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INTEGRABLE SYSTEMS AND FEYNMAN DIAGRAMS(Order No. )GABRIEL BADITOIUBoston UniversityGraduate S
hool of Arts and S
ien
es, 2007Major Professor: Steven Rosenberg, Professor of Mathemati
sAbstra
tIn the theory of integrable systems, a solution to a Lax pair equation asso
iatedto a 
oadjoint orbit of a semisimple Lie group is given by a Birkho� fa
torization.By the work of Connes-Kreimer, there is a Birkho� fa
torization of 
hara
ters onthe Kreimer Hopf algebra of Feynman diagrams. In this thesis, we reverse the usualpro
edure in integrable systems by produ
ing a Lax pair equation dL
dt

= [M,L] whosesolution is given pre
isely by the Connes-Kreimer Birkho� fa
torization. The mainte
hni
al issue, that the Lie algebra of in�nitesimal 
hara
ters is not semisimple,is over
ome by passing to the double Lie algebra with the simplest possible Liealgebra stru
ture. In parti
ular, the Lax pair gives a �ow for the 
hara
ter ϕ givenby Feynman rules in dimensional regularization. We work out an expli
it exampleof the theory on a �nitely generated subalgebra of the Hopf algebra of Feynmandiagrams.
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Chapter 1Introdu
tionIn the theory of integrable systems, writing a system in Lax pair form is very im-portant for showing the 
omplete integrability of the system. All known examplesin the 
lassi
al theory that 
an be written in Lax pair form are integrable. As theresulting integration by quadrature is not easy to perform in the most 
ases, one 
analternatively use a Birkho� de
omposition to produ
e solutions of a system in Laxpair form. As a third approa
h for matrix systems the geometri
 data of the sys-tem is 
ontrolled by the spe
tral 
urve. In parti
ular, the 
oe�
ients of the spe
tral
urve give invariants of motion of the system, so one 
an hope to prove 
ompleteintegrability from the spe
tral 
urve.In [7, 8℄, Connes-Kreimer dis
overed a Birkho� fa
torization of 
hara
ters onKreimer's Hopf algebra of Feynman diagrams. In this thesis, we reverse the usualpro
edure in integrable systems by produ
ing a Lax pair equation whose solution isgiven pre
isely by the Connes-Kreimer Birkho� fa
torization (Theorem 4.4.3). Themain te
hni
al issue, that the Lie algebra of in�nitesimal 
hara
ters is not endowedwith an ad-invariant nondegenerate symmetri
 produ
t, is over
ome by passing tothe double Lie algebra with the simplest possible Lie algebra stru
ture. In parti
ular,the Lax pair gives a �ow for the 
hara
ter ϕ given by Feynman rules in dimensionalregularization. It would be very interesting to know if this �ow has physi
al signi�-
an
e.The thesis is organized as following: Chapters 2 and 3 are ba
kground material on1



2the two main �elds of the thesis: Hopf algebras in QFT and integrable systems asso-
iated to Lie algebras. In Chapter 2, we brie�y present the notions of Hopf algebras,the Kreimer Hopf algebra of Feynman graphs, and its group of 
hara
ters. At theend of the se
ond 
hapter we introdu
e the Connes-Kreimer Birkho� de
omposition.In this 
hapter we follow the referen
es [7, 8, 18, 19℄.Chapter 3 
overs ba
kground material on integrable system on Lie algebras. Inparti
ular, we introdu
e Poisson stru
tures, integrable systems, Poisson-Lie stru
-tures and Lie bialgebras, and give the equivalen
e between the 
ategory of Lie bial-gebras and 
onne
ted and simply 
onne
ted Poisson-Lie groups. We also dis
uss aspe
i�
 example of the Toda latti
e and dis
uss the asso
iated spe
tral 
urve. This
hapter uses the referen
es [2, 4, 20, 23℄.In Chapter 4, we introdu
e a method to produ
e a Lax pair on any Lie algebrafrom the equations of motion on the double Lie algebra. In Se
tion 4.4, we applythis method to the parti
ular 
ase of the Lie algebra of in�nitesimal 
hara
ters of theHopf algebra of Feynman diagrams, and produ
e a Lax pair equation whose Birkho�fa
torization 
oin
ides with the Connes-Kreimer fa
torization. The main result ofConnes-Kreimer fa
torization and Lax pair equations is Theorem 4.4.3. A

ordingto this theorem, we 
an start with any in�nitesimal 
hara
ter and use the Connes-Kreimer fa
torization to give a �ow of in�nitesimal 
hara
ters. By adjusting theinitial 
ondition, we 
an �nd the Connes-Kreimer fa
torization of a spe
i�
 in�nites-imal 
hara
ter as part of this �ow. We also dis
uss the �ow of the beta fun
tionasso
iated to the �ow of (exponentiated in�nitesimal) 
hara
ters.In Chapter 5, we work out an expli
it example of the theory on a �nitely generatedsubalgebra of the Hopf algebra of Feynman diagrams. We dis
uss how this example
an be generalized to many other �nitely generated Hopf algebras; the only 
onstraintis the amount of available 
omputing power. We also dis
uss the spe
tral 
urve



3te
hnique for our example.It is natural to look for invariants of Lax pair equations by spe
tral 
urve te
h-niques, and to linearize the �ow on the Ja
obian of the spe
tral 
urve. Unfortunately,in the worked example of Chapter 5, the spe
tral 
urve is highly redu
ible, and theonly invariants we �nd are trivial. We hope to �nd examples with nontrivial invari-ants in the future.Chapters 4 and 5 
ontain the results from [3℄.Appendi
es A, B, C, D and E 
ontain the Mathemati
a �les with some 
ommentsto support the results from Chapter 5.



Chapter 2A Hopf algebra of Feynman diagramsIn this 
hapter we re
all some basi
 de�nitions and notation and present a Hopfalgebra of Feynman diagrams. Closely following the presentation from [19℄ and theideas from [7, 8℄, we introdu
e the Birkho� de
omposition for a 
onne
ted �lteredHopf algebra H of a 
hara
ter ϕ : H → A where A is a unital algebra that admitsa renormalization s
heme, i.e. a splitting into two subalgebras A = A− ⊕ A+ with
1 ∈ A+.2.1 Hopf algebrasLet k be a �eld. A k-ve
tor spa
e H with an asso
iative bilinear map µ : H⊗H → His 
alled a k-algebra. Asso
iativity is equivalent to the 
ommutativity of the followingdiagram:

H ←−−−
µ

H ⊗H

µ

x





x





id⊗µ

H ⊗H ←−−−
µ⊗id

H ⊗H ⊗HThe k-algebra is 
alled unital if it has a unit 1. We denote by η : k → H the mapgiven by η(c) = c · 1 for any c ∈ k. We shall assume that all our algebras are unitaland morphisms between two unital algebras are unital.De�nition 2.1.1. A 
oalgebra is a triple (H,∆, ε), where H is a ve
tor spa
e and
ε : H → k and ∆ : H → H ⊗ H are linear maps, su
h that the following diagrams
ommute. 4



5Coasso
iativity
H

∆
−−−→ H ⊗H

∆





y





y
id⊗∆

H ⊗H
∆⊗id
−−−→ H ⊗H ⊗HCounity

k ⊗H <
ε⊗id

H ⊗H
id⊗ε

>H ⊗ k

H

∆

∧

≃

>

≃

<

De�nition 2.1.2. (H, µ, η,∆, ε) is 
alled a bialgebra ifi) (H, µ, η) is an algebra,ii) (H,∆, ε) is a 
oalgebra andiii) ∆ and ε are morphisms of algebras.We re
all Sweedler's sigma notation:
∆(x) =

∑

(x)

x′ ⊗ x′′.Let (H, µ, η,∆, ε) be a bialgebra. We introdu
e the following 
onvolution on L(H),the set of linear maps from H to C:
(f ⋆ g)(x) =

∑

(x)

f(x′)g(x′′),for f, g ∈ L(H).De�nition 2.1.3. Let (H, µ, η, δ, ε) be a bialgebra. A linear map S : H → H is



6
alled an antipode of H if
S ⋆ idH = idH ⋆ S = η ◦ ε.A bialgebra (H, µ, η, δ, ε) endowed with an antipode is 
alled a Hopf algebra.We introdu
e the notion of graded bialgebra.De�nition 2.1.4. Let k be a �eld of zero 
hara
teristi
. A graded bialgebra on k isa graded k-ve
tor spa
e

H =
⊕

n≥0

Hnwhi
h is endowed with a bialgebra stru
ture and satis�es the following:
Hp · Hq ⊂ Hp+q

∆(Hn) ⊂
⊕

p+q=n

Hp ⊗Hq.A graded Hopf algebra is a graded bialgebra H =
⊕

n≥0

Hn endowed with an antipode
S : H → H su
h that

S(Hn) ⊂ Hn.For a graded bialgebra one 
an 
onstru
t a �ltration
H0 ⊂ H1 ⊂ · · · ⊂ Hn ⊂ Hn+1 ⊂ · · · ,by setting

Hn =

n
⊕

p=0

Hp.De�nition 2.1.5. A graded bialgebra is 
alled 
onne
ted if H0 is one-dimensional.



7Proposition 2.1.6. Any 
onne
ted �ltered bialgebra H is a �ltrated Hopf algebra.The antipode is given by S(1)=1 and the re
ursive formula
S(x) = −x−

∑

(x)

S(x′)x′′.2.2 The Hopf algebra of rooted treesDe�nition 2.2.1. A rooted (non-planar) tree t is a 
onne
ted and simply 
onne
tedone dimensional simpli
ial 
omplex with a point base *(t), whi
h is 
alled the root oft. We denote by V(t) the set of verti
es and by E(t) the set of edges, ea
h of whi
hwill be assumed oriented.The 
onvention for drawing the rooted trees is to put the root in the uppermostposition.Example 1. The following are examples of rooted trees:
De�nition 2.2.2. The set of trees is denoted by T . The empty tree is 
onsider atree and will be denoted by 1T . Any �nite subset of T is 
alled a forest. The set ofall forests is denoted by F(T ).In what follows we shall introdu
e a Hopf algebra stru
ture on the set on F(T ).First we de�ne the multipli
ation and the unit.De�nition 2.2.3.

m : F(T )⊗ F(T )→ F(T ),

m(ti1 · · · tin ⊗ tj1 · · · tjm) = ti1 · · · tintj1 · · · tjm



8where ti1 · · · tin , tj1 · · · tjm ∈ F(T ). 1T is de�ned to be the unit element in F(T ).To de�ne a grading on F(T ) we set the degree deg(t) of a tree t to be the numberof verti
es and the degree of a forest t1 · · · tn is given by
deg(t1 · · · tn) =

n
∑

1

deg(ti),the number of verti
es of the forest.The algebra generated by F(T ) with the natural multipli
ation given above isalso denoted by F(T ). F(T ) is a graded 
ommutative algebra. Noti
e that F(T ) isan algebra freely generated by T .To de�ne the 
omultipli
ation on F(T ), we need to de�ne the notion of an ad-missible 
ut of a tree.De�nition 2.2.4. Let t be a tree. An admissible 
ut is a subset c of E(t) with atleast one element and su
h that any unique path from the root to any vertex of tone has at most one element in c. Removing the elements of c from E(t), we split tinto several several 
onne
ted 
omponents. The 
onne
ted 
omponent 
ontaining theroot will be denoted by Rc(t), while the set of all the other 
onne
ted 
omponentsnot 
ontaining the root will be denoted by Pc(t). Noti
e that Pc(t) is in general aforest, while Rc(t) is a tree. Let Ct be the set of all admissible 
uts of t. Noti
e thatthe empty and the full 
uts are ex
luded, (i.e. we don't allow Pc(t) = t or Rc(t) = ∅).Now, we de�ne the 
oalgebra stru
ture on F(T ).De�nition 2.2.5. We 
onsider the following maps:1) the 
ounity: ε : F(T )→ k, ε(x) = 0 for any x ∈ F(T ) \ {1T } and ε(1T ) = 1.



92) the 
omultipli
ation: ∆ : F(T )→ F(T )⊗ F(T ) is given on generators by
∆(1T ) = 1T ⊗ 1T , ∆(t) = t⊗ 1T + 1T ⊗ t+

∑

c∈Ct

Pc(t)⊗Rc(t),Proposition 2.2.6. (F(T ), m, 1T ,∆, ε) is a bialgebra.Noti
e that
deg(t) = deg(Pc(t)) + deg(Rc(t)),and this implies that the bialgebra (F(T ), m, 1T ,∆, ε) is graded.By Proposition 2.1.6, the grading of the bialgebra gives re
ursively the antipode:
S(t) = −t−

∑

c∈Ct

S(Pc(t))Rc(t)).Noti
e that the only tree of degree zero is 1T , so the bialgebra of rooted trees is
onne
ted. Summarizing, we state the following result.Theorem 2.2.7. (F(T ), m, 1T ,∆, ε) is a graded 
onne
ted Hopf algebra.Now we given some 
omputations for ∆ and S.Example 2.
∆( ) = ⊗ 1T + 1T ⊗ , S( ) = −

∆( ) = ⊗ 1T + 1T ⊗ + ⊗ , S( ) = − +

∆( ) = ⊗ 1T + 1T ⊗ + 2 ⊗ + ⊗ , S( ) = − + 2 −

∆( ) = ∆( )∆( ) = ⊗ 1T + 1T ⊗ + 2 ⊗The 
onstru
tion in this se
tion 
an be extended to the Hopf algebra of de
oratedrooted trees. In the next se
tion we introdu
e the Hopf algebra of 1PI Feynman



10graphs. Sin
e any Feynman diagram has an asso
iated de
orated rooted tree theFeynman graph Hopf algebra 
an be 
onsidered as a Hopf algebra of de
orated rootedtrees.2.3 The Hopf algebra of Feynman graphsIn this se
tion we re
all the 
onstru
tion of Hopf algebras of Feynman graphs, basedon [18, 19℄.De�nition 2.3.1. A Feynman graph (diagram) is a non-oriented, non-planar graphwith a �nite number of verti
es and edges. An internal edge is an edge 
onne
ted toboth ends to a vertex. An external edge is an edge with one open end and with theother end 
onne
ted to a vertex.To 
onstru
t a Hopf algebra of Feynman graphs we 
onsider the set of 1PI graphs.De�nition 2.3.2. A one-parti
le irredu
ible graph (1PI graph) 
onsists of edges andverti
es, without self-loops, su
h that the graph remains 
onne
ted upon removal ofany one edge. Its set of verti
es is denoted by Γ[0] and set of edges by Γ[1]. The setof internal edges is denoted by Γ
[1]
int and the set of external edges by Γ

[1]
ext.De�nition 2.3.3. A Feynman subgraph of a 1PI graph Γ is de�ned to be a graph γwith γ[1] ⊂ Γ[1] and 
ontaining all verti
es adja
ent to γ[1].De�nition 2.3.4. The residue of a 
onne
ted graph is the graph obtained by shrink-ing all internal edges and verti
es to a point (i.e. the set Γ[0] ∪ Γ

[1]
int is repla
ed by apoint).For any Feynman subgraph γ of Γ, we de�ne Γ/γ to be the 
ontra
ted graph obtainedby repla
ing all 
onne
ted 
omponents of γ with their residues inside Γ.



11De�nition 2.3.5. For any 
onne
ted graph Γ with V (Γ) verti
es and with I(Γ)internal edges, the loop number is given by
L(Γ) = I(Γ)− V (Γ) + 1.De�nition 2.3.6 ([21, p. 309℄). The super�
ial degree of divergen
e of graph Γ is

dL − 2I, where d is the dimension of the 
on�guration spa
e, L is the loop numberof Γ and I is the number of internal edges of Γ. We say Γ is super�
ially divergentif the super�
ial degree of divergen
e is positive.De�nition 2.3.7. LetH be the algebra generated by 1PI graphs. The multipli
ationof two elements in H is given by the disjoint union, the unit element 1 is the emptyset ∅, and the sum is formal addition. Noti
e that H is a 
ommutative algebra.Let ∆ : H → H ⊗ H be the 
omultipli
ation given on any generator Γ with
L(Γ) > 0 by

∆(Γ) = Γ⊗ 1 + 1⊗ Γ +
∑

γ⊂Γ

γ ⊗ Γ/γwhere the sum is over all unions of super�
ially divergent 1PI proper subgraphs γ,and ∆(1) = 1⊗ 1.Let ε : H → k be the linear map given by ε(Γ) = 0 for any Γ 6= 1 and ε(1) = 1.Proposition 2.3.8. H de�ned above is a 
onne
ted 
ommutative Hopf algebra. Theantipode S : H → H is given by S(1) = 1 and
S(Γ) = −Γ−

∑

γ

S(γ)Γ /γfor any Γ 6= 1. Here the sum is over all unions of 1PI super�
ially divergent propersubgraphs γ.



12Example 3.
∆( ) = ⊗ 1 + 1⊗ + ⊗Following [7℄, we shall dis
uss various gradings and �ltrations of H. To 
onstru
tgradings on H, we start by asso
iating to any 1PI graph Γ, an integer n(Γ) and thennaturally extend the fun
tion n to the entire Hopf algebra H is given by

deg(Γ1 . . .Γl) =

l
∑

i=1

n(Γi), deg(1) = 0.We are parti
ularly interested in a grading that is 
ompatible with the 
oprodu
t,i.e.
deg(γ) + deg(Γ/γ) = deg(Γ). (2.3.1)This will give a grading and in 
onsequen
e a �ltration on the Hopf algebra.Proposition 2.3.9. The following three gradings satisfy the 
ompatibility 
ondition(2.3.1):

I(Γ) = number of internal edges of Γ,

v(Γ) = V (Γ)− 1 = number of verti
es of Γ− 1,

L(Γ) = I(Γ)− v(Γ) = I(Γ)− V (Γ) + 1,

L(Γ) is the loop number.In all following 
hapters, we shall 
onsider the Hopf algebra of 1PI Feynmangraphs H graded with respe
t to the loop number L(Γ).Proposition 2.3.10. H de�ned above is a 
onne
ted �ltrated 
ommutative Hopfalgebra.



13We have the following property, whi
h is also valid for any graded 
onne
ted Hopfalgebra:Proposition 2.3.11. If H is the Hopf algebra of 1PI Feynman graphs then for anyhomogeneous element Γ ∈ Hn we have
∆(Γ) = Γ⊗ 1 + 1⊗ Γ +

∑

(Γ)

Γ′ ⊗ Γ′′,where Γ′,Γ′′ are homogeneous elements of degree less than n.2.4 The group of 
hara
ters and the Connes-KreimerBirkho� de
ompositionLet H = (H, 1, µ,∆, ε, S) be a Hopf algebra over C with unit element 1.De�nition 2.4.1. The 
hara
ter group G = Char(H) of a Hopf algebra H is givenby
G = {φ : H → C | φ is a linear map, φ(1) = 1, φ(xy) = φ(x)φ(y) for any x, y ∈ H}.The group law is given by the 
onvolution produ
t and the unit element is ε:

(ψ1 ⋆ ψ2)(h) = 〈ψ1 ⊗ ψ2,∆h〉,

ε(1) = 1, ε(h) = 0 for any h ∈ H \ {0}.The inverse of an element ϕ ∈ Char(H) is given by
ϕ−1(x) = ϕ(S(x)) = ϕ(−x−

∑

(x),x′ 6=x

S(x′)x′′)



14
= −ϕ(x)−

∑

(x),x′ 6=x

ϕ−1(x′)ϕ(x′′).De�nition 2.4.2. An in�nitesimal 
hara
ter of a Hopf algebra H is a C-linearmap Z : H → C satisfying
〈Z, hk〉 = 〈Z, h〉ε(k) + ε(h)〈Z, k〉.The set of in�nitesimal 
hara
ters is denoted by ∂Char(H) and is endowed with aLie algebra bra
ket:

[Z,Z ′] = Z ⋆ Z ′ − Z ′ ⋆ Z, for Z, Z ′ ∈ ∂Char(H).Note that g = ∂Char(H) is the Lie algebra of Char(H) and that for any in�nites-imal 
hara
ter Z we have Z(1) = 0.Let A be an algebra that admits a renormalization s
heme i.e. a splitting intotwo subalgebras:
A = A− ⊕A+,with 1 ∈ A+.Example 4. We 
an take A to be the algebra of Laurent series over C

A = {
∞
∑

i=m

ciλ
i | m ∈ Z, ci ∈ C},

A− = {
−1
∑

i=m

ciλ
i | m ∈ Z, ci ∈ C},

A+ = {
∞
∑

i=0

ciλ
i | m ∈ Z, ci ∈ C}.Noti
e that A = A− ⊕A+.



15Similar to the de�nitions of G and g, we de�ne GA to be the group of 
hara
tersgiven by
GA = {φ : H → A | φ is a linear map, φ(1) = 1, φ(xy) = φ(x)φ(y) for any x, y ∈ H}.and Lie algebra of in�nitesimal 
hara
ters

gA = {Z : H → A | Z is a linear map, 〈Z, hk〉 = 〈Z, h〉ε(k) + ε(h)〈Z, k〉}.Let π : A → A− be the proje
tion onto A−, let P− = −π. Let P+ : A → A+ bethe proje
tion onto A+. Noti
e that P+ = id + P−.De�nition 2.4.3. A map π : A → A with π2 = π is said to satisfy the Rota-Baxterequation if
π(x)π(y) + π(xy) = π(π(x)y + xπ(y)),for any x, y ∈ A.Example 5. If A is the algebra of Laurent series from Example 4, then the proje
tion

π : A → A− satis�es the Rota-Baxter equation.Theorem 2.4.4 ([19℄). Let H be a 
onne
ted graded Hopf algebra and let A be analgebra with a splitting A = A− ⊕A+, 1 ∈ A+. Then any ϕ ∈ GA admits a uniqueBirkho� de
omposition:
ϕ = ϕ−1

− ⋆ ϕ+,where ϕ−(1) = 1A, ϕ−(Ker ε) ⊂ A− and ϕ+(H) ⊂ A+.Moreover ϕ− and ϕ+ are given by
ϕ−(x) = −π(R̄(x)),
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ϕ+(x) = R̄(x)− π(R̄(x)),where R̄ is the Bogoliubov-Parasiuk-Hepp preparation map given by

R̄(x) = ϕ(x) +
∑

(x)

ϕ−(x′)ϕ(x′′)If the algebra A is 
ommutative and π satis�es the Rota-Baxter equation, e.g.Example 4 of Laurent series, then both ϕ− and ϕ+ are 
hara
ters.The Hopf algebra of rooted trees and the Hopf algebra of 1PI Feynman graphsare the most important examples of 
onne
ted graded Hopf algebras. By Theorem2.4.4, one gets the Connes-Kreimer Birkho� de
omposition in [7℄. In fa
t the proofof Theorem 2.4.4 in [19℄ follows the ideas from [7℄.Example 6.
ϕ−( ) = −π(ϕ( )

ϕ−( ) = −π(ϕ( ) + ϕ−( )ϕ( ))2.5 The β-fun
tionFollowing [8, 11, 19℄, we shall introdu
e the β-fun
tion of a 
hara
ter ϕ. In a laterse
tion, we shall �nd relations between β-fun
tions and our Lax pair equations.Everywhere in this se
tion, A will denote the algebra of Laurent series (given inExample 4).Let H =
⊕

n

Hn be a 
onne
ted graded Hopf algebra. Let Y be a biderivation on
H given on homogeneous elements by

Y : Hn →Hn, Y (x) = nx for x ∈ Hn.



17Noti
e that ϕ 7→ ϕ ◦ Y is a derivation of GA.Let {θt}t∈C be the one-parameter group of H given by
θt(x) = entx, for x ∈ Hn.Then ϕ 7→ ϕ ◦ θt is an automorphism of GA. Now, we de�ne a di�erent a
tion of Con GA. For t ∈ C and ϕ ∈ GA we de�ne ϕt(x) on an homogeneous element x by
ϕt(x)(λ) = etλ|x|ϕ(x)(λ),for any λ ∈ C, where |x| is the degree of x ∈ H. Let

GΦ
A = {ϕ ∈ GA

∣

∣

d

dt
(ϕt)− = 0},be the group of 
hara
ters with the negative part of Birkho� de
omposition indepen-dent of t. The dimensional regularized Feynman rule 
hara
ter ϕ is in GΦ

A. Referringto [8, 11℄, the physi
al meaning is that the 
ounter term ϕ− does not depend on themass parameter µ, i.e. ∂ϕ−

∂µ
= 0.Proposition 2.5.1. Let ϕ ∈ GΦ

A and let ht = ϕ−1 ⋆ ϕt. Then the following limit
Ft(x) = lim

λ→0
ht(x)(λ)exists and it is a one-parameter subgroup in GA ∩ G of s
alar valued 
hara
ters of

H.Noti
e that ht(x) ∈ A+ as ht = ϕ−1
+ ⋆ ϕ− ⋆ (ϕt)−1

− ⋆ (ϕt)+ = ϕ−1
+ ⋆ (ϕt)+.



18De�nition 2.5.2. For any ϕ ∈ GΦ
A, the beta-fun
tion of ϕ is de�ned to be

β(ϕ) =
d

dt

∣

∣

∣

t=0
Ft(x)for any x ∈ H.Using the Connes-Kreimer s
attering formula, we show that ϕ− 
an be given interms of its residue.De�nition 2.5.3. We de�ne R̃ : GA → gA by

R̃(ϕ) = ϕ−1 ⋆ (ϕ ◦ Y ).Noti
e that R̃ is well de�ned. Indeed
R̃(xy) = ϕ−1(x′y′)ϕ(x′′y′′)(|x′′|+ |y′′|)

= ϕ−1(x′)ϕ(x′′)|x′′|ε(y) + ϕ−1(y′)ϕ(y′′)|y′′|ε(x) = R̃(x)ε(y) + R̃(y)ε(x).Let g̃A be the semidire
t produ
t
g̃A = gA ⋊ C.Z0,where the a
tion of C.Z0 on gA is given by Z0(X) = X ◦ Y .Let G̃A be the semidire
t produ
t
G̃A = GA ⋊ C,with the a
tion of C on GA given by ϕ.t = ϕ ◦ θt. GA has Lie algebra gA.Noti
e that R̃ is bije
tive and its inverse is given by the following theorem.



19Theorem 2.5.4 ([19℄). Let X ∈ gA. Then
exp(−tZ0) exp(t(Z0 +X)) ∈ GA for any t ∈ R, (2.5.1)where exp : g̃A → G̃A is the exponential of g̃. The following limit exists and we have

R̃−1(X) = lim
t→∞

exp(−tZ0) exp(t(Z0 +X)) (2.5.2)Let GΦ
A−

= {ϕ ∈ GΦ
A | ϕ(Ker ε) ⊂ A−}.By [11℄, we have various formulas for the beta-fun
tion:
β(ϕ) = Res R̃(ϕ) = Res R̃(ϕ−1

− ) = Res(ϕ−1
− ◦ Y ).On the other hand, for any ψ ∈ GΦ

A−
we have (see [19℄)

R̃(ψ) =
1

λ
Res(ψ ◦ Y ).Then ϕ−1

− (λ) = R̃−1( 1
λ
Res(ϕ−1

− ◦ Y )) = R̃−1(β
λ
). Therefore by Theorem 2.5.4 we getthe Connes-Kreimer s
attering formula:Theorem 2.5.5. If H is a 
onne
ted graded Hopf algebra and ϕ ∈ GΦ

A, then
ϕ−(λ) = lim

t→∞
exp(−t(Z0 +

β

λ
)) exp(tZ0)Thus the beta fun
tion en
odes the "divergent" pie
e pie
e of ϕ− of the 
hara
ter ϕ.In parti
ular if β = 0 then ϕ− is trivial. ϕ− is determined by its residue, namely wehave the following result.



20Corollary 2.5.6. If ϕ ∈ GΦ
A, then

ϕ−(λ) = lim
t→∞

exp

(

−t(Z0 −
Res (ϕ− ◦ Y )

λ
)

)

exp(tZ0)2.6 The exponential map of gALet H be a 
onne
ted graded Hopf algebra. Let
ḡA = {Z : H → C | Z is linear, Z(1) = 0}and
ḠA = {ϕ : H → C | ϕ is linear, ϕ(1) = 1}Let exp : ḡA → ḠA be the exponential map of ḡA.Theorem 2.6.1 ([19℄). The exponential exp : ḡA → ḠA is bije
tive,

exp(Z) =

∞
∑

n=0

1

n!
Zn,and the inverse log : ḠA → ḡA is given by

log(1 + Z) =
∞
∑

n=1

(−1)n−1

n
Zn.Re
all that Man
hon's proof in [19, p. 32℄ uses the fa
t that the Hopf algebra is�ltrated whi
h implies that both the exponential and logarithm series evaluated ona given element are in fa
t �nite sums.This implies the following result whi
h will be used in the main Theorem 4.4.3.Corollary 2.6.2 ([19, p. 35℄). The exponential exp : gA → GA is bije
tive and it isthe restri
tion of the exponential on ḡA.



Chapter 3Poisson-Lie stru
tures and Lie bialgebra stru
turesIn this 
hapter we review ba
kground material whi
h will be needed for the results inthe next 
hapter. We present the 
on
epts of Poisson, Poisson-Lie and Lie bialgebrastru
tures and dis
uss the relations among them. A Lie bialgebra is an in�nitesimalanalogue of a Poisson-Lie stru
ture.We also dis
uss integrable systems and an example the generalized open Todalatti
e of a semisimple Lie algebra. We sket
h how a�ne loop algebras of semisimpleLie algebras 
an be treated analogously to the semisimple 
ase. The referen
es for this
hapter are the books by Adler, van Moerbeke & Vanhae
ke [1℄, Babelon, Bernard &Talon [2℄, Chari & Pressley [4℄ and Suris [23℄ and the survey paper by Reyman andSemenov-Tian-Shansky [20℄. In se
tion �3.4 we brie�y dis
uss the spe
tral 
urve.3.1 Poisson stru
turesDe�nition 3.1.1. Let M be a smooth manifold. A Poisson bra
ket (or Poissonstru
ture) on M is a bilinear operation {·, ·} on the set C∞(M) of smooth fun
tionson M whi
h satis�es the following properties:1. Skew-symmetry:
{ϕ1, ϕ2} = −{ϕ2, ϕ1}for ϕ1, ϕ2 ∈ C

∞(M); 21



222. Ja
obi identity
{ϕ1, {ϕ2, ϕ3}}+ {ϕ2, {ϕ3, ϕ1}}+ {ϕ3, {ϕ1, ϕ2}} = 0for ϕ1, ϕ2, ϕ3 ∈ C

∞(M);3. Leibniz rule:
{ϕ1, ϕ2ϕ3} = {ϕ1, ϕ2}ϕ3 + {ϕ1, ϕ3}ϕ2for ϕ1, ϕ2, ϕ3 ∈ C

∞(M).
(M, {·, ·}) is 
alled a Poisson manifold.De�nition 3.1.2. A smooth map F : (M, {·, ·}M)→ (N, {·, ·}N) between two Pois-son manifolds is 
alled a Poisson map if

{ϕ1, ϕ2}N ◦ F = {ϕ1 ◦ F, ϕ2 ◦ F}Mfor ϕ1, ϕ2 ∈ C
∞(N).In lo
al 
oordinates (x1, x2, · · · , xn), the Poisson bra
ket 
an be written as

{ϕ1, ϕ2}(x) =
n
∑

i,j=1

cij(x)
∂ϕ1

∂xi

∂ϕ2

∂xj
,where cij(x) = {xi, xj}.Let W be the skew-symmetri
 2-tensor given by

Wx =

n
∑

i,j=1

cij(x)
∂

∂xi
⊗

∂

∂xj
;

W is independent of lo
al 
oordinates. W is 
alled the Poisson bive
tor. Noti
e that
{ϕ1, ϕ2} = 〈dϕ1 ⊗ dϕ2,W 〉.



23Example 7. Let (M,ω) be a symple
ti
 manifold. Then the bra
ket given by
{ϕ1, ϕ2} = Xϕ1

(ϕ2),for ϕ1, ϕ2 ∈ C∞(M), is a Poisson stru
ture. Here Xϕ1
is the ve
tor �eld given by

iXϕ1
ω = dϕ1.Example 8. Let (M1, {·, ·}M1

), (M2, {·, ·}M2
) be two Poisson manifolds. The produ
tPoisson stru
ture {·, ·}M1×M2

is given by
{ϕ1, ϕ2}M1×M2

(x1, x2) = {ϕ1(·, x2), ϕ2(·, x2)}M1
(x1) + {ϕ1(x1, ·), ϕ2(x1, ·)}M2

(x2)De�nition 3.1.3. Let (M, {·, ·}) be a Poisson manifold and let f : M → R be asmooth fun
tion on M . Xf is 
alled the Hamiltonian ve
tor �eld of f if
Xf (g) = {f, g}for all g ∈ C∞(M). f is 
alled the Hamiltonian fun
tion ofXf . The �ow ϕt : M → Mof Xf is 
alled the Hamiltonian �ow of f .Note that any fun
tion on a symple
ti
 manifold is Hamiltonian.In lo
al 
oordinates (x1, · · · , xn), the Hamiltonian ve
tor �eld Xf of f is given by

Xf(x) =
n
∑

i,j

cij(x)
∂f

∂xi

∂

∂xj
.Let B : T ∗M → TM be the map given by

B(df) = Xf .Noti
e this map is well de�ned.



24If the Poisson stru
ture {·, ·} is non-degenerate, then B is bije
tive and ω =

(B−1⊗B−1)(W ) is a 
losed two-form on M . The Ja
obi identity for {·, ·} translatesinto dω = 0. Conversely a symple
ti
 stru
ture on M gives a non-degenerate Pois-son stru
ture on M (see Example 7). We 
all a non-degenerate Poisson stru
turesymple
ti
.De�nition 3.1.4. Let (M, {·, ·}) be a symple
ti
 stru
ture on a manifold M of(real) dimension 2n. Let H be a Hamiltonian fun
tion (i.e. a fun
tion on M). TheHamiltonian system
Ḟ = {H,F}is 
alled 
ompletely (Liouville) integrable if it has n independent 
onserved quantities

Fi : M → R (i.e. {H,Fi} = 0) that are in involution (i.e. {Fi, Fj} = 0). Hereindependent means that dF1, . . . , dFn are linearly independent 1-forms everywhereex
ept possibly on a set of measure zero.In the next se
tion we give a more general de�nition and state the Arnorld-Liouville Theorem.3.2 The Kirillov bra
ket on g∗ and Lax pair equationIn this se
tion we introdu
e a natural Poisson bra
ket on the dual g∗ of a Lie algebra
g. We also show that the equations of motion on a Lie algebra with an ad-invariantnon-degenerate bilinear form 
an be put in Lax pair form.For F ∈ C∞(g∗) and L ∈ g∗ we de�ne ∇F (L) ∈ g as follows:

〈∇F (L), X〉 =
d(F (L+ εX))

dε

∣

∣

∣

ε=0for any X ∈ g∗, where 〈·, ·〉 is the natural pairing between g and g∗. Noti
e that
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dF (L) = ∇F (L) via the natural identi�
ation g∗∗ = g.De�nition 3.2.1. For any two fun
tions F,G ∈ C∞(g∗) and L ∈ g∗ we de�ne

{F,G}(L) = 〈L, [∇F (L),∇G(L)]〉.Then {·, ·} is a Poisson bra
ket on g∗, 
alled the Kirillov (Lie-Poisson) bra
ket.The equations of motion Ḟ = {H,F} of a Hamiltonian fun
tion H with respe
tto the Kirillov bra
ket 
an be written as
Ḟ = ad∗(∇H(L))(L),whi
h we will write as Ḟ = ad∗∇H(L) · L. Here ad∗ is the 
oadjoint representationgiven by ad∗

X(Y ∗)(Z) = −Y ∗(adX(Z)) for X,Z ∈ g and Y ∈ g∗.De�nition 3.2.2. A Casimir fun
tion on g∗ is a fun
tion C : g∗ → R satisfying thefollowing identity
ad∗C(L) · L = 0.The equations of motion are trivial for a Casimir fun
tion.Proposition 3.2.3. An Ad∗-invariant fun
tion is a Casimir fun
tion.If g is endowed with an ad-invariant non-degenerate symmetri
 bilinear form, thenwe 
an identify g with g∗ and ad∗ with −ad, so the Hamiltonian equation be
omesa Lax pair equation
L̇ = [L,∇H(L)].



263.3 Integrable Systems: Liouville IntegrabilityDe�nition 3.3.1. Let (M, {·, ·}) be a Poisson manifold of rank 2r and let F =

(F1, . . . , Fs) be in involution (i.e. {Fi, Fj} = 0) and independent (i.e. dF1, . . . , dFnare linearly independent on a dense set), with s = dimM − r. We say that F is
ompletely integrable and that (M, {·, ·}, F ) is an integrable system or a 
ompletelyintegrable system. The ve
tor �elds XFi
are 
alled integrable ve
tor �elds and themap F is 
alled the momentum map. r is the degree of freedom of the integrablesystem and 2r is its rank.Let XFi

be the Hamiltonian ve
tor �eld 
orresponding to Fi. Let D the distribu-tion generated by {XF1
, . . .XFs}. The maximal integral manifold F ′

m of D through
m is 
alled the invariant manifold of F through m.Now we state the Arnorld-Liouville Theorem for real integrable systems. TheArnorld-Liouville Theorem is 
onsidered a good motivation for introdu
ing the pre-vious de�nition.Theorem 3.3.2 (Arnorld-Liouville). Let (M, {·, ·}, F ) be a real integrable system ofrank 2r, where F = (F1, . . . , Fs). Let m ∈ M su
h that dF1, . . . , dFs are linearlyindependent at m and F ′

m be the invariant manifold of F that passes through m.1) If F ′
m is 
ompa
t then there exists a di�eomorphism from F ′

m from Fm to thetorus T r = (R/Z)r, under whi
h the ve
tor �elds XF1
, . . .XFs are mapped tolinear ve
tor �elds2) If F ′

m is not 
ompa
t but the �ow of ea
h XFi
is 
omplete on F ′

m then thereexists a di�eomorphism from F ′
m to Rr−q × T q, (0 ≤ q < r), under whi
h theve
tor �elds XF1

, . . .XFs are mapped to linear ve
tor �elds.We will spe
ially be interested in non-degenerate Poisson stru
tures.



