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Birkhoffian formulation of the dynamics of LC circuits

Delia Tonescu and Jiirgen Scheurle

Abstract. We present a formulation of general nonlinear LC circuits within the framework of
Birkhoffian dynamical systems on manifolds. We develop a systematic procedure which allows,
under rather mild non-degeneracy conditions, to write the governing equations for the mathemat-
ical description of the dynamics of an LC circuit as a Birkhoffian differential system. In order
to illustrate the advantages of this approach compared to known Lagrangian or Hamiltonian
approaches we discuss a number of specific examples. In particular, the Birkhoffian approach
includes networks which contain closed loops formed by capacitors, as well as inductor cutsets.
We also extend our approach to the case of networks which contain independent voltage sources
as well as independent current sources. Also, we derive a general balance law for an associated
“energy function”.

Keywords. Conservative dynamical systems, Birkhoffian differential systems, Birkhoffian vec-
tor fields, electrical networks, geometric theory.

1. Introduction

In this paper we give a formulation of the dynamics of LC circuits within the
framework of Birkhoffian systems [3]. Based on the constitutive relations of the
involved inductors and capacitors and on Kirchhoff’s laws, we define a configura-
tion space and a corresponding Birkhoffian that describes the “elementary work”
done by a set of “generalized forces”. As a matter of fact, in order to cover circuits
for which the topological assumptions usually imposed in the literature, are not
satisfied, we are forced to describe a single circuit by a whole family of Birkhoffian
systems parameterized by a finite number of real parameters. Relevant values of
these parameters correspond to initial values for the time evolution of certain state
variables of the circuit. The dimension of each configuration space is given by the
cardinality of a selection of loops that cover the whole circuit.

In order to study the dynamics of LC circuits, various Lagrangian and Hamil-
tonian formulations have been considered in the literature (see for example [2], [4],

[5], [6], [9], [10]).
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In the Lagrangian approach, a central issue is the selection of suitable coordi-
nates and corresponding velocities in terms of which the Lagrangian function is
expressed. A specific technique for the sometimes difficult task of choosing the
proper Lagrangian variables is presented in paper [6].

More often Hamiltonian formulations have been used to describe circuit equa-
tions. In [2] it is shown how to construct, based on the circuit topology, canonical
variables and a Hamiltonian, so that the circuit equations attain canonical form.

For a more general approach including also resistors, the RLC circuits, see
Brayton—Moser’s approach [5]. In [5], under the hypothesis that the currents
through the inductors and the voltages across the capacitors determine all currents
and voltages in the circuit via Kirchhoff’s law, is proved the existence of the
mixed potential function with the aid of which the system of differential equations
describing the dynamics of such a network is written into a special form (see §4 in
[5]). The mixed potential function is constructed explicitly only for the networks
whose graph possesses a tree containing all the capacitor branches and none of the
inductive branches, that is, the network does no contain any loops of capacitors or
cutsets of inductors, each resistor tree branch corresponds to a current-controlled
resistor, each resistor co-tree branch corresponds to a voltage-controlled resistor
(see §13 in [5]).

In [9], the dynamics of a nonlinear LC circuit is shown to be of Hamiltonian
nature with respect to a certain Poisson bracket which may be degenerate, that
is, non-symplectic. In this formalism, the constitutive relations of the inductors
and capacitors are used to define the Hamiltonian function in terms of capacitor
charges and inductor fluxes, while the topological constraints of the network graph
and Kirchhoff’s laws define the Poisson bracket on the space of capacitor charge
and inductor flux variables.

But for all those formulations, a certain topological assumption on the electrical
circuit appears to be crucial, that is, the circuit is supposed to contain neither loops
of capacitors nor cutsets of inductors.

In [12], [10] and [4] the Poisson bracket is replaced by the more general notion
of a Dirac structure on a vector space, leading to implicit Hamiltonian systems.
The Hamiltonian function is the total electromagnetic energy of the circuit and
the vectorial state space is defined by the inductors’ fluxes and capacitors’ charges.
The Dirac structure on the state space is obtained from Kirchhoff’s laws. In this
formalism, it is possible to include networks which do not obey the topological
assumption mentioned before.

In the paper at hand we will see that the restricted class of networks involving
capacitor loops and inductor cut sets are naturally captured by the Birkhoffian
approach. We are going to discuss explicit examples in order to demonstrate the
advantages of the Birkhoffian approach in the analysis of the resulting systems.
Another advantage of the Birkhoffian approach is the possible inclusion of dissi-
pative effects caused by resistors included in a network. It is a straight-forward
matter to extend the approach presented here to the case of RLC circuits, that
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is circuits containing resistors in addition to capacitors and inductors. However,
to start it appears to be more instructive to restrict the theory to the case of LC
circuits. The investigation of RLC circuits will be presented in another paper.

The following parts of the paper are organized as follows. In Section 2 we
recall the basics of Birkhoffian systems (see [3]) presented from the point view of
differential geometry using the formalism of jets (see [8]). Birkhoffian formalism
is a global formalism of the dynamics of implicit systems of second order ordinary
differential equations on a manifold. In particular, we extend the approach in
[8] to non-autonomous systems in order to be able to treat the case of networks
with independent voltage and current sources later on in Section 4. In Section 3,
our Birkhoffian formulation of the dynamic equations of a nonlinear LC circuit
is introduced. Properties of the corresponding Birkhoffian such as its regularity
and its conservativeness are also discussed in this section. For a nonlinear LC
electric network each Birkhoffian of the family is conservative. If there exists in
the network some loop which contains only capacitors the Birkhoffian is never
regular. For such electrical circuits, we present a systematic procedure to reduce
the original configuration space to a lower dimensional one, thereby regularizing
the Birkhoffian. On the reduced configuration space the reduced Birkhoffian will
still be conservative. In case the LC circuit has loops which contain only linear
inductors, the original configuration space can be further reduced to a lower di-
mensional one. Inductor loops can be regarded as some conservative quantities
of the network. In Section 4 we give a Birkhoffian formulation of a nonlinear LC
circuit with independent sources and discuss in this context the concepts of regu-
larity and conservativeness. For instance, it turns out that voltage sources do not
destroy conservativeness, even in the nonlinear case, while current sources might
do so. Finally, in Section 5 we consider some specific examples. These examples
are supposed to serve our purpose of demonstrating the power of the Birkhoffian
approach. In particular, we can allow capacitor loops as well as inductor cutsets,
as already mentioned before. Also, we investigate the question of conservativeness
of the underlying Birkhoffian in case of a circuit with independent current and
voltage sources.

2. Birkhoffian systems

For a smooth m-dimensional differentiable connected manifold M, we consider the
tangent bundles (T'M, war, M) and (TTM, 7ra, TM). Let ¢ = (¢*, ¢2,..., ¢™) be
a local coordinate system on M. This induces natural local coordinate systems on
TM and TTM, denoted by (q, ¢), respectively (g, ¢, dq, d¢). The 2-jets manifold
J2(M) is a 3m-dimensional submanifold of TT M defined by

J2(M) = {Z eTTM / T’/T]\/[(Z) = WT]V[(Z)} (21)

where Ty : TTM — T M is the tangent map of wy;. We write 7y := 7TTM|Jz(M) =
Trpls2(any- (J2(M), 7y, TM), called the 2-jet bundle (see [8]), is an affine bun-
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dle modelled on the vertical vector bundle (V(M), nrarlvary, TM), V(M) =
Uveras Vo(M) , where Vi,(M) = {z € T,TM | (T'mar)o(2) = 0}. In [1], [11] this
bundle is denoted by T2(M) and named second-order tangent bundle. In natural
local coordinates, the equality in (2.1) yields (g, ¢, ¢, dq|s2(ar)) as a local coordi-
nate system on J2(M). We set G := dq| j2(ary- Thus, a local coordinate system g
on M induces the natural local coordinate system (g, ¢, §) on J2(M). For further
details on this affine bundle see [1], [8], [11].

A Birkhoffian corresponding to the configuration manifold M is a smooth
1-form w on J2(M) such that, for any x € M, we have

ifw=0 (2.2)

where i, : 871(z) — J?(M) is the embedding of the submanifold 37!(z) into
J2(M), B = mp o wy. From this definition it follows that, in the natural local
coordinate system (g, ¢, §) of J2(M), a Birkhoffian w is given by

m

w=>"Q;(g, 4, §)dd’ (2.3)

Jj=1

with certain functions Q; : J*(M) — R.

The pair (M, w) is said to be a Birkhoff system (see [8]).

