CLASSIFICATION OF HOMOGENEOUS EINSTEIN METRICS ON
PSEUDO-HYPERBOLIC SPACES

GABRIEL BADITOIU

ABSTRACT. We classify the effective and transitive actions of a Lie group G on an n-dimensional non-
degenerate hyperboloid (also called real pseudo-hyperbolic space), under the assumption that G is a
closed, connected Lie subgroup of an indefinite special orthogonal group. Under the same assumption
on (G, we also obtain that any G-homogeneous Einstein pseudo-Riemannian metric on a real, complex
or quaternionic pseudo-hyperbolic space, or on a para-complex or para-quaternionic projective space is
homothetic to either the canonical metric or the Einstein metric of the canonical variation of a Hopf
pseudo-Riemannian submersion.

1. INTRODUCTION AND THE MAIN THEOREM

The homogeneous Einstein Riemannian metrics on spheres and projective spaces are, up to homothety,
the canonical metrics or the Einstein metrics of the canonical variations of the Hopf fibrations (see Ziller
[22]). Essentially, up to a scaling factor, S5 has 3 homogeneous Einstein Riemannian metrics, CP?"*?
and S%"*3 have 2 homogeneous Einstein Riemannian metrics, and each of the remaining spaces S27,
Sin+l CP?" HP"™ has only one homogeneous Einstein metric (see Besse [3, Theorem 9.86] and Ziller
221).

Motivated by the recent classification of the pseudo-Riemannian submersions with totally geodesic
fibres from pseudo-hyperbolic spaces (see Baditoiu [I]), in this paper we obtain a pseudo-Riemannian
generalization of Ziller’s classification mentioned above (see Ziller [22]), and we prove the following main
result.

Theorem 1.1. Let G be a connected, closed Lie subgroup of SOg(n — r,r +1). Any G-homogeneous
Einstein pseudo-Riemannian metric on one of the following sets: H), (CH:L//;, HH:/;, AP™? (with
r=(n+1)/2), BP"* (with r = (n+ 1)/4) is homothetic to either the canonical metric or the Einstein
metric gy, (to # 1) of the canonical variation of a Hopf pseudo-Riemannian submersion. Therefore,

under the same assumption on G, the following hold:

(i) HZ™, HEfm+H1 CH?™, CHZ™ ™ (with m # 2s), AP?™ BP™ have only one homogeneous Einstein
metric;
(il) HimE? (withm # 3 and m # 2s+ 1), CHy*™, CH3™ ! (with m # 2s + 1) and AP*™+1 have 2
homogeneous Einstein metrics.
(iti) Hi2, H2tD (with s # 1) and CHy2 13 have 3 homogeneous Einstein metrics.
(iv) H3® has 5 homogeneous Einstein metrics.

The key ingredient of the proof of Theorem [[.1]is the classification of effective transitive actions of a
Lie group G on a real pseudo-hyperbolic space under the assumption of Theorem [T Now, we give a
short review of well-known classification results of effective and transitive actions.
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The pioneering work is due to Montgomery and Samelson (see [14]) and Borel (see [5]), who classified
the compact Lie groups acting effectively and transitively on spheres. Using homotopic methods, On-
ishchik obtained the classification of the connected compact Lie groups G acting transitively on simply
connected manifolds of rank 1 (see Onishchik [16} [18]).

The case of transitive actions on non-compact spaces is a lot more challenging than the compact case
and therefore, one has to impose additional assumptions on the Lie group G. The case G reductive was
investigated by Onishchik in [I7], where he studied the equivalent problem of finding decompositions
G = G'G” into two proper Lie subgroups G’ and G”. Of special interest for us is his classification of
semisimple decompositions of so(n—r,r+ 1), simply because it solves our problem of finding all transitive
and effective actions on H!" in the case of a semisimple G C SOg(n—r,r+1). Using the Borel-Montgomery-
Samelson classification of effective transitive actions on spheres, Wolf obtained a classification of the
connected, closed Lie subgroups of SOg(n — r,r + 1) acting transitively both on (a) a component of a
non-empty quadric {z € R} |[|z|]> = a} (a # 0) and (b) the light cone {z € R} ||[z||*> = 0,z # 0}
(see Wolf [21] Theorem 3.1]). In our Theorem Bl we drop (b) and the assumption on the semisimplicity
of G.