27Now we present the generalized open Toda latti
e asso
iated to an arbitrarysemisimple Lie algebra following [20℄.Example 9. Let g be a semi-simple Lie algebra, a its Cartan subalgebra, ∆ its rootsystem, P ⊂ ∆ the set of simple roots. Let gα the 
orresponding root spa
e of α ∈ ∆.Let g be the root de
omposition of g = a +
⊕

α∈∆

gα. If β =
∑

α∈P kαα we denote by
d(β) =

∑

kα.Let gi =
⊕

d(α)=i

gα if i 6= 0 and g0 = a. Let g+ =
⊕

i≥0 and g− =
⊕

i<0.We denote by (·, ·) the Killing form of g. Set
H(X) =

1

2
(X,X)and f =

∑

α∈P

e−α, where eα is a root ve
tor. Let Of be the g+-orbit of f in a + g−1.Then
Of = {p+

∑

α∈P

c−αeα, p ∈ a},where eα is a root ve
tor.The Lie-Poisson bra
ket is given by {pβ, cα} = (α, β)cα, {cα, cβ} = {pα, pβ} = 0.A parametrization of Of is given by
ξ =

l
∑

i=1

pihi +
∑

α∈P

exp(

l
∑

i=1

qi(α, gi)).Here {hi} is a basis of a, {gi} is its dual basis with respe
t to the Killing form i.e.
(hi, gi) = δi,j . Let qi = (q, hi) and pi = (p, gi). Let O = Of + e, where e =

∑

α∈P eα.Computing the previous Hamiltonian for an element L ∈ O we get the Todalatti
e Hamiltonian
H(L) =

1

2
(p, p) +

∑

α∈P

(e−α, eα)e
(α,q).



28When {hi} is a orthogonal basis in a, the Toda latti
e Hamiltonian is
H(L) =

1

2

∑

p2
i +

∑

α∈P

exp(
∑

i

qi(α, ei)).The Lax pair equation of the Toda latti
e is:
dL

dt
= [L,M±],where

L = p +
∑

α∈P

e(α,q)e−α + e,

M+ = p+ e, M− = M+ − L.Noti
e that the generalized Toda latti
e Hamiltonian is Liouville (
ompletely) inte-grable.The ordinary nonperiodi
 Toda latti
e is system of n intera
ting parti
les on aline with exponential intera
tions, the Hamiltonian is given by:
H =

1

2

n
∑

j=1

p2
j +

n−1
∑

j=1

g2
j exp[(2(qj − qj+2)].The equation of motions when we set gj = 1 are:

q̇j = pj, j = 1, . . . , n,

ṗ1 = −2 exp[2(q1 − q2)], ṗn = 2 exp[2(qn−1 − qn)],

ṗj = −2 exp[2(qj − qj−1)] + 2 exp[2(qj−1 − qj)], j = 2, . . . , n− 1.



29A�ne Lie algebrasThe periodi
 Toda latti
e of a semisimple Lie algebra 
an written as a Lax pairequation on an a�ne Lie algebras. The theory of semisimple Lie algebras extends tothe a�ne Lie algebras.Let g be a semisimple Lie algebra. Let a be a Cartan Lie subalgebra. Let L(g)be the loop algebra of g, i.e.
L(g) = {

N
∑

i=M

Liλ
i | M,N ∈ Z, Li ∈ g}is the algebra of Laurent polynomials in λ with 
oe�
ients in g.Let g = a +

⊕

α∈∆

gα be the root de
omposition of g. We have
L(g) =

⊕

i∈Z

aλi +
⊕

α∈∆, i∈Z

gαλ
i.To keep tra
k of the power of λ we need to add an extra element d to the loop algebra.This element is the analogue of the grading operator added to the in�nitesimal Liealgebra gA introdu
ed in Chapter 2.Set

[d, Liλ
i] = iLiλ

i.Let ĝ = L(g) + Cd, and let â = a + Cd be the extend Cartan subalgebra. Then
ĝ = â +

⊕

a∈∆̂

gα,where ∆̂ given below is 
alled the a�ne root system:
∆̂ = {(α, i) | α ∈ ∆ ∪ {0}, i ∈ Z, (α, i) 6= (0, 0)}.



30Let
∆+ = {(α, i | either i > 0 or α ∈ ∆+, i = 0}.The a�ne root systems are given in terms of (a�ne) Dynkin diagrams and thesea�ne Dynkin diagrams are 
lassi�ed for all simple g. The periodi
 Toda latti
e is agood example of an a�ne Lie algebra and the 
onstru
tion is analogous to the openToda latti
e dis
ussed earlier.3.4 Spe
tral 
urveThe presentation in this se
tion follows [20℄ and [1℄. Let g = gl(n,C). Let L(λ) =

∑

xiλ
i ∈ Lg. The spe
tral 
urve asso
iated to L(λ) is the algebrai
 
urve

Γ0 = {(λ, ν) ∈ C \ {0} × C | det(L(λ)− νId) = 0}.Assume L(λ) has a simple spe
trum for generi
 λ. For ea
h nonsingular, non-bran
hing point p ∈ Γ0 we have a one-dimensional eigenspa
e E(p) ⊂ C
n asso
iatedto the eigenvalue ν(p). The disjoint union of E(p) over su
h p give a holomorphi
line bundle E over Γ0 \ {nonsingular points, non-bran
hing points}. Let Γ be anonsingular 
ompa
t model of Γ0. One 
an extend the line bundle E to a line bundleover Γ whi
h will be denoted also by E.The evolution given by an equation of motion for a Casimir element on g indu
es a�ow of the line bundle E. Considered as a �ow on the Ja
obian of Γ this �ow is linear.Thus spe
tral 
urve theory is an algebrai
 geometry analogue of the Arnord-LiouvilleTheorem and in good 
ases the spe
tral 
urve method "solves" the integrable system.Now we dis
uss Lax pairs with parameter and a simple and e�
ient way of
onstru
ting some 
onstants of motion.



31De�nition 3.4.1. Let M be a �nite-dimensional a�ne subspa
e of the loop algebra
L(g). A Lax pair with parameter λ on M is given by a di�erential equation on M ofthe form

d

dt
X(λ) = [X(λ), Y (λ)]where the 
oe�
ients Yi of Y are polynomial fun
tion of the 
oe�
ients Xi of X.Proposition 3.4.2. Let d

dt
X(λ) = [X(λ), Y (λ)] be a Lax pair with parameter. Thenthe 
oe�
ients of the 
hara
teristi
 polynomial (spe
tral 
urve) are 
onstants of mo-tion of the Lax pair equation. Moreover the 
urve

ΓX = {(λ, ν) | det(X(λ)− νId) = 0}is preserved by the �ow.3.5 Poisson-Lie stru
turesDe�nition 3.5.1. Let (G, µ) be a Lie group with multipli
ation map µ : G×G→ G,and let {·, ·}G be a Poisson stru
ture on G. Then (G, µ, {·, ·}) is 
alled a Poisson-Liegroup if µ : (G×G, {·, ·}G×G)→ (G, {·, ·}G) is a Poisson map.De�nition 3.5.2. Let (G, µG, {·, ·}G) and (H, µH , {·, ·}H) be two Poisson-Lie groups.A smooth map F : (G, µG, {·, ·}G) → (H, µH , {·, ·}H) is 
alled a homomorphism ofPoisson-Lie groups if it is a morphism of Lie groups and a Poisson map.Let Lg : G → G be left multipli
ation Lg(g′) = gg′ and Rg′ : G → G be rightmultipli
ation Rg′(g) = gg′. We denote by d(Lg)g′ : Tg′G→ Tgg′G the di�erential of
Lg at g′.Proposition 3.5.3. Let (G, µ) be a Lie group. (G, µ, { , }) is a Poisson-Lie group



32if and only if its Poisson bive
tor W satis�es the following relation:
Wgg′ = (d(Lg)g′ ⊗ d(Lg)g′)(Wg′) + (d(Rg′)g ⊗ d(Rg′)g)(Wg). (3.5.1)Remark 3.5.4. Let G be a Poisson-Lie group with Lie algebra g. Then the Poissonstru
ture indu
es a Lie algebra stru
ture on g∗ :

[U1, U2]g∗ = (d{ϕ1, ϕ2})efor any U1, U2 ∈ g∗ and with (dϕ1)e = U1 and (dϕ2)e = U2. Here e is the unit elementof G.Remark 3.5.5. Let WR : G→ g⊗ g be given by
WR(g) = (d(Rg−1)g−1 ⊗ d(Rg−1)g−1)(Wg).Let γ : g→ g⊗ g be the di�erential of WR at g = e. Then

[U1, U2]g∗ = γ∗(U1 ⊗ U2)Applying (d(R(gg′)−1)(gg′)−1 ⊗ d(R(gg′)−1)(gg′)−1) to relation (3.5.1) we get
WR(gg′) = (Adg ⊗Adg)(W

R(g′)) +WR(g) (3.5.2)Then taking its derivative at e we get (see [4, p. 25℄):
γ[x, y] = (adx ⊗ 1 + 1⊗ adx)γ(y)− (ady ⊗ 1 + 1⊗ ady)γ(x) (3.5.3)for any x, y ∈ g.



33These two remarks motivate introdu
ing the 
on
ept of a Lie bialgebra stru
turebelow.3.6 Lie bialgebra stru
turesWe re
all the de�nition of a Lie bialgebra stru
ture.De�nition 3.6.1. A Lie bialgebra is a Lie algebra (g, [·, ·]) with a linear map γ :

g→ g⊗ g su
h thata) tγ : g∗ ⊗ g∗ → g∗ de�nes a Lie bra
ket on g∗,b) γ is a 1-
o
y
le of g, i.e.
ad(2)

x (γ(y))− ad(2)
y (γ(x))− γ([x, y]) = 0,where ad(2)

x : g⊗ g→ g⊗ g is given by
ad(2)

x (y ⊗ z) = adx(y)⊗ z + y ⊗ adx(z) = [x, y]⊗ z + y ⊗ [x, z].De�nition 3.6.2. Let (g, γg) and (h, γh) be two Lie bialgebras. A homomorphismof Lie algebras F : g→ h is 
alled a homomorphism of Lie bialgebras if
(F ⊗ F ) ◦ γg = γh ◦ F.Remark 3.6.3. A Lie bialgebra (g, [·, ·], γ) indu
es an Lie algebra stru
ture on thedouble Lie algebra g⊕ g∗ by
[X, Y ]g⊕g∗ = [X, Y ],

[X∗, Y ∗]g⊕g∗ = tγ(X ⊗ Y ),
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[X, Y ∗] = ad∗

X(Y ∗),for X, Y ∈ g and X∗, Y ∗ ∈ g∗.The following theorem gives the relation between Poisson-Lie groups and Liebialgebras. Moreover, we have an equivalen
e of 
ategories between the 
ategory of
onne
ted simply-
onne
ted Poisson-Lie groups and the 
ategory of Lie bialgebrasstru
tures.Theorem 3.6.4 ([4℄). Let G be a Lie group with Lie algebra g.i) If G is a Poisson-Lie group, then g has a natural Lie bialgebra stru
ture, 
alledthe tangent Lie bialgebra of G. A homomorphism of Poisson-Lie groups indu
es ahomomorphism of Lie bialgebras between their 
orresponding tangent Lie bialgebras.ii) If G is 
onne
ted and simply-
onne
ted then every Lie bialgebra stru
ture on
g is the tangent Lie bialgebra of a unique Poisson stru
ture on G whi
h makes Ga Poisson-Lie group. A homomorphism of Lie bialgebras indu
es a homomorphismof Poisson-Lie groups between their 
orresponding 
onne
ted simply-
onne
ted Liegroups.The proof of i) follows from the 
onstru
tion in Remarks 3.5.4 and 3.5.5.Conversely, the 
onne
tness and simply-
onne
tness ofG imply that the 1-
o
y
le
ondition (3.5.3) at the Lie algebra level 
an be lifted to a 1-
o
y
le 
ondition (3.5.2)at the Lie group level.



Chapter 4Main results on Lax pair equationsIn this 
hapter we 
ombine the material from Chapters 2 and 3 to relate the Connes-Kreimer fa
torization to Lax pair equations. The main result, Theorem 4.4.3, givesa Lax pair equation whose solution is provided by this fa
torization.If the Lie algebra of in�nitesimal 
hara
ters were semisimple, this pro
ess wouldbe straightforward. There is a well known method to asso
iate a Lax pair equationto a Casimir element on the dual g∗ of a semisimple Lie algebra g [20℄. The semisim-pli
ity is used to produ
e an Ad-invariant, symmetri
, non-degenerate bilinear formon g, allowing an identi�
ation of g with g∗.The Lie algebra of in�nitesimal 
hara
ters is not semisimple. For a general Liealgebra g, there may be no Ad-invariant, symmetri
, non-degenerate bilinear form.To produ
e a Lax pair, we need to extend g to a larger Lie algebra with su
h a bilinearform. We do this by 
onstru
ting a Lie bialgebra stru
ture on g and extending g to
(g⊕ g∗, [·, ·]g⊕g∗), where [·, ·]g⊕g∗ is the Lie bra
ket indu
ed by the Lie bialgebra.On
e we have a Lax pair equation for in�nitesimal 
hara
ters, it is natural toexponentiate this �ow to a �ow of 
hara
ters and to ask how the beta fun
tion
hanges along the �ow. This is dis
ussed in Se
tion 4.5.

35



364.1 The double Lie algebra and its asso
iated LieGroupSin
e it is di�
ult to 
onstru
t expli
itly the Lie group asso
iated to the Lie algebra
g⊕g∗, we will 
hoose the trivial Lie bialgebra given by the 
o
y
le γ = 0 and denoteby δ = g⊕ g∗ the asso
iated Lie algebra. Let {Yi, i = 1, . . . , l} be a basis of g, withdual basis {Y ∗

i }. The Lie bra
ket [·, ·]δ on δ is given by
[Yi, Yj]δ = [Yi, Yj], [Y ∗

i , Y
∗
j ]δ = 0, [Yi, Y

∗
j ]δ = −

∑

k

cjikY
∗
k ,where the cjik are the stru
ture 
onstants: [Yi, Yj] =

∑

k c
k
ijYk.The main point of this 
onstru
tion is that the natural pairing 〈·, ·〉 : δ ⊗ δ → Cgiven by 〈Yi, Y ∗

j 〉 = δij is an Ad-invariant symmetri
 non-degenerate bilinear formon δ.In the 
ase of the trivial Lie bialgebra stru
ture γ = 0, a Lie group naturally
orresponding to the double Lie algebra δ is given by the following proposition.Proposition 4.1.1. Let θ : G × g∗ → g∗ be the 
oadjoint representation θ(g,X) =

Ad∗
G(g)(X). Then the Lie algebra of the semi-dire
t produ
t G̃ = G ⋉θ g∗ is thedouble Lie algebra δ.Proof. The Lie group law on the semi-dire
t produ
t G̃ is given by

(g, h) · (g′, h′) = (gg′, h+ θg(h
′)).Let g̃ be the Lie algebra of G̃. Then the bra
ket on g̃ is given by

[X, Y ∗]g̃ = dθ(X, Y ∗), [X, Y ]g̃ = [X, Y ], [X∗, Y ∗]g̃ = 0,



37for left-invariant ve
tor �elds X, Y of G and X∗, Y ∗ ∈ g∗. We have
dθ(X, Y ∗) = dAd∗

G(X)(Y ∗) = [X, Y ∗]δsin
e dAd∗
G = ad∗

g.4.2 The loop algebra of a Lie algebraFollowing [1℄, we 
onsider the loop algebra
Lδ = {L(λ) =

N
∑

j=M

λjLj | M,N ∈ Z, Lj ∈ δ}.The natural Lie bra
ket on Lδ is given by
[

∑

λiLi,
∑

λjL′
j

]

=
∑

k

λk
∑

i+j=k

[Li, L
′
j].Set

Lδ+ = {L(λ) =
N
∑

j=0

λjLj | N ∈ Z
+ ∪ {0}, Lj ∈ δ}

Lδ− = {L(λ) =

−1
∑

j=−M

λjLj | M ∈ Z
+, Lj ∈ δ}.Let P+ : Lδ → Lδ+ and P− : Lδ → Lδ− be the natural proje
tions and set R =

P+ − P−.The natural pairing 〈·, ·〉 on δ yields to anAd-invariant, symmetri
, non-degeneratepairing on Lδ by setting
〈

N
∑

i=M

λiLi,

N ′

∑

j=M ′

λjL′
j

〉

=
∑

i+j=−1

〈Li, L
′
j〉.



38We denote by Lδ∗ the loop algebra of δ∗ and by Lδ− = P−(L(δ∗)). For our 
hoi
eof basis {Yi} of g, the pairing indu
es an isomorphism
I : Lδ∗ → Lδ (4.2.1)with

I
(

∑

LjiYjλ
i
)

=
∑

LjiY
∗
j λ

−1−i.The identi�
ation I indu
es the following identi�
ations:
Lδ+ = L(δ∗)− and Lδ− = L(δ∗)+.The following lemma gives a pro
edure to obtain Casimir fun
tions on the loopalgebra.Lemma 4.2.1. [20, Lemma 4.1℄ Let ϕ be an Ad-invariant polynomial on δ. Then

ϕm,n[L(λ)] = Resλ=0(λ
−nϕ(λmL(λ)))is an Ad-invariant polynomial on Lδ for m,n ∈ Z.As a double Lie algebra, δ has an Ad-invariant polynomial, the quadrati
 poly-nomial

ψ(Y ) = 〈Y, Y 〉asso
iated to the natural pairing. Let Yl+i = Y ∗
i for i ∈ {1, . . . , l}, so elements of Lδ
an be written L(λ) =

2l
∑

j=1

N
∑

i=−M

LjiYjλ
i. Then the Ad-invariant polynomials

ψm,n(L(λ)) = Resλ=0(λ
−nψ(λmL(λ))), (4.2.2)



39de�ned as in Lemma 4.2.1 are given by
ψm,n(L(λ)) = 2

l
∑

j=1

∑

i+k−n+2m=−1

LjiL
j+l
k . (4.2.3)Note that powers of ψ are also Ad-invariant polynomials on δ, so

ψkm,n(L(λ)) = Resλ=0(λ
−nψk(λmL(λ))) (4.2.4)are Ad-invariant polynomials on Lδ.It would be interesting to 
lassify all Ad-invariant polynomials on Lδ in general.4.3 The Lax pair equationFrom [20, Theorem 2.1℄, if we have endomorphisms P± and R = P+ − P− on a Liealgebra h su
h that

[X, Y ]R = [P+X,P+Y ]− [P−X,P−Y ]is a Lie bra
ket on h then the equations of motion indu
ed by a Casimir fun
tion ϕon the dual of a Lie algebra h are given by
dL

dt
= −ad∗

hM · L, (4.3.1)where L ∈ h∗,M = 1
2
R(dϕ(L)) ∈ h.Now we take h = (Lδ)∗ = L(δ∗). Here (Lδ)∗ denotes the graded dual. Let P± bethe proje
tions of Lδ∗ onto Lδ∗±. After identifying Lδ∗ = Lδ and ad∗ = −ad via the



40map I in (4.2.1), the equations of motion (4.3.1) 
an be written in Lax pair form
dL

dt
= [M,L], (4.3.2)where M = 1

2
R(I(dϕ(L(λ)))) ∈ Lδ, and ϕ is a Casimir fun
tion on Lδ∗ = Lδ.Finding a solution for (4.3.2) redu
es to the Riemann-Hilbert (or Birkho�) fa
-torization problem. The following theorem is a 
orollary of [20, Theorem 2.2℄.Theorem 4.3.1. Let ϕ be a Casimir fun
tion on Lδ and set X = I(dϕ(L(λ))) ∈

Lδ, for L(λ) = L(0)(λ) ∈ Lδ. Let g±(t) be smooth 
urves in LG̃ whi
h solve thefa
torization problem
exp(−tX) = g−(t)−1g+(t),with g±(0) = e, and with g+(t) = g+(t)(λ) holomorphi
 in λ ∈ C and g−(t) − e apolynomial in 1/λ with no 
onstant term. Here e is the identity element of LG̃. Let

M = 1
2
R(I(dϕ(L(λ)))) ∈ Lδ. Then the integral 
urve L(t) of the Lax pair equation

dL

dt
= [M,L]is given by

L(t) = Ad∗
LG̃
g±(t) · L(0).Noti
e that at t = 0 we have g+(0) = g−(0) = e.This Lax pair equation proje
ts to a Lax pair equation on the loop algebra of theoriginal Lie algebra g. Let π1 be either the proje
tion of G̃ onto G or its di�erentialfrom δ onto g. This extends to a proje
tion of Lδ onto Lg. The proje
tion of (4.3.2)onto Lg is

d(π1(L(t))

dt
= [π1(L), π1(M)], (4.3.3)



41sin
e π1 = dπ1 
ommutes with the bra
ket. Thus the equations of motion (4.3.2)indu
e a Lax pair equation on Lg, although this is not the equations of motion for aCasimir on Lg.Theorem 4.3.2. The Lax pair equation of Theorem 4.3.1 proje
ts to a Lax pairequation on Lg.When ψm,n is the Casimir fun
tion on Lδ given by (4.2.2), X 
an be writtenni
ely in terms of L(λ).Proposition 4.3.3. Let X = I(dψm,n(L(λ))). Then
X = 2λ−n+2mL(λ). (4.3.4)Proof. Write L(λ) =

∑

i,j

Ljiλ
iYj. By (4.2.3), we have

∂ψm,n
∂Ltp

=







2Lt+ln−1−2m−p, if t ≤ l,

2Lt−ln−1−2m−p, if t > l.
(4.3.5)Therefore

X = I(dψm,n(L(λ))) =
∑

p,t

∂ψm,n
∂Ltp

λ−1−pY ∗
t

= 2λ−n+2m
∑

p

(
l
∑

t=1

Lt+ln−1−2m−pYt+lλ
n−1−2m−p +

2l
∑

t=l+1

Lt−ln−1−2m−pYt−lλ
n−1−2m−p)

= 2λ−n+2mL(λ).



424.4 The main theorem for Hopf algebrasIn this se
tion we prove the main result Theorem 4.4.3 relating our Lax pair equationwith the Connes-Kreimer de
omposition.Let (H, 1 = ∅, µ,∆, ε, S) be a 
onne
ted graded Hopf algebra, in parti
ular we
an take H to be the Hopf algebra Feynman graphs or the Hopf algebra of rootedtrees introdu
ed in Chapter 2. In these 
ases, for later 
omputations in Chapter 5,we also 
onsider a Hopf subalgebra H1 generated by a �nite number of Feynmangraphs A0 = ∅, A1, A2, . . . , Al.Let G be the Lie group of 
hara
ters of H , and let G1 be the Lie group of 
har-a
ters of H1. The Lie algebra of in�nitesimal 
hara
ters g, g1 of H,H1 are pre
iselythe Lie algebras of G,G1, respe
tively.For any T ∈ {A1, . . . , Al}, let ZT be the in�nitesimal 
hara
ter given by ZT (T ′) =

δT,T ′ . The Lie algebra g1 is generated by ZA1
, . . . , ZAl

. Set Yi = ZAi
for i ∈ {1, . . . , l}.Let G0 be the semi-dire
t produ
t G1 ⋊ C given by

(g, t) · (g′, t′) = (g · θt(g
′), t+ t′),where θt(g)(Γ) = et#(Γ)g(Γ) for Γ ∈ H1, and #(Γ) is the number of independentloops of Γ. Set Z0 = ∂

∂t

∣

∣

∣

t=0
, so [Z0, ZAi

] = #(Ai)ZAi
. The Lie algebra g0 of G0 isgenerated by Z0, ZA1

, . . . , ZAl
.In the next lemma, G̃ refers either to G0 ⋉θ g∗

0 as in Prop. 4.1.1 or to G⋉θ g∗.Lemma 4.4.1. Let (g, α) be an element in LG̃. If (g, α) = (g−, α−)−1(g+, α+) then
g = g−1

− g+ and α = Ad∗(g−1
− )(−α− + α+).Proof. We re
all that (g1, α1)(g2, α2) = (g1g2, α1 + Ad∗(g1)(α2)). Noti
e that
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(g−, α−)−1 = (g−1

− ,−Ad∗(g−1
− )(α−)), so

(g−, α−)−1(g+, α+) = (g−1
− g+,−Ad∗(g−1

− )(α−) + Ad∗(g−1
− )(α+)).

We prove the existen
e of a Birkho� de
omposition for any element (g, α) ∈ LG̃.Theorem 4.4.2. Every (g, α) ∈ LG̃ has a Birkho� de
omposition
(g, α) = (g−, α−)−1(g+, α+)with (g+, α+) a polynomial in λ and (g−, α−) − (e, 0) a polynomial in λ−1 without
onstant term.Proof. Let g = g−1

− g+ be the Birkho� de
omposition of g in LG given in [9℄. Let
α+ = P+(Ad∗(g−)(α)) and α− = −P−(Ad∗(g−)(α)). Then, by Lemma 4.4.1, (g, α) =

(g−, α−)−1(g+, α+).In [7℄, Connes and Kreimer give a Birkho� de
omposition for the 
hara
ter groupof the Feynman graph Hopf algebra, and in parti
ular for the normalized loop 
har-a
ter ϕ̄(λ, q) of dimensional regularization.Here
ϕ̄(λ, q) =

ϕ(λ, q)

q2
,where ϕ(λ, q) is the usual 
hara
ter given by dimensional regularization and Feynmanrules. We 
onsider the algebra of Laurent series with 
oe�
ients in δ:

Ωδ = {L(λ) =

∞
∑

j=−M

λjLj | Lj ∈ δ,M ∈ Z+}.



44The natural Lie bra
ket on Ωδ is
[

∑

λiLi,
∑

λjL′
j

]

=
∑

k

λk
∑

i+j=k

[Li, L
′
j].Set

Ωδ+ = {L(λ) =
∞
∑

j=0

λjLj | Lj ∈ δ}

Ωδ− = {L(λ) =

−1
∑

j=−M

λjLj | Lj ∈ δ,M ∈ Z+}.Re
all that π1 denotes either the proje
tion of the double Lie group G̃ to its �rstfa
tor G, its di�erential, or its extension to the loop group and loop algebra. Wedenote the image of an element by adding a tilde, e.g. π1(L(λ)) = L̃(λ).Theorem 4.4.3. Let H be a 
onne
ted graded Hopf algebra, e.g. the Hopf algebra of1PI Feynman graphs (or the Hopf algebra of rooted trees). Let ψm,n be the Casimirfun
tion on Ωδ given by
ψm,n(L(λ)) = Resλ=0(λ

m〈λnL(λ), λnL(λ)〉).For L0(λ) ∈ Ωg, set X = I(dψm,n(L0(λ))). Then the solution of
dL

dt
= [M,L], M =

1

2
R(I(dψm,n(L(λ)))) (4.4.1)with initial 
ondition L(0) = L0 is given by

L(t) = Ad∗g±(t) · L0, (4.4.2)where exp(−tX) has the Connes-Kreimer Birkho� fa
torization
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exp(−tX) = g−(t)−1g+(t). The same results hold for any �nitely generated Hopfsubalgebra H1 of H.Proof. By Proposition 4.3.3 we have

X = I(dψm,n(L0(λ))) = 2λ−n+2mL0(λ).Sin
e 2λ−n+2mL0(λ) ∈ Ωg = gA, we get exp(−tX) ∈ GA and therefore by Proposition2.4.4 there exists a unique Connes-Kreimer Birkho� de
omposition of exp(−tX) ∈

GA. The theorem then follows from Theorem 4.3.1 and (4.3.3) applied to the naturalpairing on δ and the uniqueness of the Birkho� fa
torization.Remark 4.4.4. a) In this theorem, the initial in�nitesimal 
hara
ter is arbitrary.We 
an �nd the Birkho� fa
torization of the Feynman rule 
hara
ter (or any �xed
hara
ter) ϕ̄ itself within this framework by adjusting the initial 
ondition. Namely,set
L0(λ) =

1

2
λn−2m exp−1(ϕ̄(λ)).Sin
e the exponential is bije
tive exp−1(ϕ̄(λ)) is well de�ned and L0 ∈ Ωg. Then

exp(X) = ϕ̄ by Proposition 4.3.3, so the solution of (4.4.1) involves the Birkho�fa
torization of ϕ̄(λ):
ϕ̄ = g−(−1)−1g+(−1).b) As a spe
ial 
ase, if −n + 2m = 0, then
L0 =

1

2
exp−1(ϕ̄).This gives a Lax pair �ow of (half) of exp−1(ϕ̄) with solution determined by theBirkho� fa
torization of exp(−t exp−1(ϕ̄)). In parti
ular, at time t = −1, theBirkho� fa
torization of ϕ̄ solves the �ow: Lt=−1 = Ad∗g±(−1) exp−1(ϕ̄).
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) In the spe
ial 
ase −n + 2m = 0 to get the �ow of exp−1 ϕ̄, we 
an set
L0 = exp−1 ϕ̄.Then exp(−tX) = exp(−2t exp−1(ϕ̄)). In parti
ular at t = −1

2
, the Birkho� fa
tor-ization of ϕ̄ solves the �ow: Lt=− 1

2

= Ad∗g±(−1
2
) exp−1(ϕ̄).d) We 
an also repla
e G by G0 = G⋊ C in Theorem 4.4.3.Remark 4.4.5. It would interesting to know whether there exists a bigger 
onne
tedgraded Hopf algebra H̃ having the original Hopf algebra H as a Hopf subalgebra andwhose in�nitesimal Lie algebra is the double δ, asso
iated to a 
onne
ted graded Hopfalgebra, in parti
ular for the Kreimer Hopf algebra of 1PI Feynman graphs or theHopf algebra of rooted trees. This would provide a Lax pair equation, whi
h 
omesfrom an equation of motion, on the in�nitesimal Lie algebra of H̃. The most natural
andidate, the Drinfeld double D(H) of H, does not work sin
e the dimension of theLie algebra asso
iated to D(H) is larger than the dimension of δ.4.5 The β-fun
tionIn this se
tion we get relations between our Lax pair equations and the β-fun
tion. Infa
t, we 
onsider two �ows for β-fun
tion. First, we extend the (s
alar) beta fun
tionto a meromorphi
 fun
tion of the 
hara
ter. Under the 
ondition that the minus partof the meromorphi
 beta fun
tion is independent of loop s
aling, the meromorphi
beta fun
tion is an in�nitesimal 
hara
ter (Lemma 4.5.1), and we 
an use it as aninitial 
ondition for a Lax pair �ow. For 
ertain Casimir elements, we show that themeromorphi
 beta fun
tion is a �xed point of the �ow (Theorem 4.5.3).It is more natural to 
onsider a se
ond �ow for the beta fun
tion. Namely, giventhe Lax pair �ow φ(s) of in�nitesimal 
hara
ters, we have a 
orresponding 
urve of
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hara
ters ψ(s) = exp(φ(s)). We would like to understand the 
orresponding betafun
tions βψ(s). In Theorem 4.5.5, we give a di�erential equation for βψ(s).We re
all from Se
tion 2.5 the de�nition of β(ϕ)-fun
tion of a 
hara
ter ϕ ∈ GΦ
A,where A is the algebra of Laurent series:

β(ϕ)(x) =
d

dt

∣

∣

∣

t=0
lim
λ→0

(ϕ−1 ⋆ ϕt)(x)(λ),where ϕt(x) = etλ|x|ϕ(x). To relate the β-fun
tion to Lax pair equations, we need anelement in the loop algebra. For ϕ ∈ GΦ
A, set

β̃ϕ(x)(λ) =
dht
dt

∣

∣

∣

t=0
=

d

dt

∣

∣

∣

t=0
(ϕ−1 ⋆ ϕt)(x)(λ).The following lemma establishes that β̃ is an in�nitesimal 
hara
ter. Later weshall 
onsider the �ow asso
iated to our Lax pair.Lemma 4.5.1. If ϕ ∈ GΦ

A, then i) β̃ϕ is an in�nitesimal 
hara
ter in gA.ii) β̃ϕ is holomorphi
 (i.e. β̃ϕ(x) ∈ A+).Proof. i) For two homogeneous elements x, y ∈ H, we have:
ϕt(xy) = et|xy|λϕ(xy) = et|x|λϕ(x)et|y|λϕ(y) = ϕt(x)ϕt(y).Therefore ϕ ⋆ ϕt ∈ GA. Sin
e ϕ−1 ⋆ ϕ0 = e we get

d

dt

∣

∣

∣

t=0
ϕ−1 ⋆ ϕt ∈ gA.ii) Sin
e d

dt
(ϕt)− = 0, we get
β̃ϕ = (ϕ+)−1 ⋆ ϕ− ⋆ ((ϕt)−)−1 ⋆ (ϕt)+ = (ϕ+)−1 ⋆ (ϕt)+



48Then
β̃ϕ(x) = (ϕ+)−1(x′)(ϕt)+(x′′) = (ϕ+)(S(x′))(ϕt)+(x′′)Therefore β̃ϕ(x) ∈ A+.Now we 
an apply Theorem 4.4.3 for L0 = β̃ϕ.Proposition 4.5.2. If ϕ ∈ GΦ

A then the Lax pair equation in Theorem 4.4.3 for
L0 = β̃ϕ is

d

ds
β̃ϕ(s) = [M, β̃ϕ(s)],where M = 1

2
R(λn−2mβ̃ϕ(s)) and the solution is given by

β̃ϕ(s) = Ad∗(g+(s))β̃ϕ(0)where g±(s) are given by the Birkho� de
omposition
exp(sλn−2mβ̃ϕ) = g−1

− (s) ⋆ g+(s).The next theorem shows that the β-fun
tion is a �xed point of the Lax pair �owfor 
ertain Casimirs.Theorem 4.5.3. β̃ϕ and therefore βϕ = β̃ϕ

∣

∣

∣

λ=0
are 
onstant under the Lax �ow if

n− 2m ≥ 0.Proof. If n− 2m ≥ 0 then
M = R(

1

2
λn−2mβ̃ϕ) =

1

2
λn−2mβ̃ϕ,sin
e β̃ϕ is holomorphi
 by Lemma 4.5.1. So the Lax pair equation be
omes
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d

ds
β̃ϕ = [

1

2
λn−2mβ̃ϕ, β̃ϕ] =

1

2
λn−2m[β̃ϕ, β̃ϕ] = 0.

Now, we 
onsider the more interesting 
ase of the �ow βψ(s) for the beta fun
tionof exponentiated in�nitesimal 
hara
ters, as de�ned in the beginning of this se
tion.We �rst establish some simple and useful properties of ϕt that whi
h be used to
hara
terize the se
ond �ow involving the β-fun
tion.Lemma 4.5.4. Let ϕ ∈ GA. Then1) (ϕ ⋆ ψ)t = ϕt ⋆ ψt,2) (ϕ−1)t = (ϕt)−1,Proof. We have
(ϕ ⋆ ψ)t(x) = et|x|λ(ϕ ⋆ ψ)(x) =

∑

(x)

et|x|λϕ(x′)ψ(x′′)

=
∑

(x)

et(|x
′|+|x′′|)λϕ(x′)ψ(x′′) = et|x

′|λϕ(x′) et|x
′′|λψ(x′′) = ϕt(x′)ψt(x′′)

= (ϕt ⋆ ψt)(x).Therefore
ϕt ⋆ (ϕ−1)t = (ϕ ⋆ ϕ−1)t = εt = ε = ϕt ⋆ (ϕt)−1,so (ϕ−1)t = (ϕt)−1.In the next theorem we study the beta-fun
tion βϕ(s) of the �ow of 
hara
ters

ϕ(s) = exp(ψ(s)), with ψ(0) = logϕ.



