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Wave equation on the unit square with Dirichlet boundary conditions

ur — Au =20 in Q:QX(O,T),
w(0) = 0 on > = 09 x (0,T), (1)
w(z,0) = u9(z), w(z,0) =ul(z) in Q=%

(ug,u1) € HF(2) x L?(2) = u € C([0,T], HE(2)) N CL([0,T], L?(R2)).

Conservation of Energy

B = [ e, 02 + [ Vu(e, 0)Pldz (2)



Observability Inequality
For T > 24/2 there exists C(T) > 0 such that
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BO) <o) [ [
I_O = {(:L‘l, 1) . T € (O, 1)} U {(1,%2) . T € (O, 1)}
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Semi-discretization of the wave equation:

(WL T U1k~ 20 U1 U1 — 2uge
Uik K2 K2 D

O0<t<T, j=0,...N: k=0,....N,

wjp, =0, 0<t<T, j=0,..,N+1; k=0,..,N+1,

| ,(0) =u§?k, u’;;.(0) =u]1-k, j=0,.,.N+1; k=0,..,.N + 1.

Discrete energy is preserved

En(t) = Y Z Iu;-k(t)|2 4 wit1 k( 2 u (1) U 41 il u g (t) ] |
J,k=0




Discrete version of the energy observed on the boundary

T N .
ool o [ [ 5
j:

T ou|?
/O /I_o 877,

[, as the set of grid points belonging to [ q:

r,={(Gh,N+1), j=1,... N}U{(N+1,kh), k=1,..,

Notation
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/r oha2dry, ==h S
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Question

Answer: YES

r h2
B(0) < C(T) | [ |olalPdryt.
h

Cp(T) — o0, h — 0.

(6)



Spectral Analysis

Eigenvalue problem associated to (4)

([ Y1k T Pi—1k — 20k Pik+1 T Pjk—1 — 20k
Bl h2 B h2

! j=1,..N; k=1,... N,

k=0, j=0,..,N+1; k=0,..,N+1.

= Apjk

Eigenvalues: A\ (h) = % [sin2 <’“12—7Th) + sin? (k2277h>] k= (ki, ko)

Eigenvectors: @}‘ = sin(j1k1mh) sin(jokomh)

ﬂ(t) — %Z [e’it )\k(h)ak_|_ + e—it )\k(h)ak_] @k
k

(7)



Filtering: Zuazua 99, Multipliers

N+1
O N+1

1 : :
I_Iyu — = Z le’lt )\k(h)ak+ + e—’Lt )\k(h)ak_ ¢k7’7 < 4
Ak(h)<v/h?

T(v)
Bp(Myu) < [ [ |ol(Myu)ldrydt
h



1D-case, Two-grid algorithm Glowinski 90
T > 4 - Negreanu & Zuazua 04 - Multiplies
T > 2v/2 - Loreti & Mehrenberger 05 - Ingham Inequalities for non har-

Mmonic series

o

Ep(u) < 2E,(M jpu) Ep(u) < 4E,(Mq /4u)



New Idea : Low frequency estimates + Semi-classical decomposition fol-
lowing the level sets of the frequencies
Main Result: Let w be a solution of (4) and v > 0 be such that

Ey () < CER(Nya). (8)

Let us assume the existence of a time T'(y) such that for all T > T'(v)
there exists a constant C(T), independent of h, such that

@) <O [ . 10kuoara (9)

for all v € I;,(v). Then for all T > T(v) there exists a constant C1(T),
independent of h, such that

B <y [ . 10kalar (10)



Two-grid Method in 2 —d : G"

Fine and Coarse Grids, N =11

and G4h
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Why not using ratio 1/2 for the two-grids? The relevant zone of fre-
quencies intersects a level set of the phase velocity for which the group
velocity vanishes at some critical points.

(N+1)/2

0 (N+1)/2 N1 1 (N+1)/2 Ne1 01

Ep(a) < 4E,(N75,0) < 4E,(N47)



When using the mesh ratio 1/4 this pathology disappears:

N+1

(N+1)/2

(N+1)/4 2

(N+1)/4 (N+1)/2 N+1

Eh(ﬂ) < 16Eh(l"lcl’74ﬂ) < 16Eh(n85in2(ﬂ'/8)ﬂ)



Application to a two-grid method
Theorem 1. Let be T > 4. There exists a constant C(T) such that

T he 2
E, (@) < C(T) /O /I_ Oha|2dr ), dt
h

holds for all solutions of (4) with (u°,wl) € V" x V", uniformly on h > 0,
vh being the class of the two-grid data obtained with ratio 1/4.

To = 4 is not optimal one.

Its depends by the optimality of the time for the class I;,(8sin?(xn/8))

Analysis of the group velocity: expected time Ty = Cog(\g@




The main difficulty:
T
By (w) < 16 B, (N§4m) < O(T)/O /r N3l 2dr dt.
h

=

I he 2
Eh(ﬂ)gC(T)/O /l_ Ol 2dr, dt
h



Sketch of the proof

T
Ep(@) < CEy(Mya) < O(D) [ [ 1ohn,alar
h

! I h2
gC(T)/O /I_ &hw|2dr, dt + LOT
h

Diadic decomposition or Semi-classical decomposition:

Pa(t) = Y Fle Fw(m) [ Wa () +e ™ Wa (g
jez?



kp,

Ep(Nyu) < Y Ep(Pgu) + LOT (12)
k=kg
T—95 h 5
By, (Py) < C(T, ~, 6) /5 /r 80 Pya|2dr dt. (13)
h

Combining (12) and (13),

kn 1§
By (Ny@) < C(T,v,6) S /5 /r Oh P|2dr ) dt + LOT.
k=k h



Lebeau and Burqg :

T—6 T C(5.T
Z / / 0P Pyu|?drdt < 2 / / 00| 2dr, dt + (Q—L)Eh(ﬂ)
k=kg h 0 JIy c<R0

Thus
0(5 T)

By (@) < CE,(Nya) < C(T, 7, ) / / Oha|2dr; dt + E, (@) + LOT.

T
E; (w) < C(T,~,6) /O /r ha|2dr, dt + LOT.
h