2. THE HOPF PSEUDO-RIEMANNIAN SUBMERSIONS AND THEIR CANONICAL VARIATIONS
First, we introduce some standard definitions and notation that shall be needed throughout the paper.

Definition 2.1. Let (-, )gn+1 be the standard inner product of signature (n —r,r +1) on R"*! given by
r+1

(2.1) (x,y) B = —szyl + Z TiYs

1=r+1

for x = (w0, - 2n),¥ = (Yo, - -, Yn) € R For any ¢ < 0 and any positive integer » < n, the set
H(c) = {z € R""' | (z,2)gn+1 = 1/c} is called the real pseudo-hyperbolic space of index r and dimension
r+1

n. The hyperbolic space is defined as H{(c) = {z = (xo,x1, -+ ,7) € R*" ™ | 29 > 0, (, I>R711+1 =1/c}.
For convenience, we write H" = H(—1).
Notation 1. We define

SO(n—r,r+1)={ge SL(n+1,R) | <g;v,gy)R:++11 = <x,y)R:++11}.

When K is a Lie group, we shall always denote by K its connected component of the identity.

Let C, H, A, B be the algebras of complex, quaternionic, para-complex and para-quaternionic num-
bers, respectively. For F' € {A,B}, we denote by Z, as usual, the conjugate of z € F. For any
z = (21, ,2m),w = (w1, - ,wy) € F™, we define the standard inner product (z,w)pm on F™
by

(2.2) (z,wypm = Re i

The group U™(m) = {g € GL(m, A) | {9z, gw)am = <z,w>Am} is called the para-unitary group (see [6]
Prop. 4] or [12, p. 508]). Let Sp™(m) = {g € GL(m,B) | (g2, gw)gm = (z,w)pm } be the para-symplectic
group (see [I2] p. 510]). We have a natural inclusion Sp™(m) C U™ (2m) and some identifications U™ (m) =
GL(m,R) (see [12] p. 508]), and Sp™(m) = Sp(m,R) (see [12, p. 510, Prop. 1.4.3]). Here, our convention
is that Sp(m,R) denotes the group of 2m X 2m-symplectic matrices with entries in R.

Definition 2.2. We define (see [1], [7, 8] for AP™, [4] for BP™):
CHI(¢) = HEE (e/4)/U(1), CHI = CHI'(—4), BHD(¢) = HiT43(c/4)/Sp(1), HHI = HE}" (~4);
AP™ ={z€ A" | (2, 2)ymi1 = 1}/{t =z +ey € A|tt = 1,2 > 0} = H2" 1 /H', (with €? = 1);
BP™ = {z € B™" | (2, 2)gm+1 = 1}/{t € B|tt = 1} = Hy" [} /H}.
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Any Hopf pseudo-Riemannian submersions can be written as a homogeneous map 7 : G/K — G/H
with K C H closed Lie subgroups in G (see [1], for (10) see also Krahe [I2] p. 518, Example 2.2.1], for
(7) see also Harvey [9, p. 312]):

(1) mc: H34 = SU(m — 8,5+ 1)/SU(m — s,8) — CH™ = SU(m — s, s+ 1)/S(UL)U(m — s, 5)),

2) mp: HXH = SU™(m +1)/SU™(m) — AP™ = SU™(m + 1)/S(U™(1)U™(m)),
3) mu: HyE? = Sp(m — s,s+1)/Sp(m — s,s) = HH™ = Sp(m — 5,5+ 1)/Sp(1)Sp(m — s, 5),
4) s HAES = Sp7(m + 1)/ (m) — BP™ = Sp™(m + 1)/ (Sp™(1)Sp™(m)),

)
)
)
) m « Hig = Spin(9)/Spin(7) — H(—4) = Spin(9)/Spin(8),
6) 73 : H® = Sping(8,1)/Spin(7) — H®(—4) = Spiny(8,1)/Spin(8),
)
)
)

7) mor : HE = Sping(5,4)/Sping(4,3) — HF(—4) = Sping(5,4)/Sping(4, 4),
8) mem: CHQQ;T{l = Sp(m—s,s+1)/Sp(m—s,s)U(1) - HH™ = Sp(m—s,s+1)/Sp(m—s, s)Sp(1),
(9) me : CHy™ = Sp™(m +1)/Sp™(m)U(1) — BP™ = Sp™(m +1)/Sp™(m)Sp™ (1),

