X, 7.Y) — 3g(AxY, AxY)

Using a relation of R. Escobales and Ph. Parker [7], we have the following
proposition.
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PROPOSITION 1.4. Let m: (M, g) — (B, g') be a semi-Riemannian sub-
mersion with totally umbilic fibres and X, Y be basic vector fields. Then A xY
is a Killing vector field along fibres if and only if g(VyH, X) = g(VxH,Y).

Proof. Let U,V be vertical vector fields. Since the fibres are totally
umbilic, for every X, Y basic vector fields we have (see [7])

g, V)
g(Vy(AxY), V)+g(Vyv(AxY),U) = f(g(VyH, X)—g(VxH,Y)).O

Corollary 1.5. Let m: (M, g) — (B, g') be a semi-Riemannian submer-
sion with totally umbilic fibres. We suppose that the mean curvature H is a
basic vector field. Then AxY is a Killing vector field along fibres for every
X,Y basic vector fields if and only if (n,.H)" is a closed 1—form on B.

Proof. Let w = (w,H)", X',Y’ be vector fields on B. We have
2dw)(X",Y') = g'(Vym.H,Y') — g'(Vym.H, X).

Let X,Y be basic vector fields such that 7, X = X', 7,Y = Y’'. By lemma 1.2,
we have

(§'(Vym.H,Y') — g (Vym.H, X)) o = g(VxH,Y) — g(VyH, X).
Applying proposition 1.4 we get the conclusion. O
In [3] we proved the following result.

PROPOSITION 1.6. Let w: (M, g) — (B, g') be a semi-Riemannian sub-
mersion from an (n + s)-dimensional semi-Riemannian manifold of index
s > 1 onto an n-dimensional Riemannian manifold. If M is geodesically
complete and simply connected then

1) B is complete and simply connected;

2) we have an exact homotopy sequence
- => m(B) —» m(fibre) - mi(M) — m(B) = 0;

3) If moreover B has non-positive curvature then the fibres are simply
connected.

The following proposition is a semi-Riemannian version of Ranjan’s
formula (see [15]) in the case with totally umbilic fibres.
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THEOREM 1.7. If the semi-Riemannian submersion 7: (M, g) — (B, g’)
has totally umbilic fibres, then

1
(1.1) tHvzdiv(H)-I—(l——) g(H,H)+g(A, A).
r
Proof. From O’Neill [13] , we have the following formula

R(ea, €, €q, ei) = g( (veaT)e,-eiv eoz) + g(Aeaeiv Aeaei) - g(Te,-eou Teiea)

g( (Ve(,T)eieia ea) = g(ve(, (Teiei), ea) - 2g(Te,»(UVea€i), ea)

If we denote by ¢i; = g(vV,,ei, ¢), itis easy to see that g;; + g;; = 0.
Since T,,e; = T,.e; we get ) &;8(T,;(vVe,e)), e0) = ) ei;q5iT, e = 0.
J iJj

Then

1V = ZsisaR(ea, e, ey, ;) = Zsag (Vga (Z SiTeiei> ,€a> +

> eatig(Ager Ager) — Y £a18(Teur Toyea)

We get the semi-Riemannian version of Ranjan’s formula
oV =div(H) + g(H, H) 4+ g(A, A) — g(T, T).

Since the fibres of the semi-Riemannian submersion 7 are totally umbilic we

1
have ¢(T,T) = —g(H, H). |
r

2. Integral formulae.

As a consequence of theorem 1.7, we have the following proposition.

PROPOSITION 2.1. If the semi-Riemannian submersion w:(M,g) —
(B, g') has totally umbilic fibres and M is a compact and orientable manifold,
then

(2.2) /tHvdvg = <1 — i) /g(H, H)dv, —I—fg(A,A)dvg
M g M M
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Proof. We use the relation (1.1) and / div(H) = 0. O
M

COROLLARY 2.2 I[f m: M — B is a Riemannian submersion with totally
umbilic fibres and M is a compact and orientable manifold then f "V dv,>0.

M

By proposition 2.1, we have the following splitting theorem, which is a
generalization of proposition 3.1. of R. Escobales [6].

THEOREM 2.3. Let m: M — B be a Riemannian submersion with totally
umbilic fibres. We suppose that M is a compact and orientable manifold
with non-positive mixed sectional curvature (i.e. K(X,V) < 0 for every X
horizontal vector field and for every V vertical vector field ). Then

a) R(X,U,Y,V) =0 forevery X, Y horizontal vector fields and for every
U , V vertical vector fields;

b) the horizontal distribution is integrable (this is equivalent with A = 0);

c) the fibres are totally geodesic.

