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Introduction

Introduction

This talk is based on the paper:

Horia D. Cornean, Bernard Helffer and Radu Purice:
The fibre operators in the Bloch-Floquet decomposition of periodic
magnetic pseudo-differential operators.
Journal of Pseudo- Differential Operators and Applications 17, art.
40 (2026);
https://doi.org/10.1007/s11868- 026-00788-w
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Introduction

The Problem:

● Let us consider a d-dimensional configuration space X ≅ Rd

with the canonical orthonormal basis e1, . . . , ed .

● We are interested in problems invariant under translations with vectors
from a lattice Γ ∶= ⊕

1≤j≤d
Z ej .

● More precisely we consider a quantum system described
on the Hilbert space H ∶= L2(X)

with a Hamiltonian commuting with all the translations {Tγ ∣γ ∈ Γ}.

● We are interested in Hamiltonians given by pseudodifferential operators,
extending the main results of the Bloch-Floquet Theory from the case of
periodic differential operators.

● Having in view the following developments, we shall consider:
X ∗, the linear dual of X ≅ Rd with the Euclidean structure defined by
the following dual basis: {e∗1 , . . . , e

∗
d}, < e∗j , ek > ∶= 2π δjk .
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Introduction

We like to emphasize some group theoretical aspects.

Let us consider the abelian group S ∶= {z ∈ C ∣ ∣z∣ = 1} with its Haar
measure with total measure 1.

Given a locally compact abelian group G:

We define its dual, as the set of characters
Ĝ ∶= {χ ∶ G → S ∣group homomorphism} with the canonical product and
the topology of uniform convergence on compact subsets.

Given a pair of dual locally compact abelian groups G, Ĝ:

We define an associated Weyl system as a pair of unitary representations
on some given complex separable Hilbert space K:
UG ∶ G → U(K), VG ∶ Ĝ → U(K), such that: UG(g)VG(ĝ) = ĝ(g)VG(ĝ)UG(g)

∀(g , ĝ) ∈ G × Ĝ.
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Introduction

The Fourier transform on abelian locally compact groups.

Given a pair of dual abelian locally compact groups (G, Ĝ) we define:

FG ∶ L
1
(G) → BC(Ĝ), (FGF)(ĝ) ∶= ∫

G
(dGh) ĝ(h)F (h)

● It extends to a unitary operator FG ∶ L
2(G) → L2(Ĝ)

● with inverse (F−GF)(g) ∶= ∫Ĝ(dĜ ĥ) ĥ(g)F (ĥ)
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Introduction

Pseudo-differential calculus associated to a Weyl system.

∀Φ ∈ L1(G × Ĝ) we define:

● the joint Fourier transform: Φ̂(g , ĝ) ∶= ∫

G×Ĝ

(dGh × d
Ĝ
ĥ) ĝ(h) ĥ(g)Φ(h, ĥ),

● the associated ’left’ ΨDO: Op
G

Φ ∶=∫

G×Ĝ

(dGg × d
Ĝ
ĝ) Φ̂(g , ĝ)V (ĝ)U(g−1

)

with the Haar measures dGh on G and d
Ĝ
ĥ on Ĝ.

One may also define a ’right’ ΨDO by taking the unitaries of the Weyl
system in reversed order.

We identify the linear dual X ∗ with its dual as abelian group X̂ through
the bijection: X ∗ ∋ ξ ↦ χξ ∈ X̂ , χξ(x) ∶= e−i<ξ,x>.
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Introduction

The lattice of symmetries Γ ⊂ X

puts into evidence the closed subgroup Zd ↪ Rd

and the associated compact quotient group Rd/Zd ≅ Sd .

We obtain two short exact sequences of abelian groups:

Γ↪ X(→ T and Γ∗ ↪ X
∗(→ T∗ with Γ ≅ Zd ≅ Γ∗ and T ≅ Sd ≅ T∗.

and the associated pairs of dual groups (X ,X ∗), (Γ,T∗) and (T ,Γ∗).

The pseudodifferetial operators on X are affiliated to the algebra
generated by the Weyl system associated to the pair (X ,X ∗).

The R-linear space structure on X ≅ Rd allows also for what we call a
symmetric qunatization for the Weyl system associated to the pair
(X ,X ∗), generating the Weyl calculus.
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Introduction

Brief recall of the Hörmander-Weyl quantization

The Weyl system for (X ,X ∗)and its Schrödinger representation

H ∶= L2(X) ∋ f . UX ∶ X → U(H), (UX (z)f )(x) ∶= f (x − z)

VX ∶ X ∗ → U(H), (VX (ζ)f )(x) ∶= e−i<ζ,x>f (x).

The Weyl unitary map

WX ∶ X × X ∗ → U(H), WX (z , ζ) ∶= e(−i/2)<ζ,z>VX (ζ)UX (z).