50Theorem 4.5.5. Let ϕ ∈ GΦ
A. Let ψ = logϕ and

ψ̇ = [M,ψ]be the Lax pair from Theorem 4.4.3 and ψ(0) = ψ. Let ϕ(s) = exp(ψ(s)). For
β̃ϕ(s) =

d

dt

∣

∣

∣

t=0
ϕ(s)−1 ⋆ (ϕ(s))t,we have

d

ds
β̃ϕ(s) = [β̃ϕ(s), ϕ

−1 ⋆ d exp[M, logϕ]] + λ(ϕ−1 ⋆ d exp[M, logϕ]) ◦ Y.Moreover if we assume that ϕ(s) ∈ GΦ
A for every s (so the β-fun
tion of ϕ(s) is wellde�ned for ea
h s), then

d

ds
βϕ(s) = [β̃ϕ(s), ϕ

−1(s)⋆d exp[M, logϕ]]+

∣

∣

∣

λ=0
+Res

(

(ϕ−1(s) ⋆ d exp[M, logϕ]) ◦ Y
)

.Proof. We have
d

ds
β̃ϕ(s)(x) =

d

ds

d

dt

∣

∣

∣

t=0
(ϕ−1(s) ⋆ ϕt(s))(x)

=
d

dt

∣

∣

∣

t=0
(−ϕ−1(s)

d

ds
expψ(s)ϕ−1(s)ϕt(s) + ϕ−1(s)(

d

ds
expψ(s))t)(x)

=
d

dt

∣

∣

∣

t=0
(−ϕ−1(s)d exp ψ̇(s)ϕ−1ϕt(s) + ϕ−1(s)(d exp ψ̇(s))t)(x)

= (−ϕ−1(s)d exp[M,ψ]β̃ϕ(s) +
d

dt

∣

∣

∣

t=0
ϕ−1(s)(d exp[M,ψ(s)])t)(x).(4.5.1)



51The se
ond term in (4.5.1) is
d
dt

∣

∣

∣

t=0

(

ϕ−1(s)(d exp[M,ψ(s)])t
)

(x)

=
d

dt

∣

∣

∣

t=0

(

ϕ−1(s)ϕ(s)t(ϕ(s)t)−1(d exp[M,ψ(s)])t
)

(x)

=
d

dt

∣

∣

∣

t=0

(

ϕ−1(s)ϕ(s)t
) (

(ϕ(s)t)−1(d exp[M,ψ(s)])t
)

∣

∣

∣

t=0
(x)

+
(

ϕ−1(s)ϕ(s)t
)

∣

∣

∣

t=0

d

dt

∣

∣

∣

t=0

(

(ϕ(s)−1)t(d exp[M,ψ(s)])t
)

(x)

=
(

β̃ϕ(s) ⋆ (ϕ(s)−1d exp[M,ψ(s)])
)

(x) +
d

dt

∣

∣

∣

t=0

(

(ϕ(s)−1(d exp[M,ψ(s)]))t
)

(x)

=
(

β̃ϕ(s) ⋆ (ϕ(s)−1d exp[M,ψ(s)])
)

(x) + |x|λ
(

ϕ(s)−1(d exp[M,ψ(s)])
)

(x)

=
(

β̃ϕ(s) ⋆ (ϕ(s)−1d exp[M,ψ(s)])
)

(x) +
(

λ(ϕ(s)−1(d exp[M,ψ(s)])) ◦ Y
)

(x)(4.5.2)Substituting (4.5.2) ba
k into (4.5.1) gives
d

ds
β̃ϕ(s)(x) = [β̃ϕ, ϕ

−1 ⋆ d exp[M, logϕ]] + λ(ϕ−1 ⋆ d exp[M, logϕ]) ◦ Y.If ϕ(s) ∈ GΦ
A for every s, then βϕ(s) is well de�ned for every s. So at λ = 0 we get

d

ds
βϕ(s) = [β̃ϕ, ϕ

−1 ⋆ d exp[M, logϕ]]+(λ = 0) + Res
(

(ϕ−1 ⋆ d exp[M, logϕ]) ◦ Y
)

.

Thus the meromorphi
 β-fun
tion satis�es a Lax pair-type equation with an ad-ditional term.Remark 4.5.6. A simple example that satis�es the 
ondition ϕ(s) ∈ GΦ
A from Theo-rem 4.5.5 is given by a holomorphi
 ϕ (i.e ϕ(x) ∈ A+) withm−2n = 0. Indeed (ϕt)−is the identity as ϕt is holomorphi
, so (ϕt)− does not depend on t. Using the Taylorseries of the exponential one 
an see that exp(−s log(ϕ)) has only holomorphi
 part



52so g−(s) = e. Therefore the solutions of the Lax pair equation ψ(s) are 
onstant, so
ϕ(s) = ϕ(0) ∈ GΦ

A.It is not 
lear that the 
ondition ϕ(s) ∈ GΦ
A (for any s or for any s su�
iently
lose to zero) in Theorem 4.5.5 is satis�ed in general or even in the parti
ular 
aseof the �ow of the Feynman rule 
hara
ter ϕ̄. Noti
e that this 
ondition is ne
essaryfor the existen
e of the β-fun
tion.



Chapter 5A worked exampleIn Se
tions 5.1-5.8 we dis
uss a spe
i�
 example of the main theorem. In �5.9 wedis
uss how a general �nite dimensional example should work. The reader who wantsto skip the details of the worked example 
an just refer to �5.9. In �5.10 we dis
ussthe relevan
e of Lie algebra 
ohomology 
omputations for a �ve dimensional Liealgebra asso
iated to spe
i�
 Feynman diagrams. Then in Se
tion 5.11 we approa
hthe spe
tral 
urve. Most of the 
omputations are supported by Mathemati
a �lepresented in appendi
es.5.1 A �nite dimensional group of 
hara
tersLet
A1 =

1

2
, A2 =

1

2
, A3 =

1

2
, A4 =

1

4
, A5 =

1

2
.Remark 5.1.1. Here we 
hoose to divide the graphs , , , ,by their symmetry fa
tors. The symmetry fa
tor sym(Γ) is the rank of theautomorphism group of the graph. The advantage of dividing by their symmetryfa
tor would show up when we 
onsider the Green fun
tion of an amplitude a; wehave (see [16℄)

Ga = 1±
∑

Γ∈Ma

α|Γ| φ(Γ)

sym(Γ)where Ma is the set of all 1PI graphs 
ontaining the amplitude a. The Green53



54fun
tions are not 
onsidered in this thesis.For the 
omputations given in this 
hapter we 
an work as well as with ,, , , . For these graphs one 
an adjust some 
oe�
ients inde�nition of the map F from Proposition 5.1.2 below, and then we 
an identify thegroup of 
hara
ters of the Hopf algebra generated by these graphs and ∅ with thegroup (C5,⊕) given below.Let H be the Hopf algebra of 1PI Feynman graphs. Let H1 be the Hopf subal-gebra generated by A0 = ∅, A1, A2, A3, A4, A5. Noti
e that the graphs ,, , , do not have overlapping divergen
es. In Se
tion5.9 we dis
uss how the 
omputations from this 
hapter 
an be extended to a Hopfsubalgebras generated by a �nite set of Feynman graphs.Let G1 be the Lie groups of 
hara
ters of H1. The Lie algebra of in�nitesimal
hara
ters g1 of H1 is the Lie algebra of G1. In parti
ular, the Lie algebra g1 of G1is generated by ZA1
, ZA2

, ZA3
, ZA4

, ZA5
.We identify G1 with C5 using the normal 
oordinates de�ned in [5℄. The grouplaw indu
ed on C5 is given by the following lemma.Proposition 5.1.2. Let ⊕ : C5 × C5 → C5 be the group law on C5 given by

(x1, x2, x3, x4, x5)⊕ (y1, y2, y3, y4, y5)

= (x1 + y1, x2 + y2, x3 + y3, x4 + y4 + x1y2 − x2y1, x5 + y5).De�ne F : G1 → (C5,⊕) by
F (ϕ) = (ϕ(A1), ϕ(A2)− ϕ(A1)

2, ϕ(A3)− 2ϕ(A1)ϕ(A2) +
4

3
ϕ(A1)

3,

ϕ(A4)− ϕ(A1)ϕ(A2) +
1

3
ϕ(A1)

3,

ϕ(A5)− 2ϕ(A1)ϕ(A3)− ϕ(A2)
2 + 4ϕ(A1)

2ϕ(A2)− 2ϕ(A1)
4).



55Then F is a group morphism.Proof. Let (F1, F2, F3, F4, F5) = F . Closely following [5℄, we set
C1 = A1, C2 = A2 −A1 · A1, C3 = A3 − 2A1 · A2 +

4

3
A1 · A1 · A1

C4 = A4−A1·A2+
1

3
A1·A1·A1, C5 = A5−2A1·A3−A2·A2+4A1·A1·A2−2A1·A1·A1·A1.Noti
e that Fi = ϕ(Ci) for any i ∈ {1, · · · , 5}. C1, C2, C3, C5 are primitive, so

Fk(φ1 ⋆ φ2) = Fk(φ1) + Fk(φ2) for k ∈ {1, 2, 3, 5}. We have
∆(C4) = C4 ⊗ 1 + 1⊗ C4 + C1 ⊗ C2 − C2 ⊗ C1,whi
h implies

F4(φ1 ⋆ φ2) = 〈φ1 ⊗ φ2,∆(C4)〉 = F4(φ1) + F4(φ2) + F1(φ1)F2(φ2)− F2(φ1)F1(φ2).

Identifying G1 with (C5,⊕), we 
an identify G0 with (C6,⊕), where
(x1, x2, x3, x4, x5, t)⊕ (y1, y2, y3, y4, y5, t

′) =

(x1 + ety1, x2 + e2ty2, x3 + e3ty3, x4 + e3ty4 + e2tx1y2 − e
tx2y1, x5 + e4ty5, t+ t′).The following lemma gives a basis of the left invariant ve
tor �elds on G0 and thestru
ture 
onstants of g0.Lemma 5.1.3. Let

Y1 = et
(

∂

∂y1
− y2

∂

∂y4

)

, Y2 = e2t
(

∂

∂y2
+ y1

∂

∂y4

)

,
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Y3 = e3t

∂

∂y3
, Y4 = e3t

∂

∂y4
, Y5 = e4t

∂

∂y5
, Z0 =

∂

∂t
.where (y1, y2, y3, y4, y5, t) are the standard 
oordinates on C5. Then {Y1, Y2, Y3, Y4,

Y5, Z0} is a basis of the left invariant ve
tor �elds on G0. We have [Yi, Yj] = 0 forany (i, j) 6= (1, 2), (2, 1), and [Y1, Y2] = −[Y2, Y1] = 2Y4, [Z0, Y1] = Y1, [Z0, Y2] = 2Y2,
[Z0, Y3] = 3Y3, [Z0, Y4] = 3Y4 and [Z0, Y5] = 4Y5.Proof. This follows from the easily 
omputed formulas

Lx

(

∂

∂y1

)

= et
(

∂

∂y1
− x2

∂

∂y4

)

, Lx

(

∂

∂y2

)

= e2t
(

∂

∂y2
+ x1

∂

∂y4

)

,

Lx

(

∂

∂y3

)

= e3t
∂

∂y3

, Lx

(

∂

∂y4

)

= e3t
∂

∂y4

, Lx

(

∂

∂y5

)

= e4t
∂

∂y5

,

Lx

(

∂

∂t′

)

=
∂

∂t′
.Here Lg is left multipli
ation i.e. Lg(g′) = gg′ for g, g′ ∈ G0.5.2 The exponential map and the adjoint and 
oad-joint representationsLemma 5.2.1. The exponential exp : g0 → G0 is given by

exp(a1Y1 + a2Y2 + a3Y3 + a4Y4 + a5Y5 + a6Z0) =

=























(a1, a2, a3, a4, a5, 0), if a6 = 0,
(

a1(ea6−1)
a6

, a2(e2a6−1)
2a6

, a2(e3a6−1)
3a6

,

a4(e3a6−1)
3a6

+ a1a2
2a2

6

( e
3a6−1

3
− e2a6t + ea6t), a5(e4a6−1)

4a6
, a6

) if a6 6= 0,and exp is bije
tive.Proof. Let Y ∈ g0 and let γ(t) be the 1-parameter subgroup of G0 generated by Y .



57Set
Y = a1Y1 + a2Y2 + a3Y3 + a4Y4 + a5Y5 + a6Z0,

γ(t) = (g1(t), g2(t), g3(t), g4(t), g5(t), g6(t)).To �nd γ(t) = exp(tY ), we solve the di�erential equation
Lγ(t)−1 γ̇(t) = a1Y1 + a2Y2 + a3Y3 + a4Y4 + a5Y5 + a6Z0with the initial 
ondition γ(0) = 0. First noti
e that

Lγ(t)−1 γ̇(t) = (ġ1e
−g6, ġ2e

−2g6 , ġ3e
−3g6 , e−3g6(ġ1g2 − ġ2g1 + ġ4), ġ5e

−4g6 , ġ6).Then ak = ġke
−kg6 for k ∈ {1, 2, 3}, a5 = ġ5e

−4g6 , a6 = ġ6 and
a4 = (ġ4 + ġ1g2 − ġ2g1)e

−3g6 ,with the initial 
onditions
g1(0) = g2(0) = g3(0) = g4(0) = g5(0) = g6(0) = 0.Therefore g6 = a6t, gk(t) = ak(e

ka6t − 1)/(ka6) for k ∈ {1, 2, 3},
g5(t) = a5(e

4a6t − 1)/(4a6)and
g4(t) =

a4(e
3a6t − 1)

3a6
−

∫ t

0

a1e
a6xa2(e

2a6x − 1)

2a6
dx+

∫ t

0

a2e
2a6xa1(e

a6x − 1)

a6
dx
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=

a4(e
3a6t − 1)

3a6
+
a1a2

2a2
6

(

e3a6t − 1

3
− e2a6t + ea6t

)

.If a6 6= 0, then
exp

(

5
∑

k=1

akYk + a6Z0

)

=

(

a1(e
a6 − 1)

a6

,
a2(e

2a6 − 1)

2a6

,
a2(e

3a6 − 1)

3a6

,

a4(e
3a6 − 1)

3a6
+
a1a2

2a2
6

(
e3a6 − 1

3
− e2a6t + ea6t),

a5(e
4a6 − 1)

4a6
, a6

)

.If a6 = 0 then
exp

(

5
∑

k=1

akYk

)

= (a1, a2, a3, a4, a5, 0).

The adjoint and 
oadjoint representations of G0 are given by the following lem-mas.Lemma 5.2.2. i) The adjoint representation AdG0
: G0 → GL(g0) is given by

AdG0
(g1, . . . , g5, g6) =































eg6 0 0 0 0 −g1

0 e2g6 0 0 0 −2g2

0 0 e3g6 0 0 −3g3

−2g2e
g6 2g1e

2g6 0 e3g6 0 −g1g2 − 3g4

0 0 0 0 e4g6 −4g5

0 0 0 0 0 1





























ii) The 
oadjoint representation Ad∗
G0

: G0 → GL(g∗
0) is given by

Ad∗
G0

(g1, . . . , g5, g6) =
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





























e−g6 0 0 2g2e
−3g6 0 0

0 e−2g6 0 −2g1e
−3g6 0 0

0 0 e−3g6 0 0 0

0 0 0 e−3g6 0 0

0 0 0 0 e−4g6 0

e−g6g1 2e−2g6g2 3e−36g3 −e
−36g1g2 + 3e−3g6g4 4e−4g6g5 1





























Proof. To show i), we straightforwardly 
ompute AdG0
(g) = dCg where Cg(h) =

ghg−1. In Appendix B we present a 
ommented Mathemati
a �le for the 
omputationof AdG0
. Note that

g−1 = (x1, x2, x3, x4, x5, t)
−1 = (−e−tx1,−e

−2tx2,−e
−3tx3,−e

−3tx4,−e
−4tx5,−t).

ii) then follows from i) and Ad∗(g) = (Ad(g−1))t.Lemma 5.2.3. 1) For the basis {Y1, . . . , Y6} of Lemma 5.1.3, ad : g0 → gl(g0) isgiven by
ad

(

6
∑

i=1

ciYi

)

=































c6 0 0 0 0 −c1

0 2c6 0 0 0 −2c2

0 0 3c6 0 0 −3c3

−2c2 2c1 0 3c6 0 −3c4

0 0 0 0 4c6 −4c5

0 0 0 0 0 0

































602) ad∗ : g0 → gl(g∗
0) is given by

ad∗

(

6
∑

i=1

ciYi

)

=































−c6 0 0 2c2 0 0

0 −2c6 0 −2c1 0 0

0 0 −3c6 0 0 0

0 0 0 −3c6 0 0

0 0 0 0 −4c6 0

c1 2c2 3c3 3c4 4c5 0





























Sin
e dAd = ad, the proof follows by di�erentiating the formulas in Lemma 5.2.2.5.3 The double Lie algebra and its asso
iated LiegroupThe 
onditions a) and b) in De�nition 3.6.1 of a Lie bialgebra 
an be written in abasis as a system of quadrati
 equations. Solving this system expli
itly, in our 
asevia Mathemati
a, gives the following proposition.Proposition 5.3.1. There are 43 families of Lie bialgebra stru
tures γ on g0.Remark 5.3.2. In fa
t, the system of quadrati
 equations involves 90 variables. Re-ferring Appendix A for a sample, using Mathemati
a we get 1 solution with 82 linearrelations (and so 8 degrees of freedom), 7 solutions with 83 linear relations, 16 solu-tions with 84 linear relations, 13 solutions with 85 linear relations, 5 solutions with86 linear relations, and 1 solution with 87 linear relations.Remark 5.3.3. Sin
e the Lie groupG0 is 
onne
ted and simply-
onne
ted, ea
h familyof Lie bialgebras has a 
orresponding family of Poisson-Lie groups. It is possible thatsome Lie bialgebras of our set of families are isomorphi
 as Lie bialgebras.



61As it is di�
ult to 
onstru
t expli
itly a Lie group 
orresponding to the Liealgebra g0 ⊕ g∗
0 for an arbitrary 
hoi
e of γ, as in �4.1 we take the simplest 
hoi
e

γ = 0 and let G̃ = G0 ⋉ g∗
0 be the 
orresponding Lie group of δ = g⊕ g∗.Remark 5.3.4. The group law on G̃ is given by

((g1, g2, g3, g4, g5, g6), (h1, h2, h3, h4, h5, h6))·

((g′1, g
′
2, g

′
3, g

′
4, g

′
5, g

′
6), (h

′
1, h

′
2, h

′
3, h

′
4, h

′
5, h

′
6)) =

(g1 + eg6g′1, g2 + e2g6g′2, g3 + e3g6g′3, g4 + e3g6g′4 + g2g6g1g
′
2− g

g6g2g
′
1, g5 + e4g6g′5, g6 + g′6,

h1 + eg6h′1 − 2g2e
g6h′4, h2 + e2g6h′2 + 2g2e

2g6h′4, h3 + e3g6h′3, h4 + e3g6h′4, h5 + e4g6h′5,

h6 − g1h
′
1 − 2g2h

′
2 − 3g3h

′
3 − 3g4h

′
4 − 4g5h

′
5 + h′6).5.4 The adjoint representations adδ and AdG̃Let adδ : δ → gl(δ) be the adjoint representation of δ. Computing adδ expli
itly, forexample via Mathemati
a, we get

adδ

(

12
∑

i=1

xiYi

)

=
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































































x6 0 0 0 0 −x1 0 0 0 0 0 0

0 2x6 0 0 0 −2x2 0 0 0 0 0 0

0 0 3x6 0 0 −3x3 0 0 0 0 0 0

−2x2 2x1 0 3x6 0 −3x4 0 0 0 0 0 0

0 0 0 0 4x6 −4x5 0 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 0 0

0 −2x10 0 0 0 x7 −x6 0 0 2x2 0 0

2x10 0 0 0 0 2x8 0 −2x6 0 −2x1 0 0

0 0 0 0 0 3x9 0 0 −3x6 0 0 0

0 0 0 0 0 3x10 0 0 0 −3x6 0 0

0 0 0 0 0 4x11 0 0 0 0 −4x6 0

−x7 −2x8 −3x9 −3x10 −4x11 0 x1 2x2 3x3 3x4 4x5 0































































where Y6+t = Yt for t ∈ {1, . . . , 6}.Corollary 5.4.1. Ker(adδ) = Span{Y12}.The adjoint and 
oadjoint representations of G̃ are given in the following proposition.Proposition 5.4.2.
AdG̃(g1, g2, . . . , g12) =





AdG0
(g1, g2, . . . , g6) 0

H(g1, g2, . . . , g12) Ad∗
G0

(g1, g2, . . . , g6)





Ad∗
G̃
(g1, g2, . . . , g12) =





Ad∗
G0

(g1, g2, . . . , g6) H(g1, g2, . . . , g12)

0 AdG0
(g1, g2, . . . , g6)







63where H(g1, g2, . . . , g12) is a 6× 6 matrix given by




























0 −2e2g6g10 0 0 0 4g10g2 + g7

2eg6g10 0 0 0 0 −2g1g10 + 2g8

0 0 0 0 0 3g9

0 0 0 0 0 3g10

0 0 0 0 0 4g11

e
g6(6g10g2 − g7) −2e2g6(3g1g10 − g8) −3e3g6g9 −3e3g6g10 −4e4g6g11 z



























and
z = 3g1g10g2 + 9g10g4 + 16g11g5 + g1g7 + 4g2g8 + 9g3g9.The 
omputations are given in Appendix B.5.5 Some AdG̃-invariant polynomials on δ and LδWe note that Tr(ad(a)k), k ∈ Z+, are Ad-invariant polynomials on δ. By Lemma4.2.1, these indu
e Ad-invariant polynomials on Lδ, i.e. Casimir fun
tions (
onstantsof motions) on Lδ. Expli
it 
omputations in Chapter 9 give the following lemma.Lemma 5.5.1. Let ϕ : δ → C be the map given by ϕ(a) = Tr(ad(a)k). For oddpositive integers k, ϕ(a) = 0. For even positive integers k, ϕ(a) = C(a6)

k for some
onstant C = Ck, where a =
12
∑

i=1

aiYi.This gives the following 
orollary, whi
h 
an also be 
he
ked dire
tly.Corollary 5.5.2. For any even positive integer k and any 
onstant C
ϕ(a) = C(a6)

kis an AdG̃-invariant polynomial on δ.



64Proof. Let π6 : δ → C be the proje
tion given by
π6

(

12
∑

j=1

aiYi

)

= a6. (5.5.1)Sin
e
π6(AdG̃(

12
∑

j=1

aiYi)) = a6,we see that ϕ(a) = C(a6)
k is an Ad-invariant polynomial on δ.Example 1.In the notation of (4.2.2), for integers M and N we get Casimir elements on Lδ

ϕm,n

(

N
∑

i=M

12
∑

j=1

LjiYjλ
i

)

= Resλ=0(λ
−nC(λmLi6(λ

i))2k)

= C
∑

S





k

iM iM+1 · · · iN



 (L6
M)iM · · · (L6

N )iNfor all nonnegative integers m, n, where
S = {(iM , . . . , iN ) | iM ≥ 0, . . . , iN ≥ 0, iM + iM+1 + . . .+ iN = k,

MiM + (M + 1)iM+1 + . . .+NiN = −1 + n− km}.Example 2.The natural pairing 〈·, ·〉 on δ indu
es an Ad-invariant polynomial
ψ(Y ) = 〈Y, Y 〉 = 2

6
∑

i=1

aiai+6



65for Y =
12
∑

i=1

aiYi. Then ψm,n : Lδ → C given by (4.2.2) be
omes
ψm,n(L(λ)) = 2

6
∑

j=1

∑

i+k−n+2m=−1

LjiL
j+6
k .Example 3.(4.2.4) gives other Ad-invariant polynomials on Lδ. An expli
it 
omputation gives

ψkm,n(L(λ)) =
∑

S





k

{ia,b}a,b∈{−M,...,N}





∏

a,b∈{−M,...,N}

(2

6
∑

j=1

LjaL
j+6
b )ia,b,where

S = {{ia,b}a,b∈{−M,...,N} |
∑

a,b∈{−M,...,N}

ia,b = k and
∑

a,b∈{−M,...,N}

ia,b(a+ b)− n = −1}.5.6 The Lax pair equation in lo
al 
oordinatesWe 
an write the Lax pair equation
dL

dt
= [M,L], M =

1

2
R(I(dκ(L(λ)))) (5.6.1)in lo
al 
oordinates when the Casimir fun
tion κ is ϕm,n or ψm,n given above.Note that

M =
1

2
R(I(dκ(L(λ)))) =

1

2

∂(κ(L(λ)))

∂Ltp
Ytλ

−1−pr(−1− p), (5.6.2)where r(s) = 1 if s ≥ 0 and r(s) = −1 if s < 0.



66The 
ase κ = ϕm,nLemma 5.6.1. In lo
al 
oordinates the Lax pair equation (5.6.1) be
omes
dLji+p
dt

= 0.for 1 ≤ j ≤ 12. Thus L(t) = L(0) for any t.Proof.
∂ϕmn(

N
∑

i=M

12
∑

j=1

LjiYjλ
i)

∂L6
p

=

C
∑

S





k

iM iM+1 · · · iN



 (L6
M)iM · · · ((ip)(L

6
p)
ip−1) · (L6

N )iN ,where S is some set of multi-indi
es. Then
M = R(I(

∂ϕmn(
N
∑

i=M

12
∑

j=1

LjiYjλ
i)

∂L6
p

)Y6λ
p) = r(−1− p)f(L(λ))Y12.Sin
e ad(Y12) = 0, we have [L,M ] = 0, and so dL(t)
dt

= 0.Thus the Lax pair equation is trivial in this 
ase.The 
ase κ = ψm,n.By Proposition 4.3.3, M = R(X) = R(λ−n+2mL(λ)).Let qkij be the stru
ture 
onstants of δ in the usual basis.Theorem 5.6.2. In lo
al 
oordinates the Lax pair equation (5.6.1) be
omes
dLki+p−n+2m

dt
= r(−n + 2m+ p)

12
∑

j=1

12
∑

t=1

LjiL
t
pq
k
tj



67for j ∈ {1, . . . , 12} and all i, p, where r(s) = 1 if s ≥ 0 and r(s) = −1 if s < 0.Note that the Lax pair equation π1(L̇(t)) = [π1(L), π1(M)] on Lg0 given by (4.3.3)has the lo
al 
oordinate form
dLki+p−n+2m

dt
= r(−n+ 2m+ p)

6
∑

j=1

6
∑

t=1

LjiL
t
pc
k
tjfor j ∈ {1, . . . , 6} and all i, p.5.7 The Birkho� fa
torization of exp(−tX)We 
ompute the fa
torization of exp(−tX) for the interesting 
ase of

X = I(dψm,n(L(λ))),for π6(L(λ)) = 0, where π6 is the extension to Lδ of π6 in (5.5.1). Then X =

λ−n+2mL(λ) =
∑

j,i

(Ljiλ
i−n+2m)Yj, and

exp(−tX) = exp(
12
∑

j=1

(−
∑

i

Ljiλ
i−n+2mt)Yj).Let zj = −

∑

i

Ljiλ
i−n+2m for j ∈ {1, . . . , 12}.Our assumption is that z6 = 0, as the exponential of L(λ) has a simpler formin this 
ase; in fa
t this is the only 
ase needed for our main theorem below. Theexponential of Lδ on z6 = 0 is given by (see Appendix B)

exp(tz1, tz2, tz3, tz4, tz5, 0, tz7, tz8, tz9, tz10, tz11, tz12) =

(

tz1, tz2, tz3, tz4, tz5, 0, t
2z10z2 + tz7,−t

2z1z10 + tz8, tz9, tz10, tz11,
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tz12 −

1

3
t3z1z10z2 +

3

2
t2z10z4 + 2t2z11z5 +

1

2
t2z1z7 + t2z2z8 +

3

2
t2z3z9

)

.By Lemma 4.4.1, the Birkho� de
omposition (g, α) = (g−, α−)−1(g+, α)+, with
g ∈ G0 and α ∈ g∗

0 is given by g = g−1
− g+, and −α− + α+ = Ad∗(g−)α.Let gj− and gj+, j ∈ {1, . . . , 12}, be the 
omponents of g− and g+ respe
tively.Therefore, for j ∈ {1, 2, 3, 4, 5, 9, 10, 11}, we have

gj+ = −
∑

i≥n−2m

Ljiλ
i−n+2mtand

gj− = −
∑

i<n−2m

Ljiλ
i−n+2mt. (5.7.1)Then

gi+ = P+(tzi), gi− = −P−(tzi) (5.7.2)for i ∈ {1, 2, 3, 5}. We also get
g4+ = P+(tz4 + t2(P−(z1)P+(z2)− P−(z1)P+(z2))), (5.7.3)
g4− = P−(tz4 + t2(P−(z1)P+(z2)− P−(z1)P+(z2))), (5.7.4)

g6− = 0, g6+ = 0, (5.7.5)
g7− = −P−(2tg2−z10 + t2z10z2 + tz7), (5.7.6)
g8− = −P−(−2tg1−z10 − t

2z1z10 + tz8), (5.7.7)
g12− = −P−(−tg1−g2−z10 + 3tg4−z10 − 2t2g2−z1z10 + 4tg5−z11 (5.7.8)

+tz12 + t2g1−z10z2 −
1

3
t3z1z10z2 +

3

2
t2z10z4 + 2t2z11z5 + tg1−z7
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+

1

2
t2z1z7 + 2tg2−z8 + t2z2z8 + 3tg3−z9 +

3

2
t2z3z9),

gk+ = zk + gk−,for k ∈ {7, 8, 12}. Then g− = (g1−, . . . , g12−) and g+ = (g1+, . . . , g12+) satisfy
g−1
− g+ = exp(−tX).We now assemble the �nal formulas needed to 
ompute the solution to the Laxpair equation given by Theorem 4.3.1. Let π : δ → g and θ : δ → g∗ be theproje
tions onto g respe
tively g∗. Then
π(Ad∗(g1−, . . . , g12−)L(λ)) = Ad∗

G0
(g1−, . . . , g6−)π(L(λ)) +H(g1−, . . . , g12−)θ(L(λ))(5.7.9)and

θ(Ad∗(g1−, . . . , g12−)L(λ)) = AdG0
(g1−, . . . , g6−)θ(L(λ)), (5.7.10)where H is given by Proposition 5.4.2. It is fortunate that Ad∗

G̃
does not depend on

g12−, whi
h by (5.7.8) is di�
ult to 
ompute expli
itly.5.8 The Feynman rules 
hara
ters and the main re-sultFor any graph γ, the Feynman rules integral ϕ(λ, q)(γ) 
an be written in term of
Γ-fun
tions. Some expli
it formulas are as follows.

ϕ(λ, q)(A1) =
1

2
π3(q2)1−λB1(λ)

ϕ(λ, q)(A2) =
1

2
π6(q2)1−2λB1(λ)B2(λ)

ϕ(λ, q)(A3) =
1

2
π9(q2)1−3λB1(λ)B2(λ)B3(λ)

ϕ(λ, q)(A4) =
1

4
π9(q2)1−3λB1(λ)2B2(λ)
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ϕ(λ, q)(A5) =

1

2
π12(q2)1−4λB1(λ)B2(λ)B3(λ)B4(λ)where Bj(λ) = −1

jλ(1−jλ)(2−jλ)(3−jλ)
, j ∈ {1, 2, 3, 4}.Theorem 5.8.1. Let H1 be the Hopf subalgebra generated by A1, A2, A3, A4, A5,

∅, and 
hoose a 
hara
ter ϕ̄(λ) ∈ ΩG̃ with π6(ϕ̄) = 0. Pi
k L0(λ) ∈ Ωδ and set
X = I(dψm,n(L0(λ))), where ψm,n is the Casimir fun
tion on Ωδ given by

ψm,n(L(λ)) = Resλ=0(λ
m〈λnL(λ), λnL(λ)〉).Then the solution of

dL

dt
= [M,L], M =

1

2
R(I(dψm,n(L(λ)))) (5.8.1)with the initial 
ondition L(0) = L0 is given by

L(t) = Ad∗g±(t) · L0, (5.8.2)with exp(−tX) = g−(t)−1g+(t) where g− and g+ are given by (5.7.1), (5.7.5), (5.7.6),(5.7.7), (5.7.8), and where the g0 and g∗
0 
omponents of Ad are given by (5.7.9) and(5.7.10).In the parti
ular 
ase where ϕ̄ is the normalized Feynman rule 
hara
ters ϕ̄(λ, q) =

ϕ(λ,q)
q2

and L0(λ) = 1
2
λn−2m exp−1(ϕ̄(λ)), g−(t) and g+(t) are given by (5.7.2), (5.7.3)and (5.7.4). If in addition n− 2m = 0, then the solution L(t) of (5.8.1) is the �owof half of the logarithm of Feynman rules.This follows from Theorem 4.4.3.



715.9 Generalizations to arbitrary �nitely generatedHopf subalgebrasIn this se
tion we see how the previous 
omputations 
an 
arried over to Hopf sub-algebra generated by a �nite number of Feynman diagrams.Let H2 be the Hopf algebra generated by a �nite number of Feynman graphs:
∅, B1, B2, B3, . . . , Bl.We shall denote this list by L. Re
all that L(Bi) is the loop number of Bi. Weassume the following:1) L(Bi) ≤ L(Bj) for any 1 ≤ i < j ≤ n,2) If L(Bi) = L(Bj) and Bi is a ladder graph then i < j,3) Any Feynman subgraph of a graph Bi ∈ L is 
ontained in the list L.Noti
e that 
ondition 3) is essential. Let G2 be the group of 
hara
ters of H2.5.9.1 Normal 
oordinates and the 
hara
ter groupTo follow the 
onstru
tion in Se
tion 5.1 we need to 
onstru
t normal 
oordinates(see [5℄).To asso
iate to any Bi, i ∈ {1, . . . , l} an element B′

i, we start by asso
iating toany Bi ∈ L its de
orated rooted tree Ti = T (Bi) (if Bi has overlapping divergen
esone needs to asso
iate its sum of de
orated rooted trees instead (see [6℄)). To thede
orated rooted tree Ti (or the sum of trees if overlappings o

ur) one 
an asso
iatea polynomial of rooted tree T ′
i following the normal 
oordinates 
onstru
tion in [5℄.Finally to T ′

i we 
an asso
iate B′
i ∈ H2.