Proof. Since 7V < 0, g(A,A) > 0 and g(H,H) > 0, we
get the relations TV = > R(e,,e,eq,¢;)) = 0 , g(A,A) = 0 and
| ,
1-— —) g(H, H) = 0, by formula (2.2). Hence A = 0.
r

Let X be a horizontal vector and V be a vertical vector, X £ 0, V # 0.
We can choose a local field ey, ..., ¢, of orthonormal frames adapted to the

\%
———, e, = —. Since TV =0
VI 1 Xl

and R(e,, ¢;, ey, €;) < 0 forall i, we get R(ey, ¢;,¢e,,¢;) = 0 forall i, «.
Therefore R(X,V, X,V) = 0 for every X horizontal vector field and for
every V vertical vector field.

We shall prove that the fibres are totally geodesic.

Since A =0, R(X, V, X, V) =0, we have, by lemma 1.3,

( b ) ( H>2
(2.3) glVx—, X ) =g X,—
r r

for every X horizontal vector field. Let p be an arbitrary point in M and
y:R — M a horizontal geodesic in M, y(0) = p. We denote by h(t) =

Riemannian submersion such that ¢; =
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H
g <—, ))(t)). Rewriting formula (2.3), for every ¢ € R we get
’

(2.4) %(f)—h(t)z
' de 7

1
The differential equation (2.4) has the solution A(z) = 0 or h(t) = — TFA

for some A € R. But the domain of the maximal solution is the entire real line,
H

only for the null solution. Hence g (—, ))(t)) = 0 for every y horizontal
r

geodesic. Therefore H = 0. O

PROPOSITION 2.4. Let B be an n-dimensional Riemannian manifold,
w: M — B be a semi-Riemannian submersion with totally umbilic fibres and
M be an m-dimensional compact, orientable semi-Riemannian manifold of
indexr = m — n. Then

(2.5) f <rHV - <1 - %) g(H, H)) dv, <0,
M

we have equality in (2.5) if and only if the horizontal distribution is integrable;

2.6) f (Y — g(A, A))dv, = 0,
M

we have equality in (2.6) if and only if either r = 1 or the fibres are totally
geodesic.

Proof. Since  sends isometrically the horizontal spaces into the tangent
space of B, and B is a Riemannian manifold, it follows that the fibres are
semi-Riemannian manifolds of indices » and g(H, H) > 0. Since g(A, A) =

Y eaep8(Ac ep, Ayep), € = 1 forall a , and the induced metrics on fibres
a’ﬁ
are negative definite, we obtain g(A, A) < 0. By formula (2.2) we have the

conclusion. O

Applying proposition (2.4) for a Lorentzian total space we get the follow-
ing obstruction.

THEOREM 2.5. Let B be a n-dimensional Riemannian manifold. If M is a
compact, orientable (n + 1)-dimensional semi-Riemannian space of index 1,
with positive mixed curvature then there are no w: M — B semi-Riemannian
submersions.
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Proof. We suppose that there is such a semi-Riemannian submersion.

Since r = 1 the inequality (2.5) implies / %V < 0, which is a contradiction
. ., . ., . . M
with the stated condition of positive mixed curvature. O

PROPOSITION 2.6. If M is a (r + 1)-dimensional semi-Riemannian man-
ifold of index r, with negative mixed curvature and B is a one dimensional
Riemannian manifold then there are no m: M — B semi-Riemannian sub-
mersions with compact, orientable total space and totally umbilic fibres.

Proof. We suppose that there is such a semi-Riemannian submersion.

Since dim #¢ =1 we have A = 0 . By relation (2.6) we obtain / 7 >0,

M
which is a contradiction with negative mixed curvature condition. O

DEFINITION. The total scalar curvature of a compact manifold (M, g) is

Se = / sodv,, where s, is the scalar curvature of (M, g).
M

In what follows we give some obstructions to the existence of semi-
Riemannian submersions in terms of total scalar curvatures of the total space
M, the base space B and of the fibres.

We denote by S, 5, S the total scalar curvature of (M, g), (B, g’) and
(7' (x), &) respectively.

By lemma 1.3 and formula (1.1), we get immediately the following
proposition.

PROPOSITION 2.7. If m: M — B is a semi-Riemannian submersion with
totally umbilic fibres, then

(2.7) s:s/orr+§+2div(H)—|-<1—%) g(H,H)—g(A,A)

Integrating formula (2.7) we get

PROPOSITION 2.8. If m: M — B is a semi-Riemannian submersion with
compact and orientable total space M and with totally umbilic fibres, then

28) S—(Som+38) = (1 —%)fg(H, H)dvg—fg(A,A)dvg
M M
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COROLLARY 2.9. Let B be an n-dimensional Riemannian manifold,
w: M — B be a semi-Riemannian submersion with totally umbilic fibres and
M be an m-dimensional compact and orientable semi-Riemannian manifold
ofindexr =m —n.Then § > S'om + S. We have equality if and only if the
horizontal distribution is integrable and either r = 1 or the fibres are totally
geodesic.

Proof. We have g(H, H) > 0, g(A, A) < 0. Hence, by formula (2.8), we
get the conclusion. O

PROPOSITION 2.10. If m: M — B is a Riemannian submersion with
compact and orientable total space M and with fibres of dimension 1 then
S < S om We have equality if and only if the horizontal distribution is
integrable.

