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Abstract

We study the Dirichlet problem with mean curvature operator in Minkowski space

div(L>+)»[,u(|x|)vq]=O in B(R), v=0 ondB(R),

V1—1|Vy|?

where A > 0 is a parameter, ¢ > 1, R > 0, i : [0, 00) — R is continuous, strictly positive on (0, co) and
B(R)={x e RV: |x| < R}. Using upper and lower solutions and Leray—Schauder degree type arguments,
we prove that there exists A > 0 such that the problem has zero, at least one or at least two positive radial
solutions according to A € (0, A), A = A or A > A. Moreover, A is strictly decreasing with respect to R.
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1. Introduction

In this paper we present some non-existence, existence and multiplicity results for radial so-
lutions of Dirichlet problems in a ball, associated to the mean curvature operator in the flat
Minkowski space

LNt = {(x,1): x eRY, r e R}

endowed with the Lorentzian metric

N
Y (dxj)* — (dr)?,

j=1

where (x, ¢) are the canonical coordinates in RV *1.

These problems are originated in the study — in differential geometry or special relativity, of
maximal or constant mean curvature hypersurfaces, i.e., spacelike submanifolds of codimension
one in LY *1 having the property that their mean extrinsic curvature (trace of its second funda-
mental form) is respectively zero or constant (see e.g. [1,9,21]). More specifically, let M be a
spacelike hypersurface of codimension one in LY ! and assume that M is the graph of a smooth
function v : 2 — R with £ a domain in {(x, 7): x € R, t =0} ~ R". The spacelike condition
implies |Vv| < 1 and the mean curvature H satisfies the equation

. Vv :
dlv(—> =NH(x,v) 1in 2.

V1= |Vv|?

If H is bounded, then it has been shown in [3] that the above equation has at least one solution
ueC'(2)NW?>2(2) withu =0 on 352.
In this paper we consider the Dirichlet boundary value problem

div<L>+k[u(|x|)vq]:0 in B(R), v=0 ondB(R), (1)

V1= V]2

where A > 0 is a parameter, g > 1, R > 0, u : [0, 00) — R is continuous, strictly positive on
(0, 00) and B(R) = {x e R": |x| < R}.
Using a variational type argument, in [8] it is shown that if

R
(g+ DRY < AN/rN_lu(r)(R —rytlar,
0

then problem (1) has at least one positive classical radial solution. In particular, it is clear that the
above condition is satisfied provided that A is sufficiently large. On account of the main result of
this paper (Theorem 1), this result becomes more precise. Namely, we prove (Corollary 1) that

o there exists A > 0 such that (1) has zero, at least one or at least two positive classical radial
solutions according to A € (0, A), A = A or A > A. Moreover, A is strictly decreasing with
respect to R.
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Up to our knowledge, such bifurcation scheme is completely new and has not been described
before in related problems. If we compare with known results for classical elliptic equations with
convex-concave nonlinearities (see for instance [2]), the bifurcation diagram is reversed in some
sense. In particular, the non-existence of solutions for small values of the bifurcation parameter
is a striking effect and a genuine consequence of the Minkowski mean curvature operator.

In the case = 1, it is interesting to compare (1) with the analogous problem in the Euclidean
context:

v
diV(—v) 4o?=0 inB(R)., v=0 ondB(R). )

V14 |Vy|?

with 1 < g < %—f% The assumption on ¢ is natural because, from [19] it follows that (2) has no

nontrivial solutions if g > %—f% Notice also that, according to [13], all positive solutions of (2)

have radial symmetry. Using critical point theory, in [11] it is proved that (2) has at least one
positive radial solution for A sufficiently large. One the other hand, in [10] it is shown that if
A =1 then there exists a non-negative number R* such that (2) has at least one positive radial
solution for every R > R*; this is done by means of a generalization of a Liouville type theorem
concerning ground states due to Ni and Serrin. Also, notice that in [20] it has been shown that
there exists R, > 0 such that (2) has no positive radial solution when R < R,. The case g =1
is considered in [17] for A in a left neighborhood of the principal eigenvalue of —A in HOI.
In dimension one for R =1, in [14] it is given a complete description of the exact number of
positive solutions of (2).

