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Let H be a complex Hilbert space and B(H) the Banach
algebra of all bounded linear operators on H, while | is the
identity operator on H.

Let A € B(H) be a positive operator, A # 0. An operator

T € B(H) satisfying the operator inequality

T*AT <A (1)

is called an A-contraction on H. Also, T is called an
A-isometry if the equality in (1) occurs. It is easy to see from
(1) that N(A) is an invariant subspace for T, and it is not
invariant for T*, in general.

An A-contraction T is regular (or T is A-regular) if

AT = AY2TAl/2, 2)

We know that if A is an orthogonal projection then any
A-contraction is regular.



Let T = (Tp, T1) be a pair of commuting contractions on H, that
isTi € B(H), ||Ti|| <1(i=0,1) and TgTy = T1To. Such T is
called a bicontraction on H, and when Tg and T, are
isometries, T is called a bi-isometry on H.

Since T;j is a contraction, the asymptotic limit of T; can be
defined as

Syh= lim T"T ' (h € H). (3)

Clearly, 0 < Sy, < T *T; and T; is a St,-isometry. Moreover,

N (I — St,) is the maximum invariant subspace for T; on which
Ti is an isometry, while A'(Sr,) is the maximum invariant
subspace for T; on which the sequence {T;"}ncy Strongly
converges to O, fori =0, 1.



We have that Ty is a St -contraction. Thus, one can define the
operator Sy, 1, € B(H) by

Sr,7,h= lim TSy Th = lim lim T;"T;"T8TMh (4)
m—oo m

—00 N—00

for h € H, and obviously 0 < Sy, 1, < Sv,.
By symmetry, Ty is a St,-contraction, and so can be defined
the operator St, 1, € B(H) by

Sr,mh = lim Tg"Sr,Tgh = lim lim Tg"T;"T"Tgh.  (5)

—00 M—00

We get St 1, = St,,7,, and so the operator
St = S1,,1, = S1,.7, (6)
can be defined by any of the iterated limits of the sequence
{TI"T6"To T fmnen

in the strong topology of B(H). The operator St is called the
asymptotic limit of the bicontraction T, and clearly, To and T,
are St-isometries.



Theorem
For a bicontraction T = (T, T1) on H one has

N =st)= () N =TT "TgT), @)

m,neN

and N (I — St) is the maximum invariant subspace for T and
T, on which Tg and T, are isometries.

Let fl,i € R(Sr,) is the operator satisfying

= Hsl/z S1/2




Theorem

For a bicontraction T = (Tg, T1) on H the following statements
are equivalent :

(i) STy =T1St;

(i) Ty is St-regular and A/(St) reduces Ty;

(iii) T; is a regular Sy-contraction;

(iv) T; is a Sy-contraction and either T4 or T is Sy-regular.
Moreover, if T, is St -regular then the conditions (i) — (iv) are
also equivalent to

(V) Sfl = S'gl'l and RSt =0,ifTionH = R(STO) @N(STO)
has the operator matrix representation

T, O
1= <Ri Q1> . (®)

In addition, when Ty is St -regular, we have Sy = S% if and
only if Sz = S2 and Sy,h = S5 h for h € R(Sr).
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Remark. We derive that the condition St = S2 implies
StT, =T1St and, by symmetry StTg = ToSt.

Since St = S;/?S; S1/% we have S2 = S/%s: s, S; S1/7,
and so St = S% ifand only if S; = Sz S°S: , S0 = StolriEy
The last equality implies that Sﬂ has a generalized inverse, or
equivalently, that R(Sﬂ) is closed.

Corollary

Let T = (To, T1) be a bicontraction on H such that
TlsTO = STOTl- Then

StT1=TiSt ¢ St = Sf & Sf =S2




Theorem

Let T = (To, T1) be a bicontraction on H such that Sy, = S%O
The following statements are equivalent :

(i) St = S%;

(i) Sz, = 82

(iii) 1|R(ST |sacoisometry.




Theorem

Let T = (To, T1) be a bicontraction on H such that Sy, = S%O. If
T1St, = St,T1 then the following statements hold :

(i) St, = S, ifand only if St = S% and Sq, = S& , where

Q1 = Taln(sy,)-

(it) R(St) = R(S1,) N R(St,), R(S7) = N (I = S1¢) N R(ST,),
hence if R(Sr,) is closed then R(St) is closed, too.




Remark. The previous theorem shows that, in certain
conditions, if Sy, and St, are orthogonal projection, then St is
also an orthogonal projection. But, when Sy, and St are
orthogonal projections, S+, is not necessarily an orthogonal
projection, in general.