Proof. We have g(A,A) > 0,5 — (S om + 3’) = —fg(A, A)dv, and

M
s = 0. Hence, by (2.8), we get S < S’ o 7. O

Let s% =Y &,p(eq, €,), Where p is the Ricci tensor of M (see [12]).

PROPOSITION 2.11. If w: (M, g) — (B, g') is a semi-Riemannian sub-
mersion with totally umbilic fibres then

(2.9) s”—s/on:div(H)—i-(l— 1)g(H, H)—2g(A,A)

r

Proof. By lemma 1.3 we have

s =5 om =) tutiR(eu, €i, Car i) + Y £abpR(€as €p, €a, €5)
o, a,p
1
=D eu(8(Ve, H. €0) = —glew, H)?) + (A, A) = 3g(A, A)
=div(H) — ) _e:g(V,H, ¢)

1
-8 <H Xa:sag(ea, H)ea) —2g(A, A)

= div(H) + (1 - %) ¢(H,H)—2g(A,A) O
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Integrating formula (2.9) we get

PROPOSITION 2.12. If r: (M, g) — (B, g') is a semi-Riemannian submer-
sion with totally umbilic fibres and if M is a compact and orientable manifold
then

(2.10) f(s” — s om)dv, = (1 — l)fg(H, H)dv, — ng(A,A)dVg
M 4 M M

COROLLARY 2.13. Let B be an n-dimensional Riemannian manifold,
w: M — B be a semi-Riemannian submersion with totally umbilic fibres and
M be an m-dimensional compact and orientable semi-Riemannian manifold
of indexr = m — n. Then

f(s‘” —s'om)dv, >0
M

We have equality if and only if the horizontal distribution is integrable and
either r = 1 or the fibres are totally geodesic.

Proof. We have g(H, H) > 0 and g(A, A) < 0. Therefore, by (2.10), we
get the conclusion. O

3. Mean curvature vector field.

We denote by p, p’ and p the Ricci tensors of the manifolds M, B and of
the fibre 7=!(b), b € B. The letters U, V denote vertical vector fields and X,
Y horizontal vector fields. We introduce the following notations (cf. [4]):

g(AX, TU) = Zgag(Axea, Tuea) = Zgig(AXei» TUei)v
§A == eu(Vo,A),. 8T ==Y &(VT),

where ¢;6;x = g(e;, ) forall i, k , £,8,5 = g(ey, ep) for all o, B.

PROPOSITION 3.1. Let w: (M, g) — (B, g’) be a semi-Riemannian sub-
mersion with totally umbilic fibres. Assume that the dimension of fibres r > 2.
Then the following conditions are equivalent:

i) the mean curvature vector field H is a basic vector field;
ii) g((6T)U, X) — g(Ax, Ty) = O for every U vertical vector field and for
every X horizontal vector field;
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iii) p(X,U) + g((SA)(X), U)+ (+ 1)g(Ty, Ax) = 0 for every U vertical
vector field and for every X horizontal vector field.

Proof. 1)<ii)
Since the fibres are totally umbilic we have

A 1
8((TU. X) = ——g(Vu H. X)
and
1
g(Ax, Ty) = 78(AXU, H)
for every U vertical vector field and for every X horizontal vector field.
Let X be a basic vector field. By lemma 1.2, we have AxU = hVyX.
Then
A 1 1
g(T)U, X) — g(Ax, Ty) = —78(VUH, X) — 7g(hVUX, H)
1
=—-——Ug(H, X).
’
Hence, by lemma 1.1, H is a basic vector field if and only if the function
g(H, X) is constant along fibres for every X basic vector field.
1) 1ii)
Let X be a basic vector field. Using (9.36b) in [4], we compute
p(U, X) = g(BTYU, X) + g(VuH, X) = g(BA)(X), U) — 2¢(Tu, Ax)
= g(6TU, X) — g(Ty, Ax) + Ug(H, X) — g(H, AxU)
« 1
—8((6A)(X),U) — 7g(H, AxU)

1 r+1 v
= <1 - 7) Ug(H, X) — Tg(H, AxU) — g((6A)(X),U).

Then
. 1
G.1D) p(X,U)+g((6A(X), U)+(r+1)g(Ty, Ax) = (1—7)Ug(H, X)

Applying again lemma 1.1, we get the conclusion. O
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Remark 3.2. By proposition 3.1 and theorem 2.2 in [2], H is a basic vector
field if and only if the contractions (1, 3) and (2, 4) of the Riemann tensor of
the Vrinceanu connection are equal.

The following proposition is well known (see Proposition 9.104 in [4]).

PROPOSITION 3.3. If B, F are semi-Riemannian manifolds and f: B — R
is a positive function then w: B Xy F — B is a semi-Riemannian submersion
with totally umbilic fibres, A = 0 and H a basic vector field.

