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ABSTRACT. We study families of hyperbolic skew products with the transver-
sality condition and in particular, the Hausdorff dimension of their fibers, by us-
ing thermodynamical formalism. The maps we consider can be non-invertible,
and the study of their dynamics is influenced greatly by this fact.

We introduce and employ probability measures (constructed from equilib-
rium measures on the natural extension), which are supported on the fibers
of the skew product. A stronger condition, that of Uniform Transversality is
then considered in order to obtain a general formula for Hausdorff dimension
of fibers for all base points and almost all parameters.

In the end we study a large class of examples of transversal hyperbolic
families which locally depend linearly on the parameters, and also another
class of examples related to complex dynamics.

1. Introduction. In this paper we consider skew product maps which are confor-
mal in fibers, and fiberwise contracting, with mild assumptions about the base map.
The motivation to deal with them comes from three directions, namely: general Ax-
iom A endomorphisms (see [6] for example), smooth hyperbolic skew-products ([3]
and [9]) and conformal iterated function systems with overlaps ([11] for example).
Our goal, similar to the one in the two latter mentioned groups of papers, is to shed
light on what is the value of the Hausdorff dimension of fibers, and more precisely
a version of Bowen’s formula.

Let us also note that non-invertibility of the maps we consider prevents one from
using the same kind of approach as in the diffeomorphism case (see [3] for example).

It is known, and easy to see, that in general Bowen’s formula fails for conformal
iterated function systems with overlaps. In order to remedy this situation, the
concept of transversality was introduced (see [10] and [5] for example). This is a
measure theoretic assumption which permits us to establish Bowen’s formula for
almost all Lebesgue iterated systems from a given family.

We asked ourselves whether one could define an appropriate concept of transver-
sality for skew-products, and then, by using thermodynamic formalism to obtain
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generic (i.e. for almost all parameters) Bowen’s formula. Indeed, we came up in
this paper with the transversality condition which is formulated in (cf). Working
with Rokhlin’s natural extensions and canonical conditional measures, it allowed us
to prove a generic Bowen’s formula in Theorem 2.8 and Corollary 2.9.

Imposing a stronger condition, namely uniform transversality, we proved (see
Theorem 2.10) a more precise Bowen’s formula, which holds for almost all parame-
ters and all points x in the base space.

One can also notice that we can interpret iterated function systems with overlaps
as skew-products, with their base map being a one-sided shift map, and thus are
investigated by our work. Moreover in the last section we consider maps which are
more general than iterated function systems (although resembling them), namely
maps of the form Fy(z,y) = (f(x), A\i + Pi(x,y, A)), for z € X;, where f: ;U...U
Ig— I, and X; =1, NI,i =1,...,d. We show in Theorem 3.3 that this family
{Fx}xeB, (0, is uniformly transversal.

In the last section, we complete our theoretical work with a rather large selection
of elaborate examples; some of them (see Theorem 3.3 and Corollary 3.4) were
motivated by conformal iterated function systems with overlaps, and the others
were resulting from higher-dimensional holomorphic dynamics of skew products
(see Theorem 3.5). All of these examples satisfy the transversality condition.

Some of these last families of maps F) (z, w) are obtained by perturbations of skew
products which have a hyperbolic map of one variable f(z) in their first coordinate,
and depend linearly or quadratically in w in the second coordinate.

2. Transversal families of hyperbolic skew-products. Recall from [7] that a
continuous self-map f : X — X of a compact metric space (X, p) is called open
distance expanding, provided that f is open, Lipschitz continuous, and there are
three constants n > 0, v > 1 and an integer k > 1, such that p(f*(z), f*(2)) >
~vp(x, z) whenever p(x,z) <. It is fairly easy to see that changing the metric p in
a bi-Lipschitz manner, we may assume without loss of generality that k = 1. There
is an abundance of open distance expanding maps. We want to bring the reader’s
attention now to one particular class of them, called expanding repellers. Let U be
a bounded open subset of a Euclidean space R? with some p > 1.

A map g : U — RP is called an expanding repeller if and only if the following
conditions are satisfied:

i) g:U — RP is a C'*7 endomorphism.
i) X =259 "(U) is a compact g-invariant (g(X) = X) subset of U. The
map g : X — X is transitive.
iii) The map g : X — X is infinitesimally expanding, i.e. there exists k& > 1 such
that for all z € X and for all v € RP, we have ||D,g"(v)|| > 2[[v]|.

Clearly, g : X — X is an open distance (with respect to the Euclidean metric)
expanding map. Frequently, perhaps even more appropriately, the word repeller is
referred also to the set X.

Let us then take f : X — X an open distance expanding map and suppose it
is transitive. Let V be a bounded quasi-convex open subset of R?, ¢ > 1. Being
D-quasiconvex (with some D > 1) means that the internal distances are not bigger
than Euclidean distances multiplied by D. In what follows quasi-convexity will be
used only when the Mean Value Inequality is to be applied. So, in order to simplify
notation, we will assume in the sequel that V is convex.
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Definition 2.1. Suppose now that for all z € X there exists a C't7 conformal
endomorphism ¢, : V — V conformally extendable to a neighborhood of V' with
the following properties.

(a) w:=sup{[(¢z)'(y)] : (z,y) € X x V} < 1.

(b) & :=inf{[(¢2)'(y)] : (x,y) € X x V} >0.
If the conditions (a) and (b) are satisfied, then the map F': U x V — RP x V given
by the formula

F(z,y) = (f(x), ¢(y))

will be called a hyperbolic fiberwise conformal skew-product provided that it is
Lipschitz continuous (with respect to the sum metric on X x RY) and the map
(x,y) — (f(x),¢.(y)) is also Lipschitz continuous; denote the common Lipschitz
constant by L.

Set

r=UN U e,

zeX n=0zef"(x)

where ¢7 = ¢ppn-1(;) 0 Ppn-1(;)0... 00, : V =V and F*(x,y) = (f"(x),6"(y)); A
is called the basic set of the endomorphism F'. Obviously

F(A) CA and F(YI) C Yf(x),
where
n=0z¢€f-"(z)

Let f: X — X be the Rokhlin’s natural extension (inverse limit) of the endomor-
phism f : X — X. For every n > 0 let p, : X — X be the projection onto nth
coordinate of X. Put

A= Upal(:zr)sz

zeX
and define the map F : A — A by the formula

F(z,y) = (f(%), ¢z, (1))-
Notice that the map F:A—Aisa homeomorphism and the mapping

((#n, yn)5") = ((n,50)57)

is a homeomorphism from A, the Rokhlin’s natural extension of F' [a, to A which
establishes a canonical topological conjugacy between the map F : A — A and
the map F': A — A. Note that for every & € X, {¢} (V)}7%, is descending (as
(;52;:11 = ¢ 0 ¢s,,,) sequence of compact sets whose diameters, by condition (e)
converge to 0. Hence, the intersection

o2 (")
n=0
is a singleton, and denote its only element by 7(Z). So, we have defined a map

WZXHV.
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It is easy to see that for every x € X,

(py ' (2)) = Yo

Endow X with a metric j defined as follows.

o0
= Z K" p(xp, 2n).
n=0

We shall prove the following.

