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Introduction

Introduction J

This talk is based on the paper:

Horia D. Cornean, Bernard Helffer and Radu Purice:

The fibre operators in the Bloch-Floquet decomposition of periodic
magnetic pseudo-differential operators.

Journal of Pseudo- Differential Operators and Applications 17, art.
40 (2026);

https://doi.org/10.1007 /s11868- 026-00788-w
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Introduction

The Problem:

e Let us consider a d-dimensional configuration space X = RY
with the canonical orthonormal basis ¢1, ..., ¢eq.

e We are interested in problems invariant under translations with vectors
from a lattice [ := @ Ze;.
1<j<d
e More precisely we consider a quantum system described
on the Hilbert space H := L2(X)
with a Hamiltonian commuting with all the translations {ﬂh € r}.

e \We are interested in Hamiltonians given by pseudodifferential operators,
extending the main results of the Bloch-Floquet Theory from the case of
periodic differential operators.

e Having in view the following developments, we shall consider:
X*, the linear dual of X = R? with the Euclidean structure defined by
the following dual basis: {e{, e ej,}, < ef, ek >1= 2m .
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Introduction

We like to emphasize some group theoretical aspects.

S::{g,e(CHg,\:l}

We define its dual, as the set of characters
g:= {X :G — S‘group homomorphism} with the canonical product and
the topology of uniform convergence on compact subsets.

Given a pair of

We define an associated Weyl system as a pair of unitary representations
on some given complex separable Hilbert space K:

Ug:G —TU(K), Vg:G—U(K), such that: Us(g) V5 (&) = &(g) V(&) Us(g)
V¥(g,8) €GxG.

, Radu Purice (IMAR) Fibres of periodic pseudodifferential operators Arne Jensen 75 5/39



Introduction

The Fourier transform on abelian locally compact groups.

Given a pair of dual abelian locally compact groups (g,?) we define:

Fg: L1(G) » BC(G). (FoF)(&)= [ (dyh) &(h) F(h)

e It extends to a unitary operator Fg : L2(G) — L%(G)

e with inverse (}"g_F)(g) = fg(dgﬁ)@F(ﬁ)
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Introduction

Pseudo-differential calculus associated to a Weyl system.

Vo e Ll(g X 5) we define:

e the joint Fourier transform: ®(g, &) := /(dgh X dglAv) g(h) h(g) ®(h, h),
GxG

e the associated 'left’ WDO:  Opg ® ::/(dgg x dgg) d(g,8)V(8)U(g™)

GxG
with the Haar measures dgh on G and dgh on ?

One may also define a 'right’ WDO by taking the unitaries of the Weyl
system in reversed order.

We identify the linear dual X'* with its dual as abelian group fthrough
the bijection: X338 xeeX, xe(x):= e i<€Ex>
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Introduction

The lattice of symmetries [ ¢ X

puts into evidence the closed subgroup Z9 — R?
and the associated compact quotient group Rd/Zd ~ S,

We obtain two short exact sequences of abelian groups:

X7 andl, & X 7, with 2292, and 7 2§72 7.
and the associated pairs of dual groups (X,X*), (F,C%) and (ﬁ, r*).

The pseudodifferetial operators on X are affiliated to the algebra
generated by the Weyl system associated to the pair ()C,X*).

The R-linear space structure on X =R allows also for what we call a
symmetric qunatization for the Weyl system associated to the pair
(X,X*), generating the Weyl calculus.
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Introduction

Brief recall of the Hormander-Weyl quantization

The Weyl system for (X, X*)and its Schrodinger representation

Hi=L2(X)>f. Ux:X>UMH), (Ux(2)f)(x):=f(x-2)
Ve : X > UH),  (Va(Of)(x) = e ™ F(x).

The Weyl unitary map
Wy : X x X* 5> U(H), Wx(z,C) = eV (O)Ux(2).

