loan Liviu Ignat

Universidad Auténoma de Madrid

Rome, March 21, 2007
Joint work with Enrique Zuazua

®
>
loan Liviu Ignat A Two-grid method



The control problem

u' —Au=0 in Q x (0,7),
u=vlr,(z) on I x(0,7),
’LL(O,.’L') = yo(x)v Ut(o,.’f) = yl(‘r) in Q:

Q is the unit square Q = (0,1) x (0,1)
Mo={(x1,1): 1€ (0,1)} U{(1,22): 22 €(0,1)}.
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The control problem

Given T > 2v/2 and (y°, %) € L?(Q) x H1(Q) there exists a
control function v € L?((0,T) x [p) such that the solution
u = u(t, x) satisfies

w(T) =w(T)=0.
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The adjoint problem

Wave equation on the unit square with Dirichlet boundary

conditions
utt—AUZO inQ:Qx(O,T),
u=20 on X =090 x (0,7),
u(z, T) = uo(z), u(x,T) =u(z) inQ=Q.

(uo,u1) € H}(Q) x L3(Q) =
u € C([0,T), HY(R)) N CL([0, T], L*()).

Conservation of energy

B(t) = % /Q (e, )7 + |V, £) ) da
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Observability Inequality

For any T > 2+/2 there exists C(T) > 0 such that

2

ou
—| dodt
on 7

T
H(U07U1)H§—[&(Q)XL2(Q) S C(T)/O /r
0

for any (u®, ul) € H}(Q) x L?(Q2) where u is the solution of
adjoint problem with final data (u°, u!).
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CONSTRUCTION OF THE CONTROL

Once the observability inequality is known the control is easy to
characterize. Following J.L. Lions’s HUM (Hilbert Uniqueness
Method), the control is

v(t) = Onu,

where u is the solution of the adjoint system corresponding to final
data (ug,u1) € H}(Q) x L?(Q2) minimizing the functional

1 T
J(uo, u1) :2/ ’anu(t)’2+ / yout(o)df - <917U(0)>1171x115
0 Jro JQ

in the space H}(Q) x L?(Q).
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Discrete control problems

The idea of approximating the HUM control v for the continuous
problem is to consider the following discrete problem

up, — Apup =0 in Qp, x (0,7),
up = vplry, on I, x (0,7),
up(0) = y2, Orup(0) = y,ll in Q.

where the initial data (y2,y1) are approximations of (2, y1).
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Semi-discretization of the adjoint problem

u;-/k—(Ahu)jk:O, O0<t<T, j=0,..,.N; k=0,...,N,
ujp,=0,0<t<T, j=0,..,N+1, k=0,..,N +1,

ujk(o):ugk, u;k(o):u}k, j=0,..N+1, k=0,..,N+1.
(1)

Discrete energy is preserved
Ep(t) =

2 N
I k=0 {’U;‘k(t)fz‘i‘

. s 2
Ug+1,k(t})L U;k(t)‘ +

wj e () —ujk (t) ‘2]
h
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Discrete version of the energy observed on the boundary

T ou|? N UiN UNE |2
/o/roan dadt~/0 h;‘J‘ hZ‘

Notation

N
/ Iaﬁu\zdrOh::hZ(“fN‘ +hZ‘uNk G
lon j=1
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Question

T
B <0) [ [ ol
0 Ton
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Question -
B <0) [ [ ol
0 Jron

Answer: YES

Cp(T) — o0, h — 0.
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Question -
B <0) [ [ ol
0 Jron

Answer: YES

Cp(T) — o0, h — 0.

Following the same arguments as in the continuous case, the
control function vj, diverges

||Uh||L2((0,T)><r0h) —
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Group Velocity

u(t, ) = €176 — (&) = £(sin®(42) + sin?(51))1/2
Group velocity Cp,(§) = Vewn(§)

Cu(€) = (sin(ah), sin(€ah))/(sin 1" + sin? 212

Group Velocity
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Spectral Analysis

Eigenvalue problem associated to (1)

Cit1k T Pj—1k — 20k Pjk+1l T Qjk—1 — 20k
B h2 B h2
j=1,.,N; k=1,..,N,
o =0, j=0,...N+1 k=0, N+1.