The Weyl quantization, ∀Φ ∈ S (X × X ∗)

OpXΦ ∶= ∫
X×X ∗

(dz dζ) ((F−X ∗ ⊗FX ∗)Φ)(ζ, z)(e(i/2)<ζ,z>)VX (ζ)UX (−z).

Explicitely: ∀f ∈ H, ∀x ∈ X :

(OpX (Φ)f )(x) = ∫
X
dy[∫

X ∗
dη e i<η,(x−y)> Φ((x + y)/2, η)]f (y).
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Introduction

The Hörmander classes of symbols

For any p ∈ R we define:
Sp

1 (X × X ∗) ∶= {F ∈ C∞(X × X ∗) ∣νn,m(F ) < ∞∀(n,m) ∈ N2}

where: νn,m(F ) ∶= max
a∈Nd ,∣a∣≤n

max
b∈Nd ,∣b∣≤m

sup
(x ,ξ)∈Ξ

< ξ >−p+m ∣(∂ax∂
b
ξ F)(x , ξ)∣.

● F ∈ Sp
1 (X × X ∗) with p > 0 such that ∃(C ,R) ∈ R2

+ with
∣F (x , ξ)∣ ≥ C−1 < ξ >p ∀(x , ξ) ∈ {X × X ∗, ∣ξ∣ ≥ R}

is called elliptic .

● For any s ∈ R we introduce the symbol ms(x , ξ) =< ξ >
s , elliptic for s > 0.

Theorem A

If F ∈ Sp
1 (Ξ) with p > 0 is positive and elliptic, then Op(F ) is essentially

self-adjoint on S (X) and the domain of its closure is:

D(OpX (F )) = {f ∈ L2
(X), OpX (mp)f ∈ L

2
(X)} =∶ H p

(X).
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Introduction

The distribution kernel

The Kernel Theorem implies that

For any F ∈ S ′(X × X ∗) there exists K[F ] ∈ S ′(X × X) such that:

⟨K[F ] , φ⊗ ψ ⟩
S (X×X)

= (φ , OpX (F )ψ )
L2(X)

, ∀(φ,ψ) ∈ [S (X)]
2.

Applying Lemma 1.3.5 and Proposition 1.3.6 from [W. Amrein, A-M.
Boutet-de-Monvel, V. Georgescu ”C0-Groups, Commutator Methods and
Spectral Theory of N-Body Hamiltonians (1996)] we obtain:

Theorem B.

For F ∈ Sp
1 (Ξ) with p ∈ R, the operator OpX (F ) leaves S (X) invariant

and its distribution kernel K[F ] ∈ S ′(X × X) has its singular support
contained in ∆X ∶= {(x , x) ∈ X × X , x ∈ X} and rapid off-diagonal decay.
Moreover, for p < 0 the kernel has integrable modulus as function of the
variable x − y ∈ X orthogonal to ∆X .
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A Weyl quantization on the d-dimensional torus

The d-dimensional torus

● For the group isomorphism R/Z ≅ S
we choose the following explicit projection function:

R ∋ t ↦ p1(t) ∶= e2πit ∈ S.

● Restricting to the interval I1 ∶= [−1/2,1/2) we may define
a right-inverse s1 ∶ S→ I1 such that p1 ○ s1 = IdS.

● Using the chosen orthonormal basis on X and X ∗ and taking direct
products we define the following explicit projections and right inverses for
them:

X/Γ = T ≅ Sd , X ∗/Γ∗ = T∗ ≅ Sd ,

X ∋ x ↦ p(x) ∶= (e i<e
∗
1 , x>, . . . , e i<e

∗
d , x>) ∈ T ,

s ∶ T → ⊕
1≤j≤d
Iej =∶ E ,

X ∗ ∋ ξ ↦ p∗(ξ) ∶= (e i<ξ , e1>, . . . , e i<ξ , ed>) ∈ T∗,
s∗ ∶ T∗ → ⊕

1≤j≤d
Ie∗j =∶ B.
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A Weyl quantization on the d-dimensional torus

● On Sd we consider the Haar measure dzz giving total mass 1 to the
group and the corresponding measures on dzz on T and dzz∗ on T∗. We
notice that this coincides with the measure induced by the Lebesgue
measure on R2d through the canonical inclusion Sd ⊂ R2d .

● The group Sd is an abelian Lie group having the Lie algebra sd ≅ Rd .
Thus, each vector v = ∑

1≤j≤d
vjej ∈ Rd generates

an invariant vector field < v , ∂̊ >= ∑
1≤j≤d

vj ∂̊j on Sd

● Identifying X ≅ Rd ≅ sd we may easily proove that:
∀φ̊ ∈ C∞(Sd) ∶ (∂̊j φ̊) ○ p = ∂j(φ̊ ○ p), ∀j ∈ {1, . . . ,d}.