The Weyl quantization, V® € .7 (X x X*)
Op® i= [ (dz dQ) ((Fys ® Far)®) (¢, 2) (P05 ) Vi () Un (-2).
X xX*
Explicitely: VfeH, Vxe X:

(Opx(@)F)0) = [ av[ [ dne e o((x+ y)/2,m) ).
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Introduction

The Hormander classes of symbols

For any p € R we define:
SP(X x X*) = {F € C¥(X xX") |vpm(F) <ocoV(n,m) e NZ}
where: v, m(F) = max max  sup <&>7PTM ‘(8§8§F)(X,§)‘.

acN9 |al<n beN9,|bl<m (x ¢)e=

o FeSP(X xX*) with p> 0 such that 3(C, R) € R? with
F(x,€)] 2 C <€ 5P W(x,€) € {X x X", [¢] > R}
is called elliptic.

e For any s € R we introduce the symbol m4(x, &) =< £ >*, elliptic for s > 0.

Theorem A

If FeSP(Z) with p> 0 is positive and elliptic, then Op(F) is essentially
self-adjoint on .(X’) and the domain of its closure is:

D(Opr(F)) = {f e L*(X), Opy(mp)f € L2(X)} = H#P(X).
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The distribution kernel

For any F € /(X x X*) there exists 8] F] € /(X x X) such that:
(R[F]. & >./’(XxX) =(9, DpX(F)Lﬁ;)LQ(X), V(p,0) € [L(X)]%

Theorem B.

For F € SP(Z) with p € R, the operator Opx(F) leaves /(X)) invariant
and its distribution kernel R F] e .#'(X x X) has its singular support
contained in Ay = {(x,x) e X x X, x € X'} and rapid off-diagonal decay.
Moreover, for p <0 the kernel has integrable modulus as function of the
variable x — y € X orthogonal to Ay .
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A Weyl quantization on the d-dimensional torus

A Weyl quantization on the d-dimensional torus |
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A Weyl quantization on the d-dimensional torus

The d-dimensional torus

e For the group isomorphism R/Z = S
we choose the following explicit projection function:
Rt pi(t):=e*teS.
e Restricting to the interval Z; := [-1/2,1/2) we may define
a right-inverse s1 : S - 73 such that p; 057 = ds.
e Using the chosen orthonormal basis on X and X and taking direct

products we define the following explicit projections and right inverses for
them:

o XT=T=8% XTI, =T =289,

H * H *
® X5xmp(x):= (e ’X>,...7e’<ed’x>) €7,
5:.T > @ Te¢j=€,
1gj<d

@ X*3&mp.(§):= (e"<5791>,...,e"<§’°d>) € I,
S, T~ @ Iej = B.
1<j<d
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A Weyl quantization on the d-dimensional torus

e On S? we consider the Haar measure d giving total mass 1 to the
group and the corresponding measures on d3 on .7 and d3* on ,. We
notice that this coincides with the measure induced by the Lebesgue
measure on R?? through the canonical inclusion S ¢ R?.

e The group S? is an abelian Lie group having the Lie algebra sa = RY.

Thus, each vector v= Y vje; € R? generates
1<j<d

an invariant vector field <v,0>= 3 v;0; on s9
1<j<d

e Identifying X = RY = 54 we may easily proove that:
VoeCo(S9): (9jp)op=0;(dop), Vje{l,...,d}.
e Recalling the discrete Fourier transform: [*(S7) 3 ¢ — ];,qb € (>(Z9)
(5.9), = [, €607 4(5%), ¥yeT,
(59),.:= [ €507 (), ¥a* el
e We can define the Sobolev spaces on the torus:
AP(S7) = {f e L2(S¥) [{< - >P [F,f] e 2(2%)}.
Flbres of periodic pseudodifferential operators Arne Jensen 75 14 /39



A Weyl quantization on the d-dimensional torus

Considering the smooth real manifold structure on S one may use the
general theory of Hormander for pseudo-differential operators on real
smooth manifolds, in order to obtain a 'local calculus’ that has a nice
covariant behaviour under changes of coordinates.

On the other hand, the abelian Lie group structure of S? allows for a
'global theory’ of pseudo-differential operators based on the general
Fourier transform theory on abelian locally compact groups.