Proposition 2.2. The map ©: X — V is Lipschitz continuous.

Proof. We shall first prove the following formula by induction

n—1

[on, (w) = &2 (w)|| <> K [|a, 1, (6277 (w)) = 2y, (6277 w))|] - (21)

=0

foralln >1,all w € V and all 7,7 € X. Indeed, for n = 1 we even have equality.
Suppose the formula is true for some n > 1. Using the Mean Value Inequality we
then get

@), (w) — 62 H] (w)]| =
= Hﬁbmn (¢mn+1 w)) oy (¢zn+1 w ) + d’n (¢zn+1 (w)) - ?n (¢zn+1(w)) H

< 162, (Pwnrs (@) = 82, (Sza (W) + 162, (2011 () = &%, ($2,11 (W) |
S ’in||¢wn+1 (w) - ¢Zn+1( )||+

+Z’i ||¢%+1(¢n - 1(¢Zn+1(w))) ¢Z1+1(¢n - 1(¢zn+1(w)))H

7=0

1[G () = Gy, (0 |+Z |

n

-3

The inductive proof of formula (2.1) is complete. Continuing the estimates in this
formula, we obtain

Gy (620, () = 62y (027, ()|

Payia znﬂ( w)) — ¢, ( z"“(w))H'

n—1
|on (w) — o7 (w)|| < Lr Z K (41, 2j41) < LFZH] (Tj41,2j41)-
j=0 7=0

So, letting n — oo, we get

; ; = EZ
(@ — %I < Le Y. wolayn,zyen) < Lr2E2
j=0

We are done. O

For every continuous potential g : X — R let P(g) = P(f, ,9) be the topological
pressure of g with respect to the dynamical system f X — X. For the topological
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pressure and its basic properties see for ex. [1] and [7]. Now consider the potential
¢ =(r: X — R given by the formula

(%) = log|dh, (m(7))]
This potential is Holder continuous because of Proposition 2.2. It is easy to see that

the function ¢ — P( 1, t¢) is convex, Lipschitz continuous, strictly decreasing, and

Jim P(f,t¢) = +o0 and Jim P(f,t¢) = —

Thus there exists exactly one t € R, denoted by h, such that P(f, h¢) = 0. Since
P(f,0¢) = hiop(f) > 0, we see that i > 0. The number & is called Bowen’s stable
zero of the basic set A. Our goal from now on throughout this section is to provide
a geometric characterization of this zero h of the above pressure function in the
framework of smooth families of hyperbolic fiberwise conformal skew-products.

Endow the space C1+7(V) of all C1*7 differentiable endomorphisms from V into
V with the norm || - ||, given by the formula

1611y = l1¢lloe + [1¢[loc + v4(4"),

where
vy(¢)) =inf{L >0:]¢'(y) — ¢'(z)| < Lly — z|” for all z,y € V}.

Obviously C'*7 (V) endowed with this norm becomes a Banach space. Denote the
metric induced by the norm || - ||, by p-.

Definition 2.3. In the above setting, fix d > 1 and an open set W C R? and
consider a family ® = {¢2 : V — V}( s)ewxx of maps from C*™ (V) satisfying
the following conditions.

(af) Conditions (a) and (b) with the same constants x,x € (0,1).
(bf) The map (A, x) — ¢ € C1*7(V) defined on W x X is continuous.
(cf) (Transversality Condition)

Y(z € X)V(\o € W)3I(S(z, No) > 0)3(Cy > 0)Y(F,7 € py *(x)) V(r > 0)
z1 # y1 = la({A € B(Xo,0(x, X0)) : [[ma(Z) = ma(9)|| < r}) < Curd,
where 4 denotes the d-dimensional Lebesgue measure on R and 7y : X — z

is the canonical projection induced by the skew-product Fy : U x V — RP x V
given by the formula

Any such family @ is said to be transversal and the canonically induced family
® = {F)\} ew is also called transversal.

For all \, ) € W put
IEx]ly = sup{ll@a]l, - x € X} and p,(Fx, Fx) = sup{p, (6}, ¢} ) sz € X}
Condition (bf) can be now rephrased as follows.

(b’f) The function A — Fx, A € W, is continuous.

In order to prove Bowen’s formula for the family ®, we need some auxiliary facts.
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Lemma 2.4.
Y(n > 0)3(6 > 0)¥(No € WI¥(A € B(\o, ) NW)¥( € X)¥(n > 0)
2 O
e MM <
(¢, (@2l "’ ||

Proof. Fix y € V. Using the Mean Value Inequality and condition (a), we get
o (y) — oo ()]
<l16, ( mnﬂ( ) = a0 (@, W)+ 1630 (927, () — o22 (6227, )l
<I162, = 22 lloe + 11(022) llso 1627, () = €227, (W)
<llé3, — o2 lloo + il , () — 227 WII-
Thus, by induction
oz () — 22" Wl < (1= R)7HI62, — 02t lloo < (1= 5) 715, (Fx, iy, )-
Hence, for every 0 < k < n, we get that
1(62,) (@2 W) = (20) (@22 ()
<I1(62) (@27 W) = (o2) (@2 W)+
1) (@) - (@) (@)
<I162,)" = (020) oo + v (#20) 1627 ) — 22" I
<Py (Fxs Fxg) + [[Exo [y (1 = 5)7p3(Fx, Fyy)
<1+ (1= &) |Faolly) P (Fx, Fay),

where the last inequality was written assuming that EV(F,\,F,\O) < 1. Since
log|b/a| < |b— al/|b], we further get, by using (af), that

G () | YN
g|( g)c\(;)/( i\?l,nfk(y)” — = ( ( ) || >\0||’Y)p'y( Ay >\0)-

Using the Chain Rule, we therefore get
1 X)W 1S ) (e "y
Lo LWL 13, 04) )
o (ga") Wl D H(6an) (62" (W)
<KL (L= R) T Exoll5) ) (Fx, Fao)-

So, the lemma follows by invoking (b’f), the uniform (decreasing W if necessary)
continuity of the function A — F) and the distortion property of (bin on V. g

Our next auxiliary result is this.