The differential system associated to a Birkhoffian w (see [8] ) is the set
(maybe empty) D(w), given by

D(w) = {z € J*(M) |w(z) = 0}. (2.4)

The manifold M is the space of configurations of D(w), and D(w) is said to have
m 'degrees of freedom’. The @Q; are the ’generalized external forces’ associated to
the local coordinate system (g). In the natural local coordinate system, D(w) is
characterized by the following implicit system of second order ODE’s

Qj;(q, ¢, §) =0 for all j =1,m. (2.5)

We conclude that the Birkhoffian formalism is a global formalism for the dynamics
of implicit systems of second order differential equations on a manifold.

Let us now associate a vector field to a Birkhoffian w.

A wvector field Y on the manifold T'M is a smooth function Y : TM — TTM such
that 7wy o Y=id. Any vector field Y on T'M is called a second order vector field
on TM if and only if Tmp(Y,) = v for all v € TM.

A cross section X of the affine bundle (J?(M), 77, TM), that is, a smooth
function X : TM — J2(M) such that m; o X=id, can be identified with a special
vector field on T'M, namely, the second order vector field on T'M associated to
X. Indeed, because (J2(M), my, TM) is a sub-bundle of (TTM, w1y, TM) as
well as of (TT'M,Twy, TM), its sections can be regarded as sections of these two
tangent bundles. Thus, using the canonical embedding i : J?(M) — TTM, X can
be identified with Y, that is, Y =i0 X.
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In natural local coordinates a second order vector field can be represented as

Y = Z [

A Birkhoffian vector ﬁeld associated to a Birkhoffian w of M (see [8]) is a

smooth second order vector field on TM, Y =io X, with X : TM — J?(M), such
that ImX C D(w), that is

(2.6)

0

X*w =0. (2.7)

In the natural local coordinate system, a Birkhoffian vector field is given by

(2.6), such that Q;(q,q,d(q,q)) = 0.
A Birkhoffian w is regular if and only if

det| 5% 0.4, ) #0 (28)

i,7=1,....m

for all (g, ¢, §), and for each (g, ¢), there exists ¢ such that Q;(q, ¢, §) =0, j =
1,...,m.

If a Birkhoffian w of M is regular, then it satisfies the principle of determinism,
that is, there exists an unique Birkhoffian vector field Y = i o X associated to w
such that Im X = D(w) (see [8]).

A Birkhoffian w of M is called conservative if and only if there exists a smooth
function £, : TM — R such that

(X*w)Y = dE,(Y) (2.9)

for all second order vector fields Y =140 X (see [8]).
Equation (2.9) is equivalent, in the natural local coordinate system, to the
identity (see [3], p. 16, eq. 4)

ZQ] qd,§)d = [aE“ g aE‘” il (2.10)

= Lod o

E,, is constant on T'M if and only if dE,(Y) = 0 for all second order vector
fields Y on TM (see [8]).
If w is conservative and Y is a Birkhoffian vector field, then (2.9) becomes

dE,(Y) = 0. (2.11)

This means that F,, is constant along the trajectories of Y.

It is also possible to introduce, in a natural manner, the notion of constrained
Birkhoff system (see [8], §4).

Let (M, w) be a Birkhoff system and & a smooth constant rank affine sub-
bundle of the affine bundle 7; : J2(M) — TM. Locally, the submanifold & of
codimension N, is described by the vanishing of N independent affine functions

¢"(¢,4,4) =Y _bY(¢,4)i" +a”(q.q), v=TN. (2.12)
i=1
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A triple (M, w, &) is called constrained Birkhoff system.
The constrained differential system associated to the constrained Birk-
hoff system (M, w, &) is the set

D(w,8) = {z € Glw(z) =0}. (2.13)

Let us now generalize these concepts to time-dependent dynamical systems.

For the usual formulation of Lagrangian and Hamiltonian time-dependent me-
chanics (see for example [1], §5.1, [11] §4.1, §4.6 ), the configuration space has
the form R x M, the phase space has the form R x T*M, and the velocity space
has the form R x TM, with some manifold M. If (¢, ¢) is a coordinate system on
R x M, then (t,q, ) is a coordinate system on R x TM. Thus, R x TM can be
interpreted as a submanifold of T(R x M) given by

t=1. (2.14)

From the physical point of view, this means that a reference frame has been
chosen. This is not the case for relativistic mechanics. The reference system
provides a splitting between the time and the state coordinates of a mechanical
system. Within the Birkhoffian framework, we follow the usual non-relativistic
lines. Thus, for the time-dependent system, we have in addition the equation

t=0. (2.15)

In view of (2.14), (2.15), we choose in the study of time-dependent dynamical
systems the extended bundle R x J?(M).

A time-dependent Birkhoffian is a smooth family of 1-forms w; on J2?(M)
defined by

wi =Y Q;(t,q,d,q)dq’. (2.16)
j=1

where (t, ¢, q, ) is the natural local coordinate system on R x J?(M). Thus, our
time-dependent Birkhoffian is obtained by merely freezing ¢ and constructing the
Birkhoffian for any fixed value of ¢t as before.

A time-dependent second order vector field (see [11]) on R x T'M has the
following representation in the natural local coordinate system

+Z{ o Pt );J}. (2.17)

Thus, for a time-dependent system, a time-dependent Birkhoffian vector
field on R x T'(M) has the representation (2.17), where Q;(t,q,4d,q(t,q,4)) = 0.
A time-dependent Birkhoffian w; is regular if and only if

det [afjj (tq. d, qﬂ _#0 (2.18)

1,j=1,.
for all (t,q, ¢, §), and for each (t,q, ¢), there exists ¢ such that Q;(t,q, ¢, §) =
0,5=1,....m
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A time-dependent Birkhoffian w; is called conservative if and only if there
exists a smooth family of functions E,, : M — R such that, everywhere,

- N [OFu, i OB,
_Ele(t,q g, §)i’ =) {aqj/qJﬂL o 0| (2.19)
=

Jj=1
If w; is conservative and Y; is a time-dependent Birkhoffian vector field then,
from (2.19), we obtain the generalized balance law
dE,, OE,,

at ot (220)

along trajectories of Y;.

3. LC circuit dynamics

A simple electrical circuit provides us with an oriented connected graph, that is,
a collection of points, called nodes, and a set of connecting lines or arcs, called
branches, such that in each branch is given a direction and there is at least one
path between any two nodes. A path is a sequence of branches such that the
origin of the next branch coincides with the end of the previous one. The graph
will be assumed to be planar, that is, it can be drawn in a plane without branches
crossing. For the graph theoretic terminology, see, for example [7].

Let b be the total number of branches in the graph, n be one less than the
number of nodes and m be the cardinality of a selection of loops that cover the
whole graph. Here, a loop is a path such that the first and last node coincide
and that does not use the same branch more than once. By Euler’s polyhedron
formula, b = m + n.

A cutset in a connected graph, is a minimal set of branches whose removal from
the graph, renders the graph disconnected. For example, the set branches tied to
a node is a cutset.

We choose a reference node and a current direction in each [-branch of the
graph, [ = 1,...,b. We also consider a covering of the graph with m loops, and
a current direction in each j-loop, j = 1,...,m. We assume that the associated
graph has at least one loop, meaning that m > 0.

A graph can be described by matrices: a (bn)-matrix B € 9y, (R), rank(B) =
n, called incidence matriz and a (bm)-matrix A € My, (R), rank(A4) = m, called
loop matriz. These matrices contain only 0,1, —1. An element of the matrix B
is 0 if a branch b is not incident with a node n, 1 if branch b enters node n and
—1 if branch b leaves node n, respectively. An element of the matrix A is 0 if a
branch b does not belong to a loop m, 1 if branch b belongs to loop m and their
directions agree and —1 if branch b belongs to loop m and their directions oppose,
respectively. For the fundamentals of electrical circuit theory, see, for example [6].

The states of the circuit have two components, the currents through the bran-
ches, denoted by 1 € R?, and the voltages across the branches, denoted by v € R®.
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Using the matrices A and B, Kirchhoff’s current law and Kirchhoff’s voltage law
can be expressed by the equations

BTi=0 (KCL) (3.1)
ATy =0 (KVL) (3.2)

Tellegen’s theorem establishes a relation between the matrices AT and BT: the
kernel of the matriz BT is orthogonal to the kernel of the matriz AT (see e.g., [5]
page 5).