For w(r) = r™, the analogous semilinear problem in which the mean curvature operator is
replaced by the Laplacian is

Av+ |x|"v? =0 in B(1), v=0 onadB(1),

and we point out that, as shown in [ 18], the above problem has a positive radial solution provided
thatl<q<%andN>3,m>O.
Setting, as usual, r = |x| and v(x) = u(r), we reduce the Dirichlet problem (1) to the mixed

boundary value problem

\/l—u’2

The rest of the paper is organized as follows. In Section 2 we associate to a larger class of
problems of type (3) a fixed point operator and we prove a lower and upper solution result
(Proposition 1). A Cauchy problem associated to the differential equation in (3) is studied in
Section 3. The main result of this section (Proposition 2) will be employed to prove the mono-
tonicity of A with respect to R. By means of a degree computation inspired in the proof of the
cone compression—expansion theorem by Krasnosel’skii (see [15]), in Section 4 we show that the
Leray—Schauder index in zero of the fixed point operator introduced in Section 2 is 1. Section 5
is devoted to the proof of the main result.

For other results concerning the Neumann problem associated to prescribed mean curvature
operator in Minkowski space we refer the reader to [5-7,16].
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2. A fixed point operator, lower and upper solutions and degree

In this section we consider problems of the type

(Vo)) +rV ey =0, W(©0)=0=u(R), (4)
where N > 2 is an integer, R > 0 and the following main hypotheses hold true:

(Hp) ¢:(—a,a) - R (0 <a < o0) is an odd, increasing homeomorphism;
(Hy) g:[0, R] x R — Ris a continuous function.

In the sequel, the space C := C[0, R] will be endowed with the usual sup-norm || - ||oc and
C!:= C'[0, R] will be considered with the norm ||u|| = ||¢||co + ||’ |oo. Also, we shall use the
closed subspace of C! defined by

Cy=luecC:u0)=0=u®}.
For ug € Cl , we set B(ug, p) :={u € C}W: lul| < p} (p > 0) and, for shortness, we shall write
B, instead B(0, p).
Recall, by a solution of (4) we mean a function u € C! with ||u'||cc < a, such that

rN=1g(u') € C! and (4) is satisfied.
Setting

or):=1/r""1 >0,

we introduce the linear operators

S:C—C, Su(r) :o(r)/tN_lu(t)dt (r € (0, R]), Su(0) =0;
0

R
K:C—Cl, Ku(r):/u(t)dt (r €10, R]).

r

It is easy to see that K is bounded and standard arguments, invoking the Arzela—Ascoli theorem,
show that S is compact. This implies that the nonlinear operator K o ¢~ ! 0 §: C — C! is com-
pact. On the other hand, an easy computation shows that, for a given function # € C, the mixed
problem

N lo)) +rVN Ty =0, W (0)=0=u(R),
has an unique solution # given by

u=Ko¢_loSoh.
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Next, let N, be the Nemytskii operator associated to g, i.e.,
Ng:C—C, Ngu)=g(-,u(")).

Noticing that N is continuous and takes bounded sets into bounded sets, we have the following
fixed point reformulation of problem (4).

Lemma 1. A function u € C ]1\/1 is a solution of (4) if and only if it is a fixed point of the compact
nonlinear operator

Ng:Ciyy—Chyy Ng=Kop 'oSoN,.
Moreover, any fixed point u of N satisfies
||, <a. lulloo < aR (5)
and
disll —Ng, B,,01=1 forall p>a(R+1).

Proof. Inequalities in (5) follow immediately from the fact that the range of ¢! is (—a, a).
Next, consider the compact homotopy

H:[0,1]x C}; — Chyy H(T,-) = TNG().
One has that
H([0, 11 x C);) C Ba(r+1),
which together with the invariance under homotopy of the Leray—Schauder degree, imply that
dis[1 —H(O, ), B,,0] =dis[I —H(1, "), B,,0],

for all p > a(R + 1). The result follows from H (0, ) =0, H(l, ) = Ng and drs[I, B,,0] =
1. O

A lower solution of (4) is a function « € C! such that ||&||ec < a, ¥ 1 (') € C! and
N—-1 / ! N—1
("o’ )) +r T g(ra(r) =0 (rel0, R]), a(R) <0.
Similarly, an upper solution of (4) is defined by reversing the above inequalities.