● Recalling the discrete Fourier transform: L1(Sd) ∋ φ̊↦ F
Sd
φ̊ ∈ `∞(Zd)

(FT∗ φ̊)γ ∶= ∫T∗
e i<s∗(zz

∗) , γ> φ̊(zz∗), ∀γ ∈ Γ,

(FT φ̊)γ∗ ∶= ∫T e−i<γ
∗ , s(zz)> φ̊(zz), ∀γ∗ ∈ Γ∗

● We can define the Sobolev spaces on the torus:
H p(Sd) ∶= {f̊ ∈ L2(Sd) ∣ {< ⋅ >p [F

Sd
f̊ ] ∈ `2(Zd)}.
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A Weyl quantization on the d-dimensional torus

Considering the smooth real manifold structure on Sd one may use the
general theory of Hörmander for pseudo-differential operators on real
smooth manifolds, in order to obtain a ’local calculus’ that has a nice
covariant behaviour under changes of coordinates.

On the other hand, the abelian Lie group structure of Sd allows for a
’global theory’ of pseudo-differential operators based on the general
Fourier transform theory on abelian locally compact groups.

In fact, Theorem 4.4 in:
W. McLean, Local and global description of periodic pseudodifferential
operators. Math. Nachr. 150 (1991)
proves the equivalence of the two procedures and gives a precise
correspondence between the two types of symbols:
’local symbols’ defined on charts for the Hörmander theory and ’global
symbols’ defined on the product Sd ×Zd with Zd = Ŝd .
We shall use this ’global theory’ for pseudo-differential operators on the
d-dimensional torus, choosing the approach based on Weyl systems and
proposing a symmetric representation for the Weyl system.
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A Weyl quantization on the d-dimensional torus

The Weyl system of the torus

The Weyl system for (T ,Γ∗) and its Schrödinger representation

K ∶= L2(T ) ∋ f̊ . UT ∶ T → U(K), (UT (zz)f̊ )(zz′) ∶= f̊ ([zz′]−1zz)

VT ∶ Γ∗ → U(K), (VT (γ∗)f̊ )(zz) ∶= e−i<γ
∗,s(zz)>f̊ (zz).

We would like to define, as in the case of (X ,X ∗), a ’symmetric unitary
map’ mixing the two unitay groups of the Weyl system:

”W (zz, γ∗) ∶= e(−i/2)<γ
∗,s(zz)>VT (γ∗)UT (zz) = [√zz]−γ∗VT (γ∗)UT (zz)”

The factor
√
zz is no longer continuous on T !

In order to recover the smoothness of the square root function we propose
to use its Riemann surface, defined as the Z2-principal bundle over S

S̃2 ∶= {(z, z2) ∈ [C ∖ {0}]2, ∀z ∈ S}, r2 ∶ S̃2 ∋ (z, z2) ↦ z2 ∈ S
having the fibre r−1

2 (z) = {±
√
z} ≅ Z2.

We shall cover T with a dirct product of d copies of S̃2.
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A Weyl quantization on the d-dimensional torus

[2Zd] ∶= {2γ ∣γ ∈ Zd}, Z2 ∶= {1,q} with q2 = 1,

Sd2 ∶= Rd/[2Zd] ≅ [S̃2]
d , p̃2(zz) ∶= zz2 ≡ (z2

1, . . . , z
2
d),

Ŝd2 ≅ [(1/2)Zd],

s2 ∶ Sd2 → [−1,1)d such that p2 ○ s2 = IdSd2 .

Zd
2

[2Zd] Rd Sd2

Zd Rd Sd

Zd
2

��
↪

��
↪

//
↪

//
p2

��
p̃2

//
↪

��

p2∣Zd

//
p
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A Weyl quantization on the d-dimensional torus

There exists κ ∶ Sd2 → Zd
2 such that s2(̃zz) = s(̃zz2

) + κ(̃zz).

We shall use the following isomorphisms:
Zd ∋ ν ↦ χ1,ν ∈ Ŝd , χ1,ν(zz) ∶= e−i<ν,s(zz)> = zz−ν ≡ (z−ν1 , . . . , z−νd ),

Zd ∋ ν ↦ χ2,ν ∈ Ŝd2 , χ2,ν (̃zz) ∶= e−i<(1/2)ν,s2(̃zz)> = z̃z−ν ≡ (z̃1
−ν , . . . , z̃d

−ν
),

Definition

We call symmetric Weyl representation of the d-dimensional torus Weyl
system, the following smooth unitary map:

Sd2×Γ∗ ∋ (z̃z, γ∗) ↦ W̃T (z̃z, γ∗) ∶= χ2,−γ∗(z̃z)UT (p̃2(z̃z))VT (γ∗) ∈ U(L2
(T )).

Proposition

The symmetric Weyl representation W̃T ∶ Sd2 × Γ∗ → U(L2(T )) satisfies:

W̃T (z̃z, γ∗)∗ = W̃T (z̃z−1,−γ∗);

W̃T (z̃z, α∗)W̃T (z̃z′, β∗) = χ2,α∗(z̃z
′
)
−1χ2,β∗(z̃z)W̃T (z̃zz̃z′, α∗ + β∗).
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A Weyl quantization on the d-dimensional torus

The totoidal symmetric quantization

● Given any Zd -indexed sequence {f⃗γ}γ∈Zd we define: (dj f⃗ )γ ∶= f⃗γ+εj − f⃗γ .