The next step is to introduce the branch elements in a simple electrical cir-
cuit. The branches of the graph associated to an LC electrical circuit, can be
classified into two categories: inductor branches and capacitor branches. A capac-
itor loop will contain only capacitor branches and an inductor cutset will contain
only inductor branches. Let k£ denote the number of inductor branches and p the
number of capacitor branches, respectively. We assume that just one electrical
device is associated to each branch, then, we have b = k 4+ p. Thus, we can write
(1a,10) € R" x R? ~ R?, where 1,, I, are the currents through the inductors, the
capacitors, respectively, and v = (v4,v4) € RF x R? ~ R?, where v,, v, describe
the voltage drops across the the inductors, the capacitors, respectively.

To exemplify, let us now write the matrices B and A, for a circuit which contains
four inductors, three capacitors and which has the following oriented connected
graph

L,

Figure 1

We have k =4, p=3,n=3, m=4,b="7. We choose the reference node
to be V4 and the current directions as indicated in Figure 1. We cover the graph
with the loops Iy, I, I3, Iy. Let V = (V4,V5,V3) € R? be the vector of node
voltage values, 1 = (I,,1,) € R* x R3 be the vector of branch current values and
v = (Va,va) € R* x R? be the vector of branch voltage values.

The branches in Figure 1 are labelled as follows: the first, the second, the third
and the fourth branch are the inductor branches L1, Lo, L3, L4 and the last three
branches are the capacitor branches Cy, Cy, C3. The incidence and loop matrices,
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B € M73(R) and A € M7y (R), write as

0 0 1 001 —1

01 0 01-10

0 1 -1 001 0
B=|10-1|, A=l 000 —1]. (3.3)

~10 0 100 —1

0 -1 0 ~110 0

1 -10 100 0

For another choice of the covering loops and of the current directions in the loops
we obtain a different matrix A and for another choice of the reference node and of
the current directions in the branches we obtain a different matrix B. O

Each capacitor is supposed to be charge-controlled. For the nonlinear capaci-
tors we assume

Vo = Ca(Qa)v Q= 17 P (34)

where the functions C,, : R — R\{0} are smooth and invertible, and the Q,’s
denote the charges of the capacitors. The current through a capacitor is given by
the time-derivative of the corresponding charge
I = dc(lg—ta’ a=1,..p (3.5)
t being the time variable.
Each inductor is supposed to be current-controlled. For the nonlinear inductors
we assume

di,
o = La(1g)—, =1,...k 3.6
vo = L) 52, 4 (35
where L, : R — R\{0} are smooth invertible functions.
If the capacitors and the inductors are linear then the relations (3.4) and (3.6)

become, respectively,
Qa di,
o = —, a = a— 3-7
v, c. v L o (3.7)
where ¢, # 0 and 1, # 0 are distinct constants.
Taking into account (3.4), (3.5), (3.6), the equations (3.1), (3.2), become

(3.8)

AT <La(la) (2_21 > =0
Ca(Qa)

In the following we give a Birkhoffian formulation for the network described by
the system of equations (3.8). Using the first set of equations (3.8), we are going
to define a family of m-dimensional affine-linear configuration spaces M, C R
parameterized by a constant vector ¢ in R™. This vector is related to the initial
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values of the Q-variables at some instant of time. At this point we notice that
actually already the initial values corresponding to the Q-variables associated to
capacitors, together with those of m distinguished branch currents denoted by ¢’
below, parameterize the whole solution set of the equations in (3.8). A Birkhoffian
we of the configuration space M. arises from a linear combination of the second
set of equations (3.8). Thus, (M. ,w.) will be a family of Birkhoff systems that
describe the LC circuit considered.

We notice that the first set of equations (3.8) remains exactly the same for linear
and nonlinear electrical devices. Thus, for obtaining the configuration space, it
is not important whether the devices are linear or nonlinear. We shall see below
that the only difference is that one ends up with a nonlinear configuration space
or rather configuration manifold when one regularizes the resulting Birkhoffian
system in the case of nonlinear networks.

Let H : R® — R™ be a linear map that, with respect to a coordinate system

1 ..., 2%) on R?, is given by

(z

H(z',..,a) =BT : |. (3.9)

20

Then, H~!(c), with ¢ a constant vector in R", is an affine-linear subspace in RY.
Its dimension is m = b — n, because rank(B) = n.
We define M, as
M, := H *(c). (3.10)

We denote a coordinate system on M, by ¢ = (q¢!,...,¢™). Then, the natural
coordinate system on the 2-jet bundle J2(M.) is (q, 4, §).
Let us now represent the Birkhoffian in a specific coordinate system on M,:
In the vector space RF, we identify points and vectors
dq
Iy = %, (3.11)
where (Q(q))a=1,...,k i3 @ coordinate system on RF*. Taking into account (3.11) and

the fact that the matrix BT is a constant matrix, we integrate the first set of
equations (3.8) to arrive at
BT (QW ) —c (3.12)
Qa

with ¢ a constant vector in R".
Likewise consider coordinates on R? ~ R¥ x R” defined by

z! = Q1)) - zF = Q(k)» zhtl = Q1 ooy zb = Qp- (313)

From (3.9), (3.10), we see that we can define coordinates on M, by solving the
equations in (3.12) in terms of an appropriate set of m of the Q-variables, say
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q™). In other words, we express any of the x-variables as a function of
q"™), namely,

q=(q",
q=(q"

ceey
ceey

)

m
% = Z]\fqu +const,a=1, ...k,

J=1

m
z :ZN}O‘qj +const,a=k+1,....b (3.14)
j=1
with certain constants ./\/'Jfl, and ./\/'jo‘. Here we can think of the constants const as

being initial values of the xz-variables at some instant of time.
From (3.5), (3.11), (3.13) and differentiating (3.14) we get

1=Ng (3.15)

with the matrix of constants N € 9, (R), for some ¢ € R™.

Using Tellegen’s theorem and a fundamental theorem of linear algebra, we now
find a relation between the matrices A" and A. By a fundamental theorem of linear
algebra we have

(Ker(AT)* = Im(A) (3.16)

where A € My, (R), Ker(AT) := {z € RY| ATz = 0} is the kernel of AT,
Im(A) := {z € RY| Ay = =, for somey € R™} is the image of A and * denotes
the orthogonal complement in R? of the respective vector subspace.

For the incidence matrix B € 9, (R) and the loop matrix A € My, (R),
which satisfy Kirchhoff’s law (3.1), (3.2), Tellegen’s theorem writes as

Ker(BT) = (Ker(A™))*. (3.17)

From the first set of equations in (3.8), and by constraction of the matrix N in
(3.15), we have
Ker(BT) = Im(N). (3.18)

Therefore, using (3.16), (3.17), (3.18), we obtain Im(A) = Im(N). Then, another
application of (3.16) yields

Ker(AT) = Ker(NT). (3.19)

Taking into account (3.19), we see that there exists a nonsingular matrix C €
Mym (R) satisfing
cAT = NT. (3.20)

The matrix C provides a relation between the vector of the m independent loop
currents and the coordinate vector ¢ introduced on M..

Taking into account (3.19), we define the Birkhoffian w. of M. such that the
differential system (2.5) is the linear combination of the second set of equations
in (3.8) obtained by replacing AT with the matriz NT. Thus, in terms of ¢-
coordinates as chosen before, the expressions of the components Q;(q, ¢, §) from
(2.8) are

Qi(¢, 4, §) = Fi(9)i+ Gji(g), j=1,....,m (3.21)
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where

k m m m k
Fi(@)i=Y NfLa (ZN?@Z> DN =) (Z/\G“N?Za (q)> i (3.22)
a=1

=1 =1 i=1 a=1
b m b .
Gilg)= > N Cacy <qul+mnst> = Y NfCacr(q). (323)
a=k+1 =1 a=k+1

We claim that the Birkhoffian (3.21) is a conservative one.
Indeed, for our problem, the relation (2.10) becomes

m m k m
> KZ SONSN ?%(q‘)q’i) P+ Gj(qmj] = [a(f;jc P+ %qﬂ} (3.24)

j=1 i=1 a=1 j=1

or (changing the indices of summation)

m m k m
> KZ > NN, (d) cf) i+ Gj(q)qf] = [aan“ P+ %qﬂ] .
j=1 L \i=1a=1 =L a4
(3.25)

Because of the special form of the terms on the left hand side of (3.25), we
can look for the required function E,,_(g,q) as a sum of a function depending only
on ¢, and a function depending only on ¢. From the theory of total differentials,
a necessary condition for the existence of such functions is the fulfilment of the
following relations

0G;(a) _ 9Gu(a) _

dq! dqI
. (3.26)
0F;(4)  OFi(q) _ 0
agt gy
for any j,l = 1,...,m, where
m k
Fi(@) =) > NN La (@) (3.27)
i=1 a=1
In view of (3.23), (3.27) we get:
9Gi(6) _ N~ rronrod
ag = 2 NPAPCLL (@) (3.28)
a=k+1
OFi(d) _ N panred (o) + S8 ey
D) S NEATTa) + Y NINIAT T (@) (3.29)
q a=1 i=1 a=1
where C/, := %n("), L, = dzd#n(”). Therefore, the left hand side of (3.26) become
b ~
Y NFNE = NN Coi() (3-30)

a=k+1
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k m
EXWwfwww@@—mwzwm> (3.31)
a=1 i=1
We now easily see that the expressions in (3.30), (3.31) are zero and (3.26) are
satisfied. Thus, we proved the existence of a function E,, (g, ¢) such that (3.25) is
fulfilled.