Lemma 2.5. If ® = {F)\}xew is a transversal family of hyperbolic fiberwise con-
formal skew-products, then for every B € (0,q) and for all x € X there exists a
constant C' > 0 such that for all Z, € pal(:v) with z1 # wy, we have

/ dA <c
B(ho8(zn0)) |[TA(@) —ma(R)[1P —
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Proof. Applying the transversality condition (cf), we estimate as follows.

/ dA B
B(ho,3(z,00)) | [TA(@) — ma(2)][P

> 1
_ /O Iy ({)\ € B(ho, 0. 0) o > t}) dt
_ g/o La({) € B(Ro, 6(z, o)) : [[ma (@) — ma(3)]] < r})r B

6(x,No)
=5 [t € B8l 0 s [ (@) — m ()] < e

+8 / ) La({X € B(Xo, (2, 00)) : [[ma(@) = ma(2)]| < 7})r P
8(z,No)

6(z,No) S
< Clﬁ/ rq—ﬁ—ldr+ﬁzd(B(A0,5(x,Ao)))/ r~Fdr
0 5(1,)\0)
< C1B(q — B)H(26(x, X)) + Bla(B(Xo, (z, Xo)))diam (V) ™# < +o00.
0
Lemma 2.6. Given c,a > 0 put n = _galj_gg” and take 6 = §(n) coming from

Lemma 2.4 ascribed to 1. Then for all & € X and all n > 0,

0,n at3 \n a
IA=2oll <& = [1(@22") e ® < [1(63:) 1]

Tn

Proof. Applying Lemma 2.4, we get

+5 € +5
(@32 llse ® < exp(imfa+ 3)) (62l 2

2
< exp(nm(a+ 5))r3" |03V 1%
€ £n n a n a
= exp(—3 log rn) k3" | (627 ]1% = (@2 -

O

For every A € W denote by hy the Bowen’s stable zero of the basic set Ay. We
now shall prove a technical fact, which will easily imply our main result.

Lemma 2.7. Suppose that ® = {Fx}xew is a transversal family of hyperbolic
fiberwise conformal skew-products. Then for all x € X we have

(a)
V(Ao € W)V(e>0)3(6 > 0)
HD(Y) ) > min{hy,,q} — ¢

for lg-a.e. X € B(\g,0) and
(b) If ha, > q, then there exists § > 0 such that

lq(Y)\)x) >0
forlg-a.e. A € B(Ag,9).
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Proof. Put h = min{hy,,q}. Since the potential hy,(r,  is Holder continuous, there
exists a unique equilibrium (Gibbs) state p for this potential and the

dynamical system f : X — X. Since f : X — X is a distance expanding
map, for every r» > 0 sufficiently small, say r € (0, R], every z € X and every
n > 0 there exists a unique continuous inverse branch f; " : B(f"(z),r) — X of
f™ sending f™(z) to z. We now want to look at the Gibbs measure u in greater
detail. A straightforward adaptation of the proof of Lemma 1.6, p.11 in [1] results in
the existence of a Holder continuous function ¢4 that is cohomologous to hx,(r,,
and depends only on the Oth coordinate, in particular (4 can be regarded as a
Holder continuous function defined on X. Then p = fiy, where py is the Gibbs
(equilibrium) state for the potential

¢y : X —R. Also popyt = py for all m > 0, and P((y) = P(hAOCFAO) =0. Let
L4 :C(X) — C(X) be the Perron-Frobenius operator determined by the potential
¢+ : X — R. Tt is then well-known (see [7], Ch. 4 for ex.) that there exists
my, a Borel probability measure on X being a fixed point of the dual operator
L3 : C*(X) — C*(X). This means that

ma(f(A) = [ e dm,

whenever A is a Borel subset of X such that f|a : A — f(A) is one-to-one. In
particular, for every « € X, every r € (0, R] and every Borel set A C B(f™(x),r)

m4 (fz_n(A)) = Aexp(snc+ o fgc_n)dm-l- = exp(SnC+(x))m+(A), (2'2)

where we say that two positive quantities A,,, B,, are comparable, written A, < B,
if there exists a positive constant C' (called a comparability constant) such that
ot < % < (' in our case the comparability constant is independent of r, = and
n.

Since (see [7], Ch.4) the Radon-Nikodym derlvatlve + is a continuous function

bounded away from zero and infinity, we get, using (2.2) and cohomology of ¢ and
hoCry, s for every r € (0, R, every z € X and all n > 0 that

plon ' o f7(B(f"(2),7))) = fir (p7 Of ( (f"(2),m) = us (S (B(f(2),7)))
=My (f7 7T)))
= exp( n<+( )) (B f"(z),r))
= exp(hag SnCry, (2)) it (B(f"(2), 7))
= [(6207) @] e 005  BU(2).1)

= |[@]|"™ wlpy (B (2),7),

(2.3)
where Z was an arbitrary auxiliary point in py 1(2) and all the comparability con-

stants appearing in this calculation are independent of r, z and n. Now, fix z € X,
€ (0,R],n>0and ¢ € f~"(x). Put

——pu(pt (fe (B,
z.n(&) = lim
pan () = I o B )

(2.4)
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This formula defines a probability measure on the finite set f~"(z). Since for all
n>1and all z € f~(=V(z),

Ha.n © fﬁl(z) - Z Pz n(w) = Z mﬂ(p,;l (f;n(B(x, T)))

wef—1(z) werin 0 nlp @)
=T (u(p" (@) D wlen (£ (Bla,))
wef~1(z)

=T (u(po @) | U et (fa"(Blar)

o wef1(z)
oy (£ (B )
r—0 w(po ' (x,7)))
= Hzn—1 (Z)a

the sequence (uzn);}o is consistent with respect to the sequence of maps ( [
f™(x) — f*("’l)(:z))io in the sense of Definition 3.6.3 from [1]. It therefore
follows from Daniel-Kolmogorov Consistency Theorem (Proposition 3.6.4 in [1])
that there exists a measure p, on pal(:zr) such that j, op,t = g, for all n > 0.
Hence it follows from (2.3) and (2.4) that for all x € X, all » > 0, all n > 0 and all
¢ € f7(x), we have

k(0 (f (B, r))
Mm(pn (5)) = lim 1
=0 pu(pg ' B(x,1)))
and the universal comparability constant is independent of r, x, n and &.
Given € > 0, let 0 < ¢ = min{d(n),d(z, Ao)}, where n = _;hliga“ comes from
Lemma 2.6 with a = h —e. By the potential-theoretic characterization of Hausdorff
dimension (see [2]), it suffices to prove that