● On C∞(T ) we consider the seminorms: νn(f ) ∶= sup
zz∈T

max
∣µ∣≤n

∣(∂̊µf )(zz)∣.

The spaces of symbols

o(Zd ;C∞(T )) ∶=

= {(f⃗γ)γ∈Zd ∣ f⃗γ ∈ C
∞(T ),∃p ≥ 0, w

(p)
m,n(f⃗ ) < ∞∀(m,n) ∈ N2}

where: w
(p)
m,n(f⃗ ) ∶= sup

γ∈Zd

< γ >−p max
∣α∣≤m

νn((d
αf⃗ )γ).

For p ∈ R and ρ = 0,1:

opρ (Zd ;C∞(T )) ∶= {f⃗ ∈ o(Zd ;C∞(T ))∣w
(p,ρ)
m,n (f⃗ ) ≤ ∞∀(m,n) ∈ N2}

where: w
(p,ρ)
m,n (f⃗ ) ∶= sup

γ∈Zd

< γ >−p+mρ max
∣α∣≤m

νn((d
αf⃗ )γ).

s(Zd ;C∞(T )) ∶=

= {(f⃗γ)γ∈Zd ∣ f⃗γ ∈ C
∞(T ), w

(−n)
m,n (f⃗ ) < ∞∀(N,m,n) ∈ N3}.
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A Weyl quantization on the d-dimensional torus

The The ’symmetric toroidal Fourier transform’.

Given a sequence Φ⃗ ∈ o(Zd ;C∞(T ))

we shall consider the isomorphism Zd ∋ ν ↦ χ2,ν ∈ (1/2)Γ∗ = Ŝd2
and the Fourier transform Fw

T ,T̂
∶ o(Zd ;C∞(T )) → `1(Γ∗; D ′(Sd2))

(F
w

T ,T̂
Φ⃗)

α∗
(z̃z) = 2−d∫

T
dzz′χ1,−α∗(zz

′
)∑
γ∗∈Zd

χ2,γ∗(z̃z) Φ⃗γ∗(zz
′
)

The symmetric toroidal quantization

Opw
T (Φ⃗) ∶ = 2−d ∑

α∗∈Γ∗
∫
Sd

2

d z̃z ((Fw
T ,T̂

Φ⃗)
α∗

(z̃z))W̃T (z̃z,α∗) .

The distribution kernel of the quantized operator

2−d ∑
γ∗∈Γ∗

e i<(1/2)γ∗,s(zz)−s(zz′)>[ ∑
κ∈Zd

2

e i<(1/2)γ∗,κ> Φ⃗γ∗(p[(1/2)(s(zz′)+s(zz)+κ))]
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Quantization of periodic symbols Preliminaries

Quantization of periodic symbols

Preliminaries
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Quantization of periodic symbols Preliminaries

Periodic Hörmander type symbols
For any p ∈ R let:

Sp
1 (X × X

∗
)Γ ∶= {F ∈ Sp

1 (X × X
∗
) ∣F (x + γ, ξ) = F (x , ξ)∀γ ∈ Γ}

● Denoting by Tγ the translation with γ ∈ Γ on distributions on X :

F ∈ Sp
1 (X × X

∗
)Γ Ô⇒ (Tγ ⊗ Tγ)K[F ] = K[F ], ∀γ ∈ Γ.

Periodic magnetic fields Given a regular magnetic field B = dA.
Replacing the usual translations: (UX (z)f )(x) ∶= f (x − z)

with magnetic translations: (UA
X (z)f )(x) ∶= exp (− i ∫

[x ,x−z]

A)f (x − z)

we define a ’magnetic Weyl quantization’:
OpAXΦ ∶= ∫

X×X ∗
(dz dζ) ((F−X ∗ ⊗FX ∗)Φ)(ζ, z)(e(i/2)<ζ,z>)VX (ζ)U

A
X (−z)

that allows for a complete magnetic pseudo-differential calculus.
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Quantization of periodic symbols Preliminaries

Periodic magnetic fields

Suppose that the magnetic field B has smooth Γ-periodic components
and suppose also that it satisfies:

∫

1

0
ds ∫

1

0
ds ′ ⟨B(γ+sej+s

′ek) , ej∧ek⟩ = 0, ∀γ ∈ Γ, ∀(j , k). (∗)

● Proposition The above condition is necessary and sufficient in order to
exist a smooth, Γ-periodic 1-form A such that B = dA.

Theorem

Suppose given a symbol F ∈ Sp
1 (X × X ∗) for some p ∈ R and a regular

Γ-periodic magnetic field B = dA satisfying condition (*) above with A
smooth and Γ-periodic. Then OpAX (F ) also has a “standard” Weyl symbol
FA
W ∈ Sp

1 (X × X ∗) such that OpAX (F ) =OpX (F
A
W ).