For instance, suppose that T, is a St -isometry, that is
T;St1,T1 = Sr,, which yields St = St,. Hence, if St = S2 then
T1St, =T1StT =S7Ty = Sy, Ty and ﬂ is an isometry, therefore
S;, = I. Inthis case we have Sy, = S%l if and only if

SQl = 8(2?1’ where Q1= Tl’N(STO)'

Let T = (To, T1) be a bicontraction on H with T;* hyponormal,
(thatis T;T* < T;*T;),j = 0,1, such that either T;St, = S+, Ty,
or ToSt, = S1,To. Itis known that Sy, = S% fori = 0,1, and by
previous Theorem one has St = S%. In particular, if T; are
quasinormal (thatis T;T;*T; = T*T;?) and T;St, , = St, T and
TSt =St Tiforeitheri =0ori =1, then St = S2 and
St- = St., because St = 8%.,1=0,1.



Theorem

Let T = (To, T1) be a bicontraction on H such that {T§ }nen
strongly converges. Then Sy, = S%O and T1St, = St,T1.
Furthermore, if (I — To)T'h — 0 (n — o) for h € H then
St =Sr,.




Theorem

Let T = (To, T1) be a bicontraction on H such that {T§ }nen
strongly converges. Then Sy, = S%O and T1St, = St,T1.
Furthermore, if (I — To)T'h — 0 (n — o) for h € H then
St =Sr,.

Corollary

If {T,"}nen strongly converges fori = 0,1 then Sy, Sy, and Sy
are orthogonal projections, and St T1_j = T1_;St, fori =0, 1.




Theorem

Let T = (To, T1) be a bicontraction on H such that {T§ }nen
strongly converges. Then Sy, = S%O and T1St, = St,T1.
Furthermore, if (I — To)T'h — 0 (n — o) for h € H then
St =Sr,.

Corollary

If {T,"}nen strongly converges fori = 0,1 then Sy, Sy, and Sy
are orthogonal projections, and St T1_j = T1_;St, fori =0, 1.

Corollary

Suppose that {T{'}nen strongly converges and that

(I =T1)Tgh — 0 (n — o0) for h € H. Then Sy = Sy, is an
orthogonal projection, and Sy, = |1 © Sq, .




Theorem

Let T = (Tp, T1) be a bicontraction on H. Then the sequence
{T3" T }mnen strongly converges as m,n — oo if and only if
Ti=1&S; (i =0,1) relative to an orthogonal decomposition
H = M ® M=, such that SI'S'h — 0 as m,n — oo for any

h € M. In this case we have St = S2.




Theorem

Let T = (Tp, T1) be a bicontraction on H. Then the sequence
{T3" T }mnen strongly converges as m,n — oo if and only if
Ti=1&S; (i =0,1) relative to an orthogonal decomposition
H = M ® M=, such that SI'S'h — 0 as m,n — oo for any

h € M. In this case we have St = S2.

Theorem

Let T = (To, T1) be a bicontraction on H. Then St is a compact
operatorifand only if Ty = U; @ S; (i = 0, 1) relative to an
orthogonal decomposition H = M @ M=+ with M a finite
dimensional subspace, such that U; are unitary operators on M
and {S7'S! }m nen strongly converges to 0, (as m,n — o) in
B(M1). In this case, St is a finite dimensional orthogonal
projection, which commutes with Tg and T.



Theorem

Let T = (Tp, T1) be a bicontraction on . Then

(i) T is similar to a bi-isometry if and only if St is invertible. In
this case Sr, is invertible, too, fori =0, 1.

(i) R(St) is closed if and only if T® = (Tgg, T10) is similar to a
isometry, where Tig = PWTMT i=0,1.

St)’




Theorem

Let T = (To, T1) and T’ = (T, T;) be two bicontractions on H
and H’, respectively. Then an operator A € B(H’, H) satisfies
A =TX*AT/ fori = 0,1 if and only if there exists an operator

B € B(R(St/), R(St)) such that A = 81/2881/2 and

B = V:*BV/, where V; and V/ are the isometries on R(St) and
R(St/) respectively, which satisfy the relations V; Sl/2 Sl/2
andV, Sl/2 Sl/ZTI’, fori = 0, 1. In this case, B is uniquely

determlned and ||B]|| = [|A]-




Theorem

Let T = (To, T1) and T’ = (T, T;) be two bicontractions on H
and H’, respectively. Then an operator A € B(H’, H) satisfies
A =TX*AT/ fori = 0,1 if and only if there exists an operator

B € B(R(St/), R(St)) such that A = 81/2881/2 and

B = V;*BV/, where V; and V/ are the isometries on R(St) and
R(St-) respectively, which satisfy the relations V; Sl/2 Sl/2
andV, Sl/2 Sl/ZTI’, fori = 0, 1. In this case, B is uniquely
determlned and ||B]|| = [|A]-

Corollary

Under the hypotheses of previous Theorem, if either St = 0, or
St/ = 0, then the only operator A € B(H', H) satisfying
A=T*AT/fori =0,1isA=0.