Ro(\) = //VXV d(py ow{l X fhg Oﬂ';l)(w,z)

|lw — 2||"~<

d o
N // ~#2(w,z~) e < 100,
pil(m)Xp(;l(;E) ||7T>\(w) - 7T>\(Z)||

0

Ao,n
= I(gg”™)'||"o (2.5)

(2.6)

where o = iz X i, is the product measure on pal(x) X pal(:v). And in turn, in
order to prove (2.6), it is enough to show that

/ Ry(\)d < +o.
B(>‘U)6)

For every n > 1 and every £ € f~"(x), let
A¢ = {(@,2) € py ' (2) x pg ' (2) : wp = 2z = € and W1 # Zng}-
By the Mean Value Inequality, we get for all (w0, 2) € A¢ that
I (F" (@) = ma(F I = [1(62™)H (ma (@) = (¢2™)~ (ma ()
< [[(g™) 1M A (@) — ma ().
By Lemma 2.6, we have

£

(g™ 1175 = 1@ 11" % = [[(ge™ ™)' 5. (2.8)
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Hence, changing the order of integration, using formula (2.7), (2.8) and Lemma 2.5

(f(@))o =& = (f7(2)o, (F (@)1 = wnt1 # 2ns1 = (F"(2)1), we get
/ R, (N)dA
B(Xo,9)
d\ o
/‘/po Ha)xpy z)/ B(Xo,d) |2 (@) — 7A(2)||h—e dpz (W, 2)

> ) // / e

n=0¢cfn B(ho,8) [ImA(@) — T

2y ||t dA dpis (0, 2
> ¥ /// o I e @) = @ )

n—= OEGf n

20y |57 _ AN g (0, 5
<Z Z //l 1P 7{9(Ao76>||ﬂ(f‘"(@))—ﬂ(f n(2))|[h=e wal(i,2)

n=0¢ef—n

<03 S [ e . )

n=0¢gef~"(x)

Now, using (2.5), we can continue (2.9) as follows (A¢ C p,1(€)).

/B<A076> d/\KZ 2 // 16" 1120 (0 (6))

n= 056f ™ (@)

= ,{% Z = (P (€)n2(Ae)

and we are done with part (a).

(b) Put n = 27};105_;; and determine 6 = §(n) by Lemma 2.6 with a = 1 and ¢
0
replaced by /hy,. We use the same setup and notation as in the proof of part (a);

in particular p denotes the same Gibbs state. For every A € B(Ag,0), let

VXN = Mg © 77;1-
It suffices to show that vy << l,. We shall prove that

R:/ /Q(VA,Z)CZV)\(Z)CZ/\:/ /Q(V)\,z)du)\(z)d/\<oo,
B(Xo,0) JR B(Xo,0) JV

where

D(vy, z) = liminf M
N0 rd

Having this, we will have D(vy, z) < 400 for vy-a.e. z € V and Theorem 2.12 in
[2] will imply that vy is absolutely continuous with respect to ;. So, starting the
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proof that R < oo, we apply Fatou’s lemma to get

R< liminf/ / WBE) 4 (2.10)
\,0 B(Xo,8) JV rd

Now, use the definition of vy to change the variable, write vy (B(z,7)) as an integral
of the characteristic function, and change the variable once again to obtain

/_I/)\(B(Z,T))dl/)\(z):/ ) uzowgl(B(ﬂA(Z),r))d,umowgl(é)
1%

po (@)

) L (s oy) ()t 0 73 (@)t 0 73 ()
//pol(w)wol(m) 5 (B(ma(2))) A "\

= 1 WeX:||ma (D) —ma(Z T d:uQ(leg)
//pol(m)xpol(m) {weX:|[mr(0)—mx(Z)|I<r}

Inserting this to (2.10) and changing the order of integration, gives

R < liminfr—° // La({A € B, 8) : [[1a(@) — m(3)| < r})dua(i, 3)
™0 o (@) xpy ()

= limint s 5y // La({A € B(ho,8) : |[a(@) — ma(3)|] < r})dpua(d, 3).

n=0¢gef-n(

By (2.7), Lemma 2.6 with a = 1 and e replaced by €/hy,, and (cf), we get for all
(w0, %) € A¢ that

1a({3 € B0, : [ma(8) — ma ()| < 1)) <
< 1a({r € BO.8) ¢ lmaF (@) - ma(F @I < rll @™ 171)
< La({h € B(.0) - ma(F(@) = ;)] < ey )y
< gy ),

Thus

R*Z > // o) (Hﬁ)duz

n=0gef~n(x)

<> 3l aag
n=0¢ef- "(w)

<> 2 e T ).
n=0gef~ ”(m)

But it follows from (2.5) that

gy~ 0 5) < fgomy o= 1 arsg)

2

= [y [~ [l(g2omy |2 TR
< R NI
< k% 1z (0 (9)).
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Hence,

R<Z Z /@2,uxpn Zn2u1p0 252 < +00.

n=0¢ef-n(z)
We are done. O

We are now in a position to provide the proof of the following main result of this
section.

Theorem 2.8. Suppose that ® = {F\}xew is a transversal family of hyperbolic
fiberwise conformal skew-product endomorphisms. Then the function A\ — hy is
continuous on W and for all x € X there exists a Borel set W, C W such that
la(W\ W) =0 and

(a)

HD(Y) ) = min{hy, ¢} for all A € W,.
(b)
ld({)\ e W :hy> q and ld(Y)\_’z) > O}) = ld({/\ c W :hy> q})

Proof. First of all we recall that f X — X is an expanding homeomorphism.