Moreover we have that:

FA
W (x , ξ) − F(x , ξ −A(x)) ∈ Sp−2

1 (Ξ). (3.1)
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Quantization of periodic symbols Preliminaries

The distribution kernel

Given F ∈ Sp
1 (X × X ∗)Γ, we have that:

K[F ] = (IdX ⊗FX ∗)(F ○Υ), Υ(x , y) ∶= ((x + y)/2, x − y)

and thus (Tγ ⊗ Tγ)K[F ] = K[F ], ∀γ ∈ Γ.

Using Theorem B above, we know that:
K[F ] ∈ S ′(X × X) has singular support in
∆X ∶= {(x , x) ∈ X × X , x ∈ X} and rapid off-diagonal decay.
Moreover, for p < 0 the singularity on ∆X is integrable in x − y ∈ X

(orthogonal to ∆X ).

Regularization of the distribution kernel.
K[F ]N(x , y) ∶= ∫X∗ dη e i<η,x−y> θN(η)F((x+y)/2, η) ≡ ∫X∗ dη e i<η,x−y> F (N)((x+y)/2, η)

θ ∈ C∞
0 (X ∗; [0,1]), ∣ξ∣ ≤ 1/2 ⇒ θ(ξ) = 1, suppθ ⊂ {∣ξ∣≤ 1}

θN(ξ) ∶= θ(N−1ξ), ∀N ∈ N ∖ {0}}.

F (N) ∈ S−∞(X × X ∗).
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Quantization of periodic symbols Bloch-Floquet-Zak decomposition

Bloch-Floquet-Zak decomposition
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Quantization of periodic symbols Bloch-Floquet-Zak decomposition

Decomposition induced by the inclusion Zd ⊂ Rd

Recall the notation: I ∶= [−1/2,1/2), E ∶= ∑
1≤j≤d
Iej .

● We shall use the decomposition: X ∋ x ↦ (ι(x), x̂) ∈ Γ × E
ι(x) ∶= (⌊x1⌋, . . . , ⌊xd⌋), ⌊t⌋ ∶= max{k ∈ Z ∣ k ≤ t}, ∀t ∈ R.

● and the associated unitary decomposition:

L2
(X) ∋ f ↦ UΓf ∈ `

2
(Γ) ⊗ L2

(E) ≅ `2(Γ;L2
(E)),

(UΓf )(γ, x̂) ∶= f (γ + x̂).

The discrete Fourier transform: FΓ ∶ `
1(Γ) → C(T∗), (FΓ f⃗ )(zz

∗) ∶= ∑
γ∈Γ
χzz∗(γ)f⃗γ

allows to define:
ŮBF ∶= (FΓ ⊗ IdE) ○ UΓ ∶ L

2(X) → L2(T∗) ⊗ L2(E).

We conclude that for F ∈ Sp
1 (X × X ∗)Γ, the operator OpX (F ) com-

mutes with the multiplication operators with χzz∗ for any zz∗ ∈ T∗ and
thus with all the multiplication operators with functions in C(T∗).
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Quantization of periodic symbols Bloch-Floquet-Zak decomposition

A standard argument applied to the above conclusion implies that
ŮBFOp(F )Ů−1

BF decomposes as a measurable operator valued function:

T∗ ∋ zz
∗ ↦ Ôp(F )zz∗ acting on ŮBF [S (X)].

In order to get a more tractable form for the transformed representation of
the group X ≅ Rd one uses the ’extended version of the ŮBF ,
the Bloch-Floquet transform:

● (UBFφ)(zz
∗, x) = ∑

γ∈Γ
e−i<s∗(zz

∗
),γ>φ(x + γ), ∀φ ∈ S (X);

● (UBFφ)(zz
∗) ∈ {f ∈ L2

loc(X ;L2(E)) ∣ f (x + γ) = e i<s∗(zz
∗
),γ>f (x) ∀γ ∈ Γ} =∶ Fzz∗

● Lemma: The extension of Op(F ) to S ′(X) by duality
leaves each Fzz∗ invariant.

● (UBFOp
X
(F )φ)(zz∗) =∑

γ∈Γ
χzz∗(γ)UX (γ)Op

X
(F )φ =∑

γ∈Γ
χzz∗(γ)Op

X
(F )UX (γ)φ =

=∶ Ôp(F )zz∗( ∑
γ∈Γ
χzz∗(γ)UX (γ)φ) = Ôp(F )zz∗(UBFφ)(zz

∗)

Ôp(F )zz∗ is the restriction to Fzz∗ of the extension of Op(F ) to S ′(X).
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Quantization of periodic symbols Bloch-Floquet-Zak decomposition

Proof of the Lemma
Let f̊ ∈ Fzz∗ and F ∈ Sp

1 (X × X ∗):

(OpX (F)f̊ )(x + γ) = ∫X dy ∫X∗ dη e i<η,x+γ−y> F((x + γ + y)/2, η) f̊ (y)

= ∫X dz ∫X∗ dη e i<η,x−z> F((x + z)/2, η) f̊ (z + γ)=

= ∫X dz ∫X∗ dη e i<η,x−z> F((x + z)/2, η) e−i<s∗(zz
∗),γ> f̊ (z)

= e i<s∗(zz
∗),γ>(OpX (F)f̊ )(x) ∎

The Bloch-Floquet space

● The scalar product on Fzz∗ : (f̂ , ĝ)
zz∗
∶= ∫E dx f̂ (x) ĝ(x) for any zz∗ ∈ T∗.