In fact, Theorem 4.4 in:

W. MclLean, Local and global description of periodic pseudodifferential
operators. Math. Nachr. 150 (1991)

proves the equivalence of the two procedures and gives a precise
correspondence between the two types of symbols:

'local symbols’ defined on charts for the Hormander theory and 'global
symbols’ defined on the product S9 x Z9 with Z9 = S¢.

We shall use this 'global theory' for pseudo-differential operators on the
d-dimensional torus, choosing the approach based on Weyl systems and
proposing a symmetric representation for the Weyl system.
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A Weyl quantization on the d-dimensional torus

The Weyl system of the torus

The Weyl system for (.7,I,) and its Schrodinger representation

K=13(7)>f. Uz: 7 -UK), (UsG))G):=1([3'1"3)
Vy T > U(K),  (Vo(y)f) () = e ™ 071 ().

We would like to define, as in the case of (X, X*), a 'symmetric unitary
map mixing the two unitay groups of the Weyl system:

"W(3,7%) = T S@> Vo () U2 (3) = [V3]TY Vr () U2 (3)"
The factor /3 is no longer continuous on .7 |
In order to recover the smoothness of the square root function we propose
to use its Riemann surface, defined as the Zs-principal bundle over S

S, := {(5,32) e [C~{0}]? Vje S}, t2:S523 (3,32) » 32 €S

having the fibre t71(3) = {+\/3} 2 Z».
We shall cover .7 with a dirct product of d copies of S,.
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A Weyl quantization on the d-dim

o [279]: {27‘762‘1} Zy={1,q} with ¢> =

o S§:=RI/[229] = [S:]7,  $2(3) =3°= (3%.-.-,52),

o §9 = [(1/2)2),
o 515§ — [~1,1)9 such that py o5, = ldgy.
z3
[227] 5 RY s S5

ST

2 = RY + ¢

z3

ibres of periodic pseudodifferential operators Arne Jensen 75
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A Weyl quantization on the d-dimensional torus

There exists  : S¢ — Z such that 55(3) = 5(3%) + x(3).

We shall use the following isomorphisms:
Zd SV Xl,l/ € Sd-/ Xl,l/(é) = eil<y75(ﬁ)> = 71/ = (31 PR 732{1/)1

795 1 s X2 € gg’ XZI/(?) - e—i<(1/2)u752(7> :~fzx = (51—1/7 N 75(«1—1/)

Definition
We call symmetric Weyl representation of the d-dimensional torus Weyl
system, the following smooth unitary map:

S9xM 2 (3,77) = Wz (3,77) = X292 (3) Uz (2(3)) Vir () € U(LH(F

).

v

Proposition

The symmetric Weyl representation W : Sg x[, — U(Lz(ﬂ)) satisfies:

WzG,v) =WaG™, ")
WG, a YWz (3, 8%) = x2.0-3) " x25 G W7 (33", " + 87).

V.
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A Weyl quantization on the d-dimensional torus

The totoidal symmetric quantization

e Given any Z%indexed sequence {f:/},yézd we define: (0;f), = f .. —f
e On C*(.7) we consider the seminorms: v,(f) := sup max (5”’7‘)(5)‘.

3.7 lul<n
o o(2% C=(7)) =
= {(B)eze | B € C=(T),3p 2 0, wA(F) < 00 V(m, n) e N?}

where: W(p)(f) = sup <y>P |r’nlax va( (0% f)v)
~yezd s

@ For peR and p=0,1:

oB(29; €= (7)) = {F € o(27; C=(7))| Wil (F) < 00 ¥(m, n) e N2}
where: W(pp)(f) = sup <~y >Ptme maxyn((a f),y)
~eZd

s(z9,C> (7)) :=
_{(f )'yeZd‘ < Coo(y) Wmn (f) < OOV(N m, n) N3}
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A Weyl quantization on the d-dimensional torus

The The 'symmetric toroidal Fourier transform’.