72Noti
e that
B′
i = Bi + a polynomial of Bikwith the loop number of ea
h Bik less than the loop number of Bi. The B′

i-graph
orresponding to a ladder graph Bi is primitive. In parti
ular, the group of 
hara
tersasso
iated to a set of ladder graphs is abelian, so its Lie algebra has trivial bra
ket.Noti
e that vertex graphs are ex
luded from our dis
ussion.Now, we give an example of 
omputation of a Bi for an overlapping divergen
es.We do not adjust the 
omputation by the symmetry fa
tor.Example 10. If B = ∈ L then the 
orresponding B′-graph mentioned aboveis given by
P = − .Let F : G2 → (Cl,⊕) be given by
F (ϕ) = {ϕ(B′

i)}i∈{1,...,l}.Let ⊕ : Cl × Cl → Cl be the group law indu
ed by the group law on G2. Then we
an identify G2 with (Cl,⊕).We de�ne the semidire
t produ
t G0 = Cl ⋊ C given by the following a
tion of
C on Cl:

t.{xi}i = {eL(Bi)txi}i,where L(Bi) is the loop number of Bi. This 
orresponds in lo
al 
oordinates to thea
tion θi de�ned in Chapter 2.We then 
ompute the di�erential of the left translation and we get the left in-variant ve
tor �elds on our Lie group. To get the in�nitesimal Lie algebra stru
ture,we 
ompute the bra
ket between the left invariants ve
tor �elds on the semi-dire
t



73group (Cl+1,⊕). We shall dis
uss at the end of this se
tion an alternative way to
ompute the Lie bra
ket of the in�nitesimal Lie algebra.5.9.2 The exponential mapThe exponential of the Lie algebra g0 
an be obtained by solving a system of ordinarydi�erential equations sin
e γ(t) = exp(tY ) is equivalent to Y = (Lγ(t)−1)∗γ̇, where
L∗ denotes the di�erential of the left translation of G2.The ODE Y = (Lγ(t)−1)∗γ̇ is easily programmed and solved in Mathemati
aas long as the dimensions of the dimension of the Hopf algebra is not to large.To speed up Mathemati
a 
omputations, one might want to split the system ofdi�erential equations into partially de
oupled subsystems, like in our worked example(see Appendix B).5.9.3 The adjoint and 
oadjoint representations on G2The 
omputations for the 
oadjoint representation Ad∗ are needed to de�ne the lawgroup on the Lie group asso
iated to the double Lie algebra.The adjoint a
tion Ad on the group G2 is obtained by di�erentiating Cg(h) =

ghg−1. The 
oadjoint a
tion Ad∗ is the given by Ad∗(g) = (Ad(g−1))t. Di�erentiating
Ad and Ad∗, one gets ad and ad∗, respe
tively. All these 
omputation 
an be 
arriedout by Mathemati
a. Noti
e that the matrix blo
k in Ad obtained by removing thelast row and the last 
olumn (i.e the 
olumn 
orresponding to the grading element
Z0) is lower triangular and the similar blo
k 
orresponding to Ad∗ is upper triangular.5.9.4 The double Lie algebra and its asso
iated groupThe 
omputation to �nd all families of Lie bialgebra stru
tures on g0 
an 
arried outin a fashion similar to our worked example. However, as in the thesis it is easiest



74to 
hoose the zero bialgebra stru
ture (i.e. the abelian Lie algebra on g∗). TheLie algebra stru
ture of the double Lie algebra δ is then determined. The 
oadjointrepresentation Ad∗ of G0 yields the group law on the asso
iated Lie group of thedouble Lie algebra.5.9.5 The adjoint representation ad and Ad on δThe stru
ture 
onstants of δ determines ad. Noti
e that Z∗
0 is still in the kernel of

adδ. The adjoint representation Ad 
an be obtained using Mathemati
a as before bytaking the di�erential of Cg given by Cg(h) = ghg−1.5.9.6 Ad-invariant polynomials, Lax pair equations, Birkho�de
ompositionClosely following the proof of Corollary 5.5.2, one 
an dire
tly show that ϕ(a) =

C(al+1)
k is an Adδ-invariant polynomial on δ. The rest of the 
omputation in Se
tions5.5-8 
an be easily adjusted to our 
ase.In summary, the te
hniques of this 
hapter extend to any �nitely generated Hopfalgebra with 
onditions 1), 2), 3) up to the limits of ma
hine 
omputationsIt is un
lear whether results for the spe
tral 
urve (and Lie algebra 
ohomology)
hange when we 
onsider other Hopf algebra. In other several 
ases 
onsidered wehave 
omputed the spe
tral 
urve and have always obtained a redu
ible spe
tral
urve.5.9.7 A di�erent approa
h to �nd the Lie group lawA di�erent approa
h to 
ompute the group law on G0 is given by Baker-Campbell-Hausdor� formula (see [10℄). The bra
ket on the in�nitesimal Lie algebra is given



75by the insertion of (de
orated) rooted trees. Using this 
ombinatorial approa
h, thein�nitesimal Lie algebra stru
ture is mu
h easier to �nd, but �nding the group lawfrom the Baker-Campbell-Hausdor� formula seems more di�
ult than the approa
hin �5.9.2.A di�erent approa
h to �nd the normal 
oordinates in 5.9.1 would be a 
ombina-torial method that produ
es the independent generators B′
i of H2 with S(B′

i) = −B′
i.5.10 Lie algebra 
ohomologyIn this se
tion we 
ompute the Lie algebra 
ohomology of the in�nitesimal Lie al-gebra of a Hopf algebra generated by a �nite number of Feynman graphs. We alsodis
uss the possibility of produ
ing a non-degenerate symmetri
 bilinear form on adeformation of a semidire
t produ
t of the in�nitesimal Lie algebra.The underlying idea is that if we 
an deform the Lie bra
ket to one whi
h has anondegenerate symmetri
 bilinear form, we 
an apply our Lax pair te
hnique on thedeformed algebra without passing to the double Lie algebra.From this point of view the motivation for 
al
ulating Lie algebra 
ohomologyis that the existen
e of non-trivial in�nitesimal deformation and the obstru
tion tointegrating in�nitesimal deformations are 
ontrolled by H2(g, g) and H3(g, g) respe
-tively. All 
omputations rely on the Mathemati
a �le given in Appendix E.In this se
tion we 
onsider the Hopf algebra H3 generated by the empty set andand the following Feynman graphs: , , , .Let g3 be the in�nitesimal Lie algebra of H3. Noti
e that g3 is a Lie subalgebraof g1 introdu
ed in Se
tion 5.1. We denote by Y1, Y2, Y3 and Y4 the generators of g2introdu
ed in Se
tion 5.1. Let g = g2 ⋊ C.Z0 given by [Z0, Yi] = iYi for i ∈ {1, 2, 3}and [Z0, Y4] = 3Y4.The reason to restri
t ourself to a lower dimensional Lie algebra is just for the
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onomy of 
omputations: Mathemati
a already takes an unreasonable amount oftime and 
omputer resour
es in the �ve-dimensional 
ase.We begin by re
alling the theory of deformations of Lie algebra following theideas from [12℄. Then we state the results obtained in Appendix E.Let g be a Lie algebra. Let g[[t]] be the algebra of power series with 
oe�
ientsin g. Let f : g× g→ g be the Lie bra
ket of g.Let ft : g[[t]]× g[[t]]→ g[[t]] be a bilinear map su
h that
ft(a, b) = f(a, b) + tF1(a, b) + t2F2(a, b) + · · · , (5.10.1)

(g[[t]], ft) is 
alled a deformation of the Lie algebra (g, f) if (g[[t]], ft) is a Lie algebra.We denote by F0 = f .By the de�nition of the Lie algebra we get the following:
Fµ(a, b) = −Fµ(b, a), (5.10.2)

∑

λ+µ=ν,λ,µ≥0

Fλ(Fµ(a, b), c) + Fλ(Fµ(b, c), a) + Fλ(Fµ(c, a), b) = 0. (5.10.3)Let
Cn(g, g) = {F : V ⊗n → V | B is a n-linear map}.We de�ne the 
oderivation δn : Cn(g, g)→ Cn+1(g, g) by

(δn)F (x0, x1, . . . , xn) =
n
∑

i=0

(−1)i[xi, F (x0, . . . , x̂i, . . . , xn)]

+
∑

0≤i<j≤n

(−1)i+jF ([xi, xj], x0, . . . , x̂i, . . . , x̂j , . . . , xn)



77Using (5.10.2), 
an be rewrite (5.10.3) as
(δ2Fν)(a, b, c) =

∑

λ+µ=ν,λ,µ>0

Fλ(Fµ(a, b), c)+Fλ(Fµ(b, c), a)+Fλ(Fµ(c, a), b) (5.10.4)In parti
ular we have δ2F1 = 0 and
(δ2F2)(a, b, c) = F1(F1(a, b), c) + F1(F1(b, c), a) + F1(F1(c, a), b)For any integer n ≥ 0, we denote by

Zn(g, g) = Ker δn, Bn(g, g) = Im δn−1, Hn(g, g) = Zn(g, g)/Bn(g, g),with the 
onvention δn = 0 for n = −1.The right hand side of (5.10.4) is always an element in Z3(g, g) and is 
alled theobstru
tion of Fν . We re
all the following de�nition.De�nition 5.10.1. A deformation (g[[t]], ft) of a Lie algebra (g, f) is 
alled trivialif there exist the linear maps ϕi : g[[t]] → g[[t]], i ≥ 1 su
h that φt : g[[t]] → g[[t]]given by
φt(a) = a+ tϕ1(a) + t2ϕ2(a) + · · ·is an linear isomorphism satisfying
ft(a, b) = ψ−1

t ([ψt(a), ψt(b)]).Proposition 5.10.2. If H2(g, g) = 0 then any deformation of g is trivial.Proposition 5.10.3. If H3(g, g) = 0 then the obstru
tions 
an be resolved, i.e. therelation (5.10.4) 
an solved for Fν.The signi�
an
e of the previous proposition is that we 
an re
ursively 
hoose
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F1,. . . ,Fν . Namely, sin
e Ker δ3 = Im δ2 and the right hand side of equation (5.10.4)is in Ker δ3, we 
an pi
k a Fν su
h that δ2Fν is equal to the right hand side ofequation (5.10.4). Thus we 
an �nd a deformation ft as in (5.10.1).In Appendix E, for our 
hoi
e of �ve-dimensional Lie algebra g, we get the fol-lowing results:Theorem 5.10.4. dimH2(g, g) = 3.Theorem 5.10.5. H3(g, g) = 0.For notational 
onvenien
e, let

Fλ ◦ Fµ = Fλ(Fµ(a, b), c) + Fλ(Fµ(b, c), a) + Fλ(Fµ(c, a), b)Sin
e we have too many 
hoi
es for Fν , we take the simplest 
hoose
F3 = F4 = . . . = 0. (5.10.5)Then the equations (5.10.3) be
ome

δ2F2 = F1 ◦ F1, 0 = F1 ◦ F2 + F2 ◦ F1 and 0 = F2 ◦ F2.This gives the quadrati
 deformations of our Lie algebra. In parti
ular we 
anadditionally 
hoose F2 = 0 to obtain an a�ne deformation of our Lie algebra. Thenone 
an �nd the ad-invariant bilinear nondegenerate symmetri
 form on the deformedLie algebra. Even for the �ve dimensional algebra H3 of Mathemati
a takes anunreasonable time. This is the main reason we abandoned this approa
h.Interesting questions and future dire
tions are:
• How does the Lie algebra deformations of the �ve dimensional Lie algebra orof the double Lie algebra relate to deformations of the initial Hopf algebra?
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• How does the Lie algebra 
ohomology relates to the Hopf algebra 
ohomology?5.11 Spe
tral 
urve approa
hRemark 5.11.1. To any Lax equation with a spe
tral parameter, one 
an asso
iate aspe
tral 
urve and study its algebro-geometri
 properties (see [20℄). In our 
ase, we
onsider the adjoint representation ad : δ → gl(δ) and the indu
ed adjoint represen-tation of the loop algebra. The spe
tral 
urve is given by the 
hara
teristi
 equationof ad(Lλ):

Γ0 = {(λ, ν) ∈ C− {0} × C | det(ad(L(λ)− νId) = 0}.The theory of the spe
tral 
urve and its Ja
obian usually assumes that the spe
-tral 
urve is irredu
ible. Unfortunately, for all 43 families of Lie bialgebra stru
tureson δ, on the asso
iated twelve-dimensional Lie algebra ad δ all eigenvalues of the
hara
teristi
 equation are zero, and the zero eigenspa
e is eight dimensional. Thespe
tral 
urve itself is the union of degree one 
urves. Thus ea
h irredu
ible 
ompo-nent has a trivial Ja
obian, and the spe
tral 
urve theory breaks down.Our solutions in �5.7 for the Lax pair �ow for our example are relatively sim-ple, in that they are polynomials in z. For general Lax pair equations solvableby spe
tral 
urve te
hniques, the solutions involve trans
endental fun
tions su
h asBaker-Akhiezer fun
tions, whi
h are a type of theta fun
tion on the Ja
obian of thespe
tral 
urve [20℄. Sin
e our spe
tral 
urve is the union of degree one 
urves, theasso
iated Ja
obians are just points, so there are no theta fun
tions available.We expe
t that the spe
tral 
urve is redu
ible for all examples of �nitely generatedHopf algebras. Looking at Lemma 5.2.2 and Proposition 5.4.2, we see that thespe
tral 
urve is always redu
ible to a produ
t of degree one 
urves. Thereforespe
tral 
urve te
hniques do not seem promising.



Chapter 6Appendix AIn this 
hapter we solve expli
itly the system given by 
onditions a) and b) in De�-nition 3.6.1. We prove Proposition 5.3.1 and Remark 5.3.2 from se
tion �5.3, namelywe establish the following result.number of solutions number of linear relations degrees of freedom1 82 87 83 716 84 613 85 55 86 41 87 3
Let w[i, j, l] with i, j, k{1, · · · , 6}, be the stru
ture 
onstants of the six-dimensionalLie algebra g0.

c = Array[w, {6, 6, 6}];c = Array[w, {6, 6, 6}];c = Array[w, {6, 6, 6}];Do[w[i, j, k] = 0, {i, 6}, {j, 6}, {k, 6}];w[1, 2, 4] = 2;Do[w[i, j, k] = 0, {i, 6}, {j, 6}, {k, 6}];w[1, 2, 4] = 2;Do[w[i, j, k] = 0, {i, 6}, {j, 6}, {k, 6}];w[1, 2, 4] = 2;

w[2, 1, 4] = −2;w[2, 1, 4] = −2;w[2, 1, 4] = −2;Do[w[6, i, i] = i, {i, 3}];Do[w[i, 6, i] = −i, {i, 3}];Do[w[6, i, i] = i, {i, 3}];Do[w[i, 6, i] = −i, {i, 3}];Do[w[6, i, i] = i, {i, 3}];Do[w[i, 6, i] = −i, {i, 3}];

w[6, 4, 4] = 3;w[4, 6, 4] = −3;w[6, 5, 5] = 4;w[5, 6, 5] = −4;w[6, 4, 4] = 3;w[4, 6, 4] = −3;w[6, 5, 5] = 4;w[5, 6, 5] = −4;w[6, 4, 4] = 3;w[4, 6, 4] = −3;w[6, 5, 5] = 4;w[5, 6, 5] = −4;80



81Let g be the Lie bialgebra stru
ture, i.e. g[i, j, k] 
onstants of g∗
0. To deal with
ondition a) of De�nition 3.6.1, i.e. Ja
obi identity, we write it in 
oordinates.First, we de�neja
obi
ondja
obi
ondja
obi
ond[i, j, k, l]Yl = [[Yi, Yj], Yk]] + [[Yj, Yk], Yi]] + [[Yk, Yi], Yj]]ga = Array[g, {6, 6, 6}];ga = Array[g, {6, 6, 6}];ga = Array[g, {6, 6, 6}];Do[mmm = Sort[{i1, i2}];Do[mmm = Sort[{i1, i2}];Do[mmm = Sort[{i1, i2}];

g[i1, i2, i3] = Signature[{i1, i2}]g[mmm[[1]],mmm[[2]], i3],g[i1, i2, i3] = Signature[{i1, i2}]g[mmm[[1]],mmm[[2]], i3],g[i1, i2, i3] = Signature[{i1, i2}]g[mmm[[1]],mmm[[2]], i3],{i1, 1, 6}, {i2, 1, 6}, {i3, 1, 6}]{i1, 1, 6}, {i2, 1, 6}, {i3, 1, 6}]{i1, 1, 6}, {i2, 1, 6}, {i3, 1, 6}]ja
obi
ond = Array[ja
, {6, 6, 6, 6}];ja
obi
ond = Array[ja
, {6, 6, 6, 6}];ja
obi
ond = Array[ja
, {6, 6, 6, 6}];Do[ja
[i, j, k, s] = Sum[g[i, j, l]g[l, k, s], {l, 1, 6}]+Do[ja
[i, j, k, s] = Sum[g[i, j, l]g[l, k, s], {l, 1, 6}]+Do[ja
[i, j, k, s] = Sum[g[i, j, l]g[l, k, s], {l, 1, 6}]+Sum[g[j, k, l]g[l, i, s], {l, 1, 6}]+Sum[g[j, k, l]g[l, i, s], {l, 1, 6}]+Sum[g[j, k, l]g[l, i, s], {l, 1, 6}]+Sum[g[k, i, l]g[l, j, s], {l, 1, 6}], {i, 1, 6}, {j, 1, 6},Sum[g[k, i, l]g[l, j, s], {l, 1, 6}], {i, 1, 6}, {j, 1, 6},Sum[g[k, i, l]g[l, j, s], {l, 1, 6}], {i, 1, 6}, {j, 1, 6},{k, 1, 6}, {s, 1, 6}]{k, 1, 6}, {s, 1, 6}]{k, 1, 6}, {s, 1, 6}]For the se
ond 
ondition b) of De�nition 3.6.1, we de�ne ad
ond[i,j,k,l℄ad
ond[i,j,k,l℄ad
ond[i,j,k,l℄.ad
ond = Array[ad
, {6, 6, 6, 6}];ad
ond = Array[ad
, {6, 6, 6, 6}];ad
ond = Array[ad
, {6, 6, 6, 6}];Do[ad
[i, j,m, q] =Do[ad
[i, j,m, q] =Do[ad
[i, j,m, q] = Sum[g[l, q, j]c[[i, l,m]] + g[m, l, j]c[[i, l, q]]− g[l, q, i]c[[j, l,m]]Sum[g[l, q, j]c[[i, l,m]] + g[m, l, j]c[[i, l, q]]− g[l, q, i]c[[j, l,m]]Sum[g[l, q, j]c[[i, l,m]] + g[m, l, j]c[[i, l, q]]− g[l, q, i]c[[j, l,m]]

−g[m, l, i]c[[j, l, q]]− g[m, q, l]c[[i, j, l]], {l, 1, 6}], {i, 1, 6}, {j, 1, 6},−g[m, l, i]c[[j, l, q]]− g[m, q, l]c[[i, j, l]], {l, 1, 6}], {i, 1, 6}, {j, 1, 6},−g[m, l, i]c[[j, l, q]]− g[m, q, l]c[[i, j, l]], {l, 1, 6}], {i, 1, 6}, {j, 1, 6},{m, 1, 6}, {q, 1, 6}]{m, 1, 6}, {q, 1, 6}]{m, 1, 6}, {q, 1, 6}]Conditions a) and b) are equivalent to the following system.Solve[ja
obi
ond == 0&&ad
ond == 0]Solve[ja
obi
ond == 0&&ad
ond == 0]Solve[ja
obi
ond == 0&&ad
ond == 0]Solve :: svars: Equations may not give solutions for all solve variables. More. . .
{{g[3, 4, 3] → 0, g[2, 5, 5] → 0, g[3, 4, 4] → 0, g[2, 5, 2] → 0, g[1, 4, 1] → 0, g[4, 5, 5] →

0,

g[1, 2, 1]→ 0, g[3, 5, 5]→ 0, g[2, 4, 2]→ 0, g[1, 3, 1]→ 0, g[3, 5, 3]→ 0, g[1, 5, 1]→ 0,

g[1, 5, 5]→ 0, g[1, 2, 2]→ 0, g[2, 3, 2]→ 0, g[2, 4, 4]→ 0, g[1, 3, 3]→ 0, g[4, 6, 6]→ 0,

g[2, 3, 3]→ 0, g[3, 6, 6]→ 0, g[4, 5, 4]→ 0, g[5, 6, 5]→ 0, g[1, 4, 4]→ 0, g[1, 6, 1]→ 0,

g[3, 6, 3]→ 0, g[5, 6, 6]→ 0, g[2, 6, 6]→ 0, g[2, 6, 2]→ 0, g[2, 4, 6]→ 0, g[4, 6, 4]→ 0,
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g[1, 6, 6]→ 0, g[2, 5, 6]→ 0, g[1, 3, 6]→ 2g[3, 4, 2], g[3, 4, 1]→ 0, g[2, 4, 1]→ 0,

g[3, 4, 5]→ 0, g[2, 3, 6]→ 0, g[2, 4, 5]→ 0, g[2, 4, 3]→ 0, g[4, 5, 3]→ 0, g[1, 4, 3]→ 0,

g[4, 5, 1]→ 0, g[1, 4, 2]→ 0, g[2, 5, 1]→ 0, g[1, 4, 5]→ 0, g[2, 3, 1]→ 0,

g[4, 5, 2]→ −2
5
g[1, 5, 6], g[2, 3, 5]→ 0, g[3, 5, 1]→ 0, g[3, 5, 2]→ 0, g[1, 2, 6]→ 0,

g[3, 5, 4]→ 0, g[1, 3, 5]→ 0, g[1, 5, 2]→ 0, g[1, 3, 2]→ 0, g[2, 5, 3]→ 0, g[3, 6, 5]→ 0,

g[4, 6, 3]→ 0, g[4, 6, 1]→ 0, g[2, 6, 1]→ 0, g[1, 5, 3]→ 0, g[2, 3, 4]→ 0, g[4, 6, 5]→ 0,

g[1, 2, 5]→ 0, g[2, 6, 5]→ 0, g[1, 2, 3]→ 0, g[3, 6, 1]→ 0, g[3, 6, 4]→ 0, g[2, 5, 4]→ 0,

g[4, 6, 2]→ 0, g[1, 3, 4]→ 0, g[5, 6, 3]→ 0, g[2, 6, 3]→ 0, g[5, 6, 1]→ 0,

g[1, 6, 2]→ 0, g[1, 6, 5]→ 0, g[1, 2, 4]→ 0, g[3, 6, 2]→ 0, g[2, 6, 4]→ 0,

g[1, 6, 3]→ 0, g[5, 6, 2]→ 0, g[5, 6, 4]→ 0, g[1, 5, 4]→ 0, g[1, 6, 4]→ 0},

{g[3, 4, 3]→ 0, g[2, 5, 5]→ 0, g[3, 4, 4]→ 0, g[2, 5, 2]→ 0, g[1, 4, 1]→ 0,

g[4, 5, 5]→ 0, g[1, 2, 1]→ 0, g[3, 5, 5]→ 0, g[2, 4, 2]→ 0, g[1, 3, 1]→ 0, g[3, 5, 3]→ 0,

g[1, 5, 1]→ 0, g[1, 5, 5]→ 0, g[1, 2, 2]→ 0, g[2, 3, 2]→ 0, g[2, 4, 4]→ 0, g[1, 3, 3]→ 0,

g[4, 6, 6]→ 0, g[2, 3, 3]→ 0, g[3, 6, 6]→ 0, g[4, 5, 4]→ 0, g[5, 6, 5]→ 0, g[1, 4, 4]→ 0,

g[1, 6, 1]→ 0, g[3, 6, 3]→ 0, g[5, 6, 6]→ 0, g[2, 6, 6]→ 0, g[2, 6, 2]→ 0,

g[4, 6, 4]→ 0, g[1, 4, 6]→ 0, g[1, 6, 6]→ 0, g[2, 5, 6]→ 3g[4, 5, 1], g[1, 3, 6]→ 0,

g[3, 4, 1]→ −2
5
g[2, 3, 6], g[2, 4, 1]→ 0, g[3, 4, 2]→ 0, g[3, 4, 5]→ 0, g[2, 4, 5]→ 0,

g[2, 4, 3]→ 0, g[4, 5, 3]→ 0, g[1, 4, 3]→ 0, g[1, 4, 2]→ 0, g[2, 5, 1]→ 0, g[1, 4, 5]→ 0,

g[2, 3, 1]→ 0, g[4, 5, 2]→ 0, g[2, 3, 5]→ 0, g[1, 5, 6]→ 0, g[3, 5, 1]→ 0, g[3, 5, 2]→ 0,

g[1, 2, 6]→ 0, g[3, 5, 4]→ 0, g[1, 3, 5]→ 0, g[1, 5, 2]→ 0, g[1, 3, 2]→ 0, g[2, 5, 3]→ 0,

g[3, 6, 5]→ 0, g[4, 6, 3]→ 0, g[4, 6, 1]→ 0, g[2, 6, 1]→ 0, g[1, 5, 3]→ 0, g[2, 3, 4]→ 0,

g[4, 6, 5]→ 0, g[1, 2, 5]→ 0, g[2, 6, 5]→ 0, g[1, 2, 3]→ 0, g[3, 6, 1]→ 0, g[3, 6, 4]→ 0,

g[2, 5, 4]→ 0, g[4, 6, 2]→ 0, g[1, 3, 4]→ 0, g[5, 6, 3]→ 0, g[2, 6, 3]→ 0, g[5, 6, 1]→ 0,

g[1, 6, 2]→ 0, g[1, 6, 5]→ 0, g[1, 2, 4]→ 0, g[3, 6, 2]→ 0, g[2, 6, 4]→ 0,

g[1, 6, 3]→ 0, g[5, 6, 2]→ 0, g[5, 6, 4]→ 0, g[1, 5, 4]→ 0, g[1, 6, 4]→ 0},
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· · · another 40 solutions here (the Mathemati
a output is shrunk) · · ·
{

g[3, 4, 3]→ 0, g[2, 5, 5]→ 0, g[3, 4, 4]→ 0, g[2, 5, 2]→ 1
2
g[5, 6, 6], g[1, 4, 1]→ 0,

g[4, 5, 5]→ 0, g[1, 2, 1]→ 0, g[3, 5, 5]→ 0, g[2, 4, 2]→ 0, g[1, 3, 1]→ 0,

g[3, 5, 3]→ 3
4
g[5, 6, 6], g[1, 5, 1]→ 1

4
g[5, 6, 6], g[1, 5, 5]→ 0, g[1, 2, 2]→ 0,

g[2, 3, 2]→ 0, g[2, 4, 4]→ 0, g[1, 3, 3]→ 0, g[4, 6, 6]→ 0, g[3, 4, 6]→ 0, g[2, 3, 3]→ 0,

g[3, 6, 6]→ 0, g[4, 5, 4]→ 3
4
g[5, 6, 6], g[5, 6, 5]→ 0, g[1, 4, 4]→ 0, g[1, 6, 1]→ 0,

g[3, 6, 3]→ 0, g[2, 6, 6]→ 0, g[2, 6, 2]→ 0, g[2, 4, 6]→ 0, g[4, 6, 4]→ 0, g[1, 4, 6]→ 0,

g[1, 6, 6]→ 0, g[2, 5, 6]→ 0, g[1, 3, 6]→ 0, g[3, 4, 1]→ 0, g[2, 4, 1]→ 0, g[3, 4, 2]→ 0,

g[3, 4, 5]→ 0, g[2, 3, 6]→ 0, g[2, 4, 5]→ 0, g[2, 4, 3]→ 0, g[4, 5, 3]→ 0,

g[1, 4, 3]→ 0, g[4, 5, 1]→ 0, g[1, 4, 2]→ 0, g[2, 5, 1]→ 0, g[1, 4, 5]→ 0,

g[2, 3, 1]→ 0, g[4, 5, 2]→ 0, g[2, 3, 5]→ 0, g[1, 5, 6]→ 0, g[3, 5, 1]→ 0,

g[3, 5, 2]→ 0, g[1, 2, 6]→ 0, g[3, 5, 4]→ 0, g[1, 3, 5]→ 0, g[1, 5, 2]→ 0,

g[1, 3, 2]→ 0, g[2, 5, 3]→ 0, g[3, 6, 5]→ 0, g[4, 6, 3]→ 0, g[4, 6, 1]→ 0,

g[2, 6, 1]→ 0, g[1, 5, 3]→ 0, g[2, 3, 4]→ 0, g[4, 6, 5]→ 0, g[1, 2, 5]→ 0,

g[2, 6, 5]→ 0, g[1, 2, 3]→ 0, g[3, 6, 1]→ 0, g[3, 6, 4]→ 0, g[2, 5, 4]→ 0,

g[4, 6, 2]→ 0, g[1, 3, 4]→ 0, g[5, 6, 3]→ 0, g[2, 6, 3]→ 0, g[5, 6, 1]→ 0,

g[1, 6, 2]→ 0, g[1, 6, 5]→ 0, g[1, 2, 4]→ 0, g[3, 6, 2]→ 0, g[2, 6, 4]→ 0,

g[1, 6, 3]→ 0, g[5, 6, 2]→ 0, g[5, 6, 4]→ 0, g[1, 5, 4]→ 0, g[1, 6, 4]→ 0}}



Chapter 7Appendix BIn this 
hapter, we give the Mathemati
a �le for the 
omputations from se
tions 5.5and 5.7. All Mathemati
a 
ode is shown in bold fonts, all 
omments are in itali
,while the Mathemati
a output is given in roman fonts.First, we de�ne the group law on G0.
f [{{x1_, x2_, x3_, x4_, x5_, t_}, {y1_, y2_, y3_, y4_, y5_, y6_}}]:=f [{{x1_, x2_, x3_, x4_, x5_, t_}, {y1_, y2_, y3_, y4_, y5_, y6_}}]:=f [{{x1_, x2_, x3_, x4_, x5_, t_}, {y1_, y2_, y3_, y4_, y5_, y6_}}]:=
{x1 + Exp[t]y1, x2 + Exp[2t]y2, x3 + Exp[3t]y3,{x1 + Exp[t]y1, x2 + Exp[2t]y2, x3 + Exp[3t]y3,{x1 + Exp[t]y1, x2 + Exp[2t]y2, x3 + Exp[3t]y3,x4 + Exp[3t]y4 + Exp[2t]x1y2− Exp[t]x2y1, x5 + Exp[4t]y5, t+ y6}x4 + Exp[3t]y4 + Exp[2t]x1y2− Exp[t]x2y1, x5 + Exp[4t]y5, t+ y6}x4 + Exp[3t]y4 + Exp[2t]x1y2− Exp[t]x2y1, x5 + Exp[4t]y5, t+ y6}We �nd the inverse of an element.Solve[f [{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}] == 0, {y1, y2, y3, y4, y5, y6}]Solve[f [{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}] == 0, {y1, y2, y3, y4, y5, y6}]Solve[f [{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}] == 0, {y1, y2, y3, y4, y5, y6}]
{{y4→ −e−3tx4, y3→ −e−3tx3, y5→ −e−4tx5, y6→ −t, y1→ −e−tx1,y2→ −e−2tx2}}inverseo�[{x1_, x2_, x3_, x4_, x5_, t_}]:={y1, y2, y3, y4, y5, y6}/.inverseo�[{x1_, x2_, x3_, x4_, x5_, t_}]:={y1, y2, y3, y4, y5, y6}/.inverseo�[{x1_, x2_, x3_, x4_, x5_, t_}]:={y1, y2, y3, y4, y5, y6}/.
{y4→ −e−3tx4, y3→ −e−3tx3, y5→ −e−4tx5, y6→ −t, y1→ −e−tx1,{y4→ −e−3tx4, y3→ −e−3tx3, y5→ −e−4tx5, y6→ −t, y1→ −e−tx1,{y4→ −e−3tx4, y3→ −e−3tx3, y5→ −e−4tx5, y6→ −t, y1→ −e−tx1,y2→ −e−2tx2}y2→ −e−2tx2}y2→ −e−2tx2}inverseo�[{x1, x2, x3, x4, x5, t}]inverseo�[{x1, x2, x3, x4, x5, t}]inverseo�[{x1, x2, x3, x4, x5, t}]
{−e−tx1,−e−2tx2,−e−3tx3,−e−3tx4,−e−4tx5,−t}De�ne the 
onjugation Cg as Conj, i.e. Cg(h) = ghg−1.Conj[{{x1_, x2_, x3_, x4_, x5_, t_}, {y1_, y2_, y3_, y4_, y5_, y6_}}]:=Conj[{{x1_, x2_, x3_, x4_, x5_, t_}, {y1_, y2_, y3_, y4_, y5_, y6_}}]:=Conj[{{x1_, x2_, x3_, x4_, x5_, t_}, {y1_, y2_, y3_, y4_, y5_, y6_}}]:=
f [{f [{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}],f [{f [{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}],f [{f [{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}],inverseo�[{x1, x2, x3, x4, x5, t}]}]inverseo�[{x1, x2, x3, x4, x5, t}]}]inverseo�[{x1, x2, x3, x4, x5, t}]}]Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}]Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}]Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}]84
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{x1− ey6x1 + ety1, x2− e−2t+2(t+y6)x2 + e2ty2, x3− e−3t+3(t+y6)x3 + e3ty3,x4− e−3t+3(t+y6)x4− etx2y1− e−2t+2(t+y6)x2 (x1 + ety1) + e2tx1y2 +

ey6x1 (x2 + e2ty2) + e3ty4, x5− e−4t+4(t+y6)x5 + e4ty5, y6}Now we take the di�erential of Cg.Ja
 = Array[d, {6, 6}];Ja
 = Array[d, {6, 6}];Ja
 = Array[d, {6, 6}];Do[[i, 1] = Expand[D[Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}][[i]], y1]],Do[[i, 1] = Expand[D[Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}][[i]], y1]],Do[[i, 1] = Expand[D[Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}][[i]], y1]],
{i, 1, 6}]{i, 1, 6}]{i, 1, 6}]Do[[i, 2] = Expand[D[Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}][[i]], y2]],Do[[i, 2] = Expand[D[Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}][[i]], y2]],Do[[i, 2] = Expand[D[Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}][[i]], y2]],
{i, 1, 6}]{i, 1, 6}]{i, 1, 6}]Do[[i, 3] = Expand[D[Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}][[i]], y3]],Do[[i, 3] = Expand[D[Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}][[i]], y3]],Do[[i, 3] = Expand[D[Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}][[i]], y3]],
{i, 1, 6}]{i, 1, 6}]{i, 1, 6}]Do[[i, 4] = Expand[D[Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}][[i]], y4]],Do[[i, 4] = Expand[D[Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}][[i]], y4]],Do[[i, 4] = Expand[D[Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}][[i]], y4]],
{i, 1, 6}]{i, 1, 6}]{i, 1, 6}]Do[[i, 5] = Expand[D[Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}][[i]], y5]],Do[[i, 5] = Expand[D[Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}][[i]], y5]],Do[[i, 5] = Expand[D[Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}][[i]], y5]],
{i, 1, 6}]{i, 1, 6}]{i, 1, 6}]Do[[i, 6] = Expand[D[Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}][[i]], y6]],Do[[i, 6] = Expand[D[Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}][[i]], y6]],Do[[i, 6] = Expand[D[Conj[{{x1, x2, x3, x4, x5, t}, {y1, y2, y3, y4, y5, y6}}][[i]], y6]],
{i, 1, 6}]{i, 1, 6}]{i, 1, 6}]Expand[Ja
]Expand[Ja
]Expand[Ja
]
{

{et, 0, 0, 0, 0,−ey6x1} ,{0, e2t, 0, 0, 0,−2e−2t+2(t+y6)x2} ,
{

0, 0, e3t, 0, 0,−3e−3t+3(t+y6)x3} ,{−etx2− e−t+2(t+y6)x2, e2tx1 + e2t+y6x1, 0, e3t,
0, ey6x1x2− 2e−2t+2(t+y6)x1x2− 3e−3t+3(t+y6)x4− 2e−t+2(t+y6)x2y1 + e2t+y6x1y2} ,
{

0, 0, 0, 0, e4t,−4e−4t+4(t+y6)x5} , {0, 0, 0, 0, 0, 1}}The adjoint representation Ad is given below.Adjoint = Array[adj, {6, 6}];Adjoint = Array[adj, {6, 6}];Adjoint = Array[adj, {6, 6}];CoAdjoint = Array[
oadj, {6, 6}];CoAdjoint = Array[
oadj, {6, 6}];CoAdjoint = Array[
oadj, {6, 6}];Adjoint = Ja
/.{y1→ 0, y2→ 0, y3→ 0, y4→ 0, y5→ 0, y6→ 0};Adjoint = Ja
/.{y1→ 0, y2→ 0, y3→ 0, y4→ 0, y5→ 0, y6→ 0};Adjoint = Ja
/.{y1→ 0, y2→ 0, y3→ 0, y4→ 0, y5→ 0, y6→ 0};



86AdjointAdjointAdjoint
{{et, 0, 0, 0, 0,−x1} , {0, e2t, 0, 0, 0,−2x2} ,
{0, 0, e3t, 0, 0,−3x3} , {−2etx2, 2e2tx1, 0, e3t, 0,−x1x2− 3x4} ,
{0, 0, 0, 0, e4t,−4x5} , {0, 0, 0, 0, 0, 1}}Now we prepare for the 
omputations of ad.littleado�[{x1_, x2_, x3_, x4_, x5_, t_}] =littleado�[{x1_, x2_, x3_, x4_, x5_, t_}] =littleado�[{x1_, x2_, x3_, x4_, x5_, t_}] =

{{et, 0, 0, 0, 0,−x1} , {0, e2t, 0, 0, 0,−2x2} , {0, 0, e3t, 0, 0,−3x3} ,{{et, 0, 0, 0, 0,−x1} , {0, e2t, 0, 0, 0,−2x2} , {0, 0, e3t, 0, 0,−3x3} ,{{et, 0, 0, 0, 0,−x1} , {0, e2t, 0, 0, 0,−2x2} , {0, 0, e3t, 0, 0,−3x3} ,
{−2etx2, 2e2tx1, 0, e3t, 0,−x1x2− 3x4} , {0, 0, 0, 0, e4t,−4x5} , {0, 0, 0, 0, 0, 1}};{−2etx2, 2e2tx1, 0, e3t, 0,−x1x2− 3x4} , {0, 0, 0, 0, e4t,−4x5} , {0, 0, 0, 0, 0, 1}};{−2etx2, 2e2tx1, 0, e3t, 0,−x1x2− 3x4} , {0, 0, 0, 0, e4t,−4x5} , {0, 0, 0, 0, 0, 1}};af1 = D[littleado�[{x1, x2, x3, x4, x5, t}], x1]/.af1 = D[littleado�[{x1, x2, x3, x4, x5, t}], x1]/.af1 = D[littleado�[{x1, x2, x3, x4, x5, t}], x1]/.
{x1→ 0, x2→ 0, x3→ 0, x4→ 0, x5→ 0, t→ 0};{x1→ 0, x2→ 0, x3→ 0, x4→ 0, x5→ 0, t→ 0};{x1→ 0, x2→ 0, x3→ 0, x4→ 0, x5→ 0, t→ 0};af2 = D[littleado�[{x1, x2, x3, x4, x5, t}], x2]/.af2 = D[littleado�[{x1, x2, x3, x4, x5, t}], x2]/.af2 = D[littleado�[{x1, x2, x3, x4, x5, t}], x2]/.
{x1→ 0, x2→ 0, x3→ 0, x4→ 0, x5→ 0, t→ 0};{x1→ 0, x2→ 0, x3→ 0, x4→ 0, x5→ 0, t→ 0};{x1→ 0, x2→ 0, x3→ 0, x4→ 0, x5→ 0, t→ 0};af3 = D[littleado�[{x1, x2, x3, x4, x5, t}], x3]/.af3 = D[littleado�[{x1, x2, x3, x4, x5, t}], x3]/.af3 = D[littleado�[{x1, x2, x3, x4, x5, t}], x3]/.
{x1→ 0, x2→ 0, x3→ 0, x4→ 0, x5→ 0, t→ 0};{x1→ 0, x2→ 0, x3→ 0, x4→ 0, x5→ 0, t→ 0};{x1→ 0, x2→ 0, x3→ 0, x4→ 0, x5→ 0, t→ 0};af4 = D[littleado�[{x1, x2, x3, x4, x5, t}], x4]/.af4 = D[littleado�[{x1, x2, x3, x4, x5, t}], x4]/.af4 = D[littleado�[{x1, x2, x3, x4, x5, t}], x4]/.
{x1→ 0, x2→ 0, x3→ 0, x4→ 0, x5→ 0, t→ 0};{x1→ 0, x2→ 0, x3→ 0, x4→ 0, x5→ 0, t→ 0};{x1→ 0, x2→ 0, x3→ 0, x4→ 0, x5→ 0, t→ 0};af5 = D[littleado�[{x1, x2, x3, x4, x5, t}], x5]/.af5 = D[littleado�[{x1, x2, x3, x4, x5, t}], x5]/.af5 = D[littleado�[{x1, x2, x3, x4, x5, t}], x5]/.
{x1→ 0, x2→ 0, x3→ 0, x4→ 0, x5→ 0, t→ 0};{x1→ 0, x2→ 0, x3→ 0, x4→ 0, x5→ 0, t→ 0};{x1→ 0, x2→ 0, x3→ 0, x4→ 0, x5→ 0, t→ 0};af6 = D[littleado�[{x1, x2, x3, x4, x5, t}], t]/.af6 = D[littleado�[{x1, x2, x3, x4, x5, t}], t]/.af6 = D[littleado�[{x1, x2, x3, x4, x5, t}], t]/.
{x1→ 0, x2→ 0, x3→ 0, x4→ 0, x5→ 0, t→ 0};{x1→ 0, x2→ 0, x3→ 0, x4→ 0, x5→ 0, t→ 0};{x1→ 0, x2→ 0, x3→ 0, x4→ 0, x5→ 0, t→ 0};littleadjointo� = x1af1+ x2af2 + x3af3 + x4af4+ x5af5 + x6af6;littleadjointo� = x1af1+ x2af2+ x3af3 + x4af4+ x5af5+ x6af6;littleadjointo� = x1af1 + x2af2+ x3af3 + x4af4 + x5af5+ x6af6;The adjoint representation ad on the 6-dimensional Lie algebra is given below.MatrixForm[littleadjointo�]MatrixForm[littleadjointo�]MatrixForm[littleadjointo�]
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





























x6 0 0 0 0 −x1
0 2x6 0 0 0 −2x2
0 0 3x6 0 0 −3x3
−2x2 2x1 0 3x6 0 −3x4
0 0 0 0 4x6 −4x5
0 0 0 0 0 0





