● F∞
zz∗ ∶= {f̂ ∈ C∞(X), ∣f̂ (x + γ) = e i<s∗(zz

∗),γ> f̂ (x)}

● F ∶=
⊕

∫
T∗

dzz∗Fzz∗ ; F∞ ∶= {f̂ ∈ C∞(T∗ × X) ∣f̂ (zz∗) ∈ F∞
zz∗ , ∀zz

∗ ∈ T∗}.

● UBF [S (X)] ⊂ F∞.
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Quantization of periodic symbols Bloch-Floquet-Zak decomposition

Recalling the regularization:
K[F ]N(x , y) = ∫X ∗ dη e i<η,x−y> F (N)((x + y)/2, η), F (N) ∈ S−∞(X × X ∗)

we have the statement:

Proposition

Supose given F ∈ Sp
1 (Ξ)Γ and let us fix φ̂ ∈ F∞

zz∗ for some zz∗ ∈ T∗. Then

given any ε > 0, for any µ ∈ Nd and any n ≥ (p + d + 1)/2, there exists
C(n, µ) > 0 and N ′′

ε ∈ N ∖ {0}} such that for any N ≥ N ′′
ε :

sup
x∈X

∣[∂µx (Ôp(F )zz∗ − Ôp(F (N))zz∗)φ̂](x)∣ ≤

≤ C(n, µ) ε [ sup
(x,ξ)∈Ξ

max
∣ν∣≤∣µ∣+p+d+1

max
∣ν′∣≤2n

[∂νx ∂
ν′

ξ F ](x , ξ)∣][sup
x∈X

max
∣ν′′∣≤p+d+1

∣[∂ν
′′

x φ̂](x)∣].
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Quantization of periodic symbols Bloch-Floquet-Zak decomposition

Proof of the Proposition

Let us write:

[(Ôp(F)zz∗ − Ôp(F (N))zz∗)φ̂](x̂ + α)

= ∫X
dy[∫X∗

dη e i<η,x̂−y+α> (1 − θN(η))F((x̂ + y + α)/2, η)]φ̂(y)

= e−i<s∗(zz
∗),α>

∫X
dy[∫X∗

dη e i<η,x̂−(y−α)> (1 − θN(η))F((x̂ + y − α)/2 + α, η)]φ̂(y − α)

= e−i<s∗(zz
∗),α>

∫X
dy[∫X∗

dη e i<η,x̂−y> (1 − θN(η))F((x̂ + y)/2, η)]φ̂(y)

= e−i<s∗(zz
∗),α>

∫X
dy < y >

−2n
∫X∗

dη < η >−(p+d+1) e i<η,x̂−y> ×

× [(Id −∆y)
(p+d+1)

((Id −∆η)
n
(1 − θN(η))F((x̂ + y)/2, η))φ̂(y)]

and some usual integration by parts using the oscillating factor e i<η,x̂−y> allows to obtain the
desired estimation taking into account that:

∫X∗
dη < η >−(p+d+1) (1 − θN(η)) Ð→

N↗∞
0, (∂κη θN)(η) ∼

N↗∞
N−∣κ∣, ∀κ ∈ Nd .

∎

Corollary
The limit Ôp(F (N))zz∗ Ð→

N↗∞
Ôp(F )zz∗ exists uniformly on bounded subsets

of F∞
zz∗ for any zz∗ ∈ T∗.
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Quantization of periodic symbols Bloch-Floquet-Zak decomposition

The Bloch-Floquet-Zak transform

Let us fix any φ̂ ∈ F∞ and compute:

(UBFOp
X
(F )U−1

BF φ̂)(zz
∗, x) = ∫X dy ∫X∗ dη e i<η,x−y>F((x + y)/2, η)φ̂(zz∗, y).

For zz∗○ ∈ T∗, let us consider the unitary operator of multiplication with:
fzz∗○ (ξ, x) ∶= e−i<ξ−s∗(zz

∗
○),x>

and for zz∗ in a neighbourhood of zz∗○ we have:

(fzz∗○ ○ (s∗ × Id)UBFOpX (F )U
−1
BF fzz∗○ ○ (s∗ × Id)φ̂)(zz∗, x) =

= ∫
X
dy ∫

X ∗
dη e−i<s∗(zz

∗)−s∗(zz∗○),(x−y)> e i<η,(x−y)> F((x + y)/2, η)φ̂(zz∗, y)

= (Ôp((IdX ⊗ Ts∗(zz∗)−s∗(zz∗○))F)
zz∗○
φ̂(zz∗, ⋅))(x) ⇒ smoothnes around zz∗○

with (IdX × Tξ̂)F the translated of F in the second variable with ξ̂ ∈ B.