Given a sequence ® ¢ o(Z9;C* (7))
we shall consider the isomorphism Z9 > v~ x, , € (1/2)l, =S¢
and the Fourier transform 7" o(Z%C=(T)) = (T+; 2'(S9))

w R ~\ _ ~—d /. ! ) ~\ 3 /
(£7,®),,(3)=2 [70/5 X1,-a+(3) 3 X2+ (3) 4+ (3)

~*eZd

The symmetric toroidal quantization

opy(®):-2¢ Y [ d5((%*,9),.6) T5G5,07).

arel, 2

The distribution kernel of the quantized operator

274 ¥ e"<(1/2)7*,5(3)—5(5’)>[ s el<(1/2)7" k> (57*(]3[(1/2)(5(3’)+5(3)+/§))]

v*els neZg

v
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Quantization of periodic symbols Preliminaries

Quantization of periodic symbols )

Preliminaries )
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Quantization of periodic symbols Preliminaries

Periodic Hormander type symbols
For any p € R let:

SP(X x X*)r = {F e SP(X x X*)|F(x+7,£) = F(x,£) ¥y el}

e Denoting by T, the translation with v € I on distributions on X’
FeSP(XxX")r = (T,®T,)R[F]=8[F], Vyerl.

Periodic magnetic fields Given a regular magnetic field B = dA.

Replacing the usual translations: (UX(z)f)(x) =f(x-2z)

with magnetic translations: (Ufé(z) f)(x) :=exp ( -i [ A)f(x -2Z)
[x,x—z]

we define a ‘magnetic Weyl quantization”: ,

Opy® = [ (dzdC) ((Fye ® Fa-))(¢,2)(e7P0= ) Va (O U3 (-2)

XxX*
that allows for a complete magnetic pseudo-differential calculus.
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Quantization of periodic symbols Preliminaries

Periodic magnetic fields

Suppose that the magnetic field B has smooth -periodic components
and suppose also that it satisfies:

1 1
./0 ds/(; ds' ( B(vy+sej+s'ex), ejrex) =0, Vyel, V(j, k). (%)

e Proposition The above condition is necessary and sufficient in order to
exist a smooth, -periodic 1-form A such that B = dA.

Theorem

Suppose given a symbol F e S7(X x X*) for some p € R and a regular
I-periodic magnetic field B = dA satisfying condition (*) above with A
smooth and [-periodic. Then Dpff(l—_) also has a “standard” Weyl symbol
F{ € SP(X x X*) such that Op%(F) = Opr(F).
Moreover we have that:

Foy(x,€) - F(x,£ - A(x)) € SP2(=2). (3.1)]
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The distribution kernel
Given F ¢ Sf(?( x X*)r, we have that:

R[F] = (Hd;\{ ®]:X*)(F0'T), T(x,y) = ((x+y)/2,x—y)
and thus (7, ® T,)R[F] = R[F], VyeTl.

R[F] e " (X x X) has singular support in

Ay :={(x,x) e X x X, x € X} and rapid off-diagonal decay.
Moreover, for p < 0 the singularity on Ay is integrable in x —y € X
(orthogonal to Ay).

RIFIN(Y) = [an dn &< 0y (n) F((x+y)[2,1) = [3w dn ™1 FM((x+y)[2,7)
0 e Cge(X*;10,1]), €] <1/2 = 6(&) =1, suppd c {|¢[< 1}
On(E) =0(N7LE), VYNeN~{0}}.

FN) ¢ 5= (X x x*).
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Quantization of periodic symbols Bloch-Floquet-Zak decomposition

Bloch-Floquet-Zak decomposition )
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Quantization of periodic symbols Bloch-Floquet-Zak decomposition

Decomposition induced by the inclusion Z9 c R?

Recall the notation: Z:=[-1/2,1/2), &£:= Y Te,.
1<j<d
e We shall use the decomposition: Xoxm (1(x),%)elx&
u(x)=(bal,.. . Ixal), [t]=max{keZ|k<t}, VteR.

e and the associated unitary decomposition:

L2(X) > f o Urf e (M) ® L2(E) 2 2(T; L2(€)),

(UFf)(7,%) = F (v +R).
The discrete Fourier transform: Fr: (1(T) = C(Z.), (Frf)(G*) = ¥ x5 (V)F

el

allows to define:
Ugr = (Fr®ldg) olUr : L2(X) —» L2(Z) ® L*(€).