Continuity of the function A — hy is an immediate consequence of the thermo-
dynamic formalism for expanding maps (f : X — X) and condition (bf). Inequality
HD(Y) ) < min{hy,q} is known for all hyperbolic fiberwise conformal endomor-
phisms. Proving (a) suppose for the contrary that for some 2 € X, [4(Z) > 0, where
Z ={\e W :HD(Y),) < min{hy,¢}}. Then there is € > 0 such that I4(Z;) > 0,
where Z. = {A € W : HD(Y) ,) < min{hy, ¢} — 2¢}. Let Ao be a Lebesgue density
point of Z.. So, there exists dy > 0 such that for each ¢ € (0, do],

1a(Z- N B(Xo,5)) > 0. (2.11)

By the continuity of the function A — min{hy, ¢} there exists 1 € (0,dp) such that
min{hy, ¢} < min{hy,,q} + ¢ for all A € B(X¢, d1). Combining this with (2.11), we
conclude that

la({) € B(Xo,0) : HD(Yx ;) < min{hy,,q} —€}) >0

for all § < ¢y. This directly contradicts item (a) of Lemma 2.7, and the proof of item
(a) of our present theorem is complete. To finish the proof, that is to demonstrate
item (b), note that it directly follows from item (b) of Lemma 2.7. We are done. [

An interesting question arises of when we can find a universal set W' of full measure
in W such that item (a) holds for all z € X and all A € W’. We provide below two
sufficient conditions.

Corollary 2.9. Suppose that ® = {Fy}rew is a transversal family of hyperbolic

fiberwise conformal skew-products and the function v — HD(Y) ), © € X, is upper

semi-continuous, for all X\ € W. Then the function X — hy is continuous on W

and there exists a measurable set W' C W such that lq(W \ W') =0 and
HD(Y)2) = min{hy, ¢}

forall X\ e W and all v € X.
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Proof. Suppose on the contrary that there exists a measurable set W, such that
la(W4) > 0 and for every A € W, there exists ) € X such that HD(Y) ;) <
min{hy,q}. Fix B, a countable base of topology on X. Since the function x —
HD(Y) ), € X, is upper semi-continuous, for every A € W, there exists a set
By € B such that HD(Y) ) < min{hy,q} for all z € By. For every B € B, let
Wi (B) = {\ € W, : B = By}. Since the family B is countable and I4(W,) > 0,
either there exists B € B such that l4(W4(B)) > 0 or W, (B) is not measurable.
Thus, in any case, there exists B € B and a measurable set U C W, (B) such that
1a(U) > 0. Fix z € B. Then HD(Y) ,) < min{hy,q} for all A\ € U contrary to
Theorem 2.8(a). We are done. O

Another way to guarantee the existence of a universal set W’ as in the corollary
above, is to strenghten the transversality condition (cf) as follows.

(¢’'f) (Uniform Transversality Condition) There exists C2 > 0 such that for all
re X, Vi, g€ pgl(a:),xl %+ 41, and Vr > 0, we have

lah € W s |lma(@) — ma(9)]| < ) < Car.

All that has to be done then, is to replace R;(\) in formula (2.6) by sup,cx Rz (A).
We thus get the following.

Theorem 2.10. Suppose that ® = {Fx}xew is a uniformly transversal family of
hyperbolic fiberwise conformal skew-products. Then the function A — hy is contin-
uous on W and there exists a measurable set W' C W such that laq(W \ W) =0
and

HD(Y) ) = min{hy, q}
forall X\ e W and all x € X.

3. Examples. We shall now describe examples of transversal families of hyperbolic
fiberwise conformal skew products.

First we will give a class of examples which generalize skew products obtained
from iterated function systems, possibly with overlaps (for such iterated systems
see for example [11]). For this class we will obtain a corollary which gives a
good estimate for the Hausdorff dimension of the fiber. Here the dependence
on parameters is not necessarily polynomial. These are parametrized families of
maps of the form Fy(z,y) = (f(z),\; + ®;(z,y,N) if z € X;,5 = 1,...,d,
where A = (A1,..., ), f : L1 U...UIy — I is expanding, with f(I;) = I and
Xj=Ln{zehLu.. .Ul ffz)eLU...Ul;,Vk >0}, forj=1,...,d.

Then, we focus on examples of complex skew products with polynomial-like be-
havior ([3]), for which the transversality condition can actually be verified. This
will be done by estimating the coordinates of points from X and then by obtaining
a general formula for the projection my(Z2), z € X. For the base function f we take
the simple polynomial z — 22+ ¢ with |c| small, which is expanding on its Julia set
Je (J. is close to the unit circle St for small |¢|); then the family will be of the form
{Fa}x, Fa(z,w) == (f(2),9x(z,w)). These skew products are important examples
of endomorphisms of C? (hence not necessarily invertible). One of these examples
is linear in w (in the second coordinate) and another example is a perturbation of
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a map which is quadratic in w (in the second coordinate); we give also an example
containing the term zw? in the second coordinate.
We begin with the following elementary auxiliary facts.

Lemma 3.1. For alln >0, 0 > 0 and l > 0 there exists a constant C(n,0,1) > 1
with the following property. If g : A — R is a C-differentiable function such that

(a) A is a closed segment of R with |A| <1,
(b) |¢'(x)| <8 for all x € A,
(c) if w € A and |g(x)| < n, then |g'(x)] = n,

then for every r > 0,

L({zeA:lg(@)| <r}) <Cn,0,0)r

Proof. We may assume without loss of generality that » < min{n,[}/2. Tt follows
from condition (c) that the set g=1(0) is finite. Let a < b be a closest pair of points
in this set. Assume without loss of generality that ¢’(a) > 1. Since g(a) = g(b) = 0,
using the continuity of the function ¢’, we deduce from (c¢) that there exists a point
w € (a,b) such that g(w) = 7. Fix a minimal w with this property. it then follows
from the Mean Value Theorem that n = g(w) — g(a) < 0lw — a| < 0]b — a|. Hence
|b —a| > n/0, and therefore

#9~'(0) < 0L/n. (3.1)

Suppose now that z € A and |g(z)| < r. Assume without loss of generality that
0 < g(z) <r. Leta < ¢ < z be the largest number such that g(§) = 0 if
such a number exists, or else, let £ = a. In either case 0 < g(t) < r < n and
g'(t) > nfor all t € [¢,2]. By the Mean Value Theorem there exists u € [¢, 2]
such that r > g(z) — g(§) = ¢'(u)(z — &) = n(z —¢). Thus z € (§ — ,{+ 1) and
therefore g1 ([—r,r]) € B(OAUg~1(0),7/n). So we conclude that I; (g~ ([-r,r])) <
2012+ 0lp~Y)r. O

As a straightforward consequence of this lemma, we get the following.

Lemma 3.2. Let U C R? be a compact convex set with diam(U) < 1. Suppose that
g:U — R is a C*-differentiable function with the following properties.

(a) There exists 1 < i < d such that gfi (:17)’ <@ foralzelU.
(b) If x € U and |g(x)| <, then aagfi (x)‘ > .