CoAdjoint =CoAdjoint =CoAdjoint =Transpose[Ja
]/. {x1→ −e−tx1, x2→ −e−2tx2, x3→ −e−3tx3, x4→ −e−3tx4,Transpose[Ja
]/. {x1→ −e−tx1, x2→ −e−2tx2, x3→ −e−3tx3, x4→ −e−3tx4,Transpose[Ja
]/. {x1→ −e−tx1, x2→ −e−2tx2, x3→ −e−3tx3, x4→ −e−3tx4,x5→ −e−4tx5, t→ −t, y1→ 0, y2→ 0, y3→ 0, y4→ 0, y5→ 0, y6→ 0} ;x5→ −e−4tx5, t→ −t, y1→ 0, y2→ 0, y3→ 0, y4→ 0, y5→ 0, y6→ 0} ;x5→ −e−4tx5, t→ −t, y1→ 0, y2→ 0, y3→ 0, y4→ 0, y5→ 0, y6→ 0} ;MatrixForm[Adjoint]MatrixForm[Adjoint]MatrixForm[Adjoint]






























et 0 0 0 0 −x1
0 e2t 0 0 0 −2x2
0 0 e3t 0 0 −3x3
−2etx2 2e2tx1 0 e3t 0 −x1x2− 3x4
0 0 0 0 e4t −4x5
0 0 0 0 0 1





























MatrixForm[CoAdjoint]MatrixForm[CoAdjoint]MatrixForm[CoAdjoint]






























e−t 0 0 2e−3tx2 0 0

0 e−2t 0 −2e−3tx1 0 0

0 0 e−3t 0 0 0

0 0 0 e−3t 0 0

0 0 0 0 e−4t 0

e−tx1 2e−2tx2 3e−3tx3 −e−3tx1x2 + 3e−3tx4 4e−4tx5 1





























CoAdjointCoAdjointCoAdjoint
{{e−t, 0, 0, 2e−3tx2, 0, 0} , {0, e−2t, 0,−2e−3tx1, 0, 0} ,
{0, 0, e−3t, 0, 0, 0} , {0, 0, 0, e−3t, 0, 0} , {0, 0, 0, 0, e−4t, 0} ,



88
{e−tx1, 2e−2tx2, 3e−3tx3,−e−3tx1x2 + 3e−3tx4, 4e−4tx5, 1}}Now, we de�ne the law on G̃, then we 
ompute the exponential.
g[{{x1_, x2_, x3_, x4_, x5_, t_, x7_, x8_, x9_, x10_, x11_, x12_},g[{{x1_, x2_, x3_, x4_, x5_, t_, x7_, x8_, x9_, x10_, x11_, x12_},g[{{x1_, x2_, x3_, x4_, x5_, t_, x7_, x8_, x9_, x10_, x11_, x12_},
{y1_, y2_, y3_, y4_, y5_, y6_, y7_, y8_, y9_, y10_, y11_, y12_}}]:={y1_, y2_, y3_, y4_, y5_, y6_, y7_, y8_, y9_, y10_, y11_, y12_}}]:={y1_, y2_, y3_, y4_, y5_, y6_, y7_, y8_, y9_, y10_, y11_, y12_}}]:=Join[{x1 + Exp[t]y1, x2 + Exp[2t]y2, x3 + Exp[3t]y3,Join[{x1 + Exp[t]y1, x2 + Exp[2t]y2, x3 + Exp[3t]y3,Join[{x1 + Exp[t]y1, x2 + Exp[2t]y2, x3 + Exp[3t]y3,x4 + Exp[3t]y4 + Exp[2t]x1y2− Exp[t]x2y1, x5 + Exp[4t]y5, t+ y6},x4 + Exp[3t]y4 + Exp[2t]x1y2− Exp[t]x2y1, x5 + Exp[4t]y5, t+ y6},x4 + Exp[3t]y4 + Exp[2t]x1y2− Exp[t]x2y1, x5 + Exp[4t]y5, t+ y6},Expand[{x7, x8, x9, x10, x11, x12}+Expand[{x7, x8, x9, x10, x11, x12}+Expand[{x7, x8, x9, x10, x11, x12}+
{{e−t, 0, 0, 2e−3tx2, 0, 0} , {0, e−2t, 0,−2e−3tx1, 0, 0} ,{{e−t, 0, 0, 2e−3tx2, 0, 0} , {0, e−2t, 0,−2e−3tx1, 0, 0} ,{{e−t, 0, 0, 2e−3tx2, 0, 0} , {0, e−2t, 0,−2e−3tx1, 0, 0} ,
{0, 0, e−3t, 0, 0, 0} , {0, 0, 0, e−3t, 0, 0} , {0, 0, 0, 0, e−4t, 0} ,{0, 0, e−3t, 0, 0, 0} , {0, 0, 0, e−3t, 0, 0} , {0, 0, 0, 0, e−4t, 0} ,{0, 0, e−3t, 0, 0, 0} , {0, 0, 0, e−3t, 0, 0} , {0, 0, 0, 0, e−4t, 0} ,

{e−tx1, 2e−2tx2, 3e−3tx3,−e−3tx1x2 + 3e−3tx4, 4e−4tx5, 1}} .{e−tx1, 2e−2tx2, 3e−3tx3,−e−3tx1x2 + 3e−3tx4, 4e−4tx5, 1}} .{e−tx1, 2e−2tx2, 3e−3tx3,−e−3tx1x2 + 3e−3tx4, 4e−4tx5, 1}} .
{y7, y8, y9, y10, y11, y12}]]{y7, y8, y9, y10, y11, y12}]]{y7, y8, y9, y10, y11, y12}]]
g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},
{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}]
{x1 + ety1, x2 + e2ty2, x3 + e3ty3, x4− etx2y1 + e2tx1y2 + e3ty4,x5 + e4ty5, t+ y6, x7 + 2e−3tx2y10 + e−ty7, x8− 2e−3tx1y10 + e−2ty8,x9 + e−3ty9, x10 + e−3ty10, x11 + e−4ty11, x12− e−3tx1x2y10 +

3e−3tx4y10 + 4e−4tx5y11 + y12 + e−tx1y7 + 2e−2tx2y8 + 3e−3tx3y9}Solve[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Solve[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Solve[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},
{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}] == 0,{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}] == 0,{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}] == 0,

{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}]
{{y12→ −x12 + x1x10x2 + 3x10x4 + 4x11x5 + x1x7 + 2x2x8 + 3x3x9,y3→ −e−3tx3, y4→ −e−3tx4, y5→ −e−4tx5, y6→ −t, y1→ −e−tx1,y2→ −e−2tx2, y7→ et(2x10x2− x7), y8→ −e2t(2x1x10 + x8),y9→ −e3tx9, y11→ −e4tx11, y10→ −e3tx10}}inverseofg[{x1_, x2_, x3_, x4_, x5_, t_, x7_, x8_, x9_, x10_, x11_, x12_}]:=inverseofg[{x1_, x2_, x3_, x4_, x5_, t_, x7_, x8_, x9_, x10_, x11_, x12_}]:=inverseofg[{x1_, x2_, x3_, x4_, x5_, t_, x7_, x8_, x9_, x10_, x11_, x12_}]:=
{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}/.{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}/.{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}/.
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{y12→ −x12 + x1x10x2 + 3x10x4 + 4x11x5 + x1x7 + 2x2x8 + 3x3x9,{y12→ −x12 + x1x10x2 + 3x10x4 + 4x11x5 + x1x7 + 2x2x8 + 3x3x9,{y12→ −x12 + x1x10x2 + 3x10x4 + 4x11x5 + x1x7 + 2x2x8 + 3x3x9,y3→ −e−3tx3, y4→ −e−3tx4, y5→ −e−4tx5, y6→ −t, y1→ −e−tx1,y3→ −e−3tx3, y4→ −e−3tx4, y5→ −e−4tx5, y6→ −t, y1→ −e−tx1,y3→ −e−3tx3, y4→ −e−3tx4, y5→ −e−4tx5, y6→ −t, y1→ −e−tx1,y2→ −e−2tx2, y7→ et(2x10x2− x7), y8→ −e2t(2x1x10 + x8), y9→ −e3tx9,y2→ −e−2tx2, y7→ et(2x10x2− x7), y8→ −e2t(2x1x10 + x8), y9→ −e3tx9,y2→ −e−2tx2, y7→ et(2x10x2− x7), y8→ −e2t(2x1x10 + x8), y9→ −e3tx9,y11→ −e4tx11, y10→ −e3tx10}y11→ −e4tx11, y10→ −e3tx10}y11→ −e4tx11, y10→ −e3tx10}inverseofg[{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12}]inverseofg[{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12}]inverseofg[{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12}]
{−e−tx1,−e−2tx2,−e−3tx3,−e−3tx4,−e−4tx5,−t,
et(2x10x2− x7),−e2t(2x1x10 + x8),−e3tx9,−e3tx10,−e4tx11,
− x12 + x1x10x2 + 3x10x4 + 4x11x5 + x1x7 + 2x2x8 + 3x3x9}We de�ne the 
onjugate Cg(h) = ghg−1 as Conjofg.Conjofg[{{x1_, x2_, x3_, x4_, x5_, t_, x7_, x8_, x9_, x10_, x11_, x12_},Conjofg[{{x1_, x2_, x3_, x4_, x5_, t_, x7_, x8_, x9_, x10_, x11_, x12_},Conjofg[{{x1_, x2_, x3_, x4_, x5_, t_, x7_, x8_, x9_, x10_, x11_, x12_},
{y1_, y2_, y3_, y4_, y5_, y6_, y7_, y8_, y9_, y10_, y11_, y12_}}]:={y1_, y2_, y3_, y4_, y5_, y6_, y7_, y8_, y9_, y10_, y11_, y12_}}]:={y1_, y2_, y3_, y4_, y5_, y6_, y7_, y8_, y9_, y10_, y11_, y12_}}]:=
g[{g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},g[{g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},g[{g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},
{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}],{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}],{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}],inverseofg[{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12}]}]inverseofg[{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12}]}]inverseofg[{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12}]}]Ja
ofg = Array[dofg, {12, 12}];Ja
ofg = Array[dofg, {12, 12}];Ja
ofg = Array[dofg, {12, 12}];leftstar = Array[lstar, {12, 12}];leftstar = Array[lstar, {12, 12}];leftstar = Array[lstar, {12, 12}];Do[lstar[i, 1] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 1] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 1] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},
{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y1], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y1], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y1], {i, 1, 12}]Do[lstar[i, 2] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 2] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 2] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},
{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y2], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y2], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y2], {i, 1, 12}]Do[lstar[i, 3] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 3] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 3] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},
{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y3], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y3], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y3], {i, 1, 12}]Do[lstar[i, 4] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 4] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 4] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},
{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y4], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y4], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y4], {i, 1, 12}]Do[lstar[i, 5] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 5] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 5] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},
{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y5], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y5], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y5], {i, 1, 12}]



90Do[lstar[i, 6] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 6] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 6] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},
{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y6], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y6], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y6], {i, 1, 12}]Do[lstar[i, 7] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 7] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 7] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},
{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y7], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y7], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y7], {i, 1, 12}]Do[lstar[i, 8] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 8] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 8] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},
{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y8], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y8], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y8], {i, 1, 12}]Do[lstar[i, 9] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 9] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 9] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},
{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y9], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y9], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y9], {i, 1, 12}]Do[lstar[i, 10] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 10] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 10] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},
{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y10], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y10], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y10], {i, 1, 12}]Do[lstar[i, 11] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 11] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 11] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},
{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y11], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y11], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y11], {i, 1, 12}]Do[lstar[i, 12] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 12] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},Do[lstar[i, 12] = D[g[{{x1, x2, x3, x4, x5, t, x7, x8, x9, x10, x11, x12},
{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y12], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y12], {i, 1, 12}]{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}}][[i]], y12], {i, 1, 12}]leftstarleftstarleftstar
{{et, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,

{0, e2t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} , {0, 0, e3t, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,

{−etx2, e2tx1, 0, e3t, 0, 0, 0, 0, 0, 0, 0, 0} ,
{0, 0, 0, 0, e4t, 0, 0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0},

{0, 0, 0, 0, 0, 0, e−t, 0, 0, 2e−3tx2, 0, 0} ,
{0, 0, 0, 0, 0, 0, 0, e−2t, 0,−2e−3tx1, 0, 0} ,
{0, 0, 0, 0, 0, 0, 0, 0, e−3t, 0, 0, 0} ,

{0, 0, 0, 0, 0, 0, 0, 0, 0, e−3t, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, e−4t, 0} ,

{0, 0, 0, 0, 0, 0, e−tx1, 2e−2tx2, 3e−3tx3,−e−3tx1x2 + 3e−3tx4, 4e−4tx5, 1}}
{{et, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} , {0, e2t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,{{et, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} , {0, e2t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,{{et, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} , {0, e2t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,
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{0, 0, e3t, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,{0, 0, e3t, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,{0, 0, e3t, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,

{−etx2, e2tx1, 0, e3t, 0, 0, 0, 0, 0, 0, 0, 0} ,{−etx2, e2tx1, 0, e3t, 0, 0, 0, 0, 0, 0, 0, 0} ,{−etx2, e2tx1, 0, e3t, 0, 0, 0, 0, 0, 0, 0, 0} ,
{0, 0, 0, 0, e4t, 0, 0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0},{0, 0, 0, 0, e4t, 0, 0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0},{0, 0, 0, 0, e4t, 0, 0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0},

{0, 0, 0, 0, 0, 0, e−t, 0, 0, 2e−3tx2, 0, 0} ,{0, 0, 0, 0, 0, 0, e−t, 0, 0, 2e−3tx2, 0, 0} ,{0, 0, 0, 0, 0, 0, e−t, 0, 0, 2e−3tx2, 0, 0} ,
{0, 0, 0, 0, 0, 0, 0, e−2t, 0,−2e−3tx1, 0, 0} ,{0, 0, 0, 0, 0, 0, 0, e−2t, 0,−2e−3tx1, 0, 0} ,{0, 0, 0, 0, 0, 0, 0, e−2t, 0,−2e−3tx1, 0, 0} ,
{0, 0, 0, 0, 0, 0, 0, 0, e−3t, 0, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, 0, e−3t, 0, 0} ,{0, 0, 0, 0, 0, 0, 0, 0, e−3t, 0, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, 0, e−3t, 0, 0} ,{0, 0, 0, 0, 0, 0, 0, 0, e−3t, 0, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, 0, e−3t, 0, 0} ,

{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, e−4t, 0} ,{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, e−4t, 0} ,{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, e−4t, 0} ,

{0, 0, 0, 0, 0, 0, e−tx1, 2e−2tx2, 3e−3tx3,−e−3tx1x2 + 3e−3tx4, 4e−4tx5, 1}} /.{0, 0, 0, 0, 0, 0, e−tx1, 2e−2tx2, 3e−3tx3,−e−3tx1x2 + 3e−3tx4, 4e−4tx5, 1}} /.{0, 0, 0, 0, 0, 0, e−tx1, 2e−2tx2, 3e−3tx3,−e−3tx1x2 + 3e−3tx4, 4e−4tx5, 1}} /.
{x1→ −e−tx1, x2→ −e−2tx2, x3→ −e−3tx3, x4→ −e−3tx4, x5→ −e−4tx5,{x1→ −e−tx1, x2→ −e−2tx2, x3→ −e−3tx3, x4→ −e−3tx4, x5→ −e−4tx5,{x1→ −e−tx1, x2→ −e−2tx2, x3→ −e−3tx3, x4→ −e−3tx4, x5→ −e−4tx5,
t→ −t, x7→ et(2x10x2− x7), x8→ −e2t(2x1x10 + x8), x9→ −e3tx9,t→ −t, x7→ et(2x10x2− x7), x8→ −e2t(2x1x10 + x8), x9→ −e3tx9,t→ −t, x7→ et(2x10x2− x7), x8→ −e2t(2x1x10 + x8), x9→ −e3tx9,x10→ −e3tx10, x11→ −e4tx11,x10→ −e3tx10, x11→ −e4tx11,x10→ −e3tx10, x11→ −e4tx11,x12→ −x12 + x1x10x2 + 3x10x4 + 4x11x5 + x1x7 + 2x2x8 + 3x3x9}x12→ −x12 + x1x10x2 + 3x10x4 + 4x11x5 + x1x7 + 2x2x8 + 3x3x9}x12→ −x12 + x1x10x2 + 3x10x4 + 4x11x5 + x1x7 + 2x2x8 + 3x3x9}
{{e−t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,

{0, e−2t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} , {0, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,

{e−3tx2,−e−3tx1, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0} ,

{0, 0, 0, 0, e−4t, 0, 0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0},

{0, 0, 0, 0, 0, 0, et, 0, 0,−2etx2, 0, 0} ,
{0, 0, 0, 0, 0, 0, 0, e2t, 0, 2e2tx1, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0, 0} ,
{0, 0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, e4t, 0} ,

{0, 0, 0, 0, 0, 0,−x1,−2x2,−3x3,−x1x2− 3x4,−4x5, 1}}Leftl = {{e−t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,Leftl = {{e−t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,Leftl = {{e−t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,

{0, e−2t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} , {0, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,{0, e−2t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} , {0, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,{0, e−2t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} , {0, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,

{e−3tx2,−e−3tx1, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0} ,{e−3tx2,−e−3tx1, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0} ,{e−3tx2,−e−3tx1, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0} ,

{0, 0, 0, 0, e−4t, 0, 0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0},{0, 0, 0, 0, e−4t, 0, 0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0},{0, 0, 0, 0, e−4t, 0, 0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0},

{0, 0, 0, 0, 0, 0, et, 0, 0,−2etx2, 0, 0} ,{0, 0, 0, 0, 0, 0, et, 0, 0,−2etx2, 0, 0} ,{0, 0, 0, 0, 0, 0, et, 0, 0,−2etx2, 0, 0} ,
{0, 0, 0, 0, 0, 0, 0, e2t, 0, 2e2tx1, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0, 0} ,{0, 0, 0, 0, 0, 0, 0, e2t, 0, 2e2tx1, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0, 0} ,{0, 0, 0, 0, 0, 0, 0, e2t, 0, 2e2tx1, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0, 0} ,
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{0, 0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, e4t, 0} ,{0, 0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, e4t, 0} ,{0, 0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, e4t, 0} ,

{0, 0, 0, 0, 0, 0,−x1,−2x2,−3x3,−x1x2− 3x4,−4x5, 1}}{0, 0, 0, 0, 0, 0,−x1,−2x2,−3x3,−x1x2− 3x4,−4x5, 1}}{0, 0, 0, 0, 0, 0,−x1,−2x2,−3x3,−x1x2− 3x4,−4x5, 1}}
{{e−t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,

{0, e−2t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} , {0, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,

{e−3tx2,−e−3tx1, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0} ,

{0, 0, 0, 0, e−4t, 0, 0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0},

{0, 0, 0, 0, 0, 0, et, 0, 0,−2etx2, 0, 0} ,
{0, 0, 0, 0, 0, 0, 0, e2t, 0, 2e2tx1, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0, 0} ,
{0, 0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, e4t, 0} ,

{0, 0, 0, 0, 0, 0,−x1,−2x2,−3x3,−x1x2− 3x4,−4x5, 1}}
{{e−t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} , {0, e−2t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,{{e−t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} , {0, e−2t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,{{e−t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} , {0, e−2t, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,

{0, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,{0, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,{0, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0, 0} ,

{e−3tx2,−e−3tx1, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0} ,{e−3tx2,−e−3tx1, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0} ,{e−3tx2,−e−3tx1, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0} ,

{0, 0, 0, 0, e−4t, 0, 0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0},{0, 0, 0, 0, e−4t, 0, 0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0},{0, 0, 0, 0, e−4t, 0, 0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0},

{0, 0, 0, 0, 0, 0, et, 0, 0,−2etx2, 0, 0} ,{0, 0, 0, 0, 0, 0, et, 0, 0,−2etx2, 0, 0} ,{0, 0, 0, 0, 0, 0, et, 0, 0,−2etx2, 0, 0} ,
{0, 0, 0, 0, 0, 0, 0, e2t, 0, 2e2tx1, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0, 0} ,{0, 0, 0, 0, 0, 0, 0, e2t, 0, 2e2tx1, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0, 0} ,{0, 0, 0, 0, 0, 0, 0, e2t, 0, 2e2tx1, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0, 0} ,
{0, 0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, e4t, 0} ,{0, 0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, e4t, 0} ,{0, 0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0} , {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, e4t, 0} ,

{0, 0, 0, 0, 0, 0,−x1,−2x2,−3x3,−x1x2− 3x4,−4x5, 1}}.{0, 0, 0, 0, 0, 0,−x1,−2x2,−3x3,−x1x2− 3x4,−4x5, 1}}.{0, 0, 0, 0, 0, 0,−x1,−2x2,−3x3,−x1x2− 3x4,−4x5, 1}}.
{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}{y1, y2, y3, y4, y5, y6, y7, y8, y9, y10, y11, y12}
{e−ty1, e−2ty2, e−3ty3, e−3tx2y1− e−3tx1y2 + e−3ty4,
e−4ty5, y6,−2etx2y10 + ety7, 2e2tx1y10 + e2ty8, e3ty9, e3ty10,
e4ty11, (−x1x2− 3x4)y10− 4x5y11 + y12− x1y7− 2x2y8− 3x3y9}Fl[{{x1_, x2_, x3_, x4_, x5_, t_, x7_, x8_, x9_, x10_, x11_, x12_},Fl[{{x1_, x2_, x3_, x4_, x5_, t_, x7_, x8_, x9_, x10_, x11_, x12_},Fl[{{x1_, x2_, x3_, x4_, x5_, t_, x7_, x8_, x9_, x10_, x11_, x12_},
{y1_, y2_, y3_, y4_, y5_, y6_, y7_, y8_, y9_, y10_, y11_, y12_}}]:={y1_, y2_, y3_, y4_, y5_, y6_, y7_, y8_, y9_, y10_, y11_, y12_}}]:={y1_, y2_, y3_, y4_, y5_, y6_, y7_, y8_, y9_, y10_, y11_, y12_}}]:=
{e−ty1, e−2ty2, e−3ty3, e−3tx2y1− e−3tx1y2 + e−3ty4, e−4ty5, y6,{e−ty1, e−2ty2, e−3ty3, e−3tx2y1− e−3tx1y2 + e−3ty4, e−4ty5, y6,{e−ty1, e−2ty2, e−3ty3, e−3tx2y1− e−3tx1y2 + e−3ty4, e−4ty5, y6,
−2etx2y10 + ety7, 2e2tx1y10 + e2ty8, e3ty9, e3ty10, e4ty11,−2etx2y10 + ety7, 2e2tx1y10 + e2ty8, e3ty9, e3ty10, e4ty11,−2etx2y10 + ety7, 2e2tx1y10 + e2ty8, e3ty9, e3ty10, e4ty11,
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(−x1x2− 3x4)y10− 4x5y11 + y12− x1y7− 2x2y8− 3x3y9}(−x1x2− 3x4)y10− 4x5y11 + y12− x1y7− 2x2y8− 3x3y9}(−x1x2− 3x4)y10− 4x5y11 + y12− x1y7− 2x2y8− 3x3y9}b1[t_]:=g1[t];b1[t_]:=g1[t];b1[t_]:=g1[t];b2[t_]:=g2[t];b2[t_]:=g2[t];b2[t_]:=g2[t];b3[t_]:=g3[t];b3[t_]:=g3[t];b3[t_]:=g3[t];b4[t_]:=g4[t];b4[t_]:=g4[t];b4[t_]:=g4[t];b5[t_]:=g5[t];b5[t_]:=g5[t];b5[t_]:=g5[t];b6[t_]:=g6[t];b6[t_]:=g6[t];b6[t_]:=g6[t];b7[t_]:=g7[t];b7[t_]:=g7[t];b7[t_]:=g7[t];b8[t_]:=g8[t];b8[t_]:=g8[t];b8[t_]:=g8[t];b9[t_]:=g9[t];b9[t_]:=g9[t];b9[t_]:=g9[t];b10[t_]:=g10[t];b10[t_]:=g10[t];b10[t_]:=g10[t];b11[t_]:=g11[t];b11[t_]:=g11[t];b11[t_]:=g11[t];b12[t_]:=g12[t];b12[t_]:=g12[t];b12[t_]:=g12[t];Evaluate[Fl[{{b1[t], b2[t], b3[t], b4[t], b5[t], b6[t], b7[t], b8[t], b9[t],Evaluate[Fl[{{b1[t], b2[t], b3[t], b4[t], b5[t], b6[t], b7[t], b8[t], b9[t],Evaluate[Fl[{{b1[t], b2[t], b3[t], b4[t], b5[t], b6[t], b7[t], b8[t], b9[t],b10[t], b11[t], b12[t]}, {b1′[t], b2′[t], b3′[t], b4′[t], b5′[t], b6′[t], b7′[t], b8′[t],b10[t], b11[t], b12[t]}, {b1′[t], b2′[t], b3′[t], b4′[t], b5′[t], b6′[t], b7′[t], b8′[t],b10[t], b11[t], b12[t]}, {b1′[t], b2′[t], b3′[t], b4′[t], b5′[t], b6′[t], b7′[t], b8′[t],b9′[t], b10′[t], b11′[t], b12′[t]}}]]b9′[t], b10′[t], b11′[t], b12′[t]}}]]b9′[t], b10′[t], b11′[t], b12′[t]}}]]
{

e−g6[t]g1′[t], e−2g6[t]g2′[t], e−3g6[t]g3′[t],
e−3g6[t]g2[t]g1′[t]− e−3g6[t]g1[t]g2′[t] + e−3g6[t]g4′[t], e−4g6[t]g5′[t], g6′[t],
− 2eg6[t]g2[t]g10′[t] + eg6[t]g7′[t], 2e2g6[t]g1[t]g10′[t] + e2g6[t]g8′[t],
e3g6[t]g9′[t], e3g6[t]g10′[t], e4g6[t]g11′[t], (−g1[t]g2[t]− 3g4[t])g10′[t]−
4g5[t]g11′[t] + g12′[t]− g1[t]g7′[t]− 2g2[t]g8′[t]− 3g3[t]g9′[t]}g6[t_]:=tz6g6[t_]:=tz6g6[t_]:=tz6To obtain the exponential, we �rst solve a system of di�erential equation whi
h is asubsystem of the system of ODE that gives the exponential.DSolve [{e−tz6g1′[t] == z1, e−2tz6g2′[t] == z2, e−3tz6g3′[t] == z3, e−4tz6g5′[t] == z5,DSolve [{e−tz6g1′[t] == z1, e−2tz6g2′[t] == z2, e−3tz6g3′[t] == z3, e−4tz6g5′[t] == z5,DSolve [{e−tz6g1′[t] == z1, e−2tz6g2′[t] == z2, e−3tz6g3′[t] == z3, e−4tz6g5′[t] == z5,
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−2etz6g2[t]g10′[t] + etz6g7′[t] == z7, 2e2tz6g1[t]g10′[t] + e2tz6g8′[t] == z8,−2etz6g2[t]g10′[t] + etz6g7′[t] == z7, 2e2tz6g1[t]g10′[t] + e2tz6g8′[t] == z8,−2etz6g2[t]g10′[t] + etz6g7′[t] == z7, 2e2tz6g1[t]g10′[t] + e2tz6g8′[t] == z8,
e3tz6g9′[t] == z9, e3tz6g10′[t] == z10, e4tz6g11′[t] == z11} ,e3tz6g9′[t] == z9, e3tz6g10′[t] == z10, e4tz6g11′[t] == z11} ,e3tz6g9′[t] == z9, e3tz6g10′[t] == z10, e4tz6g11′[t] == z11} ,
{g1[t], g2[t], g3[t], g5[t], g7[t], g8[t], g9[t], g10[t], g11[t]}, t]{g1[t], g2[t], g3[t], g5[t], g7[t], g8[t], g9[t], g10[t], g11[t]}, t]{g1[t], g2[t], g3[t], g5[t], g7[t], g8[t], g9[t], g10[t], g11[t]}, t]
{{g8[t]→ −e−2tz6(−2z1z10+z6z8)

2z62 + 2e−3tz6z10C[1]
3z6 + C[2],g1[t]→ etz6z1z6 + C[1], g2[t]→ e2tz6z2

2z6 + C[3],g7[t]→ −e−tz6(z10z2+z6z7)z62 − 2e−3tz6z10C[3]
3z6 + C[4],g10[t]→ −e−3tz6z10

3z6 + C[5], g3[t]→ e3tz6z3
3z6 + C[6], g5[t]→ e4tz6z5

4z6 + C[7],g9[t]→ −e−3tz6z9
3z6 + C[8], g11[t]→ −e−4tz6z11

4z6 + C[9]
}}We take the solutions of the previous system and then we deal with the remainingtwo equations.g8[t_]:=− (e−2tz6−1)(−2z1z10+z6z8)

2z62 −
2(e−3tz6−1)z10z1

3z62 ;g8[t_]:=− (e−2tz6−1)(−2z1z10+z6z8)
2z62 −

2(e−3tz6−1)z10z1
3z62 ;g8[t_]:=− (e−2tz6−1)(−2z1z10+z6z8)

2z62 −
2(e−3tz6−1)z10z1

3z62 ;g1[t_]:=(etz6−1)z1z6g1[t_]:=(etz6−1)z1z6g1[t_]:=(etz6−1)z1z6g2[t_]:=(e2tz6−1)z2
2z6 ;g2[t_]:=(e2tz6−1)z2
2z6 ;g2[t_]:=(e2tz6−1)z2
2z6 ;g7[t_]:=− (e−tz6−1)(z10z2+z6z7)z62 +

2(e−3tz6−1)z10z2
6z62 ;g7[t_]:=− (e−tz6−1)(z10z2+z6z7)z62 +

2(e−3tz6−1)z10z2
6z62 ;g7[t_]:=− (e−tz6−1)(z10z2+z6z7)z62 +

2(e−3tz6−1)z10z2
6z62 ;g10[t_]:=− (e−3tz6−1)z10

3z6 ;g10[t_]:=− (e−3tz6−1)z10
3z6 ;g10[t_]:=− (e−3tz6−1)z10
3z6 ;g3[t_]:=(e3tz6−1)z3

3z6 ;g3[t_]:=(e3tz6−1)z3
3z6 ;g3[t_]:=(e3tz6−1)z3
3z6 ;g5[t_]:=(e4tz6−1)z5
4z6 ;g5[t_]:=(e4tz6−1)z5
4z6 ;g5[t_]:=(e4tz6−1)z5
4z6 ;g9[t_]:=− (e−3tz6−1)z9

3z6 ;g9[t_]:=− (e−3tz6−1)z9
3z6 ;g9[t_]:=− (e−3tz6−1)z9
3z6 ;g11[t_]:=− (e−4tz6−1)z11

4z6 ;g11[t_]:=− (e−4tz6−1)z11
4z6 ;g11[t_]:=− (e−4tz6−1)z11
4z6 ;DSolve [{e−3z6tg2[t]g1′[t]− e−3z6tg1[t]g2′[t] + e−3z6tg4′[t] == z4,DSolve [{e−3z6tg2[t]g1′[t]− e−3z6tg1[t]g2′[t] + e−3z6tg4′[t] == z4,DSolve [{e−3z6tg2[t]g1′[t]− e−3z6tg1[t]g2′[t] + e−3z6tg4′[t] == z4,

(−g1[t]g2[t]− 3g4[t])g10′[t]− 4g5[t]g11′[t] + g12′[t]− g1[t]g7′[t]−(−g1[t]g2[t]− 3g4[t])g10′[t]− 4g5[t]g11′[t] + g12′[t]− g1[t]g7′[t]−(−g1[t]g2[t]− 3g4[t])g10′[t]− 4g5[t]g11′[t] + g12′[t]− g1[t]g7′[t]−
2g2[t]g8′[t]− 3g3[t]g9′[t] == z12} , {g4[t], g12[t]}, t]2g2[t]g8′[t]− 3g3[t]g9′[t] == z12} , {g4[t], g12[t]}, t]2g2[t]g8′[t]− 3g3[t]g9′[t] == z12} , {g4[t], g12[t]}, t]
{{g4[t]→ etz6((3−3etz6+e2tz6)z1z2+2e2tz6z4z6)

6z62 + C[1],g12[t]→ 1
12z63 (e−4tz6 (3z11z5z6 + 12e3tz6z1(z10z2 + z6z7)−

6e2tz6z2(2z1z10− z6z8) + 2etz6(z1z10z2 + 2z3z6z9)−
2e4tz6 (z1 (z10z2− 6tz62z7)− 2z6(z10z4(−1 + 3tz6) + 3tz6
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(z11z5 + z12z6 + z2z8 + z3z9)))))− e−3tz6z10C[1]z6 + C[2]

}}DSolve [{e−3z6tg2[t]g1′[t]− e−3z6tg1[t]g2′[t] + e−3z6tg4′[t] == z4} , {g4[t]}, t]DSolve [{e−3z6tg2[t]g1′[t]− e−3z6tg1[t]g2′[t] + e−3z6tg4′[t] == z4} , {g4[t]}, t]DSolve [{e−3z6tg2[t]g1′[t]− e−3z6tg1[t]g2′[t] + e−3z6tg4′[t] == z4} , {g4[t]}, t]
{{g4[t]→ etz6((3−3etz6+e2tz6)z1z2+2e2tz6z4z6)

6z62 + C[1]

}}

etz6((3−3etz6+e2tz6)z1z2+2e2tz6z4z6)
6z62 /.{t→ 0}

etz6((3−3etz6+e2tz6)z1z2+2e2tz6z4z6)
6z62 /.{t→ 0}

etz6((3−3etz6+e2tz6)z1z2+2e2tz6z4z6)
6z62 /.{t→ 0}z1z2+2z4z6

6z62g4[t_]:= etz6((3−3etz6+e2tz6)z1z2+2e2tz6z4z6)
6z62 − z1z2+2z4z6

6z62 ;g4[t_]:= etz6((3−3etz6+e2tz6)z1z2+2e2tz6z4z6)
6z62 − z1z2+2z4z6

6z62 ;g4[t_]:= etz6((3−3etz6+e2tz6)z1z2+2e2tz6z4z6)
6z62 − z1z2+2z4z6

6z62 ;DSolve[{(−g1[t]g2[t]− 3g4[t])g10′[t]− 4g5[t]g11′[t] + g12′[t]− g1[t]g7′[t]−DSolve[{(−g1[t]g2[t]− 3g4[t])g10′[t]− 4g5[t]g11′[t] + g12′[t]− g1[t]g7′[t]−DSolve[{(−g1[t]g2[t]− 3g4[t])g10′[t]− 4g5[t]g11′[t] + g12′[t]− g1[t]g7′[t]−
2g2[t]g8′[t]− 3g3[t]g9′[t] == z12} , {g12[t]}, t]2g2[t]g8′[t]− 3g3[t]g9′[t] == z12} , {g12[t]}, t]2g2[t]g8′[t]− 3g3[t]g9′[t] == z12} , {g12[t]}, t]
{{g12[t]→ 1z62

(

1
4
e−4tz6z11z5 + e−tz6z1(z10z2+z6z7)z6 + e−2tz6z2(−2z1z10+z6z8)

2z6 +

tz6(z10z4 + z11z5 + z12z6 + z1z7 + z2z8 + z3z9) +

e−3tz6(z1z10z2+z10z4z6+z3z6z9)
3z6 )

+ C[1]
}}Expand[ 1z62

(

1
4
e−4tz6z11z5 + e−tz6z1(z10z2+z6z7)z6 + e−2tz6z2(−2z1z10+z6z8)

2z6 +Expand[ 1z62

(

1
4
e−4tz6z11z5 + e−tz6z1(z10z2+z6z7)z6 + e−2tz6z2(−2z1z10+z6z8)

2z6 +Expand[ 1z62

(

1
4
e−4tz6z11z5 + e−tz6z1(z10z2+z6z7)z6 + e−2tz6z2(−2z1z10+z6z8)

2z6 +

tz6(z10z4 + z11z5 + z12z6 + z1z7 + z2z8 + z3z9)+tz6(z10z4 + z11z5 + z12z6 + z1z7 + z2z8 + z3z9)+tz6(z10z4 + z11z5 + z12z6 + z1z7 + z2z8 + z3z9)+
e−3tz6(z1z10z2+z10z4z6+z3z6z9)

3z6 ) /.t→ 0
]

e−3tz6(z1z10z2+z10z4z6+z3z6z9)
3z6 ) /.t→ 0

]

e−3tz6(z1z10z2+z10z4z6+z3z6z9)
3z6 ) /.t→ 0

]z1z10z2
3z63 + z10z4

3z62 + z11z5
4z62 + z1z7z62 + z2z8

2z62 + z3z9
3z62Expand[ 1z62

(

1
4
e−4tz6z11z5 + e−tz6z1(z10z2+z6z7)z6 + e−2tz6z2(−2z1z10+z6z8)

2z6 +Expand[ 1z62

(

1
4
e−4tz6z11z5 + e−tz6z1(z10z2+z6z7)z6 + e−2tz6z2(−2z1z10+z6z8)

2z6 +Expand[ 1z62

(

1
4
e−4tz6z11z5 + e−tz6z1(z10z2+z6z7)z6 + e−2tz6z2(−2z1z10+z6z8)

2z6 +

tz6(z10z4 + z11z5 + z12z6 + z1z7 + z2z8 + z3z9) + e−3tz6(z1z10z2+z10z4z6+z3z6z9)
3z6 )

−tz6(z10z4 + z11z5 + z12z6 + z1z7 + z2z8 + z3z9) + e−3tz6(z1z10z2+z10z4z6+z3z6z9)
3z6 )

−tz6(z10z4 + z11z5 + z12z6 + z1z7 + z2z8 + z3z9) + e−3tz6(z1z10z2+z10z4z6+z3z6z9)
3z6 )

−
( z1z10z2

3z63 + z10z4
3z62 + z11z5

4z62 + z1z7z62 + z2z8
2z62 + z3z9

3z62

)]( z1z10z2
3z63 + z10z4

3z62 + z11z5
4z62 + z1z7z62 + z2z8

2z62 + z3z9
3z62

)]( z1z10z2
3z63 + z10z4

3z62 + z11z5
4z62 + z1z7z62 + z2z8

2z62 + z3z9
3z62

)]

tz12− z1z10z2
3z63 + e−3tz6z1z10z2

3z63 − e−2tz6z1z10z2z63 + e−tz6z1z10z2z63 − z10z4
3z62 +

e−3tz6z10z4
3z62 − z11z5

4z62 + e−4tz6z11z5
4z62 + tz10z4z6 + tz11z5z6 − z1z7z62 + e−tz6z1z7z62 +

tz1z7z6 − z2z8
2z62 + e−2tz6z2z8

2z62 + tz2z8z6 − z3z9
3z62 + e−3tz6z3z9

3z62 + tz3z9z6g12[t_]:=tz12− z1z10z2
3z63 + e−3tz6z1z10z2

3z63 − e−2tz6z1z10z2z63 +g12[t_]:=tz12− z1z10z2
3z63 + e−3tz6z1z10z2

3z63 − e−2tz6z1z10z2z63 +g12[t_]:=tz12− z1z10z2
3z63 + e−3tz6z1z10z2

3z63 − e−2tz6z1z10z2z63 +

e−tz6z1z10z2z63 − z10z4
3z62 + e−3tz6z10z4

3z62 − z11z5
4z62 + e−4tz6z11z5

4z62 + tz10z4z6 +e−tz6z1z10z2z63 − z10z4
3z62 + e−3tz6z10z4

3z62 − z11z5
4z62 + e−4tz6z11z5

4z62 + tz10z4z6 +e−tz6z1z10z2z63 − z10z4
3z62 + e−3tz6z10z4

3z62 − z11z5
4z62 + e−4tz6z11z5

4z62 + tz10z4z6 +
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tz11z5z6 − z1z7z62 + e−tz6z1z7z62 + tz1z7z6 − z2z8

2z62 + e−2tz6z2z8
2z62 + tz2z8z6 −tz11z5z6 − z1z7z62 + e−tz6z1z7z62 + tz1z7z6 − z2z8

2z62 + e−2tz6z2z8
2z62 + tz2z8z6 −tz11z5z6 − z1z7z62 + e−tz6z1z7z62 + tz1z7z6 − z2z8

2z62 + e−2tz6z2z8
2z62 + tz2z8z6 −z3z9

3z62 + e−3tz6z3z9
3z62 + tz3z9z6z3z9

3z62 + e−3tz6z3z9
3z62 + tz3z9z6z3z9

3z62 + e−3tz6z3z9
3z62 + tz3z9z6Finally, we get the exponential.