Let £ D H be a Hilbert space. An isometric dilation on X > 'H
of the bicontraction T = (Tp, T1) on H is a bi-isometry
V = (Vo, V1) on K satisfying

The dilation V of T is minimal, and we denote it by [KC, V], if

K= \/ V§VIH. (10)

m,n>0

The existence of such a dilation was firstly proved by Ando, but
it also follows from the commutant dilation Nagy-Foias’s
theorem.




An isometric dilation V = (Vo, V1) of T = (T, T1) is regular if

Te"T! = PrVg"V{ %  (m,n € N). (11)

The minimal regular isometric dilation of T is uniquely
determined up to a unitary equivalence.




We can use the operators St,, St, and St in order to obtain an
isometric dilation of a bicontraction T = (T, T;) satisfying the
condition

A% =1 —T§To—T{T1+T{T§ToT1 >0,

which means T has a regular dilation.
We remark that A = Df — T;D% Ty, where

Dr, = (I — T;*T;)*/2 is the defect operator of T;, i = 0, 1.




.- 1/2 1/2 1/2
IR = 37 IATTETERIE + 5370l + 1S3, *hl — ISy *hi
m,n=0

(12)

> 1 1
= Z IIATTcS“TthIZHI(STO—EST)l/ZhI|2+||(ST1—§ST)1/2h||2-

m,n=0

Denote Dy = ArH and let Hr = @y, ne;, DI™" be the Hilbert
space of all sequences {hm n}mnez With hymn € D_(I_m,n) and

S [lhmal? < cc.

m,nez



The space H can be isometrically embedded in the space

G = Hr ® R(St,) ® R(Sr,)

by identifying the element h of 7 with the element
h® (St, — 3S7)Y2h @ (St, — 1S71)Y/2h of G, where
h — {hm7n}m7n€Z SUCh that

~ { ArTITh, ifmn>0
hm,n =

0,ifm<0, or n<O.




Now we can define an isometry W; on R(Srt,) by
1 1
Wi(STi — EST)l/Zh = (STi — EST)l/ZTih, h e H,
because T; is a St,-isometry and also, a St-isometry.

Similarly, since T;_; is a St,-contraction, we can define a
contraction T;_; on R(Sr,) by

~ 1 1
Tl—i(STi — EST)l/Zh = (STi — EST)l/ZTl_ih, heH.
In addition, we have

WiT i = T1iW,

because T;T,_; = T1_;T;, fori =0, 1.



Let [ICi,\7i] be the minimal isometric dilation of fi and VNvl_i be
the isometric extension of W;_; on K such that

WiV = ViWy_j,

fori =0,1.
Let S; € B(Ht) be the bilateral shift defined by

SO{hm,n} = {hm+l,n}, Sl{hm,n} = {hm,n+l} (13)

if {hmn} € Hr. Clearly, S; is unitary and SpS; = S1So.
Consider the isometries Vg and V; on the Hilbert space

K=Hr ®Ki1& Ko
given by

VOISO@WO@\707 V=5 @\7169VNV1. (14)



Theorem

If T = (To, T1) is a bicontraction on H such that A2 > 0, then
the bi-isometry V = (Vo, V1) on K given by (14) is an isometric
dilation of T .




Theorem

If T = (To, T1) is a bicontraction on H such that A2 > 0, then
the bi-isometry V = (Vo, V1) on K given by (14) is an isometric
dilation of T .

Let T = (Tp, T1) be a bicontraction on H such that Ty is normal
and Sy, = S%l. Then the isometric dilation of T given by (14) is
regular.

Theorem




Theorem

Let T = (To, T1) be a bidisk isometry on 4. Then

(i) [K, V] is a minimal isometric dilation of T, where
K=K1®KoandV = (Vy, V) is given by (14).

(ii) If S, = S then we have Sy = SZ if and only if Sy, = S§ .
(iii) If St, = 82i fori = 0,1 then [K, V] is the minimal regular
isometric dilation of T .