Then for every r > 0,
la({z € U |g(z)| <r}) < (20 1C(n,0,0)r.
Proof. Assume without loss of generality that i = d. For every € R%™! let

A, = {t € R: (z,t) € U}. Since U is a convex compact set with diam(U) < I
it follows that diam(U) < I, where U = {z € R¥~! : A, # ()}. Applying Fubini’s
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Theorem and Lemma 3.1, we then get that

l(fr €U :g(x)| <7r}) = / ~1([=rr)) (2)dla(2)

// ot (o) (@, )bl ()

. /U h({te Ay g t)] < 1})dlg ()
< C(n,#, l)ld_l(U)r
< (2diam(0))41C(n, 0, )r
< @20 tC(n,6,0)r.
We are done. =

Passing to the actual examples, let f : X — X be a topologically exact open dis-
tance expanding map for which there exist closed mutually disjoint sets X1, Xo, ..., Xq4
such that X = U4 X;, f(X;) = X foralli=1,2,...,
1 =1,2,...,d. The model that we have in mind here is that of an expanding map
f:hLU...Ulj — [0,1] where I1,...,I; are closed mutually disjoint subintervals
of [0, 1], f( i) =10,1],V4, and f|1 is injective. Then we will take as the compact
space X, the set I, ={x e U...Uly, f"(x)e L U...UI;,¥Ym > 0}. So, in this
case, X, = L. NI,i=1,...,d.

Returning to the general case of the dynamical system f : X — X as above,
consider A = (A1,...,A\q) € Bq(0,n) C R? for some small enough n > 0, and
fix Lipschitz continuous functions ¢1,...,¢4 : X x [0,1] x B4(0,17) — (0,1). So
@1, ..., ¢q are functions of (x,y,\) € X* := X x [0, 1] X B4(0, 7). Let us assume also
that ¢1(z,-,-), ..., ¢a(x, -, -) are C? differentiable functions of (y, \), with derivatives
in (y, \) depending Lipschitz continuously on (z, y, A), and that there exist constants
a,a’ >0 with 0 < o/ < |£¢;| < fon X*, foralli=1,...,d and |3%¢1-| < aon
X* foralli,j=1,....d. If ¢; < B on X*, fori=1,...,d, then we assume also
that 7 + 8 < 1. We define now the parametrized maps F) : X x [0,1] — X x (0,1)
by the formula

Fk(xvy) = (f(x)v)‘i + ¢i(x7ya /\))7

if x € X;,i =1,...,d. Due to the conditions that we imposed on the functions
¢1,...,¢4, one can see that F) is well defined and it is a hyperbolic fiberwise
conformal skew product endomorphism. In this case, ¢ (y) = \; + ¢;(z,y, \), for
€ X;i=1,...,d Wesee that 0 < o/ < [(¢2)| < 1, € X,\ € By(0,7), so
condition (af) from the definition of a transversal family is satisfied automatically.
For this family, the set of parameters is W = B4(0,7) C R

Theorem 3.3. The family {Fx}xeB,0,n) i uniformly transversal, and therefore,
the assertions of Theorem 2.10 hold.

Proof. For every w € X let i(w) € {1,...,d} be uniquely determined by the
property that w € Xj(,). Fix 1 <k < d and a prehistory w € X. We have that

w1 -0 ¢ )(C) wl -0 d) (7T)\ (ﬁ)n))v

ma (W) = lirlgn(
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where w,, = (wy, Wn41,...). Notice also that the limit above is uniform in {. So,

0 0
W( o © Dy (0)) = = Nigwr) + Biceon) (W1, Niguns) + Pigun) (W2, G A), N)).
J

O\
For the derivative of (bﬁul 0...0 ¢1)Ln with respect to A\; we obtain a similar formula,
and then using that |a%¢i| < %N,i =1,...,d, one proves that the map A\ — ()
is differentiable for every w € X, and the derivative is continuous with respect to
w. Let us assume first that i(w,) # k,Vn > 1. We have then mx(@) = Aj(w,) +
Gi(wy) (w1, mA(W1), A). Therefore

0 0 _ 0 0

8—)\kﬂ,\(@) = 8_y¢i(w1)(w1777)\(w1)7)\) : 8—/\km(w1) + a—/\k(bi(wl)(wlaﬂ—)\(@l)a)\)-

Hence |8;§k7r,\(u7)| < %|%7r,\(u71)| + |8;§k¢i(wl)(w1,7r,\(1b1), A)|. Thus by induction
we get

()] < gl ()] + qsz(wl (w1, (1), V)|
< 1l ()] + o ¢ J(wa, (2, V) +
44" i(wg) (W2, TA(W2,
1 1
+4a+4 o+ ...
- 4

Let us consider now the case when there exists n > 1 with i(w,) = k, and assume
that n is chosen as the smallest integer with this property (for k& > 1 fixed). If
i(w1) = k, then

0 1. 0 1 1 0
— ()] <1+ = |—m\ (W <1 1 <.
|a)\km(w)|_ +4|a)\k7r)\(w1)|+a_ +4( +4|a)\ ()| + a) + a <
4
< (1 -
<(I+a) 3’

as one can see by induction, and using the fact that the derivative of the function
A — my(w) is bounded in @w € X. In the case when i(w;) # k, but there exists
n > 2 with i(w,) = k, we obtain similarly that

1+«
7

0 1 4
N R < — e
|a)\k7r,\( )|_4| 7r,\(w1)|+a_a+4(1+a) 3 o+

In conclusion, in all cases we get

0

4
__ 0 < =
@) < 51 +a)

forall k=1,...,d and all & € X. Consider now %, % € pgl(:v), with x7 # 21, and
define, for A € By4(0,7),
g(/\) = 71')\(2) - 7T)\(57) = /\i(zl) + ¢i(Z1)(21’ 71')\(21), A) - Az(LE1) - (bi(ml)(xla ﬂ-)\(jl)v )‘)

Let us put k :=i(z1) and j := i(x1). Then using the estimate obtained above, we
infer that |6;§kg()\)| < (1+a)-%. On the other hand, from the formula

gA) = A + dr (21, mA(21), A) = Aj — @5(z1, ™A (1), A),
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we obtain
0 0 _ 0 - 0 -
8—/\169()\) =1+ 8_y¢k(21777>\(21)7 A)- a—)\kﬂ,\(zl) + 8—/\k¢k(21,ﬂ,\(21), A)—
— oy ma(31), )+ A (81) — a1, A1),
8y (L1, TA(LT ), 8)\]@7‘—)\ 1 8/\k i\ L1, TA(T1 ), .
Hence using the above estimate on the supremum of |%ﬂ')\ (w)], we have
0 1 4 1 4 2
—- >1_2.2. —a— . —a=1-2 .
|3/\k AN >1 13 1+a)—a 13 l4+a)—a=1 3(1+4a)

We want 1 > 2(1 4 4a), so it is enough to take o < §. Thus we have verified the
hypothesis of Lemma 3.2, and the parametrized family {F)}xep, (0,5 is uniformly

transversal. O

Therefore, we can apply the conclusion of Theorem 2.10 in order to obtain an
estimate for the Hausdorfl dimension of the fibers Y , of Fl; recall that for this
family, W = B4(0,n).