Let us now look for the expression of this function. For linear devices, taking
into account (3.7), we have
. . ™ Aagi
Fuli) = tar Cacsla) = =250 const (3.32)
Ca—k
with L,, C being real constants. Therefore, the functions F;(¢) and G;(g) from
(3.27), (3.23) become

m k
Fi(@) =) LaNNEG (3.33)
i=1 a=1
b NANYG
Gj(q) = Z Z Cj—q’ + (const);. (3.34)
a=ktli=1 ok

Thus, in the linear case, it is not difficult to find the function E,_(g,¢) such that
(3.25) is satisfied. This is

m

Z Z La./\/a]\/aq’qj + Z Z L il 4 Z (const);

a=11,5=1 a=k+11,j=1 Jj=1
(3.35)

In order to derive such a function for nonlinear devices, we start with the equations

e = Fi(¢) = X0, S8 NNP L () ¢

(3.36)

35;;6 = Gi(g) :Za k+1N1 a—k ()

Integrating with respect to ¢* and ¢', respectively, we get

Ewc(q17 7q Z/ Na 7'./\/’adq +f1( s @ m>+

Z / a— k Nladq +gl( a"'aqm) (337)

f1 depends only on ¢2,...,¢™ and g; depends only on ¢?,...,¢™. For j = 2, we

have
JE,

bar = Fald) = 0 e Ni*NS L (4) ¢

(3.38)

855?’ ZGQ(Q):ZQ k+1N2 w—t (q)
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ZAMP
and taking into account (3.37), we obtain
k
Bt ) = 3| [ Lo @Nca NG + [ L@ N
a=1

- [ B ned ez agta
-/ / ONENG AP + ol ™)
+ Z [/Ca k(@) N¥dg" +/Ca k (Q) Ny dg?

a=k+1

which can be written in the form

3 i_“’”y JIEE @Az + 0= DI @) N

o Nadqzl dq”

b 2 2
+ Z Z Z l+1/ /C(l 1) Nocdqzl

dq“

+f2(q3a EE) qm) + gQ(q PEREY qm)

(3.40)
where C) = —dl(ij],(”), LY = an( dLa(n)
Repeating this procedure for j = 3, ... m, finally in the m — th and last step,
we obtain
E, (q q)

ZZ Z l+y /[Z((llfl)( )Naqz-i-(l—l)L ( ) Na Nadqzl dqiz

a=11=111<...<3y=1 N )

b m m
+ Y > Y (- 1”1/ /Cﬁj QNS NG dgt. T (3.41)
a=k+11=1 1 <...<4=1

Let us now discuss the questlon, what to do when the Birkhoffian given by
(3.21) is not regular in the sense of definition (2.8).

If there exists at least one loop in an LC circuit that contains only capacitors, then
the Birkhoffian associated to the network is never regular
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Indeed, for the I-loop which contains only capacitors, on the column [ of the
matrix A we have A} =0 for any a = 1, ..., k. Without loss of generality, we will
assume that [ = 1, that is

A7 =0, foranya=1,.. k. (3.42)
For the Birkhoffian (3.21), the determinant in (2.8) becomes

0Q; a <
det | 520, 0. ~ det lZNﬁN‘;La (q)] L a4y
i,7=1,....m a=1

ij=1,...m

From (3.20), we get Nj' = S C“Aa for any a = 1,...,k, 7 = 1,...,m. Then,

1= 1 J
taking into account (3.42), we have, for example7 in the case m = 2

k
SONSNCL () = C2C2 [(AD)2Ln (6) + (A3)°La (4) + . + (45)°Ly (3)] . (3.49)

a=1

Then,

k
det lz NANCL, (q)] -
j,i=1,2

a=1

k 2| eee cxcz
Z(Ag)QLa(cD] =0 (3.45)
c3c3 c3c3

a=1

since the second factor obviously vanishes. In the case m = 3, we obtain

k k k
S ONFNELL(§) = €22 | (A9)%La (@) | + (€23 +C2cd) ZASA;L(@)]
= a=1 a=1
k ~
+C3C D (A9 La (9) (3.46)
a=1

Using basic calculus, the determinant of the matrix with elements (3.46) can be
rearranged as a linear combination of determinants having the columns of the

Ci1cj1 Chc]l Cnch
form | cicd |, | ciel |, C“le , respectively, with iy, j;1 = 2 or 3 in each
CZICJI CZICJI C'Llcjl

case. Hence each of those determlnants contain at least two linearly dependent
columns, that is, they vanish, and this shows that the determinant is zero in the
case m = 3 as well. Similarly, for an arbitrary m, the determinant of the matrix
with the elements

k m
S NN @) = Y e

a=1

k

> (A8)°La (9)

a=1

2
i (cici+cie)

2<i1<J1

+

ZA“A“N (j] (3.47)
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is zero. O

If there exists in the network m’ < m loops which contain only capacitors, all
the other loops containing at least an inductor, we can regularize the Birkhoffian
(8.21) via reduction of the configuration space. The reduced configuration
space M, of dimension m—m', is a linear subspace of M, or a manifold, depending
on whether the capacitors are linear or nonlinear. We claim that the Birkhoffian
@, of the reduced configuration space M, is still a conservative Birkhoffian.
Under certain conditions on the functions L., a = 1, ..., k, which characterize the
inductors, the reduced Birkhoffian &. will be a regular Birkhoffian.

Without loss of generality, we can assume that there is one loop in the network
that contains only capacitors and in the coordinate system we have chosen

NG =0,a=1..k (3.48)
Thus, the Birkhoffian components (3.21), with (3.22), (3.23), are given by, j =
2,...,m,
Q1(g, 4, G Z N7 Coi(
a=k+1
i(a:4:d ZZN‘IN“L Q4§+ Z N2 Cai(q)- (3.49)
i=2 a=1 a=k+1

We note that, according to (3.48), ¢' does not appear in any function Lq () and the
terms Lq (@)d 1 do not appear in any of the Birkhoffian components Q2(q, ¢, §), ...,
Qm(q,4,9).

If the capacitors in this loop are linear devices, )1 is a linear combination of
q’s and we can use this relation to reduce the configuration space M., to an affine-
linear subspace M, of dimension m — 1. If the capacitors in this loop are nonlinear
devices, @1 depends nonlinearly on the ¢’s. We define the (m — 1)-dimensional
manifold M, C M, by

b
Mc = {q € M. | Z Nloééa—k(Q) = 0} . (3.50)

a=k+1

By the implicit function theorem, we obtain a local coordinate system on the

reduced configuration space M,. Taking §' := ¢2,..., ! := ¢™, the Birkhoffian
> =1 A g

has the form . = >3 Q;d7,

Q;(q,4,9) = Fj(9)g+ G;(q), where (3.51)

k m—1
FJ ((j)q = ZJ\/((;'+1)A/(UIZ'+1)L(1 (Z A[(7+1)(jl> 51 (352)
: =1
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b m—1
G]((j) = Z j\/'(]+1 < Oéf'( ’ 7m 1 _|_ ZMZ+1Q —|—const>

a=k+1 =1
(3.53)
f:U Cc R™ ! — R being the unique function such that f(qo) = ¢}, ¢t € R, and
b m—1
Z NPFCo— g <Nf‘f((j1, e @Y+ Z J\/(C;H)til + const) =0 (3.54)
a=k+1 =1

for all ¢ = (g%, ...,g"') € U, with U a neighborhood of gy = (g3, .-, Gg" ).
We will now prove that the Birkhoffian (3.51) is conservative. In order to do
so, we will show that there exists a function E, (g, ) satisfying

m—1 m—1 _ _
~ — L g aEw o4 aEw s
; Q@4 D7 =Y [aqj 7+ o0 q]} : (3.55)

