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Wave equation on the unit square with Dirichlet boundary conditions

Utt—AUZO inQ:QX(O,T),
u(0) =0 on X =00 x (0,7), (1)
u(z,0) = u®(z), w(z,0) =ul(z) in Q=Q.

(ug,u1) € H}(Q) x L3(Q) = u € C([0,T], H}()) n C*([0,T], L3(R)).

Conservation of energy

B(0) = 5 [ [unle. O + Vuta, ) Plda @)
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.
Observability Inequality

For T > 24/2 there exists C(T) > 0 such that

B(0) < C’(T)/OT/FO

Fo={(z1,1): 1 € (0, 1)} U{(1,22): z2 € (0,1)}.
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-
Semi-discretization of the wave equation

u;'k—(Ahu)jk:Q 0<t<T, j=0,..,N; k=0,.... N,
wjp=0,0<t<T, j=0,..,N+1 k=0,.,N+1, (4)

wjk(0) = udy, Wi (0) =ujy, 5=0,.., N+1 k=0,..,N+1.

Discrete energy is preserved

i1 k(t) — ujn(t) 2
h

n &
Ey(t) = ) Z [|u;‘k(t)|2 +

J,k=0
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Discrete version of the energy observed on the boundary

T 2 T
ou / UiN |2 UN |2
UV dodt ~ h ‘ iNIT g, )
/O /I—o n 0 Z Z

Notation

/r|aj;u|2drh ::hi\“ﬂv\ hZ‘“N’“ . (5)
h j=1
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Question .
E5(0) < Cy(T) / / 01 [2dT . (6)
0 My

Answer: YES

Cp(T) — o0, h — 0.
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Group Velocity

u(t, z) = eW1=62) — (&) = +(sin?(44) + sin?(41))1/2
Group velocity Cp,(&) = Vewp(§)

Cul€) = S (sin(€h). sin(Eah)) (s’ % + sin? %)1/2

Group Velocity
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-
Spectral Analysis

Eigenvalue problem associated to (4)

Cit1k + Pi—1k — 205k Pik+1 + Pik-1 — 205k

- h2 - 2 - )‘(ij
j=1,.,N; k=1,..,N, (7)
y=0,j=0..N+1, k=0,..,N+ 1.

Eigenvalues: A (h) = 7% [sin2 (@) + sin (’””h)] , k= (k1, ko)
Eigenvectors: EJI.‘ = sin(j1k1mh) sin(jakomh)

a(0) = 3 3 [V, 4 eV, ] g
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-
Filtering: Zuazua 99, Multipliers

N+1

I'Iwu:l 3 [it\/)\k(h)ak++e—it Mg |y < 4
)\( <'y/h2

T(v)
En(Nou) < / / 10 (M )| dF e
0 r
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-
Two-grid algorithm, Glowinski '90

1D-case

T > 4 - Negreanu & Zuazua 04 - Multiplies
T > 2+/2 - Loreti & Mehrenberger 05 - Ingham Inequalities for non
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-
New ldea : Low frequency estimates + Semi-classical
decomposition following the level sets of the frequencies

Main Result: Let @ be a solution of (4) and v > 0 be such that
Eh(ﬂ) < CEh(I'IVH). (8)

Let us assume the existence of a time T'(+y) such that for all T' > T'(y)
there exists a constant C(T'), independent of h, such that

T
Eu(v) < C(1.T) /0 [ oka(e)ar (9)

for all v € IN,. Then for all T' > T'(vy) there exists a constant C1(T’),
independent of A, such that

T
Bu(w) < () [ [ loaPara (o
: ‘

M
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-
Two-grid Method in 2 —d

Fine and Coarse Grids G and G*', N = 11
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.
Why not using ratio 1/2 for the two-grids?

The relevant zone of frequencies intersects a level set of the phase velocity
for which the group velocity vanishes at some critical points.

(N+1)2

(N+1)2 N+t 31

(N+1)2
Eh(ﬂ) < 4Eh(l'l‘f;2ﬂ) < 4Eh(l'l4ﬁ) @
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When using the mesh ratio 1/4 this pathology disappears:

(N+1)12

(N+1)/4

(N+1)/4 (N+1)12 N

En(u) < 16Eh(n?/)4u) < 16Eh(n85i”2(7r/8)a)

®
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.
Application to a two-grid method

Theorem

Let be T' > 4. There exists a constant C(T') such that

T
Ey(u) < C(T) / |0/|2dT y dt
0 In

holds for all solutions of (4) with (u°, ') € V" x V", uniformly on h > 0,
V" being the class of the two-grid data obtained with ratio 1/4.

To = 4 is not optimal one.
Its depends by the optimality of the time for the class Ig g2 . /g
Analysis of the group velocity: expected time Ty = %

®
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.
Main difficulty

T
By (u) < 16E,(N55,u) < C(T) /0 /r h |05 N155 41l 2T .
+>

T
En(@) < C(T) / / 0P a2dr
JO Iy

®
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.
Sketch of the proof

En(@) < CEp(Nym) < C(T / / 0T TPl
T) / / 0| 2dl dt + LOT
o Jr,

Diadic decomposition or Semi-classical decomposition:

Py(t) = 3 F(ehwy(n) [ M () + i) P (11)

jezz
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kp,
Ey(Nyu) < Y Ep(Pyu) + LOT (12)
k=ko
T—6
B < C(T.0) [ [ |0pPaldrde (13)
5 Th

Combining (12) and (13),

kn  or—s
Eu(Mya) < O(T,7,6) Y / / 108 PyaPdr wdt + LOT.
k=ko ’ 0 Tn
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Lebeau and Burq :

kn o1 —5 T

c(,T
> / /lar}fpkulzdrhdt§2/ / |Oa2dr pdt + (2; )Eh(ﬂ)
P Th o Jry cero

Thus

’ B2 C(,T)
En (@) < Ep(Nym) < C(T,7,9) / | drdi+= 57 En(@)+LOT
0 Fh -

T
En(w) < O(T,,9) / / |0"@|?dr ,dt + LOT.
o Jry
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