(10) map : APP™T = Sp™(m +1)/Sp™(m)U™ (1) — BP™ = Sp™(m + 1)/Sp™(m)Sp™ (1),
here the pseudo-Riemannian metrics on H* and H!(—4) are the ones with constant curvature ¢, with
¢=—1for H™, and ¢ = —4 for H™(—4); the pseudo-Riemannian metrics on CH?*, HH™ AP™ BP™
are the ones with constant holomorphic, quaternionic, para-holomorphic or para-quaternionic curvature
—4; and we call these metrics the canonical ones.

2.1. The Einstein metrics of the canonical variation. Let 7 : (M,g) — (B,g’) be a pseudo-
Riemannian submersion. We denote by ¢ the metrics induced on fibres. The family of metrics g;, with
t e R\ {0} and g given by
gt = "¢’ + g,

is called the canonical variation of w. To find the values of ¢ for which g; is an Einstein metric, we use
the following pseudo-Riemannian version of a theorem obtained in the Riemannian case by Matsuzawa
[13], and independently by Berard-Bergery, see Besse [3, Lemma 9.74]. First, we introduce the notation:
N =s'/n and A=3 /p, where s’ and § are the scalar curvatures of ¢’ and §, respectively, and n = dim M
and p = dim fibre.

Lemma 2.3. Let 7 : (M,g) — (B,g’') be a pseudo-Riemannian submersion with totally geodesic fibres.
Assume that g, ¢’ and § are Einstein and the O’Neill integrability tensor A £ 0. Then the following two
conditions are equivalent:

(i) to = ﬁ 1s the unique nonzero value different from 1 such that g is also Einstein

(i) A# 1N and A # 0.
Remark 2.4. Note that A = 0 when the fibres are one-dimensional. Therefore, the canonical variations

of m¢ and ma do not provide any non-canonical Einstein metrics on the real pseudo-hyperbolic space.

Remark 2.5. For the Hopf pseudo-Riemannian submersions (3-10), the value ¢ty # 1 for which gy, is an
Einstein metric is the following:

(a) For mg and mg, we see that X = —(4m + 8), A = —2, and hence to = ﬁ
(b) For n, n3 and mgr, we have ' = —28, A = —6 which gives ¢y = 13—1
(c) For mcm, meB, maB We have N = —(4m + 8), \ = —4 and thus tg = mLH

Clearly, the Einstein metrics g:, (with ¢ # 1) of the canonical variations of the Hopf pseudo-Riemannian
submersions (3-10) are neither isometric to each other, nor to the canonical metrics.

Definition 2.6. The pseudo-Riemannian manifold (M, g) is called a G-homogeneous manifold if G is a
closed Lie subgroup of the isometry group I(M, g).

Note that (M, g) is a G-homogeneous manifold if and only if G acts effectively and transitively on
M and g is a G-invariant metric on M. To show that all G-homogeneous Einstein metrics are the ones
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claimed in Theorem [Tl we shall first classify the closed, connected groups G C SOg(n —r,r + 1) acting
effectively and transitively on those spaces.

3. THE CLASSIFICATION OF THE GROUPS ACTING TRANSITIVELY ON PSEUDO-HYPERBOLIC SPACES.

Throughout this section, we shall denote by H the isotropy group of an action of G on M.

Theorem 3.1. A closed, connected subgroup G of SOg(n — r,r + 1) acts effectively and transitively on
H? if and only if G is contained in Table 1.