Jj=1

Because of the special form of the terms on the left side of (3.55), we may assume
that E,(q,q) is a sum of a function depending only on ¢, and a function depending
only on §. From the theory of total differentials, a necessary condition for the
existence of such functions is the fulfillment of the following relations
3-7?]';(@) 9F(@) _ 0
aqt oq’
(3.56)

9G;(@) _ 9G1@) _
oq! o

for any j,l =1,...,m — 1, where

m—1 k m—1
=2 2 NG La <Z N(‘?Hﬁl) q (3.57)
i=1 a=r+1 =1

We check in the same way as for the functions F;(¢) in (3.27), that the first relation
n (3.56) is fulfilled. From (3.53), the second relation in (3.56) reads as

b

R VAU I SRV

a=k+1

NGl WD N [ =0 o)

where 5;_k = dé“d;nk(”). The relation (3.58) reduces to

b
> NG Corn@NT? 2 070) NGy Clon(@N? f; 9 _, (3.59)

—l
a=k+1

Taking into account (3.54), the above relation is fulfilled, for any j,i =1,...,m—1.
Indeed, taking the derivatives with respect to ¢ and also to g, in the equation
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(3.54), we obtain, respectively,

b
S N @) [Nl /@) +N<J+1>] 0

a=k+1

Z Mo [Naaf( )+Nz+1>] _ 0. (3.60)

a=k+1

Now we multiply in (3.60) the first equation with agé?, the second equation with

—aaf—qg?) and we add the resulting equations to obtain the equation (3.59).

Thus, we proved the existence of a function E,,(, ¢) such that (3.55) is fulfilled.
For any other loop which contains only capacitors, we just repeat this proce-
dure. Thus, we finally arrive at a configuration space M, of dimension m — m/,
where m’ denotes the total number of loops of that type. O

In case the network has loops which contain only inductors the Birkhoffian can
be a regular one but we can further reduce the configuration space. Inductor loops
can be considered as some conserved quantities of the network.

If there exists in the network m” < m loops which contain only linear induc-
tors, all the other loops containing at least a capacitor, we can further reduce the
configuration space. The reduced configuration space M, of dimension m — m”,
s a linear subspace of M.. We claim that the Birkhoffian &, of the reduced con-
figuration space M, is a conservative Birkhoffian. Under certain conditions
on the functions Ly, a = 1,...,k, which characterize the inductors, the reduced
Birkhoffian ©. will be a regular Birkhojffian.

Without loss of generality, we can assume that there is one loop in the network
that contains only inductors and in the coordinate system we have chosen
F=0,a=1.,p. (3.61)

Thus, the Birkhoffian components (3.21), with (3.22), (3.23), are given by, j =
2,....m,

1(¢,4, ZZN“N“L

i=1 a=1
m k

Qi(q:4:d) = > > NINLa (¢) G + Z N7 Coi(q)- (3.62)
=1 a=1 a=k+1

We note that, according to (3.61), ¢* does not appear in any function éa,k(q).
If the inductors in this loop are linear devices, Q1 is a linear combination of ¢’s.

We can integrate this relation to obtain an affine-linear relation between ¢’s (see

the first example in Section 5). We can use this relation to reduce the configuration
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space M., to an affine-linear subspace M, of dimension m — 1. Taking ¢' := ¢2,...,
@™~ ! := ¢™, one can write the Birkhoffian components of &. and one can prove,
using the same ideas as in the previous reduction case, the existence of the function
EL such that this Birkhoffian is conservative.

For any other loop which contains only linear inductors, we just repeat this
procedure. Thus, we finally arrive at a configuration space M, of dimension m —
m/, where m” denotes the total number of loops of that type. O

If the devices in the m” < m inductor loops are nonlinear devices, then,
Q1(q,4,G),---s Qumr (4,4, q), are nonlinear functions depending on ¢’s and ¢’s. Us-
ing these relations we can define a smooth constant rank affine sub-bundle &,
of the affine bundle 7; : J2(M.) — TM,, on which we define the constrained
Birkhoffian system (M,,w., &.). The submanifold &. has codimension m”.

4. LC electric circuits with independent current/voltage sources

Let us now consider an electric circuit containing s; independent current sources
and sy independent voltage sources, in addition to k inductors and p capacitors.
Then b= k+ p+s;+Sy=m-+n, where b, m, n have the same meaning as in Section
3. We suppose that m —s; > 0, n — sy > 0. The branches of the oriented
connected graph associated to this circuit are labelled as follows: L,, a = 1,.... k,
the inductor branches, Co, a = 1,...,p, the capacitor branches, Si,, ¢ = 1,...,s1,
the current source branches, and Sy, j = 1,...,sy, the voltage source branches.
Let the basic equations governing the circuit be now written in the form

57 (o, )+ (1) =0

dt
(4.1)

AT(La(Ia)%>+AT(U (t))_o
1 Ca(Qa) 2 sv -

where AT € Mm—s,)(k+p) (R), AT € Mim—ss, (R), Bl € Min—sy)(k+p) (R),
BI € M(y_s,)s, (R). We also assume that rank(A] ) = m—sy, rank(B]) = n—sy.
The functions I, (t) and vs,, () are given vector functions of time. They describe
the independent current sources and independent voltage sources, respectively.
The other quantities in (4.1) are defined as in Section 3.

In the following we give a Birkhoffian formulation for the network described by
the system of equations (4.1), using the same procedure as in Section 3. That is,
using the first set of equations (4.1), we are going to define a family of (m — s )-
dimensional affine-linear configuration spaces M, C RY parameterized by a con-
stant vector ¢ in R"™°V. A Birkhoffian w;, on the configuration space M, arises
from a linear combination of the second set of equations (4.1). Thus, (M. ,wy,)
will be a family of Birkhoff systems that describe the LC circuit with independent
current /voltage sources considered.
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Let $ : RFt? — R™ 3V be the linear map that, with respect to a coordinate
system (z1,...,2¥TP) on RF*P, is given by

9@, .My =87 + B3 (15,(2)). (4.2)

xktp

We define
M, :=$H"(c) (4.3)

¢ being a constant vector in R"~5v. M, is a time-dependent affine linear subspace
in R**?. From rank(BT) = n — sy, its dimension is k +p + sy —n =m — sy.
Let us figure out the relation between 1,, ds—;, and coordinates on M.. As in
the case without sources, taking into account (3.11) and the fact that the matrix
BT is a constant matrix, we integrate the first set of equations (4.1) to arrive at

BT (?—j“) ) Y I(t) =c (4.4)
with ¢ a constant vector in R"™5v and Z(t) a primitive of B3 (1, (t) ).
Likewise consider coordinates in R**?

zl = Q(1); zk = Qi) "= qq, ., 2P = Qp- (4.5)

We can define coordinates on M, by solving the equations (4.4) in terms of an
appropriate set of (m — s7) of the Q-variables, say ¢ = (¢!, ...,¢™ 7). In other
words, we express any of the z-variables as a function of ¢ = (q17...7q’”_sf)
namely,

)

m—Sr
= Z ‘ﬁ‘;qj + f4(t) + const,a =1, ..., k,
j=1
m—Sy
¢ = Z ‘ﬂ?qj—i—fo‘(t)—i—const, a=k+1,..k+p (4.6)

j=1
with certain constants 9, M¢ and certain functions of ¢, f(t), f*(¢).

. ne
The constant matrix 9N = ( ) has rank m — sy, and there

j
(ﬁ? =1,k a=k+1, . ktp
exists a nonsingular matrix C € W(mfsz)(meI)(R) such that
CAT =™, (4.7)

We define the Birkhoffian wy, of M. such that the differential system (2.5) is
a linear combination of the second set of equations in (4.1), which is obtained
multiplying the second set of equations in (4.1) by the matriz C. Taking into
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account (4.7), in terms of g-coordinates as chosen before, the expressions of the
components Q;(t,q, 4, §), j =1,. — Sr are

Qj(t7Q7 6]7 q) = F](t7Q)q+ Gj(t7q> +Vj(t> (48)

where

Nt g [N e P
Fj(t7Q)q = ijLa (t7Q) Z m1q + dt2
a=1

i=1
m—Sy 2f‘1({;)
2_;(2:1‘31‘51 tq>q+2m () =7z~ (49)
k+p m—Sy _
Gj(t,q) = Z NG Co—k Z N7’ + f(t) + const
a=k+1 j=
k+p ~
= > NCark (t,q) (4.10)
a=k+1
b
Vi)=Y (CTAD) ey Vay—k—ps, (1) (4.11)

sy=k+p+Sr+1

If there exist in the network m’ < m — sy loops which contain only capacitors
or capacitors and independent voltage sources, then the Birkhoffian associated to
the network is never regular.