Conversely, if m: (M, g) — (B, g') is a semi-Riemannian submersion
with totally umbilic fibres A = 0 and H a basic vector field then M is a
locally warped product.

COROLLARY 3.4. If m: (M, g) — (B, g’) is a semi-Riemannian submer-
sion with totally umbilic fibres, if M is an Einstein manifold, r > 2 and the
horizontal distribution J is integrable then M is a locally warped product.

Proof. Since A = 0, p(X,U) = 0, we have H is a basic vector field, by
proposition 3.1. By proposition 9.104 in [4] we have M is a locally warped
product. o

DEFINITION. A semi-Riemannian submanifold is said to be an extrinsic
sphere if it is totally umbilic and the mean curvature vector field H is nonzero
anywhere and parallel in the normal bundle.

COROLLARY 3.5. Let m: (M, g) — (B, g') be a semi-Riemannian sub-
mersion. If the mean curvature vector field H is basic, dim B = 2, and the
fibres are extrinsic spheres then the horizontal distribution J is integrable
and M is a locally warped product.

Proof. Since H is a basic vector field and 2/Vy H = 0 for every U vertical
vector field, it follows Ay = 0, by lemma 1.2. By dim #= 2 and H, # 0 for
every p € M we have A = 0. Therefore, by proposition 9.104 in [4], M is a
locally warped product. m]

We would like to know how much a semi-Riemannian submersion with
totally umbilic fibres is different to be a locally warped product. For this
purpose we assume that R(X, Y, X, Y) is constant along fibres for every X,Y
basic vector fields and the mean curvature vector field H is parallel in the
horizontal bundle along fibres.

First, we give equivalent conditions to these assumptions.
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PROPOSITION 3.7. Let wm: (M, g) — (B, g') be a semi-Riemannian sub-
mersion. Then the following conditions are equivalent:

i) R(X,Y,X,Y) is constant along fibres for every X, Y, Z basic vector
fields;

ii) the function g(AxY, AxZ) is constant along fibres for every X, Y, Z
basic vector fields;

iti) hR(X,Y)Z is a basic vector field for every X, Y, Z basic vector fields.

Proof. i) = ii) Let X, Y be basic vector fields. By lemma 1.3, we have
R(X,Y,X,Y)=R(mX,n.Y,m. X, m.Y)om —3g(AxY, AxY)

If R(X, Y, X, Y) is constant along fibres then g(AxY, AxY) is constant along
fibres. By polarization, we get g(AxY, AxZ) is constant along fibres.

ii) = iii) If g(AxY, AxZ) is constant along fibres for every X, Y, Z
basic vector fields then AxAxY is basic for every X, Y basic vector fields,
by lemma 1.1. Therefore, by polarization, AxAyZ + AyAxZ is basic for
every X, Y, Z basic vector fields. By O’Neill’s equations (see [13]), we have
hR(X,Y)Z =R (X,Y)Z—-2A,AxY+AxAyZ—AyAxZ,where R'(X,Y)Z
is the horizontal lifting of R'(m, X, .Y )7, Z. Rewriting this formula we get

hR(X,Y)Z = R(X,Y)Z — (AzAxY + AxAzY) + (AzAy X + Ay Az X).

Hence hR(X, Y)Z is a basic vector field for every X, Y, Z basic vector fields
0.

Let p¥(E) =Y & R(E, e;)e; for every E tangent vector field to M.

PROPOSITION 3.7. Let m: (M, g) — (B, g') be a semi-Riemannian sub-
mersion with totally umbilic fibres. If r > 2 then the following conditions are
equivalent:

i) the mean curvature vector field H is parallel in the horizontal bundle
along fibres,

ii) pY(U) is vertical for every U vertical vector field.

Proof. By O’Neill’s equation (see [13]), we have

R(eiv U5 €, X) = g((VUT)eiei’ X) - g((veiT)Uei’ X)
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Then
Y eg(VuT)ger, X) =Y &ilg(VuToer, X) — g(Tyyeei, X)
— &(T,Vue;, X)]

=g(VuH, X) =Y 2e:g(Vye;, e)g (

1

:g(VUHa X) - ZEiU(g(eia ei)) g <

1

x)
)

\‘m \‘m

=g(VyH, X)

Since the fibres are totally umbilic, we also have

1
D8 (VaT)eU, X) = —g(Vu H, X).
Replacing these in O’Neill’s equation, we obtain

g(p"(U), X) =Y &iR(e;, U, e1, X) = <1 : )g(vUH, X).

r

Therefore p¥(U) is a vertical vector field for every U vertical vector field if
and only if H is parallel in the horizontal bundle along fibres. O

THEOREM 3.8. Let w: (M, g) — (B, g') be a semi-Riemannian submer-
sion with totally umbilic fibres. We suppose that R(X,Y, X,Y) is constant
along fibres, H is parallel in the horizontal bundle along fibres, s—s’ € {0, r}.
Then H is a basic vector field if and only if hR(X, Y)AxY is a basic vector
field for every X, Y basic vector fields.

