Finite rank operators in Lie ideals of nest algebras

Lina Oliveira

Instituto Superior Técnico
Lisboa, Portugal

23rd International Conference on Operator Theory
Timisoara, June 29th-July 4th, 2010



I. Notation

Il. Rank 1 operators

I1l. Finite rank operators
IV. Example

V. Compact operators

VI. References



. Notation

e H is a complex Hilbert space; B(H) is the set of bounded linear
operators on ‘H

e projection P in B(H)

PP=P and P*=P

e P, @ projections

P<Q if PQ=P(=QP)

e The set of projections together with the partial order relation
“ <" is a complete lattice.



[. Notation

e Nest \V
a totally ordered family of projections ' C B(’H) containing 0 and
the identity /

e Complete nest N/
if A is a complete sublattice of the lattice of projections in B(H)

e Pc N
P_:\/{QGN:Q<P}

e Continuous nest N/

P_.=P forall Pe N
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. Notation

o Nest algebra 7(N\)
all operators T € B(H) such that, for all P € NV,

T(P(H)) € P(H)

equivalently
PLTP =0

where
pPt=1-pP

e Continuous nest algebra 7 (N') — nest \ is continuous

(From now on all nests considered will be continuous nests)



[. Notation

Nest algebra 7 (\) with product
[T,S]=TS—-ST

is Lie algebra

e Lie ideal £
complex subspace L of the nest algebra 7(N) s. t.

L, TN)]CL
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Il. Rank 1 operators

e rank 1 operator x®y:H —H

z— (z,x)y x,y,z€H

e x®yeT(N) iff P_x=0 and Py=y (PeN)

where

P=N{QeN:Q =y}
(cf. [3])

o Consequence: x Ly (since the nest A is continuous)
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Il. Rank 1 operators

Projections associated to x ® y

P.=V{QeN:Q@x=0}

P = MQEN: Gy =y}

Consequences:
o Py =y and Px=0
o xoyeT(N) iff P,<P,

(] x®yeT(N) = Pyx =0
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II. Operators of rank 1

T (N) continuous nest algebra, L norm closed Lie ideal,
x@y el and w®zeT(N) satisfying

A

P, <P, and P, < Py.

Then, w®zeclLl.

The “corner’ of x®y




II. Operators of rank 1

Sketch of Proof.
@ Provingthat x®ze€ L when P, <P,

Define y' = PzJ_.y (=y #0)



II. Operators of rank 1

Sketch of Proof.
@ Provingthat x®ze€ L when P, <P,

Define y' = PzJ_.y (=y #0)



II. Operators of rank 1

Sketch of Proof.
@ Provingthat x®ze€ L when P, <P,

Define y' = PzJ_.y (=y #0)

Therefore

Loxy,y@zl=<z,x>U @y)-<y,y >(x®2z)
=—<yy>xez)=—|y|P(x®2)

Hence, x®z € L.
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II. Operators of rank 1

Sketch of Proof (continuation).
© x®zeLl when P,<P, (proved)

e Provingthat x®ze€ L when P,=P,

PMH)=P.(H)= |J PH)
PeN ,P<P,

There exists a sequence (z,)

(zn) lies in U P(H) with  z, — z
PEN,P<PZ

Therefore

XQ2zZp — X2z and x®@ze L (note: x®z, € L)
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II. Operators of rank 1

Sketch of Proof (continuation).
QO x®zel (proved)

Q@ woyel (similar)

QO w®z

By 1. above,
x®zel

Applying 2. to x® z

wzeLl



II. Operators of rank 1

Recall that a mapping ¢ : N' — N, defined on a nest V, is called a
homomorphism if, for all projections P and @ in N/,

P<Q = oP)<¢(Q).

A homomorphism ¢ is said to be left order continuous if, for all
subsets M of the nest NV, the projection p(\/ M) is equal to the

supremum \/ p(M).



II. Operators of rank 1

Proposition

T (N) continuous nest algebra; L norm closed Lie ideal
Let, for all P € N,

P’:\/{PyeN;x®ye£A/5X<P} (1)
Then
e the mapping P' — P is a left order continuous homomorphism
o

P<P forall Pe N




II. Operators of rank 1

Characterisation of the rank 1 operators in £

T (N) continuous nest algebra, L norm closed Lie ideal

Then
x®y € L ifand only if, for all projections P € N,

Pr(x®y)P=0

Here P — P’ is the left order continuous homomorphism defined above.



[Il. Finite rank operators

Decomposability of the finite rank operators in £

Theorem

T (N) continuous nest algebra, L norm closed Lie ideal,
T € L finite rank operator

Then

T can be written as a finite sum of rank one operators lying in L.
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[Il. Finite rank operators

Px = V{Q € N : Qx = 0}

Sketch of Proof.