Indeed, in this case the functions @; corresponding to such loops depend only
on ¢’s and t. Using the same procedure as in Section 3, the reduced configuration
space M, of dimension (m — s;) —m’, is a linear subspace of M, or a manifold,
depending on whether the devices in the loops are linear or nonlinear.

Let us finally discuss the question whether the Birkhoffian (4.8) is conservative
or not.

For a linear LC circuit with independent current/voltage sources we claim that
the Birkhoffian (4.8) is conservative. A nonlinear LC circuit with independent
current /voltage sources is conservative if and only if it does not contain cutsets of
inductors and independent current sources.

In order to show that the Birkhoffian (4.8) is conservative, we are looking for
a smooth function E,, (¢,q,q¢) such that the relation (2.19) is fulfilled. For the
Birkhoffian (4.8), this relation becomes

m—S; k B 2fa( )
(Z > NNIL, (t,q ) i+ (Zma ha) s +Gj(t,q)+Vj(t)> i

i=1 a=1
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Oy, .;  OF,, .
= L)+ 5§ 4.12
og &t g 4 (4.12)
If the inductors and the capacitors in the network are linear devices, taking
into account (3.7), we easily find the function

k m—S; m—Sy NaNa
Eu,(t,4,4) = ZZLN‘W“qu3+— Z >, —=~
alz,jl okt ijo1 Co—k
m—Sy 2 ra
a d f (t) j
+ Z RIS 0 + V;(t) + const;lq’ (4.13)

which satisfies (4.12).
If the inductors and the capacitors in the network are nonlinear devices, the
existence of the function E,, (¢, g, ¢) which satisfies (4.12), depends on the appear-

ance of the term 2521 m;ia (t,q) dzg;(t) in (4.12). For the networks which do not

contain cutsets of inductors and independent current sources, this term does not
appear at all in (4.12). In this case the proof of the existence of the function E,,

is the same as in the case without sources. If the term 2571 ‘.)’I‘?Z (t,9) %
2

is different from zero in (4.12), then, gqfa‘;j # an 5a5- Therefore, the Birkhoffian

(4.8) is not conservative in the sense of definition (2.19). O

5. Examples

The first example that we present is the example from the paper ([9]), in which
we have interchanged the capacitor C3 and the inductor L; to emphasize that
networks which contain capacitor loops and inductor cutsets fit into the formalism
presented in Section 3. The directed connected graph associated to this circuit is
presented in Figure 1, page 182.

We first suppose that all devices are linear, that is, they are described by the
relations (3.7). Then, taking into account the values of the matrices A, B given
by (3.3), the equations (3.8) which govern the network have the form

I4—dQ1+dQ3—0
dQ dQa
Ip+I3— 5 — 5 =0

I —I3—I4=0

Q _ 9 | 9 _ (5.1)
Cld Cz + C3 - O
aly Q2 _
L2 dt + Cy
dn o diy dis _
Litgg —Le'gy tlatg =
diy diy Q _ 0

where ¢, # 0, a« = 1,2,3 and 1, # 0, a = 1,2,3,4, are distinct constants. The



Vol. 58 (2007) Birkhoffian formulation of the dynamics of LC circuits 197

relations (3.11), (3.13) read as follows for this example

_ Q)

Iy - dt s

a=1,2,3,4 (5.2)

z! = Q1) ++» zt = Q4); x5 = Q1y-ens z’ = Q3. (53)

Using the first set of equations (5.1), we define the 4-dimensional affine-linear
configuration space M.. We solve the corresponding equations (3.12) in terms of
4 variables. In view of the notations (5.2), (5.3), we obtain, for example,

U= 23 4+ 2* 4 const

2 = 2 + 27 + const

2% = 2% + 23 — 27 + const. (5.4)

Thus, a coordinate system on M, is given by

¢t =2",¢% =22 ¢ =23, ¢t =2t (5.5)
Na
The matrices of constants N = <Nj‘1 ) and C in (3.14), (3.20) attain
j a:l.]2‘,3,42..a:5.6,7
the form '
0 011
T
N=|ooo01]|, c= 81?8 . (5.6)
1 001 000 -1
—-1110
1 000

Note that, if we define the Birkhoffian w,. of M, using the second set of equations
(5.1) and not a linear combination of them, that is, the matrix AT instead of
CAT = N7, then, in terms of the g-coordinates introduced in (5.5), we obtain

we =11 Q;(q.4,G)dg’, with

o 1 1 1 1 q2 qS q4
1(9,4,4) <01 Co 03> q Co Cy O cons

1 2 3

.. .2 q q q
=L — — + — + — +const
Q2(q,4,G) = 12§ st
Q3(¢.4,4) = —L2G® + (L1 + L3)§° + L1G*
¢ ¢
Q1(¢,4,4) = —11G° — (L1 + La)§* — o o + const. (5.7)
1 1

The Birkhoffian (5.7) is not conservative. Indeed, for the Birkhoffian (5.7) two
of the necessary conditions for the existence of the function F, : TM — R such
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that (2.10) is fulfilled, are

OE -2 .
o — Leq” — Lo¢®

- (5.8)
¢ = (L1 +13)¢° +L1g*

Because 1o # 0, we see that 8q3 o ;é Therefore, there does not exist a
function E,, such that (2.10) is fulfilled.
However, proceeding as suggested in Section 3, the functions @Q,;(q,4,§), j =

2,3,4 are given by (3.21), (3.22), and (3.23), that is,

qu

1 1 1 2 3 4
@1(q,4,4) = (C—+—+—>q1—q——q—+q—+const
1

Ca2 C3 Ca2 C2 C1
1 2 3
.. .9 4 q q
=L —_ —_— - t
Q2(q.4,G) 24 o + o + o + cons
¢ ¢ P
Q3(q,4,q) = (L1 + Lg)dg + gt — — + — + o + const
C2 2
g q4
Qa(4,4,4) = 14" + (L1 +1a)§" + c_ + -+ const. (5.9)
1 1

The Birkhoffian (5.9) is conservative. The function E,(q,q) is given by (3.35),
that is,

Bu(gd) = yua(@®+ 3 + 1a(d?) +2L3< PP+ 5y +2—;<q FlP

4
1 )2
(const); 5.10
20, ¢ +a+q°)° + +; (5.10)
Because we are in a situation where the network has one loop which con-
tains only capacitors, the Birkhoffian corresponding to (5.9) is not regular. In-

deed, the first row of the matrix [aci').-j

gt
det [%Qj]
T Jig=1234
As we have stated in Section 3, we can reduce the configuration space from

dimension 4 to dimension 3. Using the first equation in (5.9) we define M, C M,
by

] contains only zeros, therefore
1,j=1,2,3,4

1 1 1
MC: = 1 2 3, 4 GMC - - - !
{q (€% q".q") Nt ta)?
2 3 4
_q__q_—|—q——|—const:0.} (5.11)
Co Co C1

On the reduced configuration space M., in the coordinate system ¢! := ¢2, ¢ :=
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o]l

¢, @ = ¢*, the Birkhoffian has the form @, = 25:1 de(jj,
14,9)

Q1( Lot + €1G" + €1 + €G> + const
Q2(q,4,q) L1 +13)3 + 113 + €1G" + €13 + €2¢° + const
Q3(2,d,q) = 11" + (L1 + L)@® + €2q" + €2¢° + €3¢° + const.  (5.12)

-1
where we have introduced the notation €; := c% (1 - c% (C% + c% + C%) ),

—1 ~1

1 1 1 1 1 1 (4 1 1
Q= (G+da+d) =& (1-&(&+d+d)

Let us now see whether the Birkhoffian (5.12) is regular and/or conservative.
We calculate

o Lo 0 0
det {aa@_lj] =0 1L14+L3 L ) (5.13)
q 4,j=1,2,3 0 L1 L1+ Ly

Thus, if Ly [L1Lg + L3(L1 + Lg)] # 0, then the Birkhoffian (5.12) is regular.
The corresponding Birkhoffian vector field (see Section 2), is given by:

L 0 5 0 .5 0 1
Y = =1 2 Y P ¢ —1 ¢ —2 ¢ —3 —
Coa T am T g0 2[161 +€1¢° + 2q]6q1
1
—€1 (L1 + Ly) + €L1) G + (—€1 (L1 + La) + Co11) T
(L1+L3)L4+L1L3 [( 1( 1 4) 2 1)q ( 1( 1 4) 2 1)q
0
+ (—€o(L1 + Lg) + €311) §° + const] e
1
—€5(L1 +L3) + €1L1) ¢ + (—€2(L1 + L3) + €111) G
(L1 + La)is + Lila [( 2(L1 3) 1L1) G (=€ (11 3) 1L1) q
0
+ (-@3(L1 + L3) + ¢2L1) 63 + const] a—qg (514)
Also, the Birkhoffian (5.12) is conservative with the function £ (g, §) given by
_ . 1 . . 1 . 1 . 1 . 1
E5(3:4) = 5u(@® + ") + 51a(d")* + 518(8)” + 51a(@”)” + 5€(0" +7°)°
3
1 . )
+6(TF + PP + 5@,3((73)2 + ) (const); . (5.15)
j=1