Proof. a) We suppose that AR(X, Y)AxY is a basic vector field for every
X, Y basic vector fields. Let X, Y, Z be basic vector fields.
Using O’Neill’s equation (see [13]) we get
R(X,Y, X, AxY) =g(VxA)xY, AxY) + 28 (AxY, Tayy X)
=g(VxAxY, AxY))—g(AvyxY,AxY)—g(AxVxY,AxY)
+2g(AxY, Tayy X)

1
=3X(8(AXY, AxY)) — g(AyhVx X, Ay X)
— g(AxhVxY, AxY) +2g(AxY, Tyv X).
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By proposition 3.6, the function g(A xY, AxZ) is constant along fibres. If
hR(X,Y)AxY is basic then g(AxY, T4,y X) is constant along fibres. Let U

be a vertical vector field. Then
1
0=U(g(TayX,AxY)) = —7U(g(X, H)) g(AxY, AxY)

1
_7g(X, H)U(g(AxY, AxY)),

thus, we get
(3.12) 0=U(g(X,H)) g(AxY, AxY)

for every X, Y basic vector fields.

Let p in M be an arbitrary point. Let Y be a basic vector field such that
Y, = H,.

The relation (3.12) in point p become

(3.13) 0="U,(g(X,H)) g,(Ax,H),, Ax, H),)

We have two possible situations:

Case. 1. Ax,H, # 0.

Since the metrics of fibres are negative definite for s — s” = r or positive
definite for s — s = 0 we have g,(Ax, H,, Ax,H,) # 0. By relation (3.13),
we get U,(g(X, H)) = 0.

Case.2. Ax,H, =0

Since H is parallel in the horizontal bundle along fibres we have
U(g(H, X)) = —g(AxH, U). Using the hypothesis of Case 2, Ax, H, = 0,
we get U,(g(H, X)) =0

In both cases we proved that U,g(H, X) = 0 for an arbitrary p € M
and for every X basic vector field. By lemma 1.1, it follows that H is a basic
vector field.

b) We suppose H is a basic vector field and we shall prove AR(X, Y)AxY
is basic for every X, Y basic vector fields.
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By O’Neill’s equation, we get

1
R(X,Y,Z, AxY) ZEZ(g(AxY, AxY)) — g(AyhVz X, AyX)
H
— 8(AxhVzY, AxY) — g(AxY, AXY)g(T» Z)

H H
- g(AY29 AYX)g(Tv X) - g(AXZ’ AXY)g(T9 Y)'

Hence g(hR(X,Y)AxY, Z) is constant along fibres for every X, Y, Z
basic vector fields. Therefore, by lemma 1.1, AR(X, Y)AxY is basic. |

We apply the theorem 3.8 in two particular cases, when the total space
is either a constant curvature semi-Riemannian manifold or a generalized
complex space form.

COROLLARY 3.9. Let m: (M, g) — (B, g') be a semi-Riemannian sub-
mersion with totally umbilic fibres. If M is a semi-Riemannian manifold with
constant curvature and if r > 2, s — s’ € {0, r} then H is a basic vector field
and Ay = 0.

Proof. If M has constant sectional curvature ¢ then for every X, Y basic
vector fields and for every U vertical vector field we get:

1) R(X,Y,X,Y) =c(g(X,X)g(Y,Y)— g(X, Y)?) is constant along fibres;
2) R(X,Y)AxY =c(g(AxY, X)X — g(AxY,Y)Y) =0;
3) Pv(U) = Z&R(U, ej)e; = Zgic(g(ei, e)U—gU,e)e) =c(r—1HU

is a vertical vector field. Therefore, by theorem 3.8 and proposition 3.7,
H is a basic vector field. Hence, by lemma 1.2, Ay =0 o.

The totally umbilic submanifolds of generalized complex space forms
was classified by L. Vanhecke in [16] (see also survey paper [10]). Applying
theorem 3.8 we get

COROLLARY 3.10. Let w: (M, g) — (B, g’) be a semi-Riemannian sub-
mersion with totally umbilic fibres from a generalized complex space form
onto an almost hermitian manifold. If w is a holomorphic map, r > 2,
s —s' €{0,r} then H is a basic vector field and Ay = 0.

Proof. If (M, J) is a generalized complex space form of constant holo-
morphic sectional curvature p and of type o then the curvature tensor field
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satisfies (see [10])

1
R(E,F,G,G) :Z(M + 3a){g(E,G)g(F,G") — g(E,G"g(F, G)}
1

+ %(,u —a)g(E,JF)g(G, JG).

