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Definitions

o Let D ={z € C:|z| <1} be the open unit disc in the complex plane

and let T = 0D.
e The classical Dirichlet space D is defined by

D = {f € Hol(D) : D(f) ::/D|f’(z)|2dA(z) < oo},

where dA is normalized area measure.
o0
o Iff(z)=> "panz", then

o0

D(f) =) nladl”
n=0
e Hence D C H?(D), where
o0 o0
H?*(D) := {f(z) = Zanz” : Z lan|? < oo}.
n=0 n=0
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Theorem (Fatou)
If f € H2, then

f*(e) == lim f(re'), (exists a.e. on T).

r—1

Moreover,

1]z = Il e
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Theorem (Fatou)
If f € H2, then

f*(e?) = Iim1 f(re'), (exists a.e. on T).
r—
Moreover,
1]z = Il e )
Theorem (Beurling)
If f € D, then f* exists n.e. onT. )
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e Let ¢ : D — D be holomorphic. The composition operator C, is defined
by
Co(f) = oo, (f € Hol(D)).
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e Let ¢ : D — D be holomorphic. The composition operator C, is defined

by
Co(f) = oo, (f € Hol(ID)).
Problem
When is C, bounded, compact or Hilbert-Schmidt on D? J
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Classical results

9 Classical results
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Boundedness

Theorem (Littlewood’s Subordination Principle)
Let ¢ : D — D be holomorphic. Then C, is bounded on H? and

1+ |(0)|

[cn)],. = /1= o(0)]

11 2 (1)
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Classical results

Boundedness

Theorem (Littlewood’s Subordination Principle)

Let ¢ : D — D be holomorphic. Then C, is bounded on H? and

1+ |(0)|

HC“’(f)‘ v S\ 10 1P (1)

C, bounded on D = ¢ € D, ( Take f(z) = z).
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Classical results

Boundedness

Theorem (Littlewood’s Subordination Principle)

Let ¢ : D — D be holomorphic. Then C, is bounded on H? and

1+ |(0)]
<Gy —= .
|, < T 17l 1
°
C, bounded on D = ¢ € D, ( Take f(z) = z).
[ ]

¢ € D #= C, bounded on D.
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Classical results

Theorem (Voas, '80, Shapiro and McCluer, '86)

Let ¢ € D and let du(z) = |¢'(2)|? dA(z).
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Classical results

Theorem (Voas, '80, Shapiro and McCluer, '86)
Let ¢ € D and let du(z) = |¢'(2)|? dA(z).
C, bounded on D <= pop1(S(¢,0)) = 0(5?),

where S(¢,0) ={zeD:|z—(| <}, for( €T and 0 < < 2.

2>
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Compactness

C, is compact on H? if:
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Compactness

C, is compact on H? if:
e (p = const.
* [[olloo < 1.
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Compactness
C, is compact on H? if:

e (p = const.

° ¢l <1.
e the image of D under ¢ is contained in a polygon inscribed in ID:
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Classical results

Proposition

C, compact on H? <= f, — 0 weakly in H> = ||C,(f,)|l» — O.
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Classical results

Proposition

C, compact on H? <= f, — 0 weakly in H> = ||C,(f,)|l» — O.

e Since z" — 0 weakly in H?, we have:

IC(2M1Z = lle"l2
1 2 o\ 12
= o ; lp(e”)["" df — 0.

Mahmood Shabankhah (Université Lille 1) Timisoara, June 2010 10 / 25



Classical results

Proposition

C, compact on H? <= f, — 0 weakly in H> = ||C,(f,)|l» — O.

e Since z" — 0 weakly in H?, we have:

IC2M13 = "3
T
= 5 ; lo(e®)]?" df — 0.
e In particular,
C, compact on H> = ‘{e’e (") =1} =0.
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Classical results

Problem

{e! : |p(e?)| = 1}| = 0 = C, compact on H??
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Classical results

Problem

{e! : |p(e?)| = 1}| = 0 = C, compact on H??

Answer: No. For example : ¢(z) = (1 + z)/2 (Schwartz, '69).
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Classical results

e Consider the normalized reproducing kernels for H? :

w V1—1z]?
kr(w) = }’(z}én) = 11_ z’w| , (z,w € D).
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Classical results

e Consider the normalized reproducing kernels for H? :

w V1 —|z[?
kr(w) = }’(z}én) = 11_ z’w| , (z,w € D).

e We easily see that (k;),ep — 0 weakly in H?, as |z| — 1.
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Classical results

Theorem

If C, is compact on H? then

Ll
|Z|—>1 1-— ’Z‘
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Classical results

Theorem

If C, is compact on H? then

L 1ole@)]
|Z|—>1 1-— ’Z‘

Theorem (Julia-Carathéodory)

Let ¢ : D — D be holomorphic, and let { € T. The following are
equivalent.
(i) liminf 1= le(@)l

= 5 ,'
AR <o

(i £ fim ‘p(z)? exists for some A € T;
zZ— zZ —
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Classical results

Theorem
Let ¢ : D — D be holomorphic.

C, compact on H? = ¢ has an angular derivative at no point of T.
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Classical results

Theorem
Let ¢ : D — D be holomorphic.

C, compact on H? = ¢ has an angular derivative at no point of T.

Problem

© has an angular derivative at no point of T

and = C, compact on H??