Table 1

No. | G H G/H
(1) | SOg(n—r,r+1) SOy(n —r,r) H!
(2) | Spin(9) Spin(7) Hi = 8§15
(3) | Spin(7) Go HI =287
(4) | G2 SU(3) HS = §°
(5) | Spino(8,1) Spin(T) HY
(6) | Sping(5,4) Sping(4,3) HY
(7) | Spino(4,3) Gs HY
8) |G SU(2,1) S
9) |G SL(3,R) = SU(3) HS
(10) | SU(m —s,s+ 1) SU(m — s, ) H%;’r{l
(11) | Sp(m —s,s+1) Sp(m — s, ) Hf;’j_‘?
(12) | Sp(m —s,5 + DSp(1) Sp(m = 5,5)5p(1) H
(13) | SL(m+ 1,R) = SU™(m + 1) SL(m,R) = SU™(m) 2
(14) | Sp(m +1,R) = Sp™(m + 1) Sp(m, R) = Sp™(m Hop i
(15) | Sp(m + LR)Sp(LR) = Sp"(m + DSp (1) | Sptm, R)Sp(L,R) = S (m)Sp™ (1) |_HLmS3
(16) | SU(m —s,s+1)U(1) =U(m —s,s+ 1) SU(m —s,8)U(1) =U(m — s, s) Hym?
(17) | Sp(m — s,s+ 1)U(1) Sp(m — s,s)U(1) Hffﬁ"?
(18) | GLL(m+1) = SU™(m+ 1)UF(1) = UF(m + 1) | GLy(m) = SUT(m)UF (1) = UF(m) | H2Z"!
(19) | Sp(m + 1, R)R} = Sp™(m + 1)UF (1) Sp(m, R)RY. = Sp™(m)Ug (1) Hopy iy
(20) | Sy (m+ DU) S (mU () Hin

Proof. If G is compact, then so is H and G/H = H]'. Hence n = r and G/H is a sphere. By the
Borel-Montgomery-Samelson classification of the compact groups acting effectively and transitively on
spheres, we have that G is one of the following groups: Spin(9), Spin(7), G2, SO(m), SU(m), U(m),
Sp(m), Sp(m)U(1), Sp(m)Sp(1) (see [5, 14, [16]) and these correspond to the cases (2-4) , (1, with n =),
(10-12, 16-17, with m = s) in Table 1.

When G is not compact (that is equivalent to r < n), we split the proof into two cases: (a) G
semi-simple and (b) G non-semisimple.

3.1. G semisimple. In the case G semisimple, we shall obtain the cases (5-15) of Table 1 from a
classification theorem due to Onishchik (see [I7, Theorem 4.1]). We first recall some facts on transitive
actions from Onishchik [17]. Let K’ and K" be two closed Lie subgroups of K, and let ¢, ¢/ C ¢
be their associated Lie algebras. The subgroup K’ acts transitively on K/K" if and only if K can be
written as a product K = K’K"”. In the case of a semisimple triple (¢ ¢, ¢”), that is also equivalent to
t =t +¢’. Additionally, one has K/K"” = K'/(K' N K"). Specializing to our case, a closed, connected
subgroup G of SOg(n — r,r + 1) acts transitively on H» = SOg(n — r,7 + 1)/SO¢(n — r,r) if and only
if so(n —r,r + 1) = so(n — r,r) + g. By Onishchik’s classification of the semisimple decompositions of
so(n —r,r + 1) with » < n (see [I7, Theorem 4.1 and Table 1]), we get the cases (5-15) in our table.



CLASSIFICATION OF HOMOGENEOUS EINSTEIN METRICS ON PSEUDO-HYPERBOLIC SPACES 5

3.2. G non-semisimple. We proceed by splitting this case into two subcases: (bl) G acts irreducibly
on R"*! and (b2) G does not act irreducibly on R"**+1.

3.2.1. G acts irreducibly on R**1. In [2} p. 321, Theorem 6], Berger obtained that the subgroups G of
GL(n + 1,R) acting effectively and transitively on H”, with G acting irreducible on R"*! are, except
a finite number, in the cases (1), (10-12), (16-17) of Table 1. To see that all excepted Lie groups are
semisimple, we shall now recall from Wolf [21, Proof of Theorem 3.1] the construction of the compact
form G* associated to G and his proof of the fact that G* acts transitively on a sphere.

If G acts irreducibly on R™*1, then so does its Lie algebra g C gl(n + 1,R). Hence, by [10, Proposition
19.1], g is reductive and dim Z(g) < 1, which correlated to our working assumptions: (i) G C SOy(n —
r,r 4+ 1), and (ii) G non-semisimple, it gives G = (G, G)U(1) (see [21, Lemma 1.2.1]). There exists a
Cartan involution T' of so(n — r,r + 1) such that g is T-invariant (see [I5, Theorem 6]).