Let i∗ be the identity on T∗

The Bloch-Floquet-Zak (BFZ) transform

(UBFZ f )(ξ, zz) ∶= [(fi∗ ○ (Id × s))UBF f ](ξ, zz) = ∑
γ∈Γ

e−i<ξ,γ+s(zz)>f (γ + s(zz)).
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Quantization of periodic symbols Bloch-Floquet-Zak decomposition

Structure of periodic ΨDO

● Notice that UBFZS (X) ⊂ BC∞(X ∗;C∞(T )).

● If we denote by G ∶= UBFZ [L
2(X)], we have the equality:

G = {f̃ ∈ L2
loc(X

∗;L2(T )) ∣ f̃ (ξ +γ∗) = χ−1
γ∗ f̂ (ξ) ∈ L

2(T ), ∀γ∗ ∈ Γ∗}.

Theorem

Let Ezz∗ be the multiplication with f(s∗(zz
∗), s(⋅)) on C∞(T ).

Given F ∈ Sp
1 (X × X ∗)Γ, there exists a smooth, Γ∗-periodic function:

T∗ ∋ zz
∗
↦ Õp(F )zz∗ ∶= Ezz∗Ôp((IdX × Ts∗(zz∗))F)

i∗
E−1
zz∗ ∈ L(C∞

(T ))

such that
the operator UBFZOp(F )U−1

BFZ acting in G is decomposable as the
operator-valued function on X ∗:

X
∗
∋ ξ ↦ χι(ξ)Õp(F )p∗(ξ)χ

−1
ι(ξ) ∈ L(C∞

(T )).

● We also denote by
G∞ ∶= {f̃ ∈ C∞(X ∗;C∞(T )) ∣ f̃ (ξ + γ∗) = χ−1

γ∗ f̂ (ξ) ∈ C
∞, ∀γ∗ ∈ Γ∗}.
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Quantization of periodic symbols Bloch-Floquet-Zak decomposition

Using the above results for Op(F ) and for its resolvent and for mp, one
obtains the following result.

Theorem

For a positive, elliptic symbol F ∈ Sp
1 (X × X ∗)Γ, with p > 0 and for any

ξ ∈ X ∗, the fibre operator χι(ξ)Õp(F )p∗(ξ)χ
−1
ι(ξ) is self-adjoint and lower

bounded with self-adjointness domain H p(T ).
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Quantization of periodic symbols Kernels of the fibre operators

Kernels of the fibre operators

Theorem B above implies that for F ∈ Sp
1 (X × X ∗)Γ the ΨDO Op(F ) has

a distribution kernel K[F ] having at most a singular support contained in
the diagonal ∆X ∶= {(x , x) ∈ X × X ∣ x ∈ X}.

Let us study first the distribution kernel of the fibre operators Ôp(F )zz∗ for
any zz∗ ∈ T∗.
We use the regularization F (N) Ð→

N↗∞
F defined before.
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Quantization of periodic symbols Kernels of the fibre operators

Proposition

Fixing any zz∗ ∈ T∗, for any N ∈ N ∖ {0}, Ôp(F (N))zz∗ has the following
structure as operator on F∞

zz∗ ⊂ E (X):

Ôp(F (N)
)zz∗ = IntXK[F (N)

]zz∗ ,

K[F (N)
]zz∗(x̂ , ŷ) = ∑

β∈Γ

χ̂zz∗(β)K[F (N)
](x̂ , ŷ + β) .

Proof.

Let us fix two functions φ̂ and ψ̂ in F∞
zz∗ and compute:

(ψ̂ , Ôp(F (N))zz∗ φ̂)zz∗ = lim
M↗∞∫E

dx̂ ψ̂(x̂)∫X
dy K[F (N)](x̂ , y) φ̂M(y)

= lim
M↗∞∫E

dx̂ ψ̂(x̂)∫E
dŷ φ̂(ŷ)∑

β∈Γ

K[F (N)](x̂ , ŷ + β)χ̂zz∗(β) ∑
∣γ∣≤M

ρ(ŷ + β + γ).