As we have pointed out in Section 3, because the network has one loop which
contains only inductors, this is the loop I3, we can further reduce the dimension
of the configuration space by one. The equation that we use for doing this is
Kirchhoff’s voltage law equation for this loop, that is, the sixth equation in (5.1).
For the chosen g-coordinate system (5.5) and after the transformation CA”, the
sixth equation in (5.1) added with the fifth equation in (5.1) and it appeared in
(5.9) by the function Qs3(q,q,§). The Birkhoffian formulation was presented in a
coordinate free fashion. In order to have a coordinate system in which the sixth
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equation in (5.1) appears in the initial form, we change the g-coordinate system
by the following relations

—

=4 —q
7=
7 =q. (5.16)
In terms of ¢-coordinates on M., the Birkhoffian @, = Z?:l deq'j, where
Q1(d,G,4) = L2G" — L2@® + €1G" + €2¢° + const
Q2(4:G,G) = —L2G" + (L1 + L2 + L3)¢" + L1¢°
Q3(4,d,4) = L1G° + (L1 + La)§® + €2¢" + €36° + const. (5.17)

Using the second equation (5.17), we define M, C M, by

M.={q=(¢".¢",¢") € Me/ —12G" + (L1 + L2 + 13)¢" + L1G" + g(t) + const = 0}
(5.18)
with a certain function g(t) depending on t.
On the reduced configuration space M., in the coordinate system ¢' := ¢', % :=
3, the Birkhoffian has the form & = Q1dg* + Q2dg® with

A o.oxoxn Lo(Li4L3) LiLy 1 2
,4,4) = + €14 + €24“ + const
Ql(q ) L1 + Lo + L3 L1 +L2+L3q 19 24
AL LiLg o (L1 +La)(L2 + L) + L1La 5 1 2
LG, G) = + + €54" + €362 + const.
Q2(4,4,9) e f il s s q 24 3" + cons

(5.19)

Because 1; # 0, i = 1,...,4, the determinant

Lo L1+ L3 L1 .
T TTa? | 14y (L1 4+ La)(Lo + Ls) + LiLa ‘ # 0, then, the Birkhoffian (5.19)
is regular.

Moreover, the Birkhoffian (5.19) is conservative, and

Lo(L1 + L3) (él)g LiLa él 29
2(L1 + L2 +L3) Ly + L2+ L3
(Ll + L4)(L2 + L3) —+ LiLg (62)2
2(L1 + L2 + L3)

Ew (qAa (j) =

2
1 . 1 A 1 R i
+3€1(0) + €' + 5+ Y (const);dl. (5:20)
j=1

Let us now suppose that the inductors and the capacitors in the network are
nonlinear devices, their constitutive relations being of the form (3.4), (3.6). The
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equations (3.8) which govern the network have now the form
-y de

Io +1 f&fd&:()

dt dt
Ih —I3—14 =0
Cr(Qi) — C2(Q2) + C3(Q3) =0 (5.21)
LQ(IZ)% +C5(Qy) =0
<I )i Lo (1) 2 4 Ly(13) % =

at
Ly(1) % — L4(I4)d14 C1(Q1) =0
where L, : R — R\{0}, C,, : R — R\{0} are smooth invertible functions.

As we have pointed out in Section 3, the first set of equations in (5.21) is the
same as in the linear case, therefore the configuration space M, is the same, too.
For the coordinate system on M, given by (5.5), the matrices N, C have the same
expressions (5.6) as before. Thus, in the nonlinear case, the Birkhoffian becomes
we = Z?:l Q;(q,d,4)dg’ with the functions Q; given by (3.21), (3.22), (3.23),
that is,

Q1(q,4,4) = C3(q") + C1(¢* + ¢* + const) — Co(—q* + ¢* + ¢* + const)
Q2(9,4,G) = ( )q + Co(—q" + ¢* + ¢ + const)
Q3(a,4:4) = (L3(d*) + L1(¢* + ¢")) @ + L1(¢® + ¢*)i*

+C’2(fq + ¢ + ¢® + const)
Qa(q,4,4) = L1(¢® + d")§® + (La(¢*) + L1(¢® + ¢*)) §* + C1(q" + ¢* + const).
(5.22)

The Birkhoffian (5.22) is conservative with the function E, (g, ¢) given by (3.41),
that is,

Fu(g,d) = / 1 (@)(d® + 4*)(dd® + dg?) + / Lo(@?)Pdi® + / Ls(@®)Pdd®

+[aviar - [ [ D@ +aacat - [ [ Tiodea

+ / Cr(q)(dg + dg") + / Cola) (—dq" + de® + dg?) + / Cs(q")dg

—//5i(q)dq1dq4 —//@(q)(—dqldq2 — dq*dq® + dg*dq®)
///C dqldqqu (5.23)

The Birkhoffian (5.22) is not regular, since the first row of the matrix
862_1]

{ 9" |; j=1,234

duce the configuration space from dimension 4 to dimension 3. Different from the

linear case, the reduced configuration space will not be a linear subspace of M..

contains only zeros. But just as in the linear case, we can re-
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If the functions Cy, Cy, C3 are such that the Jacobian matrix for ‘the first
equation in (5.22) has rank one, we define the 3-dimensional manifold M, C M,
by

M, = {q=(¢".¢* ¢",¢") € M/ Cs(q") + Ci(q" + ¢* + const)
—Cy(—¢* + ¢* + ¢* + const) = 0}. (5.24)
By the implicit function theorem, we obtain a local coordinate system on the re-
duced configuration space M. Taking ¢ := ¢*, ¢* := ¢*, * := ¢*, the Birkhoffian
has the form @, = 23_1 Q;dg’, with
Q1(2,4,4) = L2(3")§" + Co(~f(a", 0%, @) +q1 +q* + const)
Q2(7,4,9) = (L3(¢®) + L1(@® + @) @ + L1(@® + ) ¢°
+Co(=f(q", 6% @) + @' + ¢ + const)
Q3(0:3:9) = L1(@® + @)@ + (La(@®) + L (@ + ) ¢°
+C1(f(@", 3%, @) + ¢ + const) (5.25)
f:U Cc R® — R! being an unique function such that f(q) = ¢, ¢4 € R, and
C3(f(@)+C1(f(q)+q +const)—Co(—f(0)+q" +°+const) = 0, Vg = (7", ¢%,¢°) €
U, with U a neighborhood of ¢y = (g3, 3, 33). On account of Ly, L, L3, Ly : R —
R\{0}, we have

La(q") 0 0
0 Ls3(@®)+Li(@+¢*)  Li(@+q) |#0 (5.26)
0 Li(@+3%)  La(@) + L@ +3°)

then, the Birkhoffian (5.25) is regular.

Because the network has one loop which contains only inductors, let us perform
a further reduction of the dimension of the configuration space by one, just as we
have done in the linear case. In the coordinate system ¢ defined in (5.16), the

Birkoffian @, = 22—1 Q;d§ , where

Q1(4,4:4) = L2(¢" — g )ql — Ly(q" = )3+ Co2(G, ¢, ¢°)
2

Q2(0,0:0) = Lo’ =)0 + [L1(@ + ) + La(d" = &) + Ls(@)] ¢°
+L1(f1 +q° )
Q3((jaqvv(D = Ll( ) [ (62 +(jg)+L4(q3)] 53 +C1(q11q2aq3)

(5.27)

Using the second equation in (5.27), we can define a smooth constant rank affine
sub-bundle &.. of the affine bundle 7 : J?(M,) — TM, via

6c = {(¢,¢,9) € J*(M.)/ — L2(G" — ¢)q" + [La(8* +¢°) + L2(¢" — ¢°)
+L3(é2)] ¢+ Li(¢* +¢*)¢* = 0}. (5.28)
The constraint &, is integrable, in the sense that we have the foliation
Seonst = {(4,4) € T(M.)/ — L2(q" = §°) + L1(3* + ¢°) + L3(§*) = const}. (5.29)
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Figure 2

Thus, in the nonlinear case, we draw the conclusion that we can further reduce
the configuration space only if it is possible to find from (5.29) new configuration
coordinates ¢!, g%, that is, when the constraint (5.29) is holonomic.