{g1[t], g2[t], g3[t], g4[t], g5[t], z6t, g7[t], g8[t], g9[t], g10[t], g11[t], g12[t]}{g1[t], g2[t], g3[t], g4[t], g5[t], z6t, g7[t], g8[t], g9[t], g10[t], g11[t], g12[t]}{g1[t], g2[t], g3[t], g4[t], g5[t], z6t, g7[t], g8[t], g9[t], g10[t], g11[t], g12[t]}
{

(−1+etz6)z1z6 ,
(−1+e2tz6)z2

2z6 ,
(−1+e3tz6)z3

3z6 , − z1z2+2z4z6
6z62 +

etz6((3−3etz6+e2tz6)z1z2+2e2tz6z4z6)
6z62 ,

(−1+e4tz6)z5
4z6 , tz6, (−1+e−3tz6)z10z2

3z62 −
(−1+e−tz6)(z10z2+z6z7)z62 ,

−
2(−1+e−3tz6)z1z10

3z62 −
(−1+e−2tz6)(−2z1z10+z6z8)

2z62 ,

−
(−1+e−3tz6)z9

3z6 ,−
(−1+e−3tz6)z10

3z6 ,−
(−1+e−4tz6)z11

4z6 ,

tz12− z1z10z2
3z63 + e−3tz6z1z10z2

3z63 − e−2tz6z1z10z2z63 + e−tz6z1z10z2z63 − z10z4
3z62 +

e−3tz6z10z4
3z62 − z11z5

4z62 + e−4tz6z11z5
4z62 + tz10z4z6 + tz11z5z6 − z1z7z62 + e−tz6z1z7z62 +

tz1z7z6 − z2z8
2z62 + e−2tz6z2z8

2z62 + tz2z8z6 − z3z9
3z62 + e−3tz6z3z9

3z62 + tz3z9z6 }Expand[g12′[t]]Expand[g12′[t]]Expand[g12′[t]]z12− e−3tz6z1z10z2z62 + 2e−2tz6z1z10z2z62 − e−tz6z1z10z2z62 +z10z4z6 − e−3tz6z10z4z6 + z11z5z6 − e−4tz6z11z5z6 + z1z7z6 −
e−tz6z1z7z6 + z2z8z6 − e−2tz6z2z8z6 + z3z9z6 − e−3tz6z3z9z6We also need to �nd the exponential when z6 = 0. We take the limit at z6 = 0 ofprevious map.Limit[{(−1+etz6)z1z6 ,

(−1+e2tz6)z2
2z6 ,

(−1+e3tz6)z3
3z6 ,Limit[{(−1+etz6)z1z6 ,

(−1+e2tz6)z2
2z6 ,

(−1+e3tz6)z3
3z6 ,Limit[{(−1+etz6)z1z6 ,

(−1+e2tz6)z2
2z6 ,

(−1+e3tz6)z3
3z6 ,

− z1z2+2z4z6
6z62 +

etz6((3−3etz6+e2tz6)z1z2+2e2tz6z4z6)
6z62 ,− z1z2+2z4z6

6z62 +
etz6((3−3etz6+e2tz6)z1z2+2e2tz6z4z6)

6z62 ,− z1z2+2z4z6
6z62 +

etz6((3−3etz6+e2tz6)z1z2+2e2tz6z4z6)
6z62 ,

(−1+e4tz6)z5
4z6 , tz6, (−1+e−3tz6)z10z2

3z62 −
(−1+e−tz6)(z10z2+z6z7)z62 ,

(−1+e4tz6)z5
4z6 , tz6, (−1+e−3tz6)z10z2

3z62 −
(−1+e−tz6)(z10z2+z6z7)z62 ,

(−1+e4tz6)z5
4z6 , tz6, (−1+e−3tz6)z10z2

3z62 −
(−1+e−tz6)(z10z2+z6z7)z62 ,

−
2(−1+e−3tz6)z1z10

3z62 −
(−1+e−2tz6)(−2z1z10+z6z8)

2z62 ,−
(−1+e−3tz6)z9

3z6 ,−
2(−1+e−3tz6)z1z10

3z62 −
(−1+e−2tz6)(−2z1z10+z6z8)

2z62 ,−
(−1+e−3tz6)z9

3z6 ,−
2(−1+e−3tz6)z1z10

3z62 −
(−1+e−2tz6)(−2z1z10+z6z8)

2z62 ,−
(−1+e−3tz6)z9

3z6 ,

−
(−1+e−3tz6)z10

3z6 ,−
(−1+e−4tz6)z11

4z6 ,−
(−1+e−3tz6)z10

3z6 ,−
(−1+e−4tz6)z11

4z6 ,−
(−1+e−3tz6)z10

3z6 ,−
(−1+e−4tz6)z11

4z6 ,

tz12− z1z10z2
3z63 + e−3tz6z1z10z2

3z63 − e−2tz6z1z10z2z63 + e−tz6z1z10z2z63 −tz12− z1z10z2
3z63 + e−3tz6z1z10z2

3z63 − e−2tz6z1z10z2z63 + e−tz6z1z10z2z63 −tz12− z1z10z2
3z63 + e−3tz6z1z10z2

3z63 − e−2tz6z1z10z2z63 + e−tz6z1z10z2z63 −z10z4
3z62 + e−3tz6z10z4

3z62 − z11z5
4z62 + e−4tz6z11z5

4z62 + tz10z4z6 + tz11z5z6 −z10z4
3z62 + e−3tz6z10z4

3z62 − z11z5
4z62 + e−4tz6z11z5

4z62 + tz10z4z6 + tz11z5z6 −z10z4
3z62 + e−3tz6z10z4

3z62 − z11z5
4z62 + e−4tz6z11z5

4z62 + tz10z4z6 + tz11z5z6 −z1z7z62 + e−tz6z1z7z62 + tz1z7z6 − z2z8
2z62 + e−2tz6z2z8

2z62 + tz2z8z6 − z3z9
3z62 +

z1z7z62 + e−tz6z1z7z62 + tz1z7z6 − z2z8
2z62 + e−2tz6z2z8

2z62 + tz2z8z6 − z3z9
3z62 +z1z7z62 + e−tz6z1z7z62 + tz1z7z6 − z2z8

2z62 + e−2tz6z2z8
2z62 + tz2z8z6 − z3z9

3z62 +



97
e−3tz6z3z9

3z62 + tz3z9z6 } , z6→ 0
]

e−3tz6z3z9
3z62 + tz3z9z6 } , z6→ 0

]

e−3tz6z3z9
3z62 + tz3z9z6 } , z6→ 0

]

{tz1, tz2, tz3, tz4, tz5, 0, t(tz10z2 + z7), t(−tz1z10 + z8), tz9, tz10, tz11,
1
6
t(6z12 + t(−2tz1z10z2 + 9z10z4 + 12z11z5 + 3z1z7 + 6z2z8 + 9z3z9))}Expand[{tz1, tz2, tz3, tz4, tz5, 0, t(tz10z2 + z7), t(−tz1z10 + z8), tz9, tz10, tz11,Expand[{tz1, tz2, tz3, tz4, tz5, 0, t(tz10z2 + z7), t(−tz1z10 + z8), tz9, tz10, tz11,Expand[{tz1, tz2, tz3, tz4, tz5, 0, t(tz10z2 + z7), t(−tz1z10 + z8), tz9, tz10, tz11,

1
6
t(6z12 + t(−2tz1z10z2 + 9z10z4 + 12z11z5 + 3z1z7 + 6z2z8 + 9z3z9))}]1

6
t(6z12 + t(−2tz1z10z2 + 9z10z4 + 12z11z5 + 3z1z7 + 6z2z8 + 9z3z9))}]1

6
t(6z12 + t(−2tz1z10z2 + 9z10z4 + 12z11z5 + 3z1z7 + 6z2z8 + 9z3z9))}]
{tz1, tz2, tz3, tz4, tz5, 0, t2z10z2 + tz7,−t2z1z10 + tz8, tz9, tz10, tz11,
tz12− 1

3
t3z1z10z2 + 3

2
t2z10z4 + 2t2z11z5 + 1

2
t2z1z7 + t2z2z8 + 3

2
t2z3z9}

{tz1, tz2, tz3, tz4, tz5, 0, t2z10z2 + tz7,−t2z1z10 + tz8, tz9,{tz1, tz2, tz3, tz4, tz5, 0, t2z10z2 + tz7,−t2z1z10 + tz8, tz9,{tz1, tz2, tz3, tz4, tz5, 0, t2z10z2 + tz7,−t2z1z10 + tz8, tz9,
tz10, tz11, tz12− 1

3
t3z1z10z2 + 3

2
t2z10z4 + 2t2z11z5 + 1

2
t2z1z7+tz10, tz11, tz12− 1

3
t3z1z10z2 + 3

2
t2z10z4 + 2t2z11z5 + 1

2
t2z1z7+tz10, tz11, tz12− 1

3
t3z1z10z2 + 3

2
t2z10z4 + 2t2z11z5 + 1

2
t2z1z7+

t2z2z8 + 3
2
t2z3z9} /.{t→ 1}t2z2z8 + 3

2
t2z3z9} /.{t→ 1}t2z2z8 + 3

2
t2z3z9} /.{t→ 1}

{z1, z2, z3, z4, z5, 0, z10z2 + z7,−z1z10 + z8, z9, z10,z11, z12− z1z10z2
3

+ 3z10z4
2

+ 2z11z5 + z1z7
2

+ z2z8 + 3z3z9
2

}

{

(−1+etz6)z1z6 ,
(−1+e2tz6)z2

2z6 ,
(−1+e3tz6)z3

3z6 ,

{

(−1+etz6)z1z6 ,
(−1+e2tz6)z2

2z6 ,
(−1+e3tz6)z3

3z6 ,

{

(−1+etz6)z1z6 ,
(−1+e2tz6)z2

2z6 ,
(−1+e3tz6)z3

3z6 ,

− z1z2+2z4z6
6z62 +

etz6((3−3etz6+e2tz6)z1z2+2e2tz6z4z6)
6z62 ,− z1z2+2z4z6

6z62 +
etz6((3−3etz6+e2tz6)z1z2+2e2tz6z4z6)

6z62 ,− z1z2+2z4z6
6z62 +

etz6((3−3etz6+e2tz6)z1z2+2e2tz6z4z6)
6z62 ,

(−1+e4tz6)z5
4z6 , tz6, (−1+e−3tz6)z10z2

3z62 −
(−1+e−tz6)(z10z2+z6z7)z62 ,

(−1+e4tz6)z5
4z6 , tz6, (−1+e−3tz6)z10z2

3z62 −
(−1+e−tz6)(z10z2+z6z7)z62 ,

(−1+e4tz6)z5
4z6 , tz6, (−1+e−3tz6)z10z2

3z62 −
(−1+e−tz6)(z10z2+z6z7)z62 ,

−
2(−1+e−3tz6)z1z10

3z62 −
(−1+e−2tz6)(−2z1z10+z6z8)

2z62 ,−
(−1+e−3tz6)z9

3z6 ,−
2(−1+e−3tz6)z1z10

3z62 −
(−1+e−2tz6)(−2z1z10+z6z8)

2z62 ,−
(−1+e−3tz6)z9

3z6 ,−
2(−1+e−3tz6)z1z10

3z62 −
(−1+e−2tz6)(−2z1z10+z6z8)

2z62 ,−
(−1+e−3tz6)z9

3z6 ,

−
(−1+e−3tz6)z10

3z6 ,−
(−1+e−4tz6)z11

4z6 ,−
(−1+e−3tz6)z10

3z6 ,−
(−1+e−4tz6)z11

4z6 ,−
(−1+e−3tz6)z10

3z6 ,−
(−1+e−4tz6)z11

4z6 ,

tz12− z1z10z2
3z63 + e−3tz6z1z10z2

3z63 − e−2tz6z1z10z2z63 + e−tz6z1z10z2z63 −tz12− z1z10z2
3z63 + e−3tz6z1z10z2

3z63 − e−2tz6z1z10z2z63 + e−tz6z1z10z2z63 −tz12− z1z10z2
3z63 + e−3tz6z1z10z2

3z63 − e−2tz6z1z10z2z63 + e−tz6z1z10z2z63 −z10z4
3z62 + e−3tz6z10z4

3z62 − z11z5
4z62 + e−4tz6z11z5

4z62 + tz10z4z6 + tz11z5z6 −z10z4
3z62 + e−3tz6z10z4

3z62 − z11z5
4z62 + e−4tz6z11z5

4z62 + tz10z4z6 + tz11z5z6 −z10z4
3z62 + e−3tz6z10z4

3z62 − z11z5
4z62 + e−4tz6z11z5

4z62 + tz10z4z6 + tz11z5z6 −z1z7z62 + e−tz6z1z7z62 + tz1z7z6 − z2z8
2z62 + e−2tz6z2z8

2z62 + tz2z8z6 − z3z9
3z62 +

z1z7z62 + e−tz6z1z7z62 + tz1z7z6 − z2z8
2z62 + e−2tz6z2z8

2z62 + tz2z8z6 − z3z9
3z62 +

z1z7z62 + e−tz6z1z7z62 + tz1z7z6 − z2z8
2z62 + e−2tz6z2z8

2z62 + tz2z8z6 − z3z9
3z62 +

e−3tz6z3z9
3z62 + tz3z9z6 } /.{t→ 1}e−3tz6z3z9
3z62 + tz3z9z6 } /.{t→ 1}e−3tz6z3z9
3z62 + tz3z9z6 } /.{t→ 1}

{

(−1+ez6)z1z6 ,
(−1+e2z6)z2

2z6 ,
(−1+e3z6)z3

3z6 , − z1z2+2z4z6
6z62 +

ez6((3−3ez6+e2z6)z1z2+2e2z6z4z6)
6z62 ,

(−1+e4z6)z5
4z6 , z6, (−1+e−3z6)z10z2

3z62 −
(−1+e−z6)(z10z2+z6z7)z62 ,

−
2(−1+e−3z6)z1z10

3z62 −
(−1+e−2z6)(−2z1z10+z6z8)

2z62 ,
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−

(−1+e−3z6)z9
3z6 ,−

(−1+e−3z6)z10
3z6 ,−

(−1+e−4z6)z11
4z6 ,z12− z1z10z2

3z63 + e−3z6z1z10z2
3z63 − e−2z6z1z10z2z63 + e−z6z1z10z2z63 − z10z4

3z62 +

e−3z6z10z4
3z62 − z11z5

4z62 + e−4z6z11z5
4z62 + z10z4z6 + z11z5z6 − z1z7z62 + e−z6z1z7z62 +z1z7z6 − z2z8

2z62 + e−2z6z2z8
2z62 + z2z8z6 − z3z9

3z62 + e−3z6z3z9
3z62 + z3z9z6 }

{z1, z2, z3, z4, z5, 0, z10z2 + z7,−z1z10 + z8, z9, z10, z11,{z1, z2, z3, z4, z5, 0, z10z2 + z7,−z1z10 + z8, z9, z10, z11,{z1, z2, z3, z4, z5, 0, z10z2 + z7,−z1z10 + z8, z9, z10, z11,z12− z1z10z2
3

+ 3z10z4
2

+ 2z11z5 + z1z7
2

+ z2z8 + 3z3z9
2

} /.z12− z1z10z2
3

+ 3z10z4
2

+ 2z11z5 + z1z7
2

+ z2z8 + 3z3z9
2

} /.z12− z1z10z2
3

+ 3z10z4
2

+ 2z11z5 + z1z7
2

+ z2z8 + 3z3z9
2

} /.
{z7→ z1, z8→ z2, z9→ z3, z10→ z4, z11→ z5, z12→ 0}{z7→ z1, z8→ z2, z9→ z3, z10→ z4, z11→ z5, z12→ 0}{z7→ z1, z8→ z2, z9→ z3, z10→ z4, z11→ z5, z12→ 0}

{z1, z2, z3, z4, z5, 0, z1+ z2z4, z2− z1z4,z3, z4, z5, z12

2
+ z22 + 3z32

2
− z1z2z4

3
+ 3z42

2
+ 2z52

}Adjointofg = {{et, 0, 0, 0, 0,−x1, 0, 0, 0, 0, 0, 0} ,Adjointofg = {{et, 0, 0, 0, 0,−x1, 0, 0, 0, 0, 0, 0} ,Adjointofg = {{et, 0, 0, 0, 0,−x1, 0, 0, 0, 0, 0, 0} ,
{0, e2t, 0, 0, 0,−2x2, 0, 0, 0, 0, 0, 0} , {0, 0, e3t, 0, 0,−3x3, 0, 0, 0, 0, 0, 0} ,{0, e2t, 0, 0, 0,−2x2, 0, 0, 0, 0, 0, 0} , {0, 0, e3t, 0, 0,−3x3, 0, 0, 0, 0, 0, 0} ,{0, e2t, 0, 0, 0,−2x2, 0, 0, 0, 0, 0, 0} , {0, 0, e3t, 0, 0,−3x3, 0, 0, 0, 0, 0, 0} ,
{−2etx2, 2e2tx1, 0, e3t, 0,−x1x2− 3x4, 0, 0, 0, 0, 0, 0} ,{−2etx2, 2e2tx1, 0, e3t, 0,−x1x2− 3x4, 0, 0, 0, 0, 0, 0} ,{−2etx2, 2e2tx1, 0, e3t, 0,−x1x2− 3x4, 0, 0, 0, 0, 0, 0} ,
{0, 0, 0, 0, e4t,−4x5, 0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0},{0, 0, 0, 0, e4t,−4x5, 0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0},{0, 0, 0, 0, e4t,−4x5, 0, 0, 0, 0, 0, 0} , {0, 0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0},
{0,−2e2tx10, 0, 0, 0, 4x10x2 + x7, e−t, 0, 0, 2e−3tx2, 0, 0} ,{0,−2e2tx10, 0, 0, 0, 4x10x2 + x7, e−t, 0, 0, 2e−3tx2, 0, 0} ,{0,−2e2tx10, 0, 0, 0, 4x10x2 + x7, e−t, 0, 0, 2e−3tx2, 0, 0} ,
{2etx10, 0, 0, 0, 0,−2x1x10 + 2x8, 0, e−2t, 0,−2e−3tx1, 0, 0} ,{2etx10, 0, 0, 0, 0,−2x1x10 + 2x8, 0, e−2t, 0,−2e−3tx1, 0, 0} ,{2etx10, 0, 0, 0, 0,−2x1x10 + 2x8, 0, e−2t, 0,−2e−3tx1, 0, 0} ,
{0, 0, 0, 0, 0, 3x9, 0, 0, e−3t, 0, 0, 0} , {0, 0, 0, 0, 0, 3x10, 0, 0, 0, e−3t, 0, 0} ,{0, 0, 0, 0, 0, 3x9, 0, 0, e−3t, 0, 0, 0} , {0, 0, 0, 0, 0, 3x10, 0, 0, 0, e−3t, 0, 0} ,{0, 0, 0, 0, 0, 3x9, 0, 0, e−3t, 0, 0, 0} , {0, 0, 0, 0, 0, 3x10, 0, 0, 0, e−3t, 0, 0} ,

{0, 0, 0, 0, 0, 4x11, 0, 0, 0, 0, e−4t, 0} ,{0, 0, 0, 0, 0, 4x11, 0, 0, 0, 0, e−4t, 0} ,{0, 0, 0, 0, 0, 4x11, 0, 0, 0, 0, e−4t, 0} ,

{6etx10x2− etx7,−6e2tx1x10− 2e2tx8,−3e3tx9,−3e3tx10,−4e4tx11,{6etx10x2− etx7,−6e2tx1x10− 2e2tx8,−3e3tx9,−3e3tx10,−4e4tx11,{6etx10x2− etx7,−6e2tx1x10− 2e2tx8,−3e3tx9,−3e3tx10,−4e4tx11,
3x1x10x2 + 9x10x4 + 16x11x5 + x1x7 + 4x2x8 + 9x3x9, e−tx1, 2e−2tx2,3x1x10x2 + 9x10x4 + 16x11x5 + x1x7 + 4x2x8 + 9x3x9, e−tx1, 2e−2tx2,3x1x10x2 + 9x10x4 + 16x11x5 + x1x7 + 4x2x8 + 9x3x9, e−tx1, 2e−2tx2,
3e−3tx3,−e−3tx1x2 + 3e−3tx4, 4e−4tx5, 1}} ;3e−3tx3,−e−3tx1x2 + 3e−3tx4, 4e−4tx5, 1}} ;3e−3tx3,−e−3tx1x2 + 3e−3tx4, 4e−4tx5, 1}} ;

{{e−t, 0, 0, 2e−3tx2, 0, 0, 0,−2e2tx10, 0, 0, 0, 4x10x2 + x7} ,{{e−t, 0, 0, 2e−3tx2, 0, 0, 0,−2e2tx10, 0, 0, 0, 4x10x2 + x7} ,{{e−t, 0, 0, 2e−3tx2, 0, 0, 0,−2e2tx10, 0, 0, 0, 4x10x2 + x7} ,
{0, e−2t, 0,−2e−3tx1, 0, 0, 2etx10, 0, 0, 0, 0,−2x1x10 + 2x8} ,{0, e−2t, 0,−2e−3tx1, 0, 0, 2etx10, 0, 0, 0, 0,−2x1x10 + 2x8} ,{0, e−2t, 0,−2e−3tx1, 0, 0, 2etx10, 0, 0, 0, 0,−2x1x10 + 2x8} ,
{0, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0, 3x9} , {0, 0, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 3x10} ,{0, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0, 3x9} , {0, 0, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 3x10} ,{0, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 0, 3x9} , {0, 0, 0, e−3t, 0, 0, 0, 0, 0, 0, 0, 3x10} ,
{0, 0, 0, 0, e−4t, 0, 0, 0, 0, 0, 0, 4x11} ,{0, 0, 0, 0, e−4t, 0, 0, 0, 0, 0, 0, 4x11} ,{0, 0, 0, 0, e−4t, 0, 0, 0, 0, 0, 0, 4x11} ,
{e−tx1, 2e−2tx2, 3e−3tx3,−e−3tx1x2 + 3e−3tx4, 4e−4tx5, 1,{e−tx1, 2e−2tx2, 3e−3tx3,−e−3tx1x2 + 3e−3tx4, 4e−4tx5, 1,{e−tx1, 2e−2tx2, 3e−3tx3,−e−3tx1x2 + 3e−3tx4, 4e−4tx5, 1,
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6etx10x2− etx7,−6e2tx1x10− 2e2tx8,−3e3tx9,−3e3tx10,−4e4tx11,6etx10x2− etx7,−6e2tx1x10− 2e2tx8,−3e3tx9,−3e3tx10,−4e4tx11,6etx10x2− etx7,−6e2tx1x10− 2e2tx8,−3e3tx9,−3e3tx10,−4e4tx11,
3x1x10x2 + 9x10x4 + 16x11x5 + x1x7 + 4x2x8 + 9x3x9},3x1x10x2 + 9x10x4 + 16x11x5 + x1x7 + 4x2x8 + 9x3x9},3x1x10x2 + 9x10x4 + 16x11x5 + x1x7 + 4x2x8 + 9x3x9},
{0, 0, 0, 0, 0, 0, et, 0, 0, 0, 0,−x1} , {0, 0, 0, 0, 0, 0, 0, e2t, 0, 0, 0,−2x2} ,{0, 0, 0, 0, 0, 0, et, 0, 0, 0, 0,−x1} , {0, 0, 0, 0, 0, 0, 0, e2t, 0, 0, 0,−2x2} ,{0, 0, 0, 0, 0, 0, et, 0, 0, 0, 0,−x1} , {0, 0, 0, 0, 0, 0, 0, e2t, 0, 0, 0,−2x2} ,
{0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0,−3x3} ,{0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0,−3x3} ,{0, 0, 0, 0, 0, 0, 0, 0, e3t, 0, 0,−3x3} ,
{0, 0, 0, 0, 0, 0,−2etx2, 2e2tx1, 0, e3t, 0,−x1x2− 3x4} ,{0, 0, 0, 0, 0, 0,−2etx2, 2e2tx1, 0, e3t, 0,−x1x2− 3x4} ,{0, 0, 0, 0, 0, 0,−2etx2, 2e2tx1, 0, e3t, 0,−x1x2− 3x4} ,
{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, e4t,−4x5} , {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1}}/.{t→ 0}{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, e4t,−4x5} , {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1}}/.{t→ 0}{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, e4t,−4x5} , {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1}}/.{t→ 0}

{{1, 0, 0, 2x2, 0, 0, 0,−2x10, 0, 0, 0, 4x10x2 + x7},
{0, 1, 0,−2x1, 0, 0, 2x10, 0, 0, 0, 0,−2x1x10 + 2x8},
{0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 3x9}, {0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 3x10},
{0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 4x11},
{x1, 2x2, 3x3,−x1x2 + 3x4, 4x5, 1, 6x10x2− x7,−6x1x10− 2x8,−3x9,
− 3x10,−4x11, 3x1x10x2 + 9x10x4 + 16x11x5 + x1x7 + 4x2x8 + 9x3x9},
{0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0,−x1}, {0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0,−2x2},
{0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0,−3x3}, {0, 0, 0, 0, 0, 0,−2x2, 2x1, 0, 1, 0,−x1x2− 3x4},
{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,−4x5}, {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1}}
{{1, 0, 0, 2x2, 0, 0, 0,−2x10, 0, 0, 0, 4x10x2 + x7},{{1, 0, 0, 2x2, 0, 0, 0,−2x10, 0, 0, 0, 4x10x2 + x7},{{1, 0, 0, 2x2, 0, 0, 0,−2x10, 0, 0, 0, 4x10x2 + x7},
{0, 1, 0,−2x1, 0, 0, 2x10, 0, 0, 0, 0,−2x1x10 + 2x8},{0, 1, 0,−2x1, 0, 0, 2x10, 0, 0, 0, 0,−2x1x10 + 2x8},{0, 1, 0,−2x1, 0, 0, 2x10, 0, 0, 0, 0,−2x1x10 + 2x8},
{0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 3x9}, {0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 3x10},{0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 3x9}, {0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 3x10},{0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 3x9}, {0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 3x10},
{0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 4x11},{0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 4x11},{0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 4x11},
{x1, 2x2, 3x3,−x1x2 + 3x4, 4x5, 1, 6x10x2− x7,−6x1x10− 2x8,{x1, 2x2, 3x3,−x1x2 + 3x4, 4x5, 1, 6x10x2− x7,−6x1x10− 2x8,{x1, 2x2, 3x3,−x1x2 + 3x4, 4x5, 1, 6x10x2− x7,−6x1x10− 2x8,
−3x9,−3x10,−4x11, 3x1x10x2 + 9x10x4 + 16x11x5 + x1x7 + 4x2x8 + 9x3x9},−3x9,−3x10,−4x11, 3x1x10x2 + 9x10x4 + 16x11x5 + x1x7 + 4x2x8 + 9x3x9},−3x9,−3x10,−4x11, 3x1x10x2 + 9x10x4 + 16x11x5 + x1x7 + 4x2x8 + 9x3x9},
{0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0,−x1}, {0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0,−2x2},{0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0,−x1}, {0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0,−2x2},{0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0,−x1}, {0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0,−2x2},
{0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0,−3x3}, {0, 0, 0, 0, 0, 0,−2x2, 2x1, 0, 1, 0,−x1x2− 3x4},{0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0,−3x3}, {0, 0, 0, 0, 0, 0,−2x2, 2x1, 0, 1, 0,−x1x2− 3x4},{0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0,−3x3}, {0, 0, 0, 0, 0, 0,−2x2, 2x1, 0, 1, 0,−x1x2− 3x4},
{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,−4x5}, {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1}}/.{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,−4x5}, {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1}}/.{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,−4x5}, {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1}}/.
{x7→ y1, x8→ y2, x9→ y3, x10→ y4, x11→ y5, x12→ y6}{x7→ y1, x8→ y2, x9→ y3, x10→ y4, x11→ y5, x12→ y6}{x7→ y1, x8→ y2, x9→ y3, x10→ y4, x11→ y5, x12→ y6}
{{1, 0, 0, 2x2, 0, 0, 0,−2y4, 0, 0, 0, y1+ 4x2y4},
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{0, 1, 0,−2x1, 0, 0, 2y4, 0, 0, 0, 0, 2y2− 2x1y4},
{0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 3y3},
{0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 3y4}, {0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 4y5},
{x1, 2x2, 3x3,−x1x2 + 3x4, 4x5, 1,−y1 + 6x2y4,−2y2− 6x1y4,−3y3,
− 3y4,−4y5, x1y1 + 4x2y2 + 9x3y3 + 3x1x2y4 + 9x4y4 + 16x5y5},
{0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0,−x1}, {0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0,−2x2},
{0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0,−3x3},
{0, 0, 0, 0, 0, 0,−2x2, 2x1, 0, 1, 0,−x1x2− 3x4},
{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,−4x5}, {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1}}We 
ompute Ad∗

Gδ
a− · L. We take L = {l1, l2, l3, l4, l5, l6, l7, l8, l8, l9, l10, l11, l12}

{{1, 0, 0, 2x2, 0, 0, 0,−2y4, 0, 0, 0, y1+ 4x2y4},{{1, 0, 0, 2x2, 0, 0, 0,−2y4, 0, 0, 0, y1+ 4x2y4},{{1, 0, 0, 2x2, 0, 0, 0,−2y4, 0, 0, 0, y1+ 4x2y4},
{0, 1, 0,−2x1, 0, 0, 2y4, 0, 0, 0, 0, 2y2− 2x1y4},{0, 1, 0,−2x1, 0, 0, 2y4, 0, 0, 0, 0, 2y2− 2x1y4},{0, 1, 0,−2x1, 0, 0, 2y4, 0, 0, 0, 0, 2y2− 2x1y4},
{0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 3y3}, {0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 3y4},{0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 3y3}, {0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 3y4},{0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 0, 3y3}, {0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 0, 3y4},
{0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 4y5},{0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 4y5},{0, 0, 0, 0, 1, 0, 0, 0, 0, 0, 0, 4y5},
{x1, 2x2, 3x3,−x1x2 + 3x4, 4x5, 1,−y1 + 6x2y4,−2y2− 6x1y4,{x1, 2x2, 3x3,−x1x2 + 3x4, 4x5, 1,−y1 + 6x2y4,−2y2− 6x1y4,{x1, 2x2, 3x3,−x1x2 + 3x4, 4x5, 1,−y1 + 6x2y4,−2y2− 6x1y4,
−3y3,−3y4,−4y5, x1y1 + 4x2y2 + 9x3y3 + 3x1x2y4 + 9x4y4 + 16x5y5},−3y3,−3y4,−4y5, x1y1 + 4x2y2 + 9x3y3 + 3x1x2y4 + 9x4y4 + 16x5y5},−3y3,−3y4,−4y5, x1y1 + 4x2y2 + 9x3y3 + 3x1x2y4 + 9x4y4 + 16x5y5},
{0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0,−x1}, {0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0,−2x2},{0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0,−x1}, {0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0,−2x2},{0, 0, 0, 0, 0, 0, 1, 0, 0, 0, 0,−x1}, {0, 0, 0, 0, 0, 0, 0, 1, 0, 0, 0,−2x2},
{0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0,−3x3},{0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0,−3x3},{0, 0, 0, 0, 0, 0, 0, 0, 1, 0, 0,−3x3},
{0, 0, 0, 0, 0, 0,−2x2, 2x1, 0, 1, 0,−x1x2− 3x4},{0, 0, 0, 0, 0, 0,−2x2, 2x1, 0, 1, 0,−x1x2− 3x4},{0, 0, 0, 0, 0, 0,−2x2, 2x1, 0, 1, 0,−x1x2− 3x4},
{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,−4x5}, {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1}}.{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,−4x5}, {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1}}.{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1,−4x5}, {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1}}.
{l1, l2, l3, l4, l5, l6, l7, l8, l9, l10, l11, l12}{l1, l2, l3, l4, l5, l6, l7, l8, l9, l10, l11, l12}{l1, l2, l3, l4, l5, l6, l7, l8, l9, l10, l11, l12}
{l1+ 2l4x2− 2l8y4 + l12(y1 + 4x2y4),l2− 2l4x1 + 2l7y4 + l12(2y2− 2x1y4), l3+ 3l12y3, l4+ 3l12y4,l5+ 4l12y5, l6+ l1x1 + 2l2x2 + 3l3x3 + l4(−x1x2 + 3x4) +

4l5x5− 3l9y3− 3l10y4 + l8(−2y2− 6x1y4) + l7(−y1 + 6x2y4)−
4l11y5 + l12(x1y1 + 4x2y2 + 9x3y3 + 3x1x2y4 + 9x4y4 + 16x5y5),



101l7− l12x1, l8− 2l12x2, l9− 3l12x3,l10+ 2l8x1− 2l7x2 + l12(−x1x2− 3x4), l11− 4l12x5, l12}