Remark

The Proposition is true for Ôp(F ) when F ∈ Sp
1 (X × X ∗) with p < 0.
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Quantization of periodic symbols Kernels of the fibre operators

The BFZ-transform of a ΨDO

● Let us fix F ∈ Sp
1 (X × X ∗)Γ and φ̊ ∈ G∞ and compute:

(UBFZOp
X
(F )U−1

BFZ φ̊)(ξ, zz) =

= ∑
α∈Γ

e
−i<ξ,α+s(zz)>

∫X
dy ∫X∗

dη e
i<η,α+s(zz)−y>

F((α + s(zz) + y)/2, η)∫B
dθ e

i<θ,y>
φ̊(θ,p(y))

= ∑
α∈Γ

e
−i<ξ,α+s(zz)>∑

β∈Γ
∫E

dŷ ∑
β∗∈Γ∗

∫X∗
dη̂ e

i<β∗+η̂,α+s(zz)−β−ŷ>
F((α + s(zz) + β + ŷ)/2, η)∫B

dθ e
i<θ,β+ŷ>

φ̊(θ,p(ŷ))

= ∑
γ∈Γ
∑
β∈Γ

e
−i<ξ,γ+β+s(zz)>

∫E
dŷ ∑
β∗∈Γ∗

∫X∗
dη̂ e

i<β∗+η̂,γ+s(zz)−ŷ>
F((γ + s(zz) + ŷ)/2, η)∫B

dθ e
i<θ,β+ŷ>

φ̊(θ,p(ŷ))

= ∑
γ̃∈Γ

∑
κ∈Zd

2

e
−i<ξ,2γ̃+κ+s(zz)>

∫E
dŷ ∑
β∗∈Γ∗

∫X∗
dη̂ e

i<β∗+η̂,2γ̃+κ+s(zz)−ŷ>
F((κ + s(zz) + ŷ)/2, β∗ + η̂) e i<ξ̂,ŷ> φ̊(ξ̂,p(ŷ))

= e
−i<ι(ξ),s(zz)>

∫
T

dzz
′ ∑
β∗∈Γ∗

∑
κ∗∈Zd

2

e
i<β∗+κ∗/2,s(zz)−s(zz′)>∑

κ∈Zd
2

e(i/2)<κ
∗,κ>

2d
F((κ + s(zz) + s(zz′))/2, β∗ + ξ̂ + (κ∗/2)) φ̊(ξ̂, zz′))

= [IntT (χι(ξ)K̊[(IdX ×Tξ̂)F ]χ−1
ι(ξ))φ̊(ξ)](zz) = [IntT (K̊[(IdX ×Tξ)F ])φ̊(ξ)](zz)
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Quantization of periodic symbols Kernels of the fibre operators

Thus the fibre operator above ξ ∈ X ∗ has the distribution kernel
K̊[(IdX × Tξ)F ] ∈ D ′(T ×T ):

K̊[(IdX × Tξ)F ](zz, zz′) =

= ∑
β∗∈Γ∗

∑
κ∗∈Zd

2

e i<β
∗+(1/2)κ∗,s(zz)−s(zz′)>

∑
κ∈Zd

2

e(i/2)<κ
∗,κ>

2d
F((κ + s(zz) + s(zz′))/2, β∗ + ξ + (κ∗/2)).

Let us compare it with the generic structure of the distribution kernel of a
toroidal ΨDO:
2−d ∑

γ∗∈Γ∗

e i<(1/2)γ
∗,s(zz)−s(zz′)>[ ∑

κ∈Zd
2

e i<(1/2)γ
∗,κ> Φ⃗γ∗(p[(1/2)(s(zz′) + s(zz) + κ)])].

If we decompose γ∗ = 2β∗ + κ∗ with β∗ ∈ Γ∗ and κ∗ ∈ Zd
2 we obtain the

equality:
(UBFZOp(F )U−1

BFZ φ̊)(ξ, zz) = (OpwT (Φ⃗F ,ξ)φ̊(ξ, ⋅))(zz)
with:
(Φ⃗F ,ξ)γ∗(zz) ∶= [(IdX × Tξ)F ](s(zz), (1/2)γ∗).
We may view this as a smooth section in the vector bundle associated to
the principal bundle X ∗(→ [X ∗/[(1/2)Γ∗]] by the representation of the

group (1/2)Γ∗ on op((1/2)Γ∗;C∞(T )) by translations.
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Quantization of periodic symbols Kernels of the fibre operators

Let us put into evidence two more forms of the fibre operators:

● The infinite matrix form in `2(Γ∗) after a discrete Fourier transform:

[FT (UBFZOp(F )U
−1
BFZ)ξF

−1
T ]

α∗,β∗
=

= [(FT ⊗ IdX ∗)(F ○ (p⊗ IdX )](α∗ − β∗, ξ − (α∗ + β∗)/2).

● The form involving the Weyl system of the torus:

(UBFZOp(F )U−1
BFZ φ̊)(ξ, zz) = (OpwT (Φ⃗F ,ξ)φ̊(ξ, ⋅))(zz)

= 2−2d
∑

α∗∈Γ∗
∫Sd2

d z̃z([(FT ⊗F(1/2)Γ∗)(Fξ ○ (s⊗R(1/2)Γ∗))](α
∗, z̃z))×

×[χ2,−α∗(z̃z)UT (p̃2(z̃z))VT (α∗)φ̊(ξ, ⋅)](zz)

with R(1/2)Γ∗ the restriction to (1/2)Γ∗ ⊂ X
∗ of functions on X ∗.
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Many Happy Years Dear Arne !
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