Proposition 1. If (4) has a lower solution o and an upper solution B such that a(r) < B(r) for
all r € [0, R), then (4) has a solution u such that «(r) < u(r) < B(r) forallr € 10, R].
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Proof. Let y : [0, R] x R — R be the continuous function defined by

a(r), ifu<a(r),
y(r,u)=qu, ifa(r) <u<B(@),
B(r), ifu>p(r),

and define G : [0, R] x R - R by G(r, u) = g(r, y(r, u)). We consider the modified problem

(r" o)) + VG u) —u+ y(rw)] =0, u' (0)=0=u(R). (6)
It follows from [4] that problem (6) has at least one solution.
We show that if u is a solution of (6), then a(r) < u(r) < B(r) for all r € [0, R]. This will

conclude the proof.
Suppose that there exists some ro € [0, R] such that

max(o —u) = a(rg) — u(rg) > 0.
[0.R]

If ro € (0, R) then &'(rg) = u'(ro) and there is a sequence {ry} in (0, rg) converging to ro such
that o’ (ry) — u’(ry) > 0. As ¢ is an increasing homeomorphism, this implies

N (o () — i T (@ (o)) = Y T o (W () — Y T (i (ro)),

implying that

(o (@ (), < (VTS ),y

Hence, because « is a lower solution of (4), we obtain

(Mo ),y < (VT ),
=1y "' [~g(r0. (o)) + u(ro) — (o)
<1y ' [~g(ro. ()]

/

< (o ™)),
a contradiction. If ro = R then «(R) — u(R) > 0. But u(R) = 0 and «(R) < 0, obtaining again

a contradiction. Finally, if ro = O then there exists r; € (0, R] such that «(r) — u(r) > 0 for all
r €[0,r1]and o’ (r1) — u’'(r1) < 0. It follows that

Nl (o () <V (u ().

On the other hand, integrating (6) from O to r; and using that « is a lower solution of (4) we
obtain
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r{v_lqb(u’(rl)) = rN_l[—g(r, a(r)) +u(r) — a(r)] dr

~—=

0
r
< /(rN_qu(a/(r)))/dr
0

=r (' (),

a contradiction. Consequently, o () < u(r) for all » € [0, R]. Analogously, it follows that u(r) <
B(r) for all r € [0, R]. The proof is completed. O

Lemma 2. Assume that (4) has a lower solution o and an upper solution B such that «(r) < B(r)

forall r € [0, R], and let 24 5 = {u € C11\/1: o < u < B}). Assume also that problem (4) has an
unique solution ug in §24 g and there exists py > 0 such that B(uo, po) C 2q.p. Then,

dis[1 — N, B(ug, p),0] =1 forall 0 < p < po,
where Ny is the fixed point operator associated to (4).
Proof. Let )V, be the fixed point operator associated to the modified problem (6). From the proof
of Proposition 1 it follows that any fixed point u of NV, is contained in §2, g and u is also a fixed

point of N,. It follows that ug is the unique fixed point of A,. Then, from Lemma 1 and the
excision property of the Leray—Schauder degree one has that

dis[I — Ny, B(ug, p),0]=1 forall p>0.
The result follows from the fact that

N, () = Ny(u) forall u € B(ug, po). O
3. A Cauchy problem

In this section we consider the Cauchy problem

(rN_lqﬁ(u/(r))), +rV  an) p(u@)] =0 (r (0, R]),
u0)=¢, u'(0) =0, (7)

where A, £ > 0 and

e 1 :[0, R] — R is continuous;

e p:R — R is Lipschitz continuous on bounded sets.

We denote wp := maxo,g) |p|. In the proof of the next result we use some ideas from the last
section in [12].
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Proposition 2. Assume (Hy) and that ¢ is of class C U ¢’ > 0. Then, problem (7) has an unique
solution u(A, &; -) and the mapping (A, &) — u(A, &; -) is continuous from (0, 00) x (0, 00) to cl.

Proof. We divide the proof in three steps.

1. Existence. Consider the nonlinear compact operator

t

C:C—>C, Cu(ry=é& —f¢_l(t]v%fslv_l[)\u(s)p(u(s))]ds> dt.
0

0

One has that u € C is solution of (7) if and only if u = Cu. Using that ||Cu|lsc < & + aR for all
u € C, it follows from Schauder’s fixed point theorem that C has at least one fixed point # which
is a solution of (7). Notice that

|ulloo <& +aR. (8)

2. Uniqueness. Let u and v be solutions of (7) and

w=¢@)—¢(),  v=ru[p®) - pw)].
It follows that, for all » € [0, R], one has

r

%/zN‘lw(t)dt
r

0

<X qup iyl
< — sup Y.
N 10.r]