@ Assertion holds if T =0 or if T is a rank one operator.
@ T € L operator of rank n > 2

It is possible to write

n
T:ZXHXU/,'
i=1
where, for all i =1,...,n,
xi @y € T(N) (cf. [1, 3])

Suppose that (without loss of generality)

N

leg’ﬁng"'gﬁxn
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[Il. Finite rank operators Py=V{QEN: Qx=0}

Sketch of Proof (continuation).

L< /an
P oy

U> U>

o
2]
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[Il. Finite rank operators

Sketch of Proof (continuation).

Py <-- <P,
P, :,DX:...
,15 p., < ...

o
2]

3

IN

N
I
> O
250

3

Proof of case
QO P, < - <Py,

Px = V{Q € N : Qx = 0}



[Il. Finite rank operators Py=V{QEN: Qx=0}

Sketch of Proof (continuation).

Q0 P, < <P,
© Py =Po=-=P
e'Dxlépsz' SPX,,

Proof of case
QO P, < - <Py,

n n
L3> [Pxn, T} = P, (ZX/ ®y/) - (Zx, ®y,)Pxn
i=1 i=1
n n
= xi @ (Px,yi) — (Px,Xi) ® yi
i=1 i=1
n—1
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Hence

n—1
T = Z(/anxi) @ yi
i=1
has rank equal to n — 1 (not difficult to see) and lies in L. If n =2,
the proof ends.



. Finite rank operators P=V{QEN: Qx=0}

Hence

n—1
T = Z(/anxi) @ Yi
i=1
has rank equal to n — 1 (not difficult to see) and lies in L. If n =2,
the proof ends.
If n > 2, analogously,

n—2
L> [ﬁ’xn_l, Tl} =T — Z(/an_lxi) ® yi
i—1

and
n—2

L3 T=3 (Po,x)®y
i=1
is rank n — 2 operator.
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. Finite rank operators P=V{QEN: Qx=0}

Repeating the process
L2 Ty 1= ('bxle) D%

Since

forall ie{2,...,n},

~
i

it follows that x3®y1 € L and (P )x1®@y1 €L



. Finite rank operators P=V{QEN: Qx=0}

Repeating the process
L2 Ty 1= ('bxle) D%

Since

forall ie{2,...,n},

it follows that x; ® y1 € L and (IADX,.)xl Ry €L
recall the “corner”’ theorem
0 x1 @ y1

0 0
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[Il. Finite rank operators Py=V{QEN: Qx=0}

Using now back substitution in the equality

Thoo = (Pux1) @ y1 + (Puxo) @ ya,

similarly yields that,

X2 @y €L (Pux2)@yr € L

foralli=3,...,n.
Go back again...

Proof complete after repeating this reasoning sufficiently many
times.



[Il. Finite rank operators

P»—rP’:V{PyGN':xxX\y€L‘, A PX<P}

Characterisation of the finite rank operators in L

Theorem

T (N) continuous nest algebra, L norm closed Lie ideal,
T finite rank operator

Then
T € L ifand only if, for all projections P € N,

PTP =0




[Il. Finite rank operators PP =V (P, eNixByeL A Pr<P)

Proof. Consequence of the decomposability of the finite rank
operators and the characterisation of rank 1 operators in L.

recall the lemma

x®yel iff Prx®y)P=0
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IIl. Finite rank operators PP =V (P, eNixByeL A Pr<P)

Let

o Fr - set of finite rank operators in £
o B={SeB(H): P*SP=0} associative ideal of 7 (\)

e F, associative ideal (since Fr C B)
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V. Example

Continuity of the nest is important

Let
e N - nest such that

Jpen  dim(P — P_)(H) > 2.

@ L - norm closed subspace generated by the projection P — P_
and

{S ~ T(N) . 5 = P_Spi_ + (P — P_)SPL} (associative ideal)
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V. Example

@ L is a norm closed Lie ideal and does not contain any (finite
rank) operator T satisfying

T=(P—P)T(P-P.),

apart from those operators lying in the span of P — P_.

@ Hence none of the results presented for the finite rank
operators apply to the norm closed Lie ideal L.
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V. Compact operators

Define, for all projections P in the nest NV,

Zp = P(H).
Recall for a 7 (N)-bimodule 7
e support function ¢

Zp > (Dj(Zp) with (DJ(ZP) = j(Zp)

o 7 (N)-bimodule
Bim(dDJ) = {T S B(H) :TZp C q)j(Zp)}

(cf. [2]).



V. Compact operators

Denote by IC(H) the associative ideal of compact operators in
B(H).

Corollary

T (N) continuous nest algebra, L norm closed Lie ideal,
Fr. set of finite rank operators in L

Then

77 = Bim(®,) N K(H)
e Bim(®x,) N K(H) is an associative ideal of T (N)
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