We conclude that for F € S(X x X*)r, the operator Opx(F) com-
mutes with the multiplication operators with x;+ for any 3* € .7, and
thus with all the multiplication operators with functions in C(.7.).
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Quantization of periodic symbols Bloch-Floquet-Zak decomposition

A standard argument applied to the above conclusion implies that
UgrOp(F)Ugr decomposes as a measurable operator valued function:

T 23" = Op(F), acting on Z/?BF[&”(X)].

In order to get a more tractable form for the transformed representation of
the group X = RY one uses the 'extended version of the Ugr,
the Bloch-Floquet transform:

o Usro)(x) = T TG(x 1), Ve S (X);
e
o (Usre)(*) e {f e (X L2(E)) | F(x+7) = eGP f(x) Vyel} = Fy

loc
e Lemma: The extension of Op(F) to .#’(X') by duality
leaves each .7+ invariant.

o (UsrOp(F)$)(3*) = x5 (NUx(NOpx(F)o = Zxz (1NOp2(F)Un(1)6 =

= 555(7_)5* (%:rxé* (v)Ux (fy)d)) = }55(?)3* (UBF¢) 3*)

Op(F);. is the restriction to 3 of the extension of Op(F) to 7/(X).
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Quantization of periodic symbols Bloch-Floquet-Zak decomposition

Proof of the Lemma
Let f € Z and F e SP(X x X*):
(O (F)F)(x+7) = [y dy [y dne <17V F((x+v+y)/2,m) f(y)

= [, dz [, dnel<nx=2> F((X + z)/2,77) f(z+~)=

= f)( dz fX* dn ef<nx-z> F((X + z)/2,77) e”'<5*(ﬁ*)’7>fn(z)

= 60> (9p (F)F) () .

The Bloch-Floquet space

e The scalar product on .Z:: (f,gr)y i= [ dx f(x)&(x) for any 3* € Z..
o FT:= {fe C°°(X),|7?(x+’y) = e<s: (") f(x)}
@ ~ ~
o Fi=[di* Fp T ={feC(TxX)|fG") e FT, V5" € T.}.
T

(&S]
o Uge[7(X)] c 7.
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Quantization of periodic symbols Bloch-Floquet-Zak decomposition

Recalling the regularization:
RIFIN(x,Y) = [e dn e FN((x +y)[2,n),  FM e S7(X x X7)
we have the statement:

Proposition

Supose given F € SP(=)r and let us fix b e F° for some 3% € 7. Then

given any € > 0, for any p € N9 and any n> (p + d + 1)/2, there exists
C(n,pu) >0 and N e N\ {0}} such that for any N > N/

sup|[0% (Dp(F)s- - Op(FM); )] ()| <

xeX

< C(n,u)e[ sup max max [0;’02’/F](X,E)‘][sup max |[();’"(7A5](x)|]

(x,€)e= IVISlpl+p+d+1 |v/|<2n xeX|v"|<p+d+1
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Quantization of periodic symbols Bloch-Floquet-Zak decomposition

Proof of the Proposition

Let us write:

[(Dp(F)ge - Op(FM)3)d] (% + )

:fXdy[fX* dn &/ <EY O (1 0 (n) ) F((%+y + ) [2,m) |$(y)
=i [ gy [ dne < 0m> (1 oy () F((R+y - a)/2+ @) [y - a)
=e"<5*“"‘*)’a>f)(dy[f2(* dn €< (1= 0n(m))F((%+y)/2,m)|6(y)
St [ gy [ gy s orh g

(- 25)"(1= 0n () F((R+v)/2,1) )3(1)]

and some usual integration by parts using the oscillating factor e/<7"*=¥> allows to obtain the
desired estimation taking into account that:

—(p+d+1) _ . K ~ —|k| d
/;(* dn <n> (1 GN(r])) et 0, (8,]9/\/)(77) N}OON , Vke N9,

% [(]Id _Ay)(p+d+1)

Corollary -
The limit Op(F(M)), > Dp(F)y exists uniformly on bounded subsets
Vakeo]

of F° for any 3" € 7.