()| =

On the other hand, from (8) we have

[v ()| < Mlu@r) —v(@r)| (r €0, R]),

where M = ALy and L is the Lipschitz constant of p corresponding to the interval [—(§ +aR),
& + aR)]. Hence, using that u(0) = v(0), we infer that for all r € [0, R],

r r
/ / M
o< [l ~volar < [loo]ar
0 0
where m is the minimum of ¢’ on the interval [0, max{||#'|| 0o, ||V’ ||c0}]. It follows that

MR |
lw(r)] < Wﬂw(z)\dr (r €10, R),
0

which together with Gronwall’s inequality imply w = 0, hence u = v.
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3. Continuous dependence on (A, &). Let u(X, &; -) be the unique solution of (7). For [, h e R
sufficiently small, we set

u:=u(r,§;-), vi=uA+1,E+ ;).

From (8) we may assume that

[vllo <& +14aR.

This and

1 r
V() =g (W / SN +l)M(S)p(v(S))]dS) ©)

0

imply that there exists § > 0, which is independent on / and #, such that

V], <s<a

Let w, ¥ be as in Step 2. Using (9), for all r € [0, R], one has

r

1
e f Ny @) — 1w p(v®)] dt

0

R
<[ sup 11+ 1ie].
N Lo

()] =

where ¢ = py max(_ (s 41+aR),£+1+aR] | p|. On the other hand, arguing as above we infer that for
allr € [0, R],

r

M
(| < ?ﬂw(t)\dr + Mihl,
0

where M = ALuy and L is the Lipschitz constant of p corresponding to the interval
[—(+1+aR), &+ 1+ aR], and k is the minimum of ¢’ on the interval [0, §]. It follows

00| < cR|l| + MR]h|
h N

+MR/r| ®)|dt  (r €0, R])
N w r |0, ,
0

which together with Gronwall’s inequality imply that

cR|l|+MR|h|> (MR2
exp

()] << ~ P ) (r €10, R]).

So, [[u’ — V|| = 0 as I, h — 0, implying also that |lu — v||cc > 0. O
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4. Non-negative nonlinearities, positive solutions and degree around zero

Here, we consider mixed boundary value problems of the type

(P o)) +r¥ Tl f(ru) =0, ' (0) =0 =u(R),

where N > 2 is an integer, R > 0 under hypotheses (Hy) and

653

(10)

(H¢) f:[0,R]x[0,00) — [0, 00) is continuous and f(r,s) > 0 for all (r, s) € (0, R] x (0, 00).

We need the following elementary result, which is proved in [8].

Lemma 3. Assume (Hy), (Hy) and let u be a nontrivial solution of

PV o)) + ¥ f(rul) =0, W'(0)=0=u(R).

Then u > 0 on [0, R) and u is strictly decreasing.

(11

Notice that, by virtue of Lemma 3, u is a nontrivial solution of the mixed boundary value
problem (11) if and only if u is a positive solution of (10). In this case, u is strictly decreasing.
Let N be the fixed point operator associated to (11). In the next lemma we assume that f is

sublinear with respect to ¢ at zero.

Lemma 4. Assume (Hy), (Hy),

lim JAUL) =0 uniformly for r € [0, R]
s—>0+ @ (s)
and
1iminf¢(0s) >0 forallo > 0.
s—0  @(s)

Then there exists py > 0 such that

dislI —Ny,B,,01=1 forall0< p < po.

Proof. Using (13) we can find ¢ > 0 such that

Re/N < liminf 28/8).
s—=0  @(s)

From (12) it follows that there exists s, > 0 such that

f(r,s)<ep(s) forall (r,s) €[0, R] x [0, s¢].

(12)

(13)

(14)

(15)



654 C. Bereanu et al. / Journal of Functional Analysis 265 (2013) 644-659
Let us consider the compact homotopy
H:[0,11x C), — Cly,  H(z,u) = TNy (u).
We will show that there exists pg > 0 such that
u#H(r,u) forall (r,u) €[0,1]x (Bp, \ {0}). (16)
By contradiction, assume that one has
up = Ny (ui)

with 7, € [0, 1], uy € Czlw \ {0} for all k € N and ||ug|| — 0. Using Lemma 3 it follows that uy
are strictly decreasing functions which are also strictly positive on [0, R). Passing if necessary to
a subsequence, we may assume that |luy|| < s, for all k € N, and then using (15) it follows

f(ruk(r)) <ed(lukllos) forallr [0, R], k € N.