Chapter 8Appendix CIn this 
hapter we �nd all ad-invariant bilinear symmetri
 form on our 6-dimensionalLie algebra. This 
he
ks the 
laim from 
hapters 4 and 5 that there is no ad-invariantnon-degenerate symmetri
 bilinear form on g0.
c = Array[w, {6, 6, 6}];c = Array[w, {6, 6, 6}];c = Array[w, {6, 6, 6}];Do[w[i, j, k] = 0, {i, 6}, {j, 6}, {k, 6}];w[1, 2, 4] = 2;w[2, 1, 4] = −2;Do[w[i, j, k] = 0, {i, 6}, {j, 6}, {k, 6}];w[1, 2, 4] = 2;w[2, 1, 4] = −2;Do[w[i, j, k] = 0, {i, 6}, {j, 6}, {k, 6}];w[1, 2, 4] = 2;w[2, 1, 4] = −2;Do[w[6, i, i] = i, {i, 3}];Do[w[6, i, i] = i, {i, 3}];Do[w[6, i, i] = i, {i, 3}];Do[w[i, 6, i] = −i, {i, 3}];Do[w[i, 6, i] = −i, {i, 3}];Do[w[i, 6, i] = −i, {i, 3}];

w[6, 4, 4] = 3;w[6, 5, 5] = 4;w[6, 4, 4] = 3;w[6, 5, 5] = 4;w[6, 4, 4] = 3;w[6, 5, 5] = 4;

w[4, 6, 4] = −3;w[4, 6, 4] = −3;w[4, 6, 4] = −3;

w[5, 6, 5] = −4;w[5, 6, 5] = −4;w[5, 6, 5] = −4;adform = Array[b, {6, 6}];adform = Array[b, {6, 6}];adform = Array[b, {6, 6}];ad
ondition = Array[adb, {6, 6, 6}];ad
ondition = Array[adb, {6, 6, 6}];ad
ondition = Array[adb, {6, 6, 6}];Do[adb[i, j, k] = Sum[c[[i, j, l]]b[l, k] − b[i, l]c[[j, k, l]], {l, 1, 6}], {i, 1, 6}, {j, 1, 6},Do[adb[i, j, k] = Sum[c[[i, j, l]]b[l, k] − b[i, l]c[[j, k, l]], {l, 1, 6}], {i, 1, 6}, {j, 1, 6},Do[adb[i, j, k] = Sum[c[[i, j, l]]b[l, k] − b[i, l]c[[j, k, l]], {l, 1, 6}], {i, 1, 6}, {j, 1, 6},

{k, 1, 6}];{k, 1, 6}];{k, 1, 6}];Solve[ad
ondition == 0]Solve[ad
ondition == 0]Solve[ad
ondition == 0]

{{b[1, 1] → 0, b[1, 2] → 0, b[1, 3] → 0, b[1, 4] → 0, b[1, 5] → 0, b[1, 6] → 0, b[2, 1] →

0, b[2, 2]→ 0, b[2, 3]→ 0,

b[2, 4] → 0, b[2, 5] → 0, b[2, 6] → 0, b[3, 1] → 0, b[3, 2] → 0, b[3, 3] → 0, b[3, 4] →

0, b[3, 5]→ 0, b[3, 6]→ 0, 102
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b[4, 1] → 0, b[4, 2] → 0, b[4, 3] → 0, b[4, 4] → 0, b[4, 5] → 0, b[4, 6] → 0, b[5, 1] →

0, b[5, 2]→ 0, b[5, 3]→ 0,

b[5, 4] → 0, b[5, 5] → 0, b[5, 6] → 0, b[6, 1] → 0, b[6, 2] → 0, b[6, 3] → 0, b[6, 4] →

0, b[6, 5]→ 0}}MatrixForm[adform]/.MatrixForm[adform]/.MatrixForm[adform]/.
{b[1, 1]→ 0, b[1, 2]→ 0, b[1, 3]→ 0, b[1, 4]→ 0, b[1, 5]→ 0, b[1, 6]→ 0, b[2, 1]→ 0,{b[1, 1]→ 0, b[1, 2]→ 0, b[1, 3]→ 0, b[1, 4]→ 0, b[1, 5]→ 0, b[1, 6]→ 0, b[2, 1]→ 0,{b[1, 1]→ 0, b[1, 2]→ 0, b[1, 3]→ 0, b[1, 4]→ 0, b[1, 5]→ 0, b[1, 6]→ 0, b[2, 1]→ 0,

b[2, 2]→ 0, b[2, 3]→ 0, b[2, 4]→ 0, b[2, 5]→ 0, b[2, 6]→ 0, b[3, 1]→ 0, b[3, 2]→ 0,b[2, 2]→ 0, b[2, 3]→ 0, b[2, 4]→ 0, b[2, 5]→ 0, b[2, 6]→ 0, b[3, 1]→ 0, b[3, 2]→ 0,b[2, 2]→ 0, b[2, 3]→ 0, b[2, 4]→ 0, b[2, 5]→ 0, b[2, 6]→ 0, b[3, 1]→ 0, b[3, 2]→ 0,

b[3, 3]→ 0, b[3, 4]→ 0, b[3, 5]→ 0, b[3, 6]→ 0, b[4, 1]→ 0, b[4, 2]→ 0, b[4, 3]→ 0,b[3, 3]→ 0, b[3, 4]→ 0, b[3, 5]→ 0, b[3, 6]→ 0, b[4, 1]→ 0, b[4, 2]→ 0, b[4, 3]→ 0,b[3, 3]→ 0, b[3, 4]→ 0, b[3, 5]→ 0, b[3, 6]→ 0, b[4, 1]→ 0, b[4, 2]→ 0, b[4, 3]→ 0,

b[4, 4]→ 0, b[4, 5]→ 0, b[4, 6]→ 0, b[5, 1]→ 0, b[5, 2]→ 0, b[5, 3]→ 0, b[5, 4]→ 0,b[4, 4]→ 0, b[4, 5]→ 0, b[4, 6]→ 0, b[5, 1]→ 0, b[5, 2]→ 0, b[5, 3]→ 0, b[5, 4]→ 0,b[4, 4]→ 0, b[4, 5]→ 0, b[4, 6]→ 0, b[5, 1]→ 0, b[5, 2]→ 0, b[5, 3]→ 0, b[5, 4]→ 0,

b[5, 5]→ 0, b[5, 6]→ 0, b[6, 1]→ 0, b[6, 2]→ 0, b[6, 3]→ 0, b[6, 4]→ 0, b[6, 5]→ 0}b[5, 5]→ 0, b[5, 6]→ 0, b[6, 1]→ 0, b[6, 2]→ 0, b[6, 3]→ 0, b[6, 4]→ 0, b[6, 5]→ 0}b[5, 5]→ 0, b[5, 6]→ 0, b[6, 1]→ 0, b[6, 2]→ 0, b[6, 3]→ 0, b[6, 4]→ 0, b[6, 5]→ 0}































0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 b[6, 6]

































Chapter 9Appendix DThis 
hapter is to support the statements from Lemma 5.5.1 and Remark 5.11.1.Noti
e that Corollary 5.5.2 is proven dire
tly without the results from this 
hapter.We also give the 
omputation of the spe
tral 
urve.
c = Array[w, {6, 6, 6}];c = Array[w, {6, 6, 6}];c = Array[w, {6, 6, 6}];Do[w[i, j, k] = 0, {i, 6}, {j, 6}, {k, 6}];w[1, 2, 4] = 2;w[2, 1, 4] = −2;Do[w[i, j, k] = 0, {i, 6}, {j, 6}, {k, 6}];w[1, 2, 4] = 2;w[2, 1, 4] = −2;Do[w[i, j, k] = 0, {i, 6}, {j, 6}, {k, 6}];w[1, 2, 4] = 2;w[2, 1, 4] = −2;Do[w[6, i, i] = i, {i, 3}];Do[w[i, 6, i] = −i, {i, 3}];Do[w[6, i, i] = i, {i, 3}];Do[w[i, 6, i] = −i, {i, 3}];Do[w[6, i, i] = i, {i, 3}];Do[w[i, 6, i] = −i, {i, 3}];

w[6, 4, 4] = 3;w[4, 6, 4] = −3;w[6, 5, 5] = 4;w[5, 6, 5] = −4;w[6, 4, 4] = 3;w[4, 6, 4] = −3;w[6, 5, 5] = 4;w[5, 6, 5] = −4;w[6, 4, 4] = 3;w[4, 6, 4] = −3;w[6, 5, 5] = 4;w[5, 6, 5] = −4;d
 = Array[d, {12, 12, 12}];d
 = Array[d, {12, 12, 12}];d
 = Array[d, {12, 12, 12}];Do[d[i, j, k] = 0, {i, 1, 12}, {j, 1, 12}, {k, 1, 12}];Do[d[i, j, k] = 0, {i, 1, 12}, {j, 1, 12}, {k, 1, 12}];Do[d[i, j, k] = 0, {i, 1, 12}, {j, 1, 12}, {k, 1, 12}];Do[d[i, j, k] = w[i, j, k], {i, 1, 6}, {j, 1, 6}, {k, 1, 6}]Do[d[i, j, k] = w[i, j, k], {i, 1, 6}, {j, 1, 6}, {k, 1, 6}]Do[d[i, j, k] = w[i, j, k], {i, 1, 6}, {j, 1, 6}, {k, 1, 6}]Do[d[i+ 6, j + 6, k + 6] = 0, {i, 1, 6}, {j, 1, 6}, {k, 1, 6}]Do[d[i+ 6, j + 6, k + 6] = 0, {i, 1, 6}, {j, 1, 6}, {k, 1, 6}]Do[d[i+ 6, j + 6, k + 6] = 0, {i, 1, 6}, {j, 1, 6}, {k, 1, 6}]Do[d[i, j + 6, k + 6] = −w[i, k, j], {i, 1, 6}, {j, 1, 6}, {k, 1, 6}];Do[d[i, j + 6, k + 6] = −w[i, k, j], {i, 1, 6}, {j, 1, 6}, {k, 1, 6}];Do[d[i, j + 6, k + 6] = −w[i, k, j], {i, 1, 6}, {j, 1, 6}, {k, 1, 6}];Do[d[i, j + 6, k] = 0, {i, 1, 6}, {j, 1, 6}, {k, 1, 6}];Do[d[i, j + 6, k] = 0, {i, 1, 6}, {j, 1, 6}, {k, 1, 6}];Do[d[i, j + 6, k] = 0, {i, 1, 6}, {j, 1, 6}, {k, 1, 6}];Do[d[j + 6, i, k + 6] = w[i, k, j], {i, 1, 6}, {j, 1, 6}, {k, 1, 6}];Do[d[j + 6, i, k + 6] = w[i, k, j], {i, 1, 6}, {j, 1, 6}, {k, 1, 6}];Do[d[j + 6, i, k + 6] = w[i, k, j], {i, 1, 6}, {j, 1, 6}, {k, 1, 6}];Do[d[j + 6, i, k] = 0, {i, 1, 6}, {j, 1, 6}, {k, 1, 6}];Do[d[j + 6, i, k] = 0, {i, 1, 6}, {j, 1, 6}, {k, 1, 6}];Do[d[j + 6, i, k] = 0, {i, 1, 6}, {j, 1, 6}, {k, 1, 6}];

p = Array[x, {12}];p = Array[x, {12}];p = Array[x, {12}];ad = Array[y, {12, 12}];ad = Array[y, {12, 12}];ad = Array[y, {12, 12}];Do[y[k, j] = Sum[x[i]d[i, j, k], {i, 1, 12}], {j, 1, 12}, {k, 1, 12}]Do[y[k, j] = Sum[x[i]d[i, j, k], {i, 1, 12}], {j, 1, 12}, {k, 1, 12}]Do[y[k, j] = Sum[x[i]d[i, j, k], {i, 1, 12}], {j, 1, 12}, {k, 1, 12}]The following gives Tr(ad)n for n from 1 to 100. The output is omitted.
R = ad; tra = Array[tra
, {100}]; tra[[1]] = Tr[R];R = ad; tra = Array[tra
, {100}]; tra[[1]] = Tr[R];R = ad; tra = Array[tra
, {100}]; tra[[1]] = Tr[R];Do[R = R.ad ; tra
[n+ 1] = Tr[R]; , {n, 1, 100}];Do[R = R.ad ; tra
[n + 1] = Tr[R]; , {n, 1, 100}];Do[R = R.ad ; tra
[n + 1] = Tr[R]; , {n, 1, 100}];104



105We �nd the Ker(ad).Solve[ad == 0, {x[1], x[2], x[3], x[4], x[5], x[6], x[7], x[7], x[8], x[9], x[10], x[11], x[12]}]Solve[ad == 0, {x[1], x[2], x[3], x[4], x[5], x[6], x[7], x[7], x[8], x[9], x[10], x[11], x[12]}]Solve[ad == 0, {x[1], x[2], x[3], x[4], x[5], x[6], x[7], x[7], x[8], x[9], x[10], x[11], x[12]}]Solve::svars : Equations may not give solutions for all solve variables. More. . .
{{x[8]→ 0, x[1]→ 0, x[2]→ 0, x[6]→ 0, x[7]→ 0, x[3]→ 0, x[4]→ 0, x[5]→ 0,

x[9]→ 0, x[10]→ 0, x[11]→ 0}}So Ker(ad) is 1-dimensional and it is generated by Y12 = Y ∗
6 . This proves Corollary5.4.1.Expand[ad]Expand[ad]Expand[ad]

{{x[6], 0, 0, 0, 0,−x[1], 0, 0, 0, 0, 0, 0},

{0, 2x[6], 0, 0, 0,−2x[2], 0, 0, 0, 0, 0, 0}, {0, 0, 3x[6], 0, 0,−3x[3], 0, 0, 0, 0, 0, 0},

{−2x[2], 2x[1], 0, 3x[6], 0,−3x[4], 0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 4x[6],−4x[5], 0, 0, 0, 0, 0, 0},

{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0}, {0,−2x[10], 0, 0, 0, x[7],−x[6], 0, 0, 2x[2], 0, 0},

{2x[10], 0, 0, 0, 0, 2x[8], 0,−2x[6], 0,−2x[1], 0, 0},

{0, 0, 0, 0, 0, 3x[9], 0, 0,−3x[6], 0, 0, 0},

{0, 0, 0, 0, 0, 3x[10], 0, 0, 0,−3x[6], 0, 0}, {0, 0, 0, 0, 0, 4x[11], 0, 0, 0, 0,−4x[6], 0},

{−x[7],−2x[8],−3x[9],−3x[10],−4x[11], 0, x[1], 2x[2], 3x[3], 3x[4], 4x[5], 0}}Now we get the 
hara
teristi
 
urve.Fa
tor[Expand[Det[ad− aIdentityMatrix[12]]]]Fa
tor[Expand[Det[ad− aIdentityMatrix[12]]]]Fa
tor[Expand[Det[ad− aIdentityMatrix[12]]]]

a2(a−4x[6])(a−3x[6])2(a−2x[6])(a−x[6])(a+x[6])(a+2x[6])(a+3x[6])2(a+4x[6])The eigenvalues of ad a given below.Eingev = Eigenve
tors[ad]Eingev = Eigenve
tors[ad]Eingev = Eigenve
tors[ad]

{{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1},
{

x[1]
x[11]

, x[2]
x[11]

, x[3]
x[11]

, x[4]
x[11]

, x[5]
x[11]

, x[6]
x[11]

, x[7]
x[11]

, x[8]
x[11]

, x[9]
x[11]

, x[10]
x[11]

, 1, 0
}

,
{

0, 0, 0, 0, 0, 0, 0, 0, 0, 0,−x[6]
x[5]
, 1
}

,
{

0, 0, 0, 0, 0, 0, 0, 0,−x[6]
x[3]
, 0, 0, 1

}

,
{

0, 0, 0, 0, 0, 0,−x[2]
x[6]
, 2x[1]
x[6]

,−x[1]x[2]+x[4]x[6]
x[3]x[6]

, 1, 0, 0
}

,
{

0, 0, 0, 0, 0, 0, 0,−x[6]
x[2]
, 0, 0, 0, 1

}

,
{

0, 0, 0, 0, 0, 0,−x[6]
x[1]
, 0, 0, 0, 0, 1

}

,



106
{

− 3x[6]2

3x[6]x[7]+5x[2]x[10]
, 0, 0,− 3x[2]x[6]

3x[6]x[7]+5x[2]x[10]
, 0, 0, 0,− 2x[6]x[10]

3x[6]x[7]+5x[2]x[10]
, 0, 0, 0, 1

}

,
{

0,− 3x[6]2

3x[6]x[8]−8x[1]x[10]
, 0,− 6x[1]x[6]

−3x[6]x[8]+8x[1]x[10]
, 0, 0, 2x[6]x[10]

3x[6]x[8]−8x[1]x[10]
, 0, 0, 0, 0, 1

}

,
{

0, 0,−x[6]
x[9]
, 0, 0, 0, 0, 0, 0, 0, 0, 1

}

,
{

0, 0,−x[10]
x[9]

, 1, 0, 0, 0, 0, 0, 0, 0, 0
}

,
{

0, 0, 0, 0,− x[6]
x[11]

, 0, 0, 0, 0, 0, 0, 1
}}The spa
e of eigenve
tors is 12-dimensional in the 
ase x[6] 6= 0, i.e. z6 6= 0 inSe
tion 5.7 notation.MatrixRank[Eingev]MatrixRank[Eingev]MatrixRank[Eingev]

12Det[Eingev]Det[Eingev]Det[Eingev]
− 9x[6]11

x[1]x[2]x[3]x[5]x[9](−3x[6]x[8]+8x[1]x[10])(3x[6]x[7]+5x[2]x[10])x[11]2The spa
e of eigenve
tors is 8-dimensional in the 
ase x[6] = 0, i.e. z6 = 0 in Se
tion5.7 notation.Eigenve
tors[ad/.x[6]→ 0]Eigenve
tors[ad/.x[6]→ 0]Eigenve
tors[ad/.x[6]→ 0]
{

{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 1},
{

0, 0, 4x[5]
3x[9]

, 0, 0, 0, 0, 0, 0, 0, 1, 0
}

,
{

x[1]
x[10]

, x[2]
x[10]

,−x[1]x[7]+2x[2]x[8]−3x[4]x[10]
3x[9]x[10]

, 0, 0, 0, 0, 0, 0, 1, 0, 0
}

,
{

0, 0, x[3]
x[9]
, 0, 0, 0, 0, 0, 1, 0, 0, 0

}

,
{

0, 0, 2x[2]
3x[9]

, 0, 0, 0, 0, 1, 0, 0, 0, 0
}

,
{

0, 0, x[1]
3x[9]

, 0, 0, 0, 1, 0, 0, 0, 0, 0
}

,
{

0, 0,−4x[11]
3x[9]

, 0, 1, 0, 0, 0, 0, 0, 0, 0
}

,
{

0, 0,−x[10]
x[9]

, 1, 0, 0, 0, 0, 0, 0, 0, 0
}

, {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0}, {0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0},

{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0}}



Chapter 10Appendix EIn this se
tion we 
ompute the Lie algebra 
ohomology H2(g, g) in a �ve-dimensional
ase. First, we set the Lie algebra stru
ture 
onstants c[i, j, k] of the Lie algebra g,i.e. [Yi, Yj] =
5
∑

k=1

c[i, j, k]Yk for any i, j, k ∈ {1, 2, . . . , 5}.
c = Array[t, {5, 5, 5}];c = Array[t, {5, 5, 5}];c = Array[t, {5, 5, 5}];Do[t[i, j, k] = 0, {i, 5}, {j, 5}, {k, 5}]; t[1, 2, 4] = 2; t[2, 1, 4] = −2;Do[t[i, j, k] = 0, {i, 5}, {j, 5}, {k, 5}]; t[1, 2, 4] = 2; t[2, 1, 4] = −2;Do[t[i, j, k] = 0, {i, 5}, {j, 5}, {k, 5}]; t[1, 2, 4] = 2; t[2, 1, 4] = −2;Do[t[5, i, i] = i, {i, 3}];Do[t[i, 5, i] = −i, {i, 3}];Do[t[5, i, i] = i, {i, 3}];Do[t[i, 5, i] = −i, {i, 3}];Do[t[5, i, i] = i, {i, 3}];Do[t[i, 5, i] = −i, {i, 3}];

t[5, 4, 4] = 3; t[4, 5, 4] = −3;t[5, 4, 4] = 3; t[4, 5, 4] = −3;t[5, 4, 4] = 3; t[4, 5, 4] = −3;Let f : g× g× g→ g be an alternating map given in 
oordinates by
f3[Yi, Yj, Yk] =

5
∑

s=1

f3[i, j, k, s]Ys.

f = Array[f3, {5, 5, 5, 5}];f = Array[f3, {5, 5, 5, 5}];f = Array[f3, {5, 5, 5, 5}];Do[mm = Sort[{i1, i2, i3}];Do[mm = Sort[{i1, i2, i3}];Do[mm = Sort[{i1, i2, i3}];f3[i1, i2, i3, i4] = Signature[{i1, i2, i3}]f3[mm[[1]],mm[[2]],mm[[3]], i4],f3[i1, i2, i3, i4] = Signature[{i1, i2, i3}]f3[mm[[1]],mm[[2]],mm[[3]], i4],f3[i1, i2, i3, i4] = Signature[{i1, i2, i3}]f3[mm[[1]],mm[[2]],mm[[3]], i4],
{i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {i4, 1, 5}];{i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {i4, 1, 5}];{i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {i4, 1, 5}];Now, we de�ne the 
oboundary operator d3 : C3(g, g) → C4(g, g). Re
all that d3f3 :

g × g × g × g → g with f3 ∈ C
3(g, g). We do all 
omputations in 
oordinates. Let

d3f4[i1, i2, i3, i4, s] be given by
d3f3 [Yi1 , Yi2, Yi3, Yi4] =

5
∑

s=1

d3f4[i1, i2, i3, i4, s]Ys.107



108d3f4 = Array[t5, {5, 5, 5, 5, 5}];d3f4 = Array[t5, {5, 5, 5, 5, 5}];d3f4 = Array[t5, {5, 5, 5, 5, 5}];Do[t5[i1, i2, i3, i4, s] = Sum[c[[i1, l, s]]f3[i2, i3, i4, l], {l, 1, 5}]−Do[t5[i1, i2, i3, i4, s] = Sum[c[[i1, l, s]]f3[i2, i3, i4, l], {l, 1, 5}]−Do[t5[i1, i2, i3, i4, s] = Sum[c[[i1, l, s]]f3[i2, i3, i4, l], {l, 1, 5}]−Sum[c[[i2, l, s]]f3[i1, i3, i4, l], {l, 1, 5}] + Sum[c[[i3, l, s]]f3[i1, i2, i4, l], {l, 1, 5}]−Sum[c[[i2, l, s]]f3[i1, i3, i4, l], {l, 1, 5}] + Sum[c[[i3, l, s]]f3[i1, i2, i4, l], {l, 1, 5}]−Sum[c[[i2, l, s]]f3[i1, i3, i4, l], {l, 1, 5}] + Sum[c[[i3, l, s]]f3[i1, i2, i4, l], {l, 1, 5}]−Sum[c[[i4, l, s]]f3[i1, i2, i3, l], {l, 1, 5}]− Sum[c[[i1, i2, l]]f3[l, i3, i4, s], {l, 1, 5}]+Sum[c[[i4, l, s]]f3[i1, i2, i3, l], {l, 1, 5}]− Sum[c[[i1, i2, l]]f3[l, i3, i4, s], {l, 1, 5}]+Sum[c[[i4, l, s]]f3[i1, i2, i3, l], {l, 1, 5}]− Sum[c[[i1, i2, l]]f3[l, i3, i4, s], {l, 1, 5}]+Sum[c[[i1, i3, l]]f3[l, i2, i4, s], {l, 1, 5}]− Sum[c[[i1, i4, l]]f3[l, i2, i3, s], {l, 1, 5}]−Sum[c[[i1, i3, l]]f3[l, i2, i4, s], {l, 1, 5}]− Sum[c[[i1, i4, l]]f3[l, i2, i3, s], {l, 1, 5}]−Sum[c[[i1, i3, l]]f3[l, i2, i4, s], {l, 1, 5}]− Sum[c[[i1, i4, l]]f3[l, i2, i3, s], {l, 1, 5}]−Sum[c[[i2, i3, l]]f3[l, i1, i4, s], {l, 1, 5}] + Sum[c[[i2, i4, l]]f3[l, i1, i3, s], {l, 1, 5}]−Sum[c[[i2, i3, l]]f3[l, i1, i4, s], {l, 1, 5}] + Sum[c[[i2, i4, l]]f3[l, i1, i3, s], {l, 1, 5}]−Sum[c[[i2, i3, l]]f3[l, i1, i4, s], {l, 1, 5}] + Sum[c[[i2, i4, l]]f3[l, i1, i3, s], {l, 1, 5}]−Sum[c[[i3, i4, l]]f3[l, i1, i2, s], {l, 1, 5}], {i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {i4, 1, 5}, {s, 1, 5}];Sum[c[[i3, i4, l]]f3[l, i1, i2, s], {l, 1, 5}], {i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {i4, 1, 5}, {s, 1, 5}];Sum[c[[i3, i4, l]]f3[l, i1, i2, s], {l, 1, 5}], {i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {i4, 1, 5}, {s, 1, 5}];zz1 = Solve[d3f4 == 0]zz1 = Solve[d3f4 == 0]zz1 = Solve[d3f4 == 0]Solve::svars : Equations may not give solutions for all solve variables. More. . .
{{f3[1, 2, 4, 3]→ 0, f3[1, 2, 4, 5]→ 0, f3[1, 3, 4, 2]→ 0, f3[1, 3, 4, 5]→ 0,f3[1, 3, 4, 3]→ 3

2
f3[1, 2, 4, 2], f3[1, 4, 5, 5]→ −2f3[1, 2, 4, 2],f3[2, 3, 4, 1]→ 0, f3[1, 2, 3, 5]→ −1

3
f3[3, 4, 5, 5],f3[1, 3, 4, 1]→ 1

6
f3[3, 4, 5, 5], f3[2, 3, 4, 2]→ 1

3
f3[3, 4, 5, 5], f3[2, 3, 4, 5]→ 0,f3[1, 2, 4, 4]→ f3[1, 2, 3, 3]− 2

3
f3[1, 4, 5, 1]− 2

3
f3[2, 4, 5, 2] + 2

3
f3[3, 4, 5, 3],f3[1, 2, 5, 5]→ f3[1, 2, 3, 3] + 2

3
f3[3, 4, 5, 3], f3[2, 3, 4, 3]→ −3f3[1, 2, 4, 1],f3[2, 4, 5, 5]→ 5f3[1, 2, 4, 1], f3[2, 3, 4, 4]→ 3f3[1, 2, 3, 1] + 8

5
f3[3, 4, 5, 1],f3[2, 3, 5, 5]→ 5f3[1, 2, 3, 1] + 2f3[3, 4, 5, 1],f3[1, 3, 4, 4]→ −3

2
f3[1, 2, 3, 2]− 5

4
f3[3, 4, 5, 2],f3[1, 3, 5, 5]→ −2f3[1, 2, 3, 2]− f3[3, 4, 5, 2],f3[1, 2, 3, 4]→ −2

3
f3[1, 3, 5, 1]− 2

3
f3[2, 3, 5, 2]− 2

3
f3[3, 4, 5, 4]

}}Remark 10.0.2. The previous system redu
es to 20 equations linearly independent.So dim (Kerd3) = dim(C3(g, g))− 20 = 5(5!)
(3!)(2!)

− 20 = 50− 20 = 30.Let f2 : g×g→ g be an alternating map, and let f2[Yi1 , Yi2] be the 
oordinates of f2.
f2 [Yi1, Yi2] =

5
∑

i3=1

f2[i1, i2, i3]Yi3
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g = Array[f2, {5, 5, 5}];g = Array[f2, {5, 5, 5}];g = Array[f2, {5, 5, 5}];Do[mmm = Sort[{i1, i2}];Do[mmm = Sort[{i1, i2}];Do[mmm = Sort[{i1, i2}];f2[i1, i2, i3] = Signature[{i1, i2}]f2[mmm[[1]],mmm[[2]], i3],f2[i1, i2, i3] = Signature[{i1, i2}]f2[mmm[[1]],mmm[[2]], i3],f2[i1, i2, i3] = Signature[{i1, i2}]f2[mmm[[1]],mmm[[2]], i3],
{i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}]{i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}]{i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}]We de�ne the 
oboundary operator d2 : C2(g, g) → C3(g, g). Let f2 ∈ C

2(g, g). The
oordinates d2f3[i1, i2, i3, s] of
d2f2 : g× g× g→ gare given by

d2f [Yi11, Yi2, Yi3] =
5
∑

s=1

d2f3[i1, i2, i3, s]Ysd2f3 = Array[t4, {5, 5, 5, 5}];d2f3 = Array[t4, {5, 5, 5, 5}];d2f3 = Array[t4, {5, 5, 5, 5}];Do[t4[i1, i2, i3, s] = Sum[c[[i1, l, s]]f2[i2, i3, l], {l, 1, 5}]−Do[t4[i1, i2, i3, s] = Sum[c[[i1, l, s]]f2[i2, i3, l], {l, 1, 5}]−Do[t4[i1, i2, i3, s] = Sum[c[[i1, l, s]]f2[i2, i3, l], {l, 1, 5}]−Sum[c[[i2, l, s]]f2[i1, i3, l], {l, 1, 5}] + Sum[c[[i3, l, s]]f2[i1, i2, l], {l, 1, 5}]−Sum[c[[i2, l, s]]f2[i1, i3, l], {l, 1, 5}] + Sum[c[[i3, l, s]]f2[i1, i2, l], {l, 1, 5}]−Sum[c[[i2, l, s]]f2[i1, i3, l], {l, 1, 5}] + Sum[c[[i3, l, s]]f2[i1, i2, l], {l, 1, 5}]−Sum[c[[i1, i2, l]]f2[l, i3, s], {l, 1, 5}] + Sum[c[[i1, i3, l]]f2[l, i2, s], {l, 1, 5}]−Sum[c[[i1, i2, l]]f2[l, i3, s], {l, 1, 5}] + Sum[c[[i1, i3, l]]f2[l, i2, s], {l, 1, 5}]−Sum[c[[i1, i2, l]]f2[l, i3, s], {l, 1, 5}] + Sum[c[[i1, i3, l]]f2[l, i2, s], {l, 1, 5}]−Sum[c[[i2, i3, l]]f2[l, i1, s], {l, 1, 5}], {i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {s, 1, 5}]Sum[c[[i2, i3, l]]f2[l, i1, s], {l, 1, 5}], {i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {s, 1, 5}]Sum[c[[i2, i3, l]]f2[l, i1, s], {l, 1, 5}], {i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {s, 1, 5}]Solve[d2f3 == 0]Solve[d2f3 == 0]Solve[d2f3 == 0]Solve::svars : Equations may not give solutions for all solve variables. More. . .
{{f2[1, 3, 2]→ 0, f2[1, 3, 5]→ 0, f2[1, 4, 2]→ 0,f2[1, 4, 3]→ 0, f2[1, 4, 5]→ 0, f2[1, 3, 3]→ 3

2
f2[1, 2, 2] + 3f2[4, 5, 2],f2[1, 5, 5]→ 1

2
f2[1, 2, 2] + f2[4, 5, 2], f2[2, 3, 1]→ 0, f2[2, 3, 5]→ 0,f2[2, 4, 1]→ 0, f2[1, 2, 5]→ −2

3
f2[4, 5, 5], f2[1, 4, 1]→ −1

3
f2[4, 5, 5],f2[2, 4, 2]→ −2

3
f2[4, 5, 5], f2[2, 4, 3]→ 0, f2[2, 4, 5]→ 0,f2[2, 3, 3]→ f2[2, 4, 4] + f2[4, 5, 1], f2[2, 5, 5]→ 2

3
f2[2, 4, 4] + 2

3
f2[4, 5, 1],f2[3, 4, 1]→ 0, f2[3, 4, 2]→ 0, f2[3, 4, 3]→ −f2[4, 5, 5],



110f2[1, 3, 1]→ −1
3
f2[3, 5, 5], f2[2, 3, 2]→ −2

3
f2[3, 5, 5], f2[3, 4, 4]→ f2[3, 5, 5],f2[3, 4, 5]→ 0, f2[2, 3, 4]→ −f2[3, 5, 1], f2[1, 3, 4]→ 2f2[3, 5, 2],f2[1, 2, 1]→ −1

3
f2[2, 4, 4]− 4

3
f2[4, 5, 1], f2[1, 4, 4]→ 3

2
f2[1, 2, 2] + 5f2[4, 5, 2],f2[4, 5, 3]→ 0, f2[1, 5, 1]→ −f2[2, 5, 2] + f2[4, 5, 4]}}Remark 10.0.3. The previous system redu
es to 30 linearly independent equationsand

dim Im d2 = dim
(

C2(g, g)/Kerd2

)

= dimC2(g, g)− dim Kerd2

= 5

(

5

2

)

− (5

(

5

2

)

− 30) = 30.Remark 10.0.4. Sin
e dim (Kerd3) = dim (Imd2), it follows that Ker d3 = Im d2, so
H3(g, g) = 0.Let f3 = f ∈ Ker d3 , i.e. in the notation of this appendix f3 is in zz1.f3[1, 2, 4, 3] = 0;f3[1, 2, 4, 3] = 0;f3[1, 2, 4, 3] = 0;f3[1, 2, 4, 5] = 0;f3[1, 2, 4, 5] = 0;f3[1, 2, 4, 5] = 0;f3[1, 3, 4, 2] = 0;f3[1, 3, 4, 2] = 0;f3[1, 3, 4, 2] = 0;f3[1, 3, 4, 5] = 0;f3[1, 3, 4, 5] = 0;f3[1, 3, 4, 5] = 0;f3[1, 3, 4, 3] = 3

2
f3[1, 2, 4, 2];f3[1, 3, 4, 3] = 3

2
f3[1, 2, 4, 2];f3[1, 3, 4, 3] = 3

2
f3[1, 2, 4, 2];f3[1, 4, 5, 5] = −2f3[1, 2, 4, 2];f3[1, 4, 5, 5] = −2f3[1, 2, 4, 2];f3[1, 4, 5, 5] = −2f3[1, 2, 4, 2];f3[2, 3, 4, 1] = 0;f3[2, 3, 4, 1] = 0;f3[2, 3, 4, 1] = 0;f3[1, 2, 3, 5] = −1
3
f3[3, 4, 5, 5];f3[1, 2, 3, 5] = −1

3
f3[3, 4, 5, 5];f3[1, 2, 3, 5] = −1

3
f3[3, 4, 5, 5];f3[1, 3, 4, 1] = 1

6
f3[3, 4, 5, 5];f3[1, 3, 4, 1] = 1

6
f3[3, 4, 5, 5];f3[1, 3, 4, 1] = 1

6
f3[3, 4, 5, 5];f3[2, 3, 4, 2] = 1

3
f3[3, 4, 5, 5];f3[2, 3, 4, 2] = 1

3
f3[3, 4, 5, 5];f3[2, 3, 4, 2] = 1

3
f3[3, 4, 5, 5];f3[2, 3, 4, 5] = 0;f3[2, 3, 4, 5] = 0;f3[2, 3, 4, 5] = 0;f3[1, 2, 4, 4] = f3[1, 2, 3, 3]− 2

3
f3[1, 4, 5, 1]− 2

3
f3[2, 4, 5, 2] + 2

3
f3[3, 4, 5, 3];f3[1, 2, 4, 4] = f3[1, 2, 3, 3]− 2

3
f3[1, 4, 5, 1]− 2

3
f3[2, 4, 5, 2] + 2

3
f3[3, 4, 5, 3];f3[1, 2, 4, 4] = f3[1, 2, 3, 3]− 2

3
f3[1, 4, 5, 1]− 2

3
f3[2, 4, 5, 2] + 2

3
f3[3, 4, 5, 3];



111f3[1, 2, 5, 5] = f3[1, 2, 3, 3] + 2
3
f3[3, 4, 5, 3];f3[1, 2, 5, 5] = f3[1, 2, 3, 3] + 2

3
f3[3, 4, 5, 3];f3[1, 2, 5, 5] = f3[1, 2, 3, 3] + 2

3
f3[3, 4, 5, 3];f3[2, 3, 4, 3] = −3f3[1, 2, 4, 1];f3[2, 3, 4, 3] = −3f3[1, 2, 4, 1];f3[2, 3, 4, 3] = −3f3[1, 2, 4, 1];f3[2, 4, 5, 5] = 5f3[1, 2, 4, 1];f3[2, 4, 5, 5] = 5f3[1, 2, 4, 1];f3[2, 4, 5, 5] = 5f3[1, 2, 4, 1];f3[2, 3, 4, 4] = 3f3[1, 2, 3, 1] + 8
5
f3[3, 4, 5, 1];f3[2, 3, 4, 4] = 3f3[1, 2, 3, 1] + 8

5
f3[3, 4, 5, 1];f3[2, 3, 4, 4] = 3f3[1, 2, 3, 1] + 8

5
f3[3, 4, 5, 1];f3[2, 3, 5, 5] = 5f3[1, 2, 3, 1] + 2f3[3, 4, 5, 1];f3[2, 3, 5, 5] = 5f3[1, 2, 3, 1] + 2f3[3, 4, 5, 1];f3[2, 3, 5, 5] = 5f3[1, 2, 3, 1] + 2f3[3, 4, 5, 1];f3[1, 3, 4, 4] = −3

2
f3[1, 2, 3, 2]− 5

4
f3[3, 4, 5, 2];f3[1, 3, 4, 4] = −3

2
f3[1, 2, 3, 2]− 5

4
f3[3, 4, 5, 2];f3[1, 3, 4, 4] = −3

2
f3[1, 2, 3, 2]− 5

4
f3[3, 4, 5, 2];f3[1, 3, 5, 5] = −2f3[1, 2, 3, 2]− f3[3, 4, 5, 2];f3[1, 3, 5, 5] = −2f3[1, 2, 3, 2]− f3[3, 4, 5, 2];f3[1, 3, 5, 5] = −2f3[1, 2, 3, 2]− f3[3, 4, 5, 2];f3[1, 2, 3, 4] = −2

3
f3[1, 3, 5, 1]− 2

3
f3[2, 3, 5, 2]− 2

3
f3[3, 4, 5, 4];f3[1, 2, 3, 4] = −2

3
f3[1, 3, 5, 1]− 2

3
f3[2, 3, 5, 2]− 2

3
f3[3, 4, 5, 4];f3[1, 2, 3, 4] = −2

3
f3[1, 3, 5, 1]− 2

3
f3[2, 3, 5, 2]− 2

3
f3[3, 4, 5, 4];zz2 = Solve[f == d2f3]zz2 = Solve[f == d2f3]zz2 = Solve[f == d2f3]The solution of the equation d2f2 = f3 is given bellow.