4
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Quantization of periodic symbols Bloch-Floquet-Zak decomposition

The Bloch-Floquet-Zak transform

Let us fix any qAﬁ € . and compute:

(UsrOp(F)UgED)(3%,%) = [y dy [ dn e’V F((x+y)[2,n)$(%, ¥)-

For 3% € 7., let us consider the unitary operator of multiplication with:
f5§(£>x) - e—i<£fs*(5§),x>

and for 3* in a neighbourhood of 3, we have:

(s © (52 x T)UsrOp (F)UpHy: © (5 x14)3) (5", x) =
— L d_y \/); d,',] e—i<5x—(ﬁ*)_5*(ﬁg)7(x_y)> e"<7i,(X—}’)> F((X + y)/2’n)$(3*’y)

= (ﬁa((ﬂdx ® ﬁ*(j*),ﬁ*(j*))F)égé(g*, ))(x) ‘ = smoothnes around 3>

o

with (Id x x 72)F the translated of F in the second variable with & € B.

Let i, be the identity on 7,
The Bloch-Floquet-Zak (BFZ) transform _
(Usrzf)(&:3) = [(F. o (1 x9)Usr F](€:3) = Y e 7P F (5 +5(3))-

~el
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Quantization of periodic symbols Bloch-Floquet-Zak decomposition

Structure of periodic WDO

e Notice that Ugrz.7(X) c BC”(/‘(*; C°°(z7)).

e If we denote by G := Z/{BFZ[L2(X)], we have the equality:
g = {76 L2 (X*; [_2(7)) ‘ 7(f+7’*) _ X;}?\(E) c LZ(y), V’\/* c r*}.

loc

Let & be the multiplication with f(s.(3*),s(-)) on C*(.7).

Given F € SP(X x X*)r, there exists a smooth, [.-periodic function:
T 33" = Op(F)y = € Op((lax x Ty, ) F), & € L(CZ())

such that

the operator L{BFZDp(F)L{é}EZ acting in G is decomposable as the

operator-valued function on X*:

X" 3€ 0 Xy OP(Fp )Xy € £(CT()).

 We also denote by B R
G® = {f e Co(X*; C=(T)) | F(§+77) = X4 (£) € C=, V" €T ).
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Quantization of periodic symbols Bloch-Floquet-Zak decomposition

Using the above results for Op(F) and for its resolvent and for m,, one
obtains the following result.

For a positive, elliptic symbol F € SP'(X x X*)r, with p >0 and for any

£ e X*, the fibre operator XL(f)ﬁfj(F)p*(ﬁ)X:(lé‘) is self-adjoint and lower
bounded with self-adjointness domain J#P(.7).
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Quantization of periodic symbols Kernels of the fibre operators

Kernels of the fibre operators ]

Theorem B above implies that for F e S (X x X*)r the WDO Op(F) has
a distribution kernel £[F] having at most a singular support contained in
the diagonal Ay = {(x,x) e X x X‘x € X}.

Let us study first the distribution kernel of the fibre operators D\p(F)jX for
any 3* € 7.

We use the regularization F(V) oo F defined before.
/0o
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Quantization of periodic symbols Kernels of the fibre operators

Proposition

Fixing any 3* € 7, for any N e N\ {0}, @(F(N))ﬁ* has the following

structure as operator on 2% c &(X):
Op(FMy, = Intx RIFM e,

RIFMY(%,9) = x5 (B) RIFM] (2,5 + 8) .
Bel

Proof.
Let us fix two functions d) and 1/; in f* and compute:

(&, SR (F M)y d),. = lim fdxwx)/ dy SFM1(3,y) ()
= Jim [ dz2d3) [ dgd(3) LRIFMIR. 9+ B3¢ (8) X p(5+B+7).