[{e” : lp(e”) =1} =0

Answer: No (Shapiro-MacCluer, '86).
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Classical results

For ¢ : D — D, Nevanlinna's counting function N, is defined by

Z Iogi, w € p(D);

zep—H(w) |Z’
th(w) = v

0, w ¢ (D).
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Classical results

For ¢ : D — D, Nevanlinna's counting function N, is defined by
1
Z log =k w € (D),
Ny(w) = zep 1 (w)

0, w ¢ (D).

Theorem (Shapiro, '87)

C, is compact on H? if and only if

lim Np(w) _

|w|—1 1-— ’u)| -
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General criteria

© General criteria
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General criteria

e For p>1and a > —1, the weighted Bergman space A% is defined by
AP = {F € Hol(D) : [[f||5., - / 1F(2)[P dAa(2) < oo,

where dA,(z) := (1 + @) (1 — |z|?)* dA(z).
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General criteria

e For p>1and a > —1, the weighted Bergman space A% is defined by
AP = {F € Hol(D) : [[f||5., - / F(2)|P dAa(2) < oo},
where dA,(z) := (1 + @) (1 — |z|?)* dA(z).
o We set

DP .= {f € Hol(D) : HprDg = [F(0)[P + [|f']|h o < oo}

The Hardy space H? = D?.

- _ P
The classical Besov space B, = D,,_,

The classical Dirichlet space D = Dg.
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General criteria

e Given p > 1 and o > —1, take # > 0 such that

6:=d(p,, ) =2+ 8- (2+a)/p>0.
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General criteria

e Given p > 1 and o > —1, take # > 0 such that
§:=6(p,a,B)=2+p—-(2+a)/p>0.
e For A € D, we set

(1= A2

Fx(z) = ma

(z € D).
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General criteria

e Given p > 1 and o > —1, take # > 0 such that
§:=6(p,a,B)=2+p—-(2+a)/p>0.

e For A € D, we set

(1— A%
Fr(z) = ————, ze D).
D= s (€D)

Theorem (EKSY)

Let o : D — D. Then
(a) C, bounded on DF, <= | C,(F)\)|lpe = O(1);
(b) C, compact on D, <= ||C,(F))|lpr = o(1), as [A| — 1.
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General criteria

Corollary

Let o : D — . Then

(a) C, bounded on H?> < ||C,(k\)|2 = O(1);

o(1), as |A\| — 1.

(b) C, compact on H? <= ||Cy(ky)l|2
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General criteria

Corollary
Let o : D — . Then
(a) C, bounded on H?> < ||C,(k\)|2 = O(1);

(b) C, compact on H?> <= ||Cy(kr)|l2 = o(1), as |A| — 1.

Corollary (Tjani, '03)

Let o :ID — D and let p > 1. Then

(a) C, bounded on B, <= ||C,(by)|ls, = O(1),

(b) C, compact on B, <= || Cy(by)lls, = o(1), as |A| — 1,
where, for A € D,
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General criteria

Corollary (Zhu, '01)
Let p: D — . Then
(a) C, bounded on D <= || Cy(by)|lp = O(1),

(b) C, compact on D <= ||Cy(by)|p = 1+ 0(1), as |A| — 1.
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Hilbert-Schmidt membership

@ Hilbert-Schmidt membership
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Hilbert-Schmidt membership

e Let H be a separable Hilbert space. An operator T : H — H is called

Hilbert-Schmidt if -
> I Ten|* < o0,
n=0

for some orthonormal basis {e,}>°, of H.
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Hilbert-Schmidt membership

e Let H be a separable Hilbert space. An operator T : H — H is called

Hilbert-Schmidt if -
Z:HTenH2 < o0,

for some orthonormal basis {e,}>°, of H.
e C, is Hilbert-Schmidt on H? if and only if

ZIIC NP = leso”ll2
n=0
1 /2” do -
== - - ., A~ A OO.
2m Jo  1—|p(e)[?
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Hilbert-Schmidt membership

Hence

C, Hilbert-Schmidt on H? = |{e’ : |p(e?)| = 1}| = 0.
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Hilbert-Schmidt membership

Hence

C, Hilbert-Schmidt on H? = |{e’ : |p(e?)| = 1}| = 0.

Theorem (EKSY)

Let E C T be closed, and |E| = 0. There exists ¢ : D — D, with
¢ € A(D) such that C, is a Hilbert-Schmidt operator on H? and

E = {e": ()| = 1}.
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Hilbert-Schmidt membership

C, Hilbert-Schmidt on H?2, if and only if

2r g /1 |Eq(s)]
— < 00 — ds < oo,
/o 1—[p(e?)2 (1-5)?

where
E,(s) = {e” : |p(e)] > s}, (0<s<1).
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Hilbert-Schmidt membership

C,, Hilbert-Schmidt on H2, if and only if

27 1
do E
/)|2<oo<:>/‘@(s)ds<oo,
0 0

T [l (1-s)

where . .

E,(s) = {e” : |p(e)] > s}, (0<s<1).
Theorem (EKSY)
If C, Hilbert-Schmidt on D, then
1
cap (E,(s))

I d .
/0 1. og T s < o0
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Hilbert-Schmidt membership

Corollary (Gallardo-Gonziles, '03)

C, Hilbert-Schmidt on D = cap ({e" : |p(e"?)] = 1}) = 0.
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