Since 7 is a holomorphic map, we get JX is basic for every X basic
vector field. Hence R(X, Y, X, Y) is constant along fibres, g(p*(U), X) =0
and R(X,Y,Z,U) = 0 for every X, Y, Z basic vector fields and for every
U vertical vector field. Therefore, by theorem 3.8 and proposition 3.7, H is a
basic vector field. O

PROPOSITION 3.11. Let w:(M,g) — (B,g’') be a semi-Riemannian
submersion with totally umbilic fibres. If R(X,Y, X,Y) is constant along
fibres for every X, Y basic vector fields, H is basic and B is a compact and
orientable manifold then TV is constant along fibres and

1
(3.14) fr”” = /g’(fr*H, n*H)dv’g—ng’(A,A)dv;
B

r

B B

where g'(A, A), TV are the functions on B satisfying g'(A,A) om =
g(A, Ay and TV o = 1V,

Proof. By theorem 1.7 we have

™V = div(H) + 1—i (H,H A, A
- r g ’ )+g( ’ )

Using lemma 1.2 we get
div(H) + g(H. H) =Y £48(Ve,H.e0) + Y £:8(Ve,H. €;) + g(H, H)
= Z €a8 (Vy , 7H, mey) o

+ Y alg(T,H, e) + g(H, T,er)]

=div'(m,H) o
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Since the function g(A,,ep, A, ep) is constant along fibres we can con-
sider the function g'(A, A) on B given by g'(A, A) om = g(A, A). Then

1
(3.15) tHY = [div/(n*H) ——g'(m.H,n.H) + g'(A, A)] oT.
r

and t#V is constant along fibres. Let /7Y be the function on B such that

"HY o 7 = tHV Since /div’(n*H) = 0, it follows the formula (3.14). O

B

T

COROLLARY 3.12. Let 7: (M, g) — (B, g’) be a semi-Riemannian sub-
mersion with totally umbilic fibres. If M is a semi-Riemannian manifold with
constant curvature c, r > 2, s —s’ € {0, r} and B is a compact and orientable
manifold then

1
(3.16 rncvol (B) = ——/g/(n*H, . H)av, +/g/(A,A)dv;,
r
B B

where g'(A, A) is the function on B satisfying g'(A, A) o = g(A, A).

Proof. Since M is a semi-Riemannian manifold with constant curvature
c, we get R(ey, €, ey, €;) = gigqc. SO0 THY = rnc.

THEOREM 3.13. Let B be an n-dimensional compact and orientable
Riemannian manifold, w: M — B be a semi-Riemannian submersion with to-
tally umbilic fibres. We suppose that M is an m-dimensional semi-Riemannian
manifold of index r = m — n with non-negative mixed curvature,
R(X,Y, X,Y) is constant along fibres, for every X, Y basic vector fields,
and H is basic. Then

i) K(X,V) =0 forevery X horizontal vector field and for every V vertical
vector field;

ii) the fibres are totally geodesic and the horizontal distribution is integrable,
hence M is a locally warped product.

Proof. Since ¢, = 1, the metrics induced on fibres are negative definite,
we have

g(AA) = Z ea€p8(A, p, Agep) < 0.
o, B

By proposition 3.11, ft/HV <0.

B
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But the mixed curvature is non-negative, hence /%Y > 0. Therefore
K(X,V) = 0 for every X horizontal vector field and for every V vertical
vector fieldand A =0, T = 0. O

COROLLARY 3.14. Let B be an n-dimensional compact and orientable
Riemannian manifold, m: M — B be a semi-Riemannian submersion with
totally umbilic fibres. We suppose M is an m-dimensional semi-Riemannian
manifold of index r = m — n with constant curvature ¢ and r > 2. Then

i)c<O0;

ii) If ¢ = 0 then the fibres are totally geodesic and the horizontal
distribution F€ is integrable.

Proof. If we suppose ¢ > 0 then, by theorem 3.13, we getc = K(X, V) =
0, which is a contradiction with our assumption. Therefore ¢ < 0 .

COROLLARY 3.15. Let B be an n-dimensional simply connected Rieman-
nian manifold, m: M — B be a semi-Riemannian submersion with totally
umbilic fibres. If M is an m-dimensional semi-Riemannian manifold of index
r = m — n > 2 with constant curvature ¢ then B is not compact.

Proof. If we suppose that B is a compact Riemannian manifold then B is
complete. By corollary 3.14, we get ¢ < 0. It follows K’ < 0, by lemma 1.3.
By Hadamard’s theorem, we have B is diffeomorphic to R". Therefore B is
not compact.

We introduce the notion of Clairaut semi-Riemannian submersion

(see [1]).