Ber lvlsm L]
y
Remark
The Proposition is true for Op(F) when F € SP(X x X*) with p <0.
y
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Kernels of the fibre operators
The BFZ-transform of a VDO

e Let us fix F e SP(X x X*)r and $ € G® and compute:
(UsrzOp x (F)UgE9)(£,3) =

_ Ze—i<5,a+s(3)7gy fgﬂei<n,a+5(5)—y> F((a+5(}5)+y)/2,n) '[Bdeei<9,y> (&(97'](}/))

el

_ Ze—i<5,a+5(g)>z '/;;df/ Z fxgﬁei<[i*+ﬁ,a+s(;)—/3—y> F((a+5§ﬁ)+ﬁ+}7)/2,n) j;sdeeke,ﬁﬂ”o &(9,)3(}7))
ael Bel B*ely

_ s—i<£,'y+/3+5($)> dy di ei<[§*+ﬁ,'y+s(3)—)7>F (7+5@)+}7)/2,71 do ei<9,[i+)7>(£ 97P(}7)
p2pal Jo Z [ ( ) J (0:p(5))

i o' s i<B*+17,25 s5(3)-9 o o\ <€ 9> sop o

_ Z Z E—I<E,2’Y+K,+4(5)> j;d;? Z fx‘iﬁel<ﬁ +1,25+k+5(3)—9> F((n+s(3)+y)/2,[3*+n)e'<£’Y> ¢r(€,p(y))
ﬁernslg B*ely

e(i/2)<r™ k>

_ e—i<1,(§),5(5)>fd3/ Z Zei<g*+~*/z,s(a)—5(;ﬁ’)>z . F((N +5(3) +5(ﬁ’))/2,5* +£+ (K*/2)) &(é,ﬁ’))

T B*ely n*ezg nEZg 2

= [3nt 7 (xuo Rl (ax < T FIx; L) )39 6) = [3nt (K] (I x T F]) ()] ()
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Quantization of periodic symbols Kernels of the fibre operators

Thus the fibre operator above £ € X* has the distribution kernel
Rl(dx x Te)Fle 2'(7 x T):

Rl(dx x Te)F(3,5) =
_ Zer‘<3*+(1/2)w*,s(§)—s(§’)>Z

B *
RO

2d
B*ely rv*sﬁg H;ng

= F((r+5G) +5G))/2,8" +& + (r*/2)).

Let us compare it with the generic structure of the distribution kernel of a

toroidal WDO:

o-d Zl_ ei<(1/2)”/*¢5(5)—5(5’)>|: > ei<(1/2)7" k> @W,*(p[(l/Z)(s(g,’)+s(3) +h)]):|
yrels reZg

If we decompose v* =28* + k* with 8" e[* and Kk” ¢ Zg we obtain the

equality:

(UBFZDP(F)Méfl—‘ZQB)(&é) = (ng(éﬁf)ﬁz(fa ))(3)

with:

(Pre)ye(3) = [(Mda x Te)F(s(3), (1/2)77).

We may view this as a smooth section in the vector bundle associated to

the principal bundle X*— [X*’/[(1/2)F,,H by the representation of the

group (1/2)[, on oP((1/2)l.; C*(.7)) by translations.
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Quantization of periodic symbols Kernels of the fibre operators

Let us put into evidence two more forms of the fibre operators:

e The infinite matrix form in 62(&) after a discrete Fourier transform:

[f?(UBFZDP(F)Uéﬁz)gf%l]a%* =
= [(F7@ldx:)(Fo(poldr)](a” - 86— (a* +5)/2).

e The form involving the Weyl system of the torus:

(UsrzOp(F)Upt;6)(£,3) = (D% (Pre)(E,))(3)
=27 3 [udi([(F7 @ Fapr)(Feo (s8 Rapmr.))|(*3)~

<Xz ) U7 (B2(3)) Vir () (&) | (3)

with (1 o)1, the restriction to (1/2)I. ¢ X of functions on X'*.
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Many Happy Years Dear Arne ! J
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