Let Hy, = {g € SO¢(n —r,r +1)| gz = 2} = SOp(n — r,r) be the isotropy group at x € H? and let h
be its Lie algebra. Changing z, we may assume that § is also T-invariant (see [15, Theorem 6], or [21]).
The transitivity of G on H” = SOy(n — r,r + 1)/H,, simply implies that so(n —r,r + 1) = g+ b. Let

s.={Xeson—rr+)|T(X)=-X}, sy ={Xeson—r,r+1)|T(X)=X},

g+ =5+ Mg, bt =s1Nbh.
The associated compact forms of so(n —r,r + 1), g and b, defined by

soln—rr+1)" " =s; +is_, g-=g4+ig_, b =bhy+ib_,
naturally satisfy the relation
soln+1)=so(n—r,r+1)"=g*+bh" =g" + so(n).

Hence, the connected compact Lie group G* (with Lie(G*) = g*) acts transitively and effectively on the
sphere S™ = SO(n +1)/S0O(n) (see Wolf [21, Proof of Theorem 3.1]), and thus, the non-semisimple Lie
groups G* belong the infinite families U(m) or Sp(m)U(1). It follows that G must be one of the groups
in the cases (16-17).

3.2.2. G does not act irreducibly on Rfjrrll Let V be a proper G-invariant subspace of Rfjrrll By Wolf [20,

Lemma 8.2], we have that 2(r +1) <n+1 and Wi = VNV is a G-invariant maximal totally isotropic
subspace of dimension r + 1.

Let W5 be a totally isotropic space such that Wy & Wy & U = R:}Ll, dimW; = dimW; = r + 1,
Ut = (W @Ws,)t and U does not contain any isotropic vector. The decomposition W; @ Wo @ U = Rfj_‘ll
is called a Witt decomposition (see [I9, p. 160, Exercise 9]). Let @ be the quadratic form on Rf:ll given

in the standard basis by Q(z,y) = (x,y)gn+1. Clearly, there exists an orthonormal basis {e1,--- ,en41}
r+1
of R'T! with Q(ej,e;) = —1fori € {1,---,r+1}, Q(ej,e;) = 1for j € {r+2,--- ,n+1} and such that
{wi, -+ ywrg1}, {wrg1, -+, warya}, {warts, -+, wny1} are bases of Wi, Wa and U respectively, with
1
w; = 5(61‘ —Citril);  Wigrtl = 5(61' +eivry1), Wk = ek,
forany i € {1,---,r+ 1} and k € {2r+3,--- ;,n+1}. Any g € G C SOp(n — r,r + 1) is a linear
transformation on R:}jrrll, which can be written with respect to the basis {wi, -+ ,w,+1} in the form
A 0 0
g = 0 B 0 ,
0 0 D

with A, B € GL(r + 1,R) and D € GL(n — 2r — 1,R). By our assumption of g € SOg(n — r,r + 1), we
easily get that B = (A~1)" and D € O(n — 2r — 1). By the connectedness of G, we naturally have that
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A € GL4(r + 1,R). The effectivity of G simply implies n = 2r + 1. If follows that G is a Lie subgroup
of Uf(r +1). Let

Gl—{AeGL+(r+1,R)’ (g‘ (Af)l)t ) eG}.

With respect to the basis {w;}, the quadratic Q writes as Q(z1,- - , 22r4+2) = 212r+2+ -+ Zr4122r+2.
Hence, for any (z1,---,2zr41) # 0, we obviously have Q(z1,---, zp41,—%, -+, — %) = —1 with R =

2f + -+ 22, It follows that Gy acts effectively and transitively on Wi \ {0} = R"**\ {0}. Clearly,
the Lie group G7 C GL(r + 1,R) acts irreducibly on R"*! and, hence, by [10, Proposition 19.1] its Lie
algebra g; is reductive and dim Z(g;) < 1. Thus, G is reductive and dim Z(g) < 1. The non-semisimple
Lie group G decomposes as G = (G, G)(Z(G))°, where (G, G) is its semisimple part, and (Z(G))? is the
connected component containing the identity of the center of G.