{{f2[2, 3, 5]→ −1
5
f3[2, 3, 5, 5],

{{f2[2, 3, 5]→ −1
5
f3[2, 3, 5, 5],

{{f2[2, 3, 5]→ −1
5
f3[2, 3, 5, 5],f2[3, 4, 1]→ −1

5
f3[3, 4, 5, 1],f2[3, 4, 1]→ −1

5
f3[3, 4, 5, 1],f2[3, 4, 1]→ −1

5
f3[3, 4, 5, 1],f2[1, 3, 5]→ −1

4
f3[1, 3, 5, 5],f2[1, 3, 5]→ −1

4
f3[1, 3, 5, 5],f2[1, 3, 5]→ −1

4
f3[1, 3, 5, 5],f2[3, 4, 2]→ −1

4
f3[3, 4, 5, 2],f2[3, 4, 2]→ −1

4
f3[3, 4, 5, 2],f2[3, 4, 2]→ −1

4
f3[3, 4, 5, 2],f2[1, 2, 5]→ −2

3
f2[4, 5, 5]− 1

3
f3[1, 2, 5, 5],f2[1, 2, 5]→ −2

3
f2[4, 5, 5]− 1

3
f3[1, 2, 5, 5],f2[1, 2, 5]→ −2

3
f2[4, 5, 5]− 1

3
f3[1, 2, 5, 5],f2[3, 4, 3]→ −f2[4, 5, 5]− 1

3
f3[3, 4, 5, 3],f2[3, 4, 3]→ −f2[4, 5, 5]− 1

3
f3[3, 4, 5, 3],f2[3, 4, 3]→ −f2[4, 5, 5]− 1

3
f3[3, 4, 5, 3],f2[1, 3, 1]→ −1

3
f2[3, 5, 5]− 1

3
f3[1, 3, 5, 1],f2[1, 3, 1]→ −1

3
f2[3, 5, 5]− 1

3
f3[1, 3, 5, 1],f2[1, 3, 1]→ −1

3
f2[3, 5, 5]− 1

3
f3[1, 3, 5, 1],f2[2, 3, 2]→ −2

3
f2[3, 5, 5]− 1

3
f3[2, 3, 5, 2],f2[2, 3, 2]→ −2

3
f2[3, 5, 5]− 1

3
f3[2, 3, 5, 2],f2[2, 3, 2]→ −2

3
f2[3, 5, 5]− 1

3
f3[2, 3, 5, 2],f2[3, 4, 4]→ f2[3, 5, 5]− 1

3
f3[3, 4, 5, 4],f2[3, 4, 4]→ f2[3, 5, 5]− 1

3
f3[3, 4, 5, 4],f2[3, 4, 4]→ f2[3, 5, 5]− 1

3
f3[3, 4, 5, 4],f2[3, 4, 5]→ −1

6
f3[3, 4, 5, 5],f2[3, 4, 5]→ −1

6
f3[3, 4, 5, 5],f2[3, 4, 5]→ −1

6
f3[3, 4, 5, 5],f2[2, 4, 5]→ −1

5
f3[2, 4, 5, 5],f2[2, 4, 5]→ −1

5
f3[2, 4, 5, 5],f2[2, 4, 5]→ −1

5
f3[2, 4, 5, 5],f2[1, 4, 5]→ −1

4
f3[1, 4, 5, 5],f2[1, 4, 5]→ −1

4
f3[1, 4, 5, 5],f2[1, 4, 5]→ −1

4
f3[1, 4, 5, 5],f2[1, 4, 1]→ −1

3
f2[4, 5, 5]− 1

3
f3[1, 4, 5, 1],f2[1, 4, 1]→ −1

3
f2[4, 5, 5]− 1

3
f3[1, 4, 5, 1],f2[1, 4, 1]→ −1

3
f2[4, 5, 5]− 1

3
f3[1, 4, 5, 1],f2[2, 4, 2]→ −2

3
f2[4, 5, 5]− 1

3
f3[2, 4, 5, 2],f2[2, 4, 2]→ −2

3
f2[4, 5, 5]− 1

3
f3[2, 4, 5, 2],f2[2, 4, 2]→ −2

3
f2[4, 5, 5]− 1

3
f3[2, 4, 5, 2],f2[1, 2, 1]→ −4

3
f2[2, 3, 3] + f2[2, 4, 4]− 1

2
f3[1, 2, 5, 1]− 2

3
f3[2, 3, 5, 3]+f2[1, 2, 1]→ −4

3
f2[2, 3, 3] + f2[2, 4, 4]− 1

2
f3[1, 2, 5, 1]− 2

3
f3[2, 3, 5, 3]+f2[1, 2, 1]→ −4

3
f2[2, 3, 3] + f2[2, 4, 4]− 1

2
f3[1, 2, 5, 1]− 2

3
f3[2, 3, 5, 3]+

1
2
f3[2, 4, 5, 4], f2[2, 5, 5]→ 2

3
f2[2, 3, 3] + 1

3
f3[2, 3, 5, 3],1

2
f3[2, 4, 5, 4], f2[2, 5, 5]→ 2

3
f2[2, 3, 3] + 1

3
f3[2, 3, 5, 3],1

2
f3[2, 4, 5, 4], f2[2, 5, 5]→ 2

3
f2[2, 3, 3] + 1

3
f3[2, 3, 5, 3],



112f2[4, 5, 1]→ f2[2, 3, 3]− f2[2, 4, 4] + 1
2
f3[2, 3, 5, 3]− 1

2
f3[2, 4, 5, 4],f2[4, 5, 1]→ f2[2, 3, 3]− f2[2, 4, 4] + 1

2
f3[2, 3, 5, 3]− 1

2
f3[2, 4, 5, 4],f2[4, 5, 1]→ f2[2, 3, 3]− f2[2, 4, 4] + 1

2
f3[2, 3, 5, 3]− 1

2
f3[2, 4, 5, 4],f2[1, 2, 2]→ 5

3
f2[1, 3, 3]− f2[1, 4, 4]− f3[1, 2, 5, 2] + 5

3
f3[1, 3, 5, 3]− f3[1, 4, 5, 4],f2[1, 2, 2]→ 5

3
f2[1, 3, 3]− f2[1, 4, 4]− f3[1, 2, 5, 2] + 5

3
f3[1, 3, 5, 3]− f3[1, 4, 5, 4],f2[1, 2, 2]→ 5

3
f2[1, 3, 3]− f2[1, 4, 4]− f3[1, 2, 5, 2] + 5

3
f3[1, 3, 5, 3]− f3[1, 4, 5, 4],f2[1, 5, 5]→ 1

3
f2[1, 3, 3] + 1

3
f3[1, 3, 5, 3],f2[1, 5, 5]→ 1

3
f2[1, 3, 3] + 1

3
f3[1, 3, 5, 3],f2[1, 5, 5]→ 1

3
f2[1, 3, 3] + 1

3
f3[1, 3, 5, 3],f2[4, 5, 2]→ −1

2
f2[1, 3, 3] + 1

2
f2[1, 4, 4]− 1

2
f3[1, 3, 5, 3] + 1

2
f3[1, 4, 5, 4],f2[4, 5, 2]→ −1

2
f2[1, 3, 3] + 1

2
f2[1, 4, 4]− 1

2
f3[1, 3, 5, 3] + 1

2
f3[1, 4, 5, 4],f2[4, 5, 2]→ −1

2
f2[1, 3, 3] + 1

2
f2[1, 4, 4]− 1

2
f3[1, 3, 5, 3] + 1

2
f3[1, 4, 5, 4],f2[4, 5, 3]→ −1

2
f3[1, 2, 5, 3],f2[4, 5, 3]→ −1

2
f3[1, 2, 5, 3],f2[4, 5, 3]→ −1

2
f3[1, 2, 5, 3],f2[1, 5, 1]→ −f2[2, 5, 2] + f2[4, 5, 4] + 1

2
f3[1, 2, 5, 4],f2[1, 5, 1]→ −f2[2, 5, 2] + f2[4, 5, 4] + 1

2
f3[1, 2, 5, 4],f2[1, 5, 1]→ −f2[2, 5, 2] + f2[4, 5, 4] + 1

2
f3[1, 2, 5, 4],f2[1, 3, 2]→ −1

2
f3[1, 3, 5, 2],f2[1, 3, 2]→ −1

2
f3[1, 3, 5, 2],f2[1, 3, 2]→ −1

2
f3[1, 3, 5, 2],f2[1, 3, 4]→ 2f2[3, 5, 2]− f3[1, 3, 5, 4],f2[1, 3, 4]→ 2f2[3, 5, 2]− f3[1, 3, 5, 4],f2[1, 3, 4]→ 2f2[3, 5, 2]− f3[1, 3, 5, 4],f2[1, 4, 2]→ −1

2
f3[1, 4, 5, 2],f2[1, 4, 2]→ −1

2
f3[1, 4, 5, 2],f2[1, 4, 2]→ −1

2
f3[1, 4, 5, 2],f2[1, 4, 3]→ −f3[1, 4, 5, 3],f2[1, 4, 3]→ −f3[1, 4, 5, 3],f2[1, 4, 3]→ −f3[1, 4, 5, 3],f2[2, 3, 1]→ −1

4
f3[2, 3, 5, 1],f2[2, 3, 1]→ −1

4
f3[2, 3, 5, 1],f2[2, 3, 1]→ −1

4
f3[2, 3, 5, 1],f2[2, 3, 4]→ −f2[3, 5, 1]− 1

2
f3[2, 3, 5, 4],f2[2, 3, 4]→ −f2[3, 5, 1]− 1

2
f3[2, 3, 5, 4],f2[2, 3, 4]→ −f2[3, 5, 1]− 1

2
f3[2, 3, 5, 4],f2[2, 4, 1]→ −1

4
f3[2, 4, 5, 1],f2[2, 4, 1]→ −1

4
f3[2, 4, 5, 1],f2[2, 4, 1]→ −1

4
f3[2, 4, 5, 1],f2[2, 4, 3]→ −1

2
f3[2, 4, 5, 3]

}}

;f2[2, 4, 3]→ −1
2
f3[2, 4, 5, 3]

}}

;f2[2, 4, 3]→ −1
2
f3[2, 4, 5, 3]

}}

;

Z2(g, g) =
{

f : g× g→ g
∣

∣f is alternating and (d2f) = 0
}

= Ker d2

dim (Ker d2) = 5
(

5
2

)

− 30 = 20 (by Remark 10.0.3). So Z2(g, g) 6= 0.Now, we 
ompute H2(g, g) = Ker d2/ Imd1. Re
all that
B1(g, g) = Imd1 = {f2 : g× g→ g |f2 = d1f1for some f1 : g→ g}

(d1f1) (x, y) = [x, f1(y)]− [y, f1(x)]− f1([x, y])

(d1f1) (Yi, Yj) = d1f2[i, j, s]YsWe de�ne 
oboundary operator d1 : C1(g, g) → C2(g, g). Let f1 ∈ C
1(g, g) and let



113d1f2[i1, i2, i3, s] be the 
oordinates of
d1f1 : g× g→ g, i.e.

d1f [Yi1, Yi2] =
5
∑

s=1

d1f2[i1, i2, s]Ys
h = Array[f1, {5, 5}];h = Array[f1, {5, 5}];h = Array[f1, {5, 5}];d1f2 = Array[t3, {5, 5, 5}];d1f2 = Array[t3, {5, 5, 5}];d1f2 = Array[t3, {5, 5, 5}];Do[t3[i1, i2, s] = Sum[c[[i1, l, s]]h[[i2, l]], {l, 1, 5}]− Sum[c[[i2, l, s]]h[[i1, l]], {l, 1, 5}]Do[t3[i1, i2, s] = Sum[c[[i1, l, s]]h[[i2, l]], {l, 1, 5}]− Sum[c[[i2, l, s]]h[[i1, l]], {l, 1, 5}]Do[t3[i1, i2, s] = Sum[c[[i1, l, s]]h[[i2, l]], {l, 1, 5}]− Sum[c[[i2, l, s]]h[[i1, l]], {l, 1, 5}]
−Sum[c[[i1, i2, l]]h[[l, s]], {l, 1, 5}], {i1, 1, 5}, {i2, 1, 5}, {s, 1, 5}]−Sum[c[[i1, i2, l]]h[[l, s]], {l, 1, 5}], {i1, 1, 5}, {i2, 1, 5}, {s, 1, 5}]−Sum[c[[i1, i2, l]]h[[l, s]], {l, 1, 5}], {i1, 1, 5}, {i2, 1, 5}, {s, 1, 5}]Solve[d1f2==0]Solve[d1f2==0]Solve[d1f2==0]Solve::svars : Equations may not give solutions for all solve variables. More. . .
{{f1[1, 2]→ 0, f1[1, 3]→ 0, f1[1, 5]→ 0, f1[2, 1]→ 0,f1[2, 3]→ 0, f1[2, 5]→ 0, f1[3, 1]→ 0, f1[3, 2]→ 0, f1[3, 5]→ 0,f1[4, 1]→ 0, f1[4, 2]→ 0, f1[4, 3]→ 0, f1[1, 1]→ −f1[2, 2] + f1[4, 4],f1[4, 5]→ 0, f1[2, 4]→ −2f1[5, 1], f1[1, 4]→ f1[5, 2], f1[5, 5]→ 0}}Remark 10.0.5.

H2(g, g) 6= 0.Proof.
dim (Imd1) = dim

(

C1(g, g)/Kerd1

)

= 25− (25− 17) = 17.

dim (Kerd2) = 5

(

5

2

)

− 30 = 20(see Remark 10.0.3).So dim (Imd1) < dim (Ker d2) . Therefore H2(g, g) 6= 0We de�ne F2 as gp(= fp2)
F1 ◦ F1 as bra
ketf3 (=t7),
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F1 ◦ F2 + F2 ◦ F1 as bra
ketf3p (=t8), and
F2 ◦ F2 as bra
ketf3pp(=t9)gp = Array[fp2, {5, 5, 5}];gp = Array[fp2, {5, 5, 5}];gp = Array[fp2, {5, 5, 5}];Do[mmm = Sort[{i1, i2}];Do[mmm = Sort[{i1, i2}];Do[mmm = Sort[{i1, i2}];fp2[i1, i2, i3] = Signature[{i1, i2}]fp2[mmm[[1]],mmm[[2]], i3],fp2[i1, i2, i3] = Signature[{i1, i2}]fp2[mmm[[1]],mmm[[2]], i3],fp2[i1, i2, i3] = Signature[{i1, i2}]fp2[mmm[[1]],mmm[[2]], i3],
{i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}]{i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}]{i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}]d2f3p = Array[tp4, {5, 5, 5, 5}];d2f3p = Array[tp4, {5, 5, 5, 5}];d2f3p = Array[tp4, {5, 5, 5, 5}];Do[tp4[i1, i2, i3, s] = Sum[c[[i1, l, s]]fp2[i2, i3, l], {l, 1, 5}]−Do[tp4[i1, i2, i3, s] = Sum[c[[i1, l, s]]fp2[i2, i3, l], {l, 1, 5}]−Do[tp4[i1, i2, i3, s] = Sum[c[[i1, l, s]]fp2[i2, i3, l], {l, 1, 5}]−Sum[c[[i2, l, s]]fp2[i1, i3, l], {l, 1, 5}] + Sum[c[[i3, l, s]]fp2[i1, i2, l], {l, 1, 5}]−Sum[c[[i2, l, s]]fp2[i1, i3, l], {l, 1, 5}] + Sum[c[[i3, l, s]]fp2[i1, i2, l], {l, 1, 5}]−Sum[c[[i2, l, s]]fp2[i1, i3, l], {l, 1, 5}] + Sum[c[[i3, l, s]]fp2[i1, i2, l], {l, 1, 5}]−Sum[c[[i1, i2, l]]fp2[l, i3, s], {l, 1, 5}] + Sum[c[[i1, i3, l]]fp2[l, i2, s], {l, 1, 5}]−Sum[c[[i1, i2, l]]fp2[l, i3, s], {l, 1, 5}] + Sum[c[[i1, i3, l]]fp2[l, i2, s], {l, 1, 5}]−Sum[c[[i1, i2, l]]fp2[l, i3, s], {l, 1, 5}] + Sum[c[[i1, i3, l]]fp2[l, i2, s], {l, 1, 5}]−Sum[c[[i2, i3, l]]fp2[l, i1, s], {l, 1, 5}], {i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {s, 1, 5}]Sum[c[[i2, i3, l]]fp2[l, i1, s], {l, 1, 5}], {i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {s, 1, 5}]Sum[c[[i2, i3, l]]fp2[l, i1, s], {l, 1, 5}], {i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {s, 1, 5}]bra
ketf3 = Array[t7, {5, 5, 5, 5}];bra
ketf3 = Array[t7, {5, 5, 5, 5}];bra
ketf3 = Array[t7, {5, 5, 5, 5}];Do[t7[i1, i2, i3, s] = Sum[f2[i1, i2, i4]f2[i4, i3, s], {i4, 1, 5}]+Do[t7[i1, i2, i3, s] = Sum[f2[i1, i2, i4]f2[i4, i3, s], {i4, 1, 5}]+Do[t7[i1, i2, i3, s] = Sum[f2[i1, i2, i4]f2[i4, i3, s], {i4, 1, 5}]+Sum[f2[i2, i3, i4]f2[i4, i1, s], {i4, 1, 5}] + Sum[f2[i3, i1, i4]f2[i4, i2, s], {i4, 1, 5}],Sum[f2[i2, i3, i4]f2[i4, i1, s], {i4, 1, 5}] + Sum[f2[i3, i1, i4]f2[i4, i2, s], {i4, 1, 5}],Sum[f2[i2, i3, i4]f2[i4, i1, s], {i4, 1, 5}] + Sum[f2[i3, i1, i4]f2[i4, i2, s], {i4, 1, 5}],
{i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {s, 1, 5}];{i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {s, 1, 5}];{i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {s, 1, 5}];bra
ketf3p = Array[t8, {5, 5, 5, 5}];bra
ketf3p = Array[t8, {5, 5, 5, 5}];bra
ketf3p = Array[t8, {5, 5, 5, 5}];Do[t8[i1, i2, i3, s] = Sum[f2p[i1, i2, i4]f2[i4, i3, s], {i4, 1, 5}]+Do[t8[i1, i2, i3, s] = Sum[f2p[i1, i2, i4]f2[i4, i3, s], {i4, 1, 5}]+Do[t8[i1, i2, i3, s] = Sum[f2p[i1, i2, i4]f2[i4, i3, s], {i4, 1, 5}]+Sum[f2p[i2, i3, i4]f2[i4, i1, s], {i4, 1, 5}] + Sum[f2p[i3, i1, i4]f2[i4, i2, s], {i4, 1, 5}]+Sum[f2p[i2, i3, i4]f2[i4, i1, s], {i4, 1, 5}] + Sum[f2p[i3, i1, i4]f2[i4, i2, s], {i4, 1, 5}]+Sum[f2p[i2, i3, i4]f2[i4, i1, s], {i4, 1, 5}] + Sum[f2p[i3, i1, i4]f2[i4, i2, s], {i4, 1, 5}]+Sum[f2[i1, i2, i4]f2p[i4, i3, s], {i4, 1, 5}] + Sum[f2[i2, i3, i4]f2p[i4, i1, s], {i4, 1, 5}]+Sum[f2[i1, i2, i4]f2p[i4, i3, s], {i4, 1, 5}] + Sum[f2[i2, i3, i4]f2p[i4, i1, s], {i4, 1, 5}]+Sum[f2[i1, i2, i4]f2p[i4, i3, s], {i4, 1, 5}] + Sum[f2[i2, i3, i4]f2p[i4, i1, s], {i4, 1, 5}]+Sum[f2[i3, i1, i4]f2p[i4, i2, s], {i4, 1, 5}], {i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {s, 1, 5}];Sum[f2[i3, i1, i4]f2p[i4, i2, s], {i4, 1, 5}], {i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {s, 1, 5}];Sum[f2[i3, i1, i4]f2p[i4, i2, s], {i4, 1, 5}], {i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {s, 1, 5}];bra
ketf3pp = Array[t9, {5, 5, 5, 5}];bra
ketf3pp = Array[t9, {5, 5, 5, 5}];bra
ketf3pp = Array[t9, {5, 5, 5, 5}];Do[t9[i1, i2, i3, s] = Sum[f2p[i1, i2, i4]f2p[i4, i3, s], {i4, 1, 5}]+Do[t9[i1, i2, i3, s] = Sum[f2p[i1, i2, i4]f2p[i4, i3, s], {i4, 1, 5}]+Do[t9[i1, i2, i3, s] = Sum[f2p[i1, i2, i4]f2p[i4, i3, s], {i4, 1, 5}]+Sum[f2p[i2, i3, i4]f2p[i4, i1, s], {i4, 1, 5}] + Sum[f2p[i3, i1, i4]f2p[i4, i2, s], {i4, 1, 5}],Sum[f2p[i2, i3, i4]f2p[i4, i1, s], {i4, 1, 5}] + Sum[f2p[i3, i1, i4]f2p[i4, i2, s], {i4, 1, 5}],Sum[f2p[i2, i3, i4]f2p[i4, i1, s], {i4, 1, 5}] + Sum[f2p[i3, i1, i4]f2p[i4, i2, s], {i4, 1, 5}],
{i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {s, 1, 5}];{i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {s, 1, 5}];{i1, 1, 5}, {i2, 1, 5}, {i3, 1, 5}, {s, 1, 5}];Now, we try to �nd whether there are quadrati
 deformations, i.e.

F3 = F4 = . . . = 0. (10.0.1)



115Solve[d2f3 == 0&&d2f3p == bra
ketf3&&bra
ketf3p == 0&&bra
ketf3pp == 0]Solve[d2f3 == 0&&d2f3p == bra
ketf3&&bra
ketf3p == 0&&bra
ketf3pp == 0]Solve[d2f3 == 0&&d2f3p == bra
ketf3&&bra
ketf3p == 0&&bra
ketf3pp == 0]Here, we try to �nd an F1 ∈ Z
2 su
h that F1 ◦ F1 = d2F2, F1 ◦ F2 + F2 ◦ F1 = 0 and

F2 ◦ F2 = 0. If su
h F1, F2 exist, then we may take
F3 = F4 = . . . = 0

F1 [Yi1, Yi2] = f2[i1, i2, i3]Yi3
F2 [Yi1, Yi2] = f2p[i1, i2, i3]Yi3

p = Array[x, {5}]; ad = Array[y, {5, 5}];p = Array[x, {5}]; ad = Array[y, {5, 5}];p = Array[x, {5}]; ad = Array[y, {5, 5}];Do[y[j, k] = Sum[x[i](c[[i, j, k]] + tf2[i, j, k] + t∧2fp2[i, j, k]), {i, 1, 5}],Do[y[j, k] = Sum[x[i](c[[i, j, k]] + tf2[i, j, k] + t∧2fp2[i, j, k]), {i, 1, 5}],Do[y[j, k] = Sum[x[i](c[[i, j, k]] + tf2[i, j, k] + t∧2fp2[i, j, k]), {i, 1, 5}],
{j, 1, 5}, {k, 1, 5}]{j, 1, 5}, {k, 1, 5}]{j, 1, 5}, {k, 1, 5}]Now, we �nd an invariant bilinear form B(= b).
B = Array[b, {5, 5}]; invB = Array[invb, {5, 5, 5}];B = Array[b, {5, 5}]; invB = Array[invb, {5, 5, 5}];B = Array[b, {5, 5}]; invB = Array[invb, {5, 5, 5}];Do[invb[i, j, k] = Sum[(c[[i, j, s]] + tf2[i, j, s])b[s, k] + (c[[i, k, s]] + tf2[i, k, s])b[j, s],Do[invb[i, j, k] = Sum[(c[[i, j, s]] + tf2[i, j, s])b[s, k] + (c[[i, k, s]] + tf2[i, k, s])b[j, s],Do[invb[i, j, k] = Sum[(c[[i, j, s]] + tf2[i, j, s])b[s, k] + (c[[i, k, s]] + tf2[i, k, s])b[j, s],
{s, 1, 5}], {i, 1, 5}, {j, 1, 5}, {k, 1, 5}];{s, 1, 5}], {i, 1, 5}, {j, 1, 5}, {k, 1, 5}];{s, 1, 5}], {i, 1, 5}, {j, 1, 5}, {k, 1, 5}];Solve[invB == 0]Solve[invB == 0]Solve[invB == 0]The output is omitted.Solve[d2f3 == 0&&d2f3p==bra
ketf3&&bra
ketf3p == 0&&bra
ketf3pp == 0&&Solve[d2f3 == 0&&d2f3p==bra
ketf3&&bra
ketf3p == 0&&bra
ketf3pp == 0&&Solve[d2f3 == 0&&d2f3p==bra
ketf3&&bra
ketf3p == 0&&bra
ketf3pp == 0&&bra
ketf3==d2f3pbra
ketf3==d2f3pbra
ketf3==d2f3pThe Mathemati
s 
annot not get a solution (it runs forever or give a out of memorymessage). A good idea would be to solve a subsystem, then substitute into the remain-ing equations, but this doesn't work for Mathemati
s either. The following equationgives the solutions of the simple subsystem.Solve[d2f3 == 0&&bra
ketf3 == 0]Solve[d2f3 == 0&&bra
ketf3 == 0]Solve[d2f3 == 0&&bra
ketf3 == 0]

{{f2[1, 5, 1]→ −f2[2, 5, 2] + f2[4, 5, 4], f2[2, 3, 3]→ 0, f2[1, 2, 1]→ 0,{{f2[1, 5, 1]→ −f2[2, 5, 2] + f2[4, 5, 4], f2[2, 3, 3]→ 0, f2[1, 2, 1]→ 0,{{f2[1, 5, 1]→ −f2[2, 5, 2] + f2[4, 5, 4], f2[2, 3, 3]→ 0, f2[1, 2, 1]→ 0,f2[2, 4, 4]→ 0, f2[1, 3, 3]→ 0, f2[1, 4, 4]→ 0, f2[1, 2, 2]→ 0, f2[3, 4, 4]→ 0,f2[2, 4, 4]→ 0, f2[1, 3, 3]→ 0, f2[1, 4, 4]→ 0, f2[1, 2, 2]→ 0, f2[3, 4, 4]→ 0,f2[2, 4, 4]→ 0, f2[1, 3, 3]→ 0, f2[1, 4, 4]→ 0, f2[1, 2, 2]→ 0, f2[3, 4, 4]→ 0,



116f2[3, 4, 3]→ 0, f2[1, 3, 1]→ 0, f2[1, 2, 3]→ 0, f2[4, 5, 3]→ 0, f2[3, 5, 1]→ 0,f2[3, 4, 3]→ 0, f2[1, 3, 1]→ 0, f2[1, 2, 3]→ 0, f2[4, 5, 3]→ 0, f2[3, 5, 1]→ 0,f2[3, 4, 3]→ 0, f2[1, 3, 1]→ 0, f2[1, 2, 3]→ 0, f2[4, 5, 3]→ 0, f2[3, 5, 1]→ 0,f2[2, 3, 2]→ 0, f2[3, 5, 2]→ 0, f2[1, 4, 1]→ 0, f2[2, 5, 5]→ 0, f2[2, 3, 4]→ 0,f2[2, 3, 2]→ 0, f2[3, 5, 2]→ 0, f2[1, 4, 1]→ 0, f2[2, 5, 5]→ 0, f2[2, 3, 4]→ 0,f2[2, 3, 2]→ 0, f2[3, 5, 2]→ 0, f2[1, 4, 1]→ 0, f2[2, 5, 5]→ 0, f2[2, 3, 4]→ 0,f2[2, 4, 2]→ 0, f2[4, 5, 1]→ 0, f2[4, 5, 2]→ 0, f2[1, 5, 5]→ 0, f2[2, 3, 1]→ 0,f2[2, 4, 2]→ 0, f2[4, 5, 1]→ 0, f2[4, 5, 2]→ 0, f2[1, 5, 5]→ 0, f2[2, 3, 1]→ 0,f2[2, 4, 2]→ 0, f2[4, 5, 1]→ 0, f2[4, 5, 2]→ 0, f2[1, 5, 5]→ 0, f2[2, 3, 1]→ 0,f2[2, 4, 3]→ 0, f2[1, 3, 4]→ 0, f2[2, 4, 1]→ 0, f2[3, 5, 5]→ 0, f2[1, 4, 3]→ 0,f2[2, 4, 3]→ 0, f2[1, 3, 4]→ 0, f2[2, 4, 1]→ 0, f2[3, 5, 5]→ 0, f2[1, 4, 3]→ 0,f2[2, 4, 3]→ 0, f2[1, 3, 4]→ 0, f2[2, 4, 1]→ 0, f2[3, 5, 5]→ 0, f2[1, 4, 3]→ 0,f2[1, 2, 5]→ 0, f2[2, 4, 5]→ 0, f2[1, 3, 2]→ 0, f2[4, 5, 5]→ 0, f2[1, 4, 2]→ 0,f2[1, 2, 5]→ 0, f2[2, 4, 5]→ 0, f2[1, 3, 2]→ 0, f2[4, 5, 5]→ 0, f2[1, 4, 2]→ 0,f2[1, 2, 5]→ 0, f2[2, 4, 5]→ 0, f2[1, 3, 2]→ 0, f2[4, 5, 5]→ 0, f2[1, 4, 2]→ 0,f2[2, 3, 5]→ 0, f2[1, 4, 5]→ 0, f2[1, 3, 5]→ 0, f2[3, 4, 5]→ 0, f2[3, 4, 2]→ 0,f2[2, 3, 5]→ 0, f2[1, 4, 5]→ 0, f2[1, 3, 5]→ 0, f2[3, 4, 5]→ 0, f2[3, 4, 2]→ 0,f2[2, 3, 5]→ 0, f2[1, 4, 5]→ 0, f2[1, 3, 5]→ 0, f2[3, 4, 5]→ 0, f2[3, 4, 2]→ 0,f2[3, 4, 1]→ 0},f2[3, 4, 1]→ 0},f2[3, 4, 1]→ 0},... another 13 solutions here...
{f2[3, 5, 3]→ 1

2

(

−3f2[1, 2, 4]− 2f2[2,5,4]f2[3,5,5]f2[2,3,4] )

,
{f2[3, 5, 3]→ 1

2

(

−3f2[1, 2, 4]− 2f2[2,5,4]f2[3,5,5]f2[2,3,4] )

,
{f2[3, 5, 3]→ 1

2

(

−3f2[1, 2, 4]− 2f2[2,5,4]f2[3,5,5]f2[2,3,4] )

,f2[1, 5, 1]→ 1
6

(

−3f2[1, 2, 4]− 2f2[2,5,4]f2[3,5,5]f2[2,3,4] )

,f2[1, 5, 1]→ 1
6

(

−3f2[1, 2, 4]− 2f2[2,5,4]f2[3,5,5]f2[2,3,4] )

,f2[1, 5, 1]→ 1
6

(

−3f2[1, 2, 4]− 2f2[2,5,4]f2[3,5,5]f2[2,3,4] )

,f2[4, 5, 4]→ 1
2

(

−3f2[1, 2, 4]− 2f2[2,5,4]f2[3,5,5]f2[2,3,4] )

,f2[4, 5, 4]→ 1
2

(

−3f2[1, 2, 4]− 2f2[2,5,4]f2[3,5,5]f2[2,3,4] )

,f2[4, 5, 4]→ 1
2

(

−3f2[1, 2, 4]− 2f2[2,5,4]f2[3,5,5]f2[2,3,4] )

,f2[2, 5, 2]→ 1
3

(

−3f2[1, 2, 4]− 2f2[2,5,4]f2[3,5,5]f2[2,3,4] )

, f2[2, 3, 3]→ 0,f2[2, 5, 2]→ 1
3

(

−3f2[1, 2, 4]− 2f2[2,5,4]f2[3,5,5]f2[2,3,4] )

, f2[2, 3, 3]→ 0,f2[2, 5, 2]→ 1
3

(

−3f2[1, 2, 4]− 2f2[2,5,4]f2[3,5,5]f2[2,3,4] )

, f2[2, 3, 3]→ 0,f2[1, 2, 1]→ 0, f2[2, 4, 4]→ 0, f2[1, 3, 3]→ 0, f2[1, 4, 4]→ 0, f2[2, 5, 3]→ 0,f2[1, 2, 1]→ 0, f2[2, 4, 4]→ 0, f2[1, 3, 3]→ 0, f2[1, 4, 4]→ 0, f2[2, 5, 3]→ 0,f2[1, 2, 1]→ 0, f2[2, 4, 4]→ 0, f2[1, 3, 3]→ 0, f2[1, 4, 4]→ 0, f2[2, 5, 3]→ 0,f2[2, 5, 1]→ 0, f2[1, 2, 2]→ 0, f2[3, 4, 4]→ f2[3, 5, 5], f2[1, 5, 4]→ 0,f2[2, 5, 1]→ 0, f2[1, 2, 2]→ 0, f2[3, 4, 4]→ f2[3, 5, 5], f2[1, 5, 4]→ 0,f2[2, 5, 1]→ 0, f2[1, 2, 2]→ 0, f2[3, 4, 4]→ f2[3, 5, 5], f2[1, 5, 4]→ 0,f2[1, 5, 3]→ 0, f2[3, 4, 3]→ 0, f2[1, 5, 2]→ 0, f2[1, 3, 1]→ −1
3
f2[3, 5, 5],f2[1, 5, 3]→ 0, f2[3, 4, 3]→ 0, f2[1, 5, 2]→ 0, f2[1, 3, 1]→ −1

3
f2[3, 5, 5],f2[1, 5, 3]→ 0, f2[3, 4, 3]→ 0, f2[1, 5, 2]→ 0, f2[1, 3, 1]→ −1

3
f2[3, 5, 5],f2[1, 2, 3]→ 0, f2[4, 5, 3]→ 0, f2[3, 5, 1]→ −f2[2, 3, 4], f2[2, 3, 2]→ −2

3
f2[3, 5, 5],f2[1, 2, 3]→ 0, f2[4, 5, 3]→ 0, f2[3, 5, 1]→ −f2[2, 3, 4], f2[2, 3, 2]→ −2

3
f2[3, 5, 5],f2[1, 2, 3]→ 0, f2[4, 5, 3]→ 0, f2[3, 5, 1]→ −f2[2, 3, 4], f2[2, 3, 2]→ −2

3
f2[3, 5, 5],f2[3, 5, 2]→ 0, f2[1, 4, 1]→ 0, f2[2, 5, 5]→ 0, f2[2, 4, 2]→ 0, f2[4, 5, 1]→ 0,f2[3, 5, 2]→ 0, f2[1, 4, 1]→ 0, f2[2, 5, 5]→ 0, f2[2, 4, 2]→ 0, f2[4, 5, 1]→ 0,f2[3, 5, 2]→ 0, f2[1, 4, 1]→ 0, f2[2, 5, 5]→ 0, f2[2, 4, 2]→ 0, f2[4, 5, 1]→ 0,f2[4, 5, 2]→ 0, f2[1, 5, 5]→ 0, f2[2, 3, 1]→ 0, f2[2, 4, 3]→ 0, f2[1, 3, 4]→ 0,f2[4, 5, 2]→ 0, f2[1, 5, 5]→ 0, f2[2, 3, 1]→ 0, f2[2, 4, 3]→ 0, f2[1, 3, 4]→ 0,f2[4, 5, 2]→ 0, f2[1, 5, 5]→ 0, f2[2, 3, 1]→ 0, f2[2, 4, 3]→ 0, f2[1, 3, 4]→ 0,f2[2, 4, 1]→ 0, f2[1, 4, 3]→ 0, f2[1, 2, 5]→ 0, f2[2, 4, 5]→ 0, f2[1, 3, 2]→ 0,f2[2, 4, 1]→ 0, f2[1, 4, 3]→ 0, f2[1, 2, 5]→ 0, f2[2, 4, 5]→ 0, f2[1, 3, 2]→ 0,f2[2, 4, 1]→ 0, f2[1, 4, 3]→ 0, f2[1, 2, 5]→ 0, f2[2, 4, 5]→ 0, f2[1, 3, 2]→ 0,f2[4, 5, 5]→ 0, f2[1, 4, 2]→ 0, f2[2, 3, 5]→ 0, f2[1, 4, 5]→ 0, f2[1, 3, 5]→ 0,f2[4, 5, 5]→ 0, f2[1, 4, 2]→ 0, f2[2, 3, 5]→ 0, f2[1, 4, 5]→ 0, f2[1, 3, 5]→ 0,f2[4, 5, 5]→ 0, f2[1, 4, 2]→ 0, f2[2, 3, 5]→ 0, f2[1, 4, 5]→ 0, f2[1, 3, 5]→ 0,f2[3, 4, 5]→ 0, f2[3, 4, 2]→ 0, f2[3, 4, 1]→ 0}}f2[3, 4, 5]→ 0, f2[3, 4, 2]→ 0, f2[3, 4, 1]→ 0}}f2[3, 4, 5]→ 0, f2[3, 4, 2]→ 0, f2[3, 4, 1]→ 0}}
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