DEFINITION. Let B be an n-dimensional Riemannian manifold,
w: (M, g) — (B, g') be a semi-Riemannian submersion, M be an m-dimen-
sional semi-Riemannian manifold of index r = m — n and y be a timelike
geodesic in M. We denote the velocity vector field of y by E = y’ and its
vertical part by V. At each point y(s) we define ¢(s) to be the hyperbolic
angle between E and V, i.e. ¢ > 0 is the number satisfying:

g(E,V)=—|E|-|V]coshg,

where |E||> = —g(E, E) and |V |* = —g(V, V).

w:(M,g) — (B, g') is said to be a Clairaut semi-Riemannian submer-
sion if there is a positive function w: M — R such that for every timelike
geodesic y in M, wcoshg is constant along y. We call r the girth of the
submersion.
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The following characterization of Clairaut semi-Riemannian submersion
given by D.Allison [1] for 1-dimensional fibres has a similar proof for r-
dimensional case

PROPOSITION 3.16. Let B be an n-dimensional Riemannian manifold,
m:(M,g) — (B,g') be a semi-Riemannian submersion and M be an m-
dimensional semi-Riemannian manifold of index r = m — n. Then 7w is a
Clairaut semi-Riemannian submersion with girth w = exp f if and only if the
fibres are totally umbilic with a gradient H = —grad f as mean curvature
vector field. Furthermore for a Clairaut semi-Riemannian submersion having
connected fibres f = f, om for some f.:B — R and H is a basic vector
field obtained by lifting H, = —grad f. horizontally.

LEMMA 3.17. Let w: (M, g) — (B, g') be a semi-Riemannian submer-
sion with totally umbilic fibres. We suppose that H is a basic vector field and
parallel in the horizontal bundle along fibres and there is a constant ¢ € R

H

such that g(p*(—), X) = cg(H, X) for every X horizontal vector field.
r

Then:

1 H H H H H
3.17) —gmd(c+g<—,_>> _ (C+g<_,_>>_
2 ror ror r

Proof. Let X,Y be horizontal vector fields and U be a vertical vector field.
By O’Neill’s equation [13] we have

H H H

+8((VyA)xY,U) + g(AxU, AyU)

H
Let Y = —. Since H is a basic vector field and parallel in the horizontal

’
bundle along fibres we get Ay = 0. Therefore
g((VuA)xH,U) + g(AxU, AgU) =0

Since
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H H H H H 1 H H
g X!_ C+g T :g V Ty T :_Xg I 5
r ror ror 2 ror
1 H H H H H
g|X,—gradg|—,— )—|c+g|—,— — 1 =0
2 ror ror r

for every X horizontal vector field.
This implies

b (1)) = ens ()

Since H is parallel in the horizontal bundle along fibres, it follows that
g(H, H) is constant along fibres. Hence

H H
vgrad|g| —,— ) +c¢c)=0. O
m m

LEMMA 3.18. Let m: M — B be a semi-Riemannian submersion. If either
i) M has constant curvature, or
ii) M and B are Einstein manifolds and Az =0

then there is ¢ € R such that

v(H _
glp . , X ) =cg(H, X)

for every X horizontal vector field.

Proof. 1) If M has constant curvature ¢ then
H H
g (p" (—) : X) => &R (—, ei, X, e,-> = cg(H, X)
r i r

for every X horizontal vector field.
ii) We define

p*(E) =) eaR(E. e)eq

for every E vector field on M. We have

()= (2)o0)(r(2).2)
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Since M and B are Einstein manifolds, for some A, A’ € R we have

H H
pl—. X)=xg|—. X
r r
, H , H
plrm—, X)) =Ng|m,—, 1. X
r r

for every X horizontal vector.
By lemma 1.3, we get

/ H § : H H
1% (77*_’ N*X> = Ea <R (_’ €u, X7 eoz) + 3g <A€a ’ AEaX>>
r " r r
H
r

o (2)) (2

for every X horizontal vector field. O

and

It follows

THEOREM3.19. Let w: (M, g) — (B, g') be a semi-Riemannian submer-
sion with totally umbilic fibres. We suppose that H is a basic vector field and
parallel in the horizontal bundle along fibres and there is a constant ¢ € R

such that
v H
g\pr T ’ X )= Cg(Hv X)

for every X horizontal vector field. If

H, H
(e ) o
r r

(2 1)),

If moreover B is an n-dimensional Riemannian manifold, and M be an m-
dimensional semi-Riemannian manifold of index r = m — n then w is a
Clairaut semi-Riemannian submersion.

forall p € M then

1
— = Egrad (ln

r
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) H, H, )
Proof. Since g | —, —— | + ¢ # 0 for every point p € M, we have, by
r r

formula (3.17),
<H H) )
gl—,— | +c|).
roor

By proposition 3.16, we get 7 is a Clairaut semi-Riemannian submersion. O

H

r

1
= grad <ln

COROLLARY 3.20. Let B be an n-dimensional Riemannian manifold,
w:(M,g) — (B, g') be a semi-Riemannian submersion with totally umbilic
fibres and M be an m-dimensional semi-Riemannian manifold of index r =

. H, H,
m — n > 2 with constant curvature c. If g | —, — | # —c forallp e M
r r

s(2)

and 7 is a Clairaut semi-Riemannian submersion.

then

r

H 1 e
— = —grad | In
78

Proof. By lemma 3.18 and by theorem 3.19 we get the conclusion. O

By corollaries 3.9 and 3.12 and use of [11], we get more information
about curvature of total space, in the constant curvature case.