Like in §[B:2.] we see that the associated compact form G* acts transitively and effectively on a sphere
S22 and hence G* € {SU(r + 1)U (1), Sp((r +1)/2)U(1)}. Tt follows that (i) the abelian part (Z(G))°
of the reductive non-semisimple Lie group G is either U(1) or UJ (1) and (ii) the only possibilities for the
semisimple part (G, G), with (G,G) C SU™(r + 1) are: (G,G) = Sp™((r+1)/2) or (G,G) = SU™(r +1).

If (Z(G))? = U(1), then there exists a complex structure I € U(1) C G on R?*" T2, Moreover, there
exists a para-complex structure J € (G, G) C G on R?"2 because (G, G) € {SU™(r+1), Sp™((r+1)/2)}.
Thus {I,J,IJ} C G is a para-quaternionic structure on R>"*2 and, in consequence, the only possibility
for G is G = Sp™((r +1)/2)U(1), that is, the case (20) in Table 1.

When (Z(G))° = UF (1), we get 2 possibilities for G: G = Sp™((r+1)/2)UZ (1) or G = SU™ (r+1)UF (1),
which correspond to the cases (18-19) in Table 1. O

Unlike in the real pseudo-hyperbolic case, the groups SU(m — s,s+ 1), Sp(m —s,s+ 1), Sp™(m + 1),
SU™(m+1), Sp™(m+1), Sp(m—s,s+1) and Sp™(m+1), act only almost effectively on CHI", CH3" 1",
CH2m+1 Ap™, AP?" 1 HH™ and BP™, respectively. In order to make these actions effective, one has
to consider the action of the quotient of each group by its center (see [3, §7.12 Note on effectivity]). Let
Zm+1 = {exp(2mik/(m+1) | k=0,--- ,m}. Note that

Z(SU(m —s,s+ 1)) = Zmy1, Z(Sp(m —s,s+1)) = Zo,
Z(Sp™(m +1)) = Z(Sp(m, R)) = Z»,
Z(SU™(m+1)) = Z(SL(m + 1,R)) = {zx € R | 2™ = 1}.

Theorem 3.2. Let G be a connected Lie group. One of the following holds:

(1) G is a closed subgroup of SOy(2n — 2r,2r + 2) acting on CH?,
(2) G is a closed subgroup of SOg(n+ 1,n+ 1) acting on AP™,

(3) G is a closed subgroup of SOo(4dm — 4s,4s + 4) acting on HH™,
(4) G is a closed subgroup of SOy(2m + 2,2m + 2) acting on BP™,

and the action is effective and transitive if and only if G is contained in Table 2.

Table 2
No.| G H G/H
(1) | SUm — 8,8+ 1)/ Zm11 S(UMU(m — 8,5))/Zm+1 CH
(2) | Sp(m —s,s+1)/Z5 U(1)Sp(m — s,8)/Z cHy !
(3) | Sp™(m+1)/Z, Sp™(m)U(1)/Z> CHy !
) SU™(m+1)/Za, ifmisodd | S(UT(m)U™(1))/Z2, if m is odd AP™
SU™(m + 1), if m is even S(U™(m)U™(1)), if m is even
(5) | Sp™(m +1)/Z, Sp™(m)UF (1)/Z2 Apmtl
(6) | Sp(m —s,s+1)/Z Sp(m — s,$)Sp(1)/Z HH™
(7) | Sp™(m +1)/Z2 Sp™(m)Sp™(1)/Z BP™
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Proof. Clearly, if G is one of the groups in Table 2, then G acts effectively and transitively on the
corresponding space. We shall prove that if G is a subgroup satisfying (1-4) and acting transitively and
effectively, then it is contained in Table 2.

The transitivity of G on CH* = H%f:ll /U(1) implies that GU(1) acts transitively on Hg;fll. There
exists a complex structure I on R?"*2 such that I € Z(GU(1)) (e.g. take I = ilda,42 € GU(1) C
SOp(2n — 2r,2r + 2)), and therefore, GU(1) C U(m — s,s + 1). By the transitivity of GU(1) on
H3"H = SU(n —r,r +1)U(1)/SU(n —r,r)U(1), we get

sun—r,r+ 1) +u(l) =su(n—r,r)+u(l)+g+u(l) =suln—rr)+ul)+g.