This implies that, for any k € N,

R t
il oo </¢‘l<o(t)/rN‘1f(r, uy(r)) dr) di
0 0

R

< R¢—1(W¢(uuknoo)).

It follows

¢ (% lluklloo) _ R

X L, k N,
sl S KW

which together with [|ug||.c — O contradict (14). Hence, (16) holds true. So, for any p € (0, pg]
one has

implying that
dislI — Ny, By, 01 =dysll, By, 0] = 1,

and the proof is complete. O
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5. Main result
Now, we come to study the one-parameter problem (3) under the hypothesis

(H) N > 2 is an integer, R >0, g > 1 and n : [0,00) — R is continuous, u(r) > 0 for all
r>0.

As the results in the previous sections apply with

¢(s) = (s € (=1, D),

}

1—s

note that u € Cl is a positive solution of (3) if and only if u is a nontrivial solution of

(rN—l %) +rV D )u?]=0,  u'(0)=0=u(R); (17)

in this case, u is strictly decreasing.
The main result of the paper is the following one. Notice that y = maxo, g 1.

Theorem 1. Under hypothesis (H), there exists A > 2N /(uy RITY) such that problem (3) has
zero, at least one or at least two positive solutions according to A € (0, A), A = A or A > A.
Moreover, A is strictly decreasing with respect to R.

Proof. We denote

S; :={A > 0: (3) has at least j positive solutions }

= {A > 0: (17) has at least j non-trivial solutions} (j=1,2)

and divide the proof in three steps.

1. Finding A. Let > > 0 and u be a positive solution of (3). Integrating (3) on [0, r], it follows

N—1 u'(r)
V1 =u?(r)

Using that u is strictly decreasing on [0, R], we deduce that, for all r € [0, R], one has

.
:A/tN_lu(t)uq(t)dt for all r € [0, R].
0

_rN—lu/(r) < _pN-1 u'(r)
V1 =u?(@r)
<l O upr™ /N

and integrating over [0, R], we obtain

u(0) < au?(0)pr R?/2N). (18)
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This, together with 0 < u(0) < R (see (5)) and ¢ > 1 imply

A>2N/(umRITH).

From [8, Corollary 2] we know that (3) has a least one positive solution for A > 0, sufficiently
large. In particular, S; # ¢ and we can define

A= A(R) :=inf §;.

Clearly, we have A > 2N /(up R1T1). We claim that A € S;. Indeed, let {A;} C S be a sequence
converging to A, and uy € C}VI be positive on [0, R) such that

u,=K o¢_l oSo (kkuuZ).

Then, from (5) and the Arzela—Ascoli theorem, we infer that there exists u € C such that, passing
eventually to a subsequence, {uy} converges to u in C. So, it follows that # > 0 and

u=Kop 'oSo(Auul).

Using (18) we deduce that there is a constant ¢; > 0 such that u;(0) > ¢y, for all k € N. This
ensures that u(0) > ¢y, hence u > 0 on [0, R) (by Lemma 3) and the claim is proved. Also, it is
clear that A > 2N /(up RIT1).

Next, let Ao > A be arbitrarily chosen. We shall apply Proposition 1 to show that 1o € S;. In
this view, let u be a positive solution for (3) corresponding to A = A. It is easy to see that u
is a lower solution for (17) with A = A¢. To construct an upper solution, let H > 0, R > R and
consider the mixed problem

/ /
(rN_1M7> +r¥TH =0, W(0)=0=u(R). (19)
1—u?
Then, by a simple integration, one has that the unique (positive) solution of (19) is given by

H? - H? ~
ulr) = %[\/1 + ﬁRz — \/1 + ﬁrz] (r € [0, R]).

For fixed Ay > Ag, let u> be the solution of (19) corresponding to H = AzuMﬁq. Using that
uz(R) > 0 and

rop(ud (r) < raumR? (r €10, R),

it follows that u5 is an upper solution for (17) with A = A¢. Since

(R)=N [ ! + R? ! + RZ]
u = ———= — — — = — |
? (au)?R24 " N2\ Gopa)?R4 N2
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we can find R sufficiently large, such that u1(0) < u7(R). Then, taking into account that u1, us
are strictly decreasing, we infer that #; < us on [0, R]. By virtue of Proposition 1, we get 1o € 5.
Therefore, we have