PROPOSITION 3.21. Let w:(M,g) — (B, g') be a semi-Riemannian
submersion with totally umbilic fibres. We assume that B is an n-dimensional
Riemannian manifold, M is an m-dimensional semi-Riemannian manifold of

H H
index r = m —n > 2 with constant curvature c. If g (—, —) +c=>0
roor

H

H
— i) +c¢ > 0 at some point py € M, and if each fibre
-

everywhere, g

is a compact manifold then the horizontal distribution is integrable and M is a
locally warped product. If moreover B is a compact and orientable manifold
then ¢ <0, n # 1 and M is not a compact and orientable manifold.

Proof. If M has constant curvature, then for every U vertical vector field
we have

R H H
oU,U)=(r—-1gU,U) (g (T’ T) +C> .

Since the metrics of the fibres are negative definite we have p(U,U) < 0
everywhere and p is negative definite in py. By corollary 3.9, we have H is a
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basic vector field. Therefore, by the theorem in [11], the horizontal distribution
is integrable and M is a locally warped product. If B is compact and orientable
then, by corollary 3.12,

o mH mw.H
(n—l)cvol(B):—f(g ( — )—l—c)dvg.
B

Hence (n — 1)c < 0. If we suppose M is a compact and orientable manifold
then by proposition 2.1 we have

H H 1
(n+r—1)cvol (M) = (r—l)f (g (T, T) + c) dvg—i—7 / g(A, A)dv,
M M

H H
Byg(—,—>+c>Oinpoandg(A,A)EOwegetc>O,whichisa
roor

contradiction with corollary 3.14. O

PROPOSITION 3.22. Let B be an n-dimensional compact and orientable
Riemannian manifold, =w: (M, g) — (B, g') be a semi-Riemannian submer-
sion with totally umbilic fibres and M be an m-dimensional semi-Riemannian
manifold of index r = m — n with constant curvature c. If each fibre is a
compact manifold, r > 2, n > 3, and if

H, H
(3.18) g(—”,—”)+czo
r r
H, H, 1
(3.19) 3g| —,— )| +nc——g,(A,A) >0
r r r

H H
forall p € M then g (—,—) +c=
ror

Proof. We denote by Ap f = div(grad f) the Laplacian of B defined on
functions f: B — R.
Let f be the function on B given by

n.H n.H
f=8’< , )-i—c

r r
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. H
. We get
r

1
By lemma 3.17 we have the equation Egrad f=f

1 1 . . . H
—Apf =—div(grad f) =div | f
2 2 r
n.H . n.H
= ( > (f) + fdiv ( )
r r
, w.H . w.H
=g <gradf, —) + fle< )
r r
«H  m.H ) «H
=2fg/(n—, i >+fd1v<n >
r r r
Using relation (3.15) we have

. . H ,f m.H mw.H 1,
div =nc+g , ——g(A,A),
r r r r

where g'(A, A) is the function satisfying g(A, A) = g’(A, A) o w. We obtain

1 1
S Asf =fG(f —¢)+nc— 7g’(A, A))

2
o mH m.H o mH w.H
=g y +C 3g 5
r r r r

1
+ne — —g'(A, A)) >0
-

Since Az(f) > 0 and B is a compact and orientable manifold, we have
f is a constant function and A z(f) = 0, by Hopf’s lemma.

If we suppose
o mH w.H
f=g , +c>0

r r

) . n.H n.H
then, by corollary 3.20, A=0, ¢ <0. Ap f =0 implies 3g’ (—, ) +
r r

nc = 0. From corollary 3.12, we obtain

o mH w.H
f(g ( ; )—I—nc) dvy = 0.
r r
B
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. n.H m.H . . .
Since g’ , is a nonnegative constant function we have
r r
n.H mw.H ..
g , = 0. It follows H = 0. Therefore ¢ > 0. This is a contra-
r r
diction with condition ¢ < 0 given by corollary 3.14.
) n.H n.H
All these imply g’ , +c=0. O
r r

. H, H,
LEMMA 3.23. The condition 3g \ —, — | + nc > 0 forevery p e M
r r
implies the conditions (3.18) and (3.19) in proposition 3.22.

) H, H,
Proof. Since g(A,A) < 0 and (n — 3)g| —, — ] > O for every
r r
p € M we have the conditions (3.18) and (3.19) in proposition 3.22.

By lemma 3.23 and proposition 3.22, we have the following corollary.

COROLLARY 3.24. Let B be an 3-dimensional compact and orientable
Riemannian manifold, w: (M, g) — (B, g') be a semi-Riemannian submer-
sion with totally umbilic fibres and M be an m-dimensional semi-Riemannian
manifold of index r = m —3 with constant curvature c. If r > 2, if each fibre is

. _ H H H H
a compact manifoldandifg | —, — | +c>0theng| —, — | +c=0.
roor ror
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