It follows that G acts transitively on H3"\' = SU(n—r,r+1)U(1)/SU(n—r,7)U(1). On the other hand,
the effectivity of G on CH!" clearly implies that G acts also effectively on H3"' and G N U(1) = {e}.
Hence, by Table 1 of Theorem Bl G € {SU(m — 8,8+ 1)/Zp+1,Sp(m — 8,8 + 1)/ Zs, Sp™(m + 1)/ Z>}.

We now repeat the argument above for the other cases. The transitivity of G on AP™ = H2"1/Ur (1),
implies the transitivity of GUF (1) on H2"*1. The existence of a para-complex structure I on R*"*2 such
that I € Z(GUF (1)), implies that GUF (1) is a subgroup of SU™(n + 1)UJ (1). It follows that

siin+1)+R=sl(n)+R+g+R=sl(n) +R+g.

Therefore, G acts transitivity on H2"*! = GL, (n+ 1,R)/GL(n,R). Obviously, the effectivity of G on
AP"™ implies the effectivity on H2"*1 and GNUZ (1) = {e}. Hence, by Table 1, G falls in the cases (4-5)
of Table 2.

Analogously, we get that if G acts effectively and transitively on HH!* = Hf:_l? /Sp(1) or BP™ =
Hym 3 /Sp™(1), then G = Sp(m — 5,5+ 1)/Z5 or G = Sp™(m + 1)/ Zs, respectively. O

4. THE PROOF OF THE MAIN THEOREM

Proof of Theorem[I1l Let (G, H) be a pair of Lie groups contained in Tables 1 or 2. We denote by
g, b their associated Lie algebras and by ad : g — ¢l(g) the adjoint representation of g. When b is not
semisimple, then the isotropy representation y = ad : h — gl(g) is completely reducible simply because the
center Z(h) € {U(1),UF (1)} acts by semisimple endomorphisms. When § is semisimple, ad : h — gl(g)
is always completely reducible (see [10, Theorem 6.3]). It follows that there exits a subspace m in g such
that g = h @ m and [h, m] = m. Such a homogeneous space G/H is called reductive.

Let (-,-) be an ad(h)-invariant symmetric non-degenerate bilinear form on m, associated to a G-
invariant pseudo-Riemannian metric g on G/H. Let m = m; @ m_ be an orthogonal decomposition of m
such that (-,-) is positive definite on m; and negative definite on m_. There exists a Cartan involution
T of g such that my C g4 and m_ C g_, where

gy ={X eg|T(X)= X}, g ={Xeg|T(X)=-X}

As in §3.2.7] changing the point where the isotropy is computed, we may assume that the isotropy Lie
algebra b is T-invariant. We have T'(h) = b and thus, T'(m) = m. Letting h+ = g+ N b, we note that
h=bhir®h-.

Now, we define the compact forms g* = g4 +ig—, h* = b +ih_; let m* = m + im_, and take G*
and H* to be the connected analytic Lie groups, with Lie(G*) = g* and Lie(H*) = h*. Clearly, G*/H*
is a compact homogeneous space, and the associated bilinear form (-,-)* on m* is positive definite and
its associated G*-invariant metric g* is Riemannian (see [II] for the definition of (-,-)*). Moreover, m’
and m* are orthogonal to each others with respect to (-,-)*. It means that (g, b, m, (-,-)) is a T-dual to
(g*,b*,m*, (-,)*) (see Kath [I1, Definition 3.1]).

The compact dual triples (G*, H*, G*/H*) of all triples (G, H, G/H) of Tables 1 and 2, with a non-
compact G, are listed in the next table.
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Table 3