S1=1[A4, 00).
2. Multiplicity. We use some ideas from the proof of Theorem 3.10 in [2]. Let A9 > A. We
shall apply Lemmas 1, 2, 4 to show that Ay € S;. With this aim, let u#, u be constructed as in
Step 1 and u( be a solution of (17) with A = A¢ such that u1 < ug < up, i.e., ug € 2,4, (see

Lemma 2). _
First, we claim that there exists ¢ > 0 with B(ug, ) C §2,, 4,. Notice that, for all r € [0, R],

one has
R t
uz(r):/qﬁ_l(a(t)/sN_l[)»zuMﬁq]ds) dt,
r 0

implying that

R t
ur (r) > f(]b_l(G(t)fSN_I[Azu(s)ug(s)]ds) dt
r 0

R t
>/¢—1 <U(I)/SN_][kou(s)ug(s)]ds> dt
r 0

=uo(r),

so, there exists &2 > 0 such that v < uy for all v € B(ug, £2). Similar arguments show that
uy < ugon [0, R/2]. Thus, we can find 8/1 > 0 so that

veC), and [[v—upllw<e] = wv>u; onl0,R/2]. (20)

On the other hand, we have
—uy=¢ 'oSo[ruul] and —uj=¢"'oSo[Auul],

yielding u’g < u’y on [R/2, R]. So, we can find &1 € (0, &) sufficiently small, such that v" < u’
on [R/2, R] whenever v € B(ug, €1). Then, using ug(R) =0 = v(R), we deduce that v > u;
on [R/2, R), for all v € B(ug, £1). Now, on account of (20), the claim follows with any € €
(0, min{ey, &2}).

Next, if (17) has a second solution contained in §2,,, 4, this solution is nontrivial and the proof
of the multiplicity part is completed. If not, using Lemma 2 we deduce that

dis[1 — Ny, Bug, p),0] =1 forall 0 < p <e,
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where N 2o 18 the fixed point operator associated to (17) with A = Ag. On the other hand, from
Lemma 1 one has

dis[l — Ny, B,,01=1 forallp>R+1,

and from Lemma 4 we have

drsll — Ny, B,,01=1 for all p sufficiently small.

Now, conside_r p1, p2 > 0 sufficiently small and p3 > R + 1 such that B (ug, p1) N B 0, =¥ and
B(ug, p1) U By, C B),. Then, from the additivity-excision property of the Leray—Schauder de-
gree it follows that

dis[1 — Nyy, Boy \ [B(uo, p1) U By, ], 0] = —1,

which, together with the existence property of the Leray—Schauder degree, imply that Ny, has a
fixed point ug € By, \ [B(uo, p1) U By,]. We infer that (3) has a second positive solution.

3. Monotonicity of A. Let ug be a nontrivial solution of (17) with A = Ao := A(Rp) and
R = Rp. We fix R > Ry. Then, setting &y = uo(0), from Proposition 2 with p(s) = |s|?, one has
that u (X9, §0; -)[[0,Ry] = U0- Since u (g, §o; -) is strictly decreasing on [0, R] (this is easily seen)
and u (Ao, &0; Ro) = 0, it follows that u(Ag, &y; R) < 0. Using again Proposition 2, we infer that
there exists € > 0 such that u(x, &y; R) <O for all A € [Ag — &, A9 + €]; in particular, u (A, &p; -)
is a lower solution of (17). Arguing exactly as in Step 1, we can show that (17) has an upper
solution B; such that u (A, &g, -) < B, on [0, R]. Then, applying Proposition 1 we deduce that (17)
has at least one nonzero solution which is also a strictly positive solution of (3). Consequently,
A(Rp) > A(R) and the proof is complete. O

Corollary 1. Under hypothesis (H), there exists A > 2N /(uy RITY) such that problem (1) has
zero, at least one or at least two positive classical radial solutions accordingto A € (0, A), A=A
or A > A. Also, A is strictly decreasing with respect to R.

Example 1. If N > 2 is an integer and ¢ > 1, m > 0, R > 0 are real numbers, then there exists
A > 2N/R"+4+1 such that the problem

+ Alx|"v?4 =0 in B(R), v=0 ondB(R),

v
div(iv)
JI—|VoP

has zero, at least one or at least two positive classical radial solutions according to A € (0, A),
A= A or A > A. In addition, A is strictly decreasing with respect to R.

Remark 1. The reader will emphasize that, excepting the part concerning the monotonicity of A
as function of R, the statements of Theorem 1 and Corollary 1 still remain true if the continuous
weight function u is defined only on [0, R] instead of [0, co) and positive on (0, R].
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