Corollary 3.4. If f: [ U...UI; — [0,1] and X = L. satisfy the assumptions
of Theorem 3.3, and if there exist constants a,b with 0 < a < b < % such that
a < |8%¢Z—(a:,y,)\)| < b for all (z,y,\) € X x [0,1] x Bg(0,n) and i = 1,...,d,
then there exists a measurable set W' C W, with lq(W \ W') = 0, such that for all

x € X, A e W we have:

log d logd
mind 1, 2%V < HD(Vy,) <mind 1, —22 L
logal ’

In particular, one obtains:
(a) HD(Ya,) > 0,2 € X, A e W'
(b) if la| > %, then HD(Yx,) =1, for all z € X, € W'.

Proof. We notice that, since () (%) = log |(#})' (7A(Z))], we get loga < (\(Z) < loghb,
hence . . .
hiop(fl3) + tloga < P(f,1¢x) < hiop(f]5) + tlogh

Now, let us recall that hioy(flg) = htop(flx). Also due to the fact that f|y
is topologically conjugated to o4 : Z;r — E;r, the one-sided shift acting on the
full symbol space Ejl' generated by d symbols, we have that h.,(f|x) = logd.
Therefore, using Theorem 3.3, we obtain the announced estimates of HD(Y) ), for
all z € X, and A € W', O

We will study in the sequel two other types of examples related to complex dy-
namics, which satisfy the uniform transversality condition, and hence Theorem 2.10
can be applied to them. The first such example is the family

Fy(z,w) = (f(z),h(z) + %w + Az).

Here we assume that (z,w) € U x V C C x C, the set U = A(0,2) is the disk of
center 0 and radius 2 in C, the set V' C C is open, bounded and convex; assume
also that the function f(z) is close enough to a map of the form z — 22 + ¢, with
le| small, and that X = J(f), is the Julia set of f (hence f can be considered
expanding on X). We will also take i to be a complex valued Lipschitz continuous
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map defined in a neighbourhood of X; then since |h| is bounded on X, we can take
the bounded sets V and W C C in such a way that the map F)\ : U xV — Cx V
is well defined for all A € W; for example one can take W = A(0,1),V = A(0, M),
where M > 2(sup |h| + 2).

X

Theorem 3.5. The parametrized family {F\}xew, defined above, satisfies the uni-
form transversality condition.

Proof. Recall that by our definition, 7y (2) = limy,—.cc 2, 0 @2, 0...0¢2 ((), where
in general ¢2(w) := h(z) + 2w + Az. Hence

NN 1 1 1 1 1

2092, () = h(z1)+ §(h(22)+ §C+)\22)+/\Zl = h(z1)+ gh(z2)+)\21 At (.
It can be shown by induction that

1 1 1 1
™ (2) = [h(z1) + ih(za) + Zh(z:;) +.o ]+ Az + 372 + 1% +...).

Put

1 1 1 1
A(Z) :=h(z1) + §h(22) + Zh(23) +..., and B(2)=2z1+ 522 + 1% +....

We shall consider now two prehistories 2, 2’ € py*(z), with z; # 2. Let g(\) :=
mA(2) — ma(Z') = A(Z) + AB(2) — A(Z') — AB(Z'). Let us notice now that since
f is close to the map z — 22 + ¢, we have J(f) close to the circle S, if ¢ is
small enough, and also it follows that z] is close to —z1; consequently z} ~ izy or
zh ~ —izp. This means that |2} — 22| ~ v/2. Hence |2} — 20 + 3(25 — z3) +...| <
V22+ %(2.1 + %2.2 +...) € v2.2+2.2, where we assumed that f to be so close to
22 + ¢, and |c| to be so small that |25 — 25| < v/2.2 and X C A(0,1.1). Thus

|B(2) — B(Z')| > 1.9 — %(@Jr 2.2) > 0.2,

if E,h,%’ € X,z =22 # 2. Therefore if [g(\)| = |A(2) — A(Z") + \(B(2) — B())| <
7, then

A(z) — A(Z) r o

BG) -BGE)| “BG -BE) " 02

whenever z = 2’ and z; # z}. This implies that A € B(%, 53

A+

). Hence

Io({X: [g(V)] < r}) < 25772

for all » > 0. Thus we proved that the Uniform Transversality Condition is satisfied
for this family. O

Another example, with a more complicated dynamics is presented below. Let us
consider f(z) = 2%+c, for |c| small enough; thus f has a Julia set denoted by X, close
to the unit circle; then we have that f is expanding on X. Assume also that h is a
complex valued Lipschitz continuous function defined on a neighbourhood of X, that
0.4 < |h(z)] < 0.6, for z € X, and that |h(z) + k()| > 3 for 22 = —2"% —2¢,z € X,
and |c| small. We take then A to be a complex parameter with [A| < %, and consider
the parametrized family

Fy(z,w) = (f(2),h(z) + éwQ + A2?).
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Theorem 3.6. In the above setting, for any A from W := {\ € C,|\| < %} and
z € X, the map F\(z,-) defined above, invariates the domain V := {w € C, % <
lw| < 1}, and {Fx}xew satisfies the Uniform Transversality condition.

Proof. Without loss of generality we will assume that ¢ = 0. Due to the way
we defined h and X, we have that |h(z) + tw? + A2%] < 0.6+ 1 4+ 2 < 1 for
(z,w,\) € X x V x W. Also, |h(z) + tw? + Az?[ > 0.4 — 1 — & = . Therefore
F\ preserves the domain V. Let us check now the other conditions required for
Uniform Transversality. Firstly, |:2¢2| = [22] < 2, and [;2¢2| > & > 0, for all
z € X,w €V, where ¢} (w) := h(z)+ %24—)\22. We shall prove by induction that for
all n > 1 there exist functions A,,, B, and C,, such that for all Z = (z,21,29,...) €
X, we have

20002 (w) = An(zn) + ABn(2n, A) + wCy, (20, w, \).