= A\pjk

Eigenvalues:
A(h) = % [sm <k1”h> + sin? (kgh)} , k= (k1,k2)
Eigenvectors: @}‘ = sin(j1k1mh) sin(jakamh)

a(t) = 2 3 [V, 4 VR0, ]
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Filtering: Zuazua 99, Multipliers

N+1

1 ; ; ~
Myu =~ Z [ezt\/Ak(h)ak+_‘_e—zt\/kk(h)uk_ K, < 4

Ak (h)<vy/h2

T(v)
Ep(Myu) < / / |0 (M) |dT opdt ®
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Two-grid algorithm, Glowinski '90

1D-case
T > 4 - Negreanu & Zuazua 04 - Multiplies
T > 2/2 - Loreti & Mehrenberger 05 - Ingham Inequalities for non

harmonic series

N
: f/ ATl - -
| | R ] A //
: \ | A D :
-10 | -10
Ep(u) < 2Bx(My jou) Ep(u) < 4ER(N1/qu)
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New Idea : Low frequency estimates + Semi-classical

decomposition following the level sets of the frequencies

Main Result: Let @ be a solution of (1) and v > 0 be such that
Ey(u) < CER(NyT).

Let us assume the existence of a time T'(+y) such that for all
T > T(7) there exists a constant C(T"), independent of A, such

that .
En(®) < C(1,T) / / 0(t) Pt

for all 7 € T,. Then for all T" > T'(vy) there exists a constant
C1(T), independent of h, such that

T
En(@) < C1(T) / / Oha2dT opdt
0 Ton
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Two-grid Method in 2 — d

Fine and Coarse Grids G" and G*, N = 11

11
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Energy estimates for two-grid data

Gh and G2! G" and G*"

I Iz
N+t

N+1

(N+1)2 (N+1)2

(N+1)/4

s
0 (N+1)2 Nat 1

(N+1)4 (N+1)2 N
1

Eh(ﬂ) < 4Eh(|_|cl>72ﬂ) Eh(ﬂ) < 4Eh(|_|(f</>4ﬂ)
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Why not using ratio 1/2 for the two-grids?

The relevant zone of frequencies intersects a level set of the phase
velocity for which the group velocity vanishes at some critical
points.

(N+1)2

0 (N+1)72 N+t )1

Ep (1) < 4B,(N55,0) < 4E(M47) ®



When using the mesh ratio 1/4 this pathology disappears:

(N+1)/2

N+1y4 |

0 (N+1y4 (N+1)12 N

Ep(u) < 16E(N77,u) < 16EL (Mg g2 (r/5) W)
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Application to a two-grid method

Let be T' > 4. There exists a constant C(T') such that

T
B@<o) [ [ johuldrod
0 Ton

holds for all solutions of (1) with (u°, ') € V" x V", uniformly on
h >0, V" being the class of the two-grid data obtained with ratio
1/4.

To = 4 is not optimal one.
Its depends by the optimality of the time for the class g2, /g

Analysis of the group velocity: expected time Ty = #‘58)

o=
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Main difficulty

T
Ep(w) < 16 E3(N59,u) < C(T) / / |05l dr pdt.
0 Ton
-

T
En(@) < C(T) / / 0hadT
0 rOh
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Sketch of the proof

Ey(u) < CE,(Nya) < O(T / / 0. 2dry, dt
Fon

T) / / \0"@|?dr ,dt + LOT
0 Ton

Dyadic decomposition or Semi-classical decomposition:

Pa(t) =Y Flc [ ites(h)g, (5) + e~ MG _(j )] -

jezz
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kp
Ex(Nyu) < > Ep(Pyu) + LOT
k=ko

)
Eh(Pkﬂ) < C(T,"}/, 5)/ / \82Pkﬂ]2dr()hdt.
0 Ton

Combining (23) and (23),

kn  T—5
Ep(Nya) < C(T,7,8) ) / / |0 P 2dT opdt + LOT.
ko V0 ok
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Lebeau and Burq :

kn 75
> / / |08 Pyr)2dT op dt
p— Fon
T
C(s,T
<2 / / |a,’;m2dr0hdt+%Eh(a)
0 Jron cero

Thus
Eh(ﬂ) < Eh(n,},ﬂ)
4 C(s,T
< C(T, 7, ) / / OhaRd ondt + ((_2;0)Eh(u) +LOT
0 FOh 2k
T
Ep(T@) < C(T, v, 9) / / |0 |2dT opdt + LOT.
0 Ton
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Thanks!!!
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