In order to underline that, depending on the topology of the networks with
independent sources, the associated Birkhoffian is conservative or not, we consider
the circuit shown in Figure 2 above. This circuit contains a loop formed by ca-
pacitors and independent voltage sources and a cutset formed by inductors and
independent current sources. We shall see that the Birkhoffian associated to such
a circuit is not regular and not even conservative for nonlinear inductors and
capacitors.

Wehave k =3, p=2,s;=2,sy =1,n=4, m=4,b=28. We choose the
reference node to be V5 and the current directions as indicated in Figure 2. We
cover the associated graph with the loops Iy, I, I3, I4. Let V = (V1, Vo, V3, V)) €
R* be the vector of node voltage values, I = (I, 14, 1Is,,1Is, ) € R3xR?xR?xR! be
the vector of branch current values and v = (vq, Vq, vs,,Sv) € R3xR%ZxR?xR!
be the vector of branch voltage values.

The branches in Figure 2 are labelled as follows: the first, the second, and
the third branch are the inductor branches Li, Lo, Ls, the forth and the fifth
branch are the capacitor branches C;, Cq, the next two branches are the current
source branches Sr,, St,, and the last branch is the voltage source branch Sv,.
The incidence and loop matrices, B € Msgy(R) and A € Mgy (R), write as

-11 0 0 0 010
-1 0 0 O 1 -10 0
0 0 0 -1 -1 00 0
0 0 -10 0 001
B= 0 -10 0 |’ A= 0 01-1 (5.30)
1 0 0 -1 1 000
1 0 0 O 0 -110
0 -11 0 0 001
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For linear inductors and capacitors, the governing equations have the form:

—I; — Iy + I, (t) + Lsr, (t)=0

dQs —
I — 3 — 1, =0

_dd&tl + ISV1 g 0
—I3 — 15, () =0
(5.31)

d1 d1
Lo'gi —La'gt + Vs, =0

diz _
—Ldgﬁ _QUSIQ =0
aly Q. —
Lél dt —g C, +U812 =0
Q _ Q _
C, TG T sy t)=0

where ¢, #0, a=1,2 and L, # 0, a = 1,2, 3, are distinct constants.

Note that Iy, , Is,, , vs,, are given functions of time which describe the currents
associated to the independent current sources Sy, , Sy, and the voltage associated
to the independent voltage source Sy,, respectively.

Once we know the unknowns Iy, Iz, I3, Q1, Q, we can determine all the other
circuit variables.

From the first set of equations (5.31), we have

dq
Loy, = d—tl (5.32)
and from the second set of equations (5.31), we conclude
disy dis
Usp, = ~Lagn + 3
dig
Vs, = L2 (5.33)
Therefore, the system (4.1) has now the form
I —Ig +I5,, (t) + Ls, (t)=0
i
1y 1, (1) =0 530
L1% + 8—22 - Lz%2 =
8_11 - 8_22+USV1(t) =0
with
11
00 (5.35)
0 0-10 0 -10

~1-10 0 0
Bi=(1 0 0-1-1] Bj=
0
1

1-100 1
A{:(00011) ATz( ) (5.36)
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The relations (3.11), (4.5), read as follows for this example

dQ(a)
a = s = 1,273 5.37
! at (5.37)
z' = Q) 27 1= Q), 7 == Q). L2t 1= qQ, 27 = Qo (5.38)

Using the first set of equations (5.34), we define the 2-dimensional affine-linear
configuration space M.. We solve the corresponding equations (4.4) in terms of 2
variables. In view of the notations (5.37), (5.38), we obtain, for example,

2= —2' 4 f2(t) + const
3 = £3(t) + const
2° =zt — 2 + const (5.39)

with f2(t) = [ (15, (¢) + 1., (t)) dt, f3(t) = — [ 15, (£)dt and the other components
of f in (4.6) being zero. Thus a coordinate system on M, is given by

xT
xT

¢ =zt ¢? =2t (5.40)
ne
and the matrices of constants 91 = ( mé ) and C are
j a=1,2, «=3,4,5

10
-1 0

MN= 0 0 |, :((1)(1)> (5.41)
0 1
1 -1

In terms of the coordinates (5.40), we define the Birkhoffian w;, = Q1dq' + Q2dq?,
as in (4.8)-(4.11), that is,

RO

¢ s 6 = (L L .1 L ¢ T "
Q1(t,q,4,4) = (L1 + L2)§ 2 + & o + cons
1
R q 1 1 9
QQ(ta q,4, Q) = —0—2 + (C_1 + C_2> q + ’USVI (t) + const.

(5.42)

Because there exists a loop which contains only capacitors and independent voltage
sources, the Birkhoffian (5.42) is mot regular. Indeed, the second row of the
20, a@?] —0.
oG 94" | j=1,2

Though there exists in the network a cutset formed by inductors and inde-
pendent current sources, the Birkhoffian (5.42) is conservative in the sense of
definition (2.19). The function E,, (¢, ¢, q) is given by (4.13), that is,

1 1 1 1
E, (t,0.4) = =11(6)2 + =12(d")2 + —(¢®)2 + —(¢" — ¢?)?
(t,q,4) 2L1(61) +2Lz(Q) +2Cl(q) +202(q q)

matrix [ ] contains only zeros, therefore, det [
i,j=1,

+|-L @ 2(1) 1 9 4
Ll + consty ) ¢' + (vsy, (t) + consty) ¢°. (5.43)
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In order to obtain a regular Birkhoffian we could use the second equation from
(5.42) and reduce the configuration space M, to a vector space M, of dimension 1.
The procedure is the same as in the first example with linear devices.

For nonlinear inductors and capacitors, in the coordinate system (5.40) on the
configuration space M, of dimension 2, the Birkhoffian w;, = Q1dq* + Q2dq?,
where

Qi) = @)+ 1 (< + LY - 1o (-0 4 L) L0

+C4(q" — ¢* + const)
Qa2(t,4,4.4) = C1(a®) = Calq" — ¢° + const) + vy, (1), (5.44)

The Birkhoffian (5.44) is not regular and not conservative. Indeed, two
of the necessary conditions for the existence of the function E,, : TM — R such

2 .. . 2 OE,
that Zj:l Q](tyan7q)dq] = Z_j:l anf j + 3 J qJ are

OB, . .
st = Ln(d) + L (—d" + %82

pa

(5.45)
BE'w . 2 2
it = —La (—q' + L) SO + Calg! — ¢ + const)
2
We easily see that for almost all values of the parameters, ?9 I;wa 7é gt ; r =

Let us now consider a network that has the oriented connected graph as in
Figure 2 in which we interchanged the inductor branch Ls with the capacitor
branch C; and the inductor branch Lo with the capacitor branch Cy. We will
see that the Birkhoffian associated to this network is conservative even if the
inductors and the capacitors in the network are nonlinear devices.

The system (4.1) has now the form

_11_&_‘_1”1( )+1312(t)20
11—12—13—0

d
_% - I511 (t) =0

(5.46)
Ly(1) Gt + Ly(12) 42 — Ca(Qz) =0
—Lo(12) 42 + L3(13) %42 + vy, (£) =0
and
Loy, =13 (5.47)

Vsp, = C1(Q1) — C2(Qa)
Vs, = —CQ(QQ). (548)

Using the same procedure as above we get the configuration space M, of di-
mension 2. In view of the notations (5.37), (5.38), a coordinate system on M, is
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given by
¢t =zt ¢? =ab (5.49)
and the Birkhoffian w;, = Q1dq' + Q2dq?, where
Qu(t.4,4.4) = [L1(d") + L2 (¢" = )] 4" — L2 (¢" — ¢°) ¢°
—COy(—¢" + f°(t) + const)
Qa(t,q,4,4) = —L2 (¢ —¢°) ¢ + [La (¢" = ¢*) + L3(d*)§°] ¢ + vy, (8)  (5.50)

with f5(t) = [ (15, (t) +1,,(t)) dt and the other components of f in (4.6) being
zero. The Birkhoffian (5.50) is conservative in the sense of definition (2.19), with
the function E,, (t,q, ¢) given by

o (tq,4) = / Ly(@h)itdgt + / Ea(d)(d" — ¢®)(dd* — dg®) + / Ls (%) 2dg?

+ / / Ly(@)(d* — ¢*)di'dg® + / / La(4)dd' dg*

—/02(—(]1 + f5(t) 4 const)dq' + Vsy, (t)q? (5.51)
where E; = dzj—n(/”. O
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