No. | G H G/H |G 0 G /H
(1) { SOo(n—r,r+1) SOo(n —1,7) H! SO(n+1) SO(n) Sm
2) | G3 SU(2,1) HS G2 SU(3) S°
(3) | G3 SL(3,R) HS G2 SU(3) S°
(4) | Spino(4,3) G5 HY Spin(7) G2 S7
(5) | SUm —s,s+1) SU(m — s, s) Hy" 4 | SU(m + 1) SU(m) gEm L
6) |Um—s,s+1) U(m —s,s) Hym 4 | U(m+1) U(m) gEm+l
(7) | SUT(m +1) SU™(m) H2ZH | SU(m 4+ 1) SU(m) S2m+l
®) [ Ugm+1) Ug (m) HZ T [ U(m+ 1) U(m) i
(9) | Spino(8,1) Spin(7) H# Spin(9) Spin(7) R
(10) | Spino(5,4) Spino (4, 3) H# Spin(9) Spin(7) R
(11) | Sp(m —s,s+ 1) Sp(m — s, s) H™ 2 | Sp(m + 1) Sp(m) gam+3
(12) | Sp(m —s,s+1)U(1) | Sp(m —s,s)U(1) H;™ 2 | Sp(m +1)U(1) | Sp(m)U(1) gam+3
(13) | Sp(m —s,s+1)Sp(1) | Sp(m —s,5)Sp(1) | Hylis® | Sp(m+1)Sp(1) | Sp(m)Sp(1) | S+
(10 [ Sy (m+ 1) Sp(m) HAm T [ Sp(m + 1) Sp(m) G
(15) | Sy (m + DU () Sy (m)U(1) HE [ Spim + DUQ) | Spm)U(0) | 577
(16) | Sp™(m + U5 (1) Sp™ (m)Ug (1) Hym P | Sp(m+1)U(1) | Sp(m)U(1) | S*+3
(17) | Sp™(m + 1)Sp™ (1) Sp™ (m)Sp" (1) Hymt? | Sp(m +1)Sp(1) | Sp(m)Sp(1) | S*™*°
(18) | SU(m — s,s+ 1) S(U(m—s,8)U(1)) | CH | SU(m+1) S(Um)U(1)) | CpP™
(19) | Sp(m —s,s+1) Sp(m —s,s)U(1) CH | Sp(m +1) Sp(m)U (1) cpm+!
(20) | Sp™(m +1) Sp™(m)U(1) CHZ™ | Sp(m + 1) Sp(m)U(1) cp*m+!
(21) | SUT(m +1) SU™(m)U™ (1)) AP™ | SU(m+1) S{Um)U1))| cpm
(22) | Sp™(m +1) Sp™ (m)Ug (1) AP?™ | Sp(m + 1) Sp(m)U(1) cpmt!
(23) | Sp(m —s,s+1) Sp(m — s,s)Sp(1) HH | Sp(m+1) Sp(m)Sp(1) HP™
(24) | Sp"(m +1) Sp™(m)Sp™(1) BP™ Sp(m + 1) Sp(m)Sp(1) HP™

By Kath [I1, Corollary 4.1], the G-homogeneous Einstein pseudo-Riemannian metrics on G/H are in
one-to-one correspondence to the G*-homogeneous Einstein Riemannian metrics on G*/H*. Thus, by
Ziller’s classification of homogeneous Einstein Riemannian metrics on sphere and projective spaces (see
Ziller [22]), we get the following;:

(i) for the cases (1-8) of Table 3, the only G-homogeneous Einstein pseudo-Riemannian is the con-
stant curvature metric,

(ii) for each of cases (9-11, 14) of Table 3, we have only two G-homogeneous Einstein pseudo-
Riemannian metrics: the constant curvature one and the Einstein metric of the canonical varia-
tion,

(iii) for each of (19, 20, 22), we have only two G-homogeneous Einstein pseudo-Riemannian on G/H,

(iv) the cases (12-13) are special cases of (11), and the cases (15-17) are special cases of (14),

(v) for the cases (18, 21, 23, 24), we have only one G-homogeneous Einstein pseudo-Riemannian on
G/H.

O

Remark 4.1. We recall from Ziller [22] that the homogeneous Einstein Riemannian metrics on S4+3
(associated to the canonical variation of the Hopf fibration S4"*3 — CP™) are normal homogeneous,
but the homogeneous Einstein Riemannian metrics on S1° (associated to the Hopf fibration S5 — S%)
and on CP?"*1 are not even naturally reductive. Since the notions of normal homogeneity and natural
reductivity are preserved under duality, it follows that 2 homogeneous Einstein metrics on H15, namely
the Sp(2,2) and Sp™(4)-invariant metrics, and the Einstein metrics on Hf;ﬁ_? are normal homogeneous,
but the non-canonical homogeneous Einstein metrics on (CH%;’Hl, AP?"+1 and the other 2 non-canonical
Einstein metrics on H15 (the Sping(5,4) and Sping(8, 1)-invariant metrics) are not naturally reductive.
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