Forn = 1, we get ¢2, = h(zl)—l—)\z%—kw;, so A1(2) = h(z), B1(z,\) = 22, C1 (2, w, \) =
£. We want now to calculate the formula for @2 o...P2 ., and to get recurrence
formulas for A,,, B,,,C,,. From above,

A A _
2y O--0 0 Zn+1(w) -

= (bi\l (An(2na1) + ABn(2ng1, A) + wCh (2n g1, w, A))

1
=h(z1) + \ef + E[An(zn_i_l) + ABp (2011, A) + wCh (2n11,w, \)]?

1
=h(z1) + A\2f + 3[An(znﬂ)2 + A2 B(2ni1, A2+ wCh (2ng1, w, N2+

+ 20, (2n41)Bn(zn+1, A) + 22wBp, (2541, A)Cr (2041, w, A)+
+ 2An(zn+1)wcn (ZnJrlv w, )‘)]

1 2 A
= h(z1) + gAn(Zn-i-l)Q + )‘[Z% + gAn(Zn-i-l)Bn(Zn-‘rla A) + an(Zn-‘rlv )‘)2]"’
2\ wCh (Zp41, W, )\)]
— |

2
+wCy (zn41,w, A) - [?Bn(szrl? A) + gAn(ZnJrl) +
Thus we obtain the following recurrence formulas, with Z = (2, 21,..., 2p,...) € X.
1
An+1(zn+1) = h(zl) + gAn(Zn+1)2a

2 A
Bn+1 (Zn+17 )\) = Z% + gAn(Zn-i-l)Bn(Zn—i-lu /\) + an(Zn—i-lu /\)27

Cota(nt1,10,3) = Co(onsn, 0, ) (2 B (o, M (s #2520
Now we want to prove that sup [A4,| < 0.7,sup |B,| < 1.5,sup |Cpi11| < £ sup |Ch|,
for z € X,w € V,\ € W. The first two inequalities are satisfied at the level n = 1,
due to our assumptions on Fy. If [A,| < 0.7, then [An41] < 0.6 4 £(0.7)? < 0.7.
So we proved the first inequality for all n > 1. Now, assume that |B,| < 1.5; then
|Bui| <1+ 2-0.7-1.5+ 35(1.5)2 =1+ 2 + 2 < 1.5. Thus we proved also the
inequality sup |B,| < 1.5,¥n > 1. Last, it is clear that |C1| < 1 on V. Assume that
|Cr| < %5 then |Cry1| < £(5-5+2-0.74+5) < 15, and from the recurrence formula
for Cp41, we obtain also sup |Cp11| < 4 sup|Cy|, ¥n > 1. This last inequality tells
us that sup |C},| — 0 when n — oco. Consequently, in general, for Z € X, we have

ma(2) = A(2) + AB(Z, \).
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Let us consider now Z,%" € py'(z) and g()\) := m(2) — mA(F) = A(2) — A(Z') +
A(B(Z,\) — B(2’,\)). We have from the recurrence formulas above that B(Z,\) =
2i 4+ 2A(51)B(%1,\) + %B(%l, A)%. Also we have A(Z1) = h(z2) + $A(%2)%. Hence
we can deduce

ma(2) = A(Z) + M=% + %A(%l)B(Zl, A) + %B(El, A)?)

= AG)+ M2+ S (h(z2) + AG)?)

2 A A
(25 + gA(52)B(527)\) + 33(52, N?) + 53(51, 2.
Similarly we show that

mA(2) = A(Z) + A + 2(h(a5) + T AGH)P)

2 A A

Therefore, recalling that 27 = z/2, we obtain that:

e}
~—
>
N—
I
IS
™

) = AG) + M [(h(z2)2 — (a4)2) + h(z2) (3 A(22) B2, A+
B(22, \)?) — h(z4) (3 A(24) B(34, N)+

B4, ) + 3 A(2)A (3 + S A(22) B3, N+

+

+
U] > o] > o > o >

N
M)

where

D(z,Z,\) == h(z2)(§A(52)B(22,>\) + %B(EQ,A)Z’)
~ MG AG)BEA) + 2 BEN),

B(2,20) = AR+ SA) B2, ) + 3 B2 NP
~ SAG (R + SAGDB(,A) + 5B ),
and
G(2,7,)) = B(21,)\)* — B(%, )\~

But we can estimate |D(Z, Z/, \)| as follows:

2 1 9
D237, 0M)]<2-06-(=-07-154+— = 0.6.
Also we obtain:
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1 2 A
|E(2,%',\)| :2sup|—A(52)2(z§+—A(52) (%2, \) + 53(22,)\)2)|
11 2
<2 1+ = 1.54+=-2-(15)) <=
< (07)(+ 0.7 5+56(5))<5
Notice that
|G(z,2',\)| <3,

for all 2,2 € X,\ € W, from the estimate for |B,|. Combining all the above we

obtain | 2[(h(22)25 — h(z2)zz)+D(~ 2 NFE(Z 2 N]+5G(E 2, 0] = (|h(22)2‘§
h(zh)2[—0.6—2)—1-2.3 = 2(|h(22)23 — h(2}) 2 |— )—0.1. Thus, since 23 = z1—c,
we will obtain

|B(2,A) = B(Z\,M)| = - (|h(22) — h(23)25’| 1) = 0.1> 7 >0,
where v > 0 is small enough, When |c| is small enough and |h(22) + h(z5)| > § for

23 = —212 — 2¢, 25 € X. This means that now we can prove Uniform Transversahty
for F), as in the previous Theorem. g

Another example of a complex parametrized family with Uniform Transversality
is

Fy(z,w) = (2%, 22 —i— Az + )\gzw2)
with W = {/\ = ()\1,/\2) € (C2 |>\1| < 50, 10 < |>\2| < } Vo= {’LU S (C 5 < |’LU| <

1.5}. Then it can be shown that F\(z,-) : V — V is well defined for z € Sl, AeW,
and 3 k, k € (0,1) such that & < |[(¢2)'| < x on V. For this example it can be proved
similarly that {F)}aew is a parametrized family with Uniform Transversality.

Therefore, for all the examples we have given in this section, the conclusions of
Theorem 2.10 apply, and we can write, for almost all parameters A\, the Hausdorff
dimension of all fibers (thus the stable dimension in our case), by means of the
thermodynamic formalism on X.
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