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Introduction

Basic elements of classical numerical analysis

Consider the finite difference approximation

du

— <+ A = 0,t>0
Zdt + hu , t>0,
u"(0) = o

Here u” stands for the infinite vector unknown {u/},cz, u ( ) being the
approximation of the solution at the node z; = jh, and Ah being the
classical second order finite difference approximation of 92u:

h h h h
Ahu = Uj+1 — 2U] + uj—l)

1
72l

®
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Introduction

@ The scheme is consistent + stable in L?(IR) and, accordingly, it is also
convergent.

@ The same convergence result holds for semilinear equations

g+ ugy = f(u), t>0,z€R
u(0,z) = ¢(z), zeR.

provided that the nonlinearity f : R — R is globally Lipschitz.

@ The proof is completely standard and only requires the
L?-conservation property of the continuous and discrete equation.
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Introduction

@ But the nonlinear Schrodinger equation is also well-posed for some
nonlinearities that grow superlinearly at infinity.

@ This well-posedness result may not be proved simply as a consequence
of the L?-conservation property. The dispersive properties of the LSE
play a key role.

@ Accordingly, one may not expect to prove convergence of the
numerical schemes without similar dispersive estimates, that should
be uniform on the mesh-size parameter h — 0.
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Qualitative properties

Decay rates
Dispersion
Propagation of the energy

Space-time estimates

Any property that is essential in the well-posedness of the continuous
problem
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Outline

© Schrodinger Equation
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Linear Schrodinger Equation

iy +Au=0,z R t#£0,
u(0,2) = p(z), = € BY,

Conservation of the L2-norm

1S®)ellL2mey = el L2(may

Dispersive estimate

1
[S(t)p ()] < WH@OHLl(Rd)
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Space time estimates

The a-admissible pairs
1 1 1
— = —_ =
q 2 r

Strichartz estimates for d/2-admissible pairs (g, )

1SC)ellLaw, Lrrayy < Cla, )@l L2 Ray

®
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Schrédinger Equation

Space time estimates

The a-admissible pairs

1 1 1
— = —_ =
q 2 r

Strichartz estimates for d/2-admissible pairs (g, )

1SC)ellLaw, Lrrayy < Cla, )@l L2 Ray

Local Smoothing effect

1/4 A (12
sup / / ol2dtdr < |l
z0,R B JB(x0,R) L2(®)
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Nonlinear Schrodinger Equation

iug + Au = |ulPu, x € Rt #£0
u(0,2) = p(z), & € RY

e Initial data in L?(R%)

@ Tsutsumi '87 - Global existence for p < 4/d

ue C(R, LARY N LE (R, L' (RY))

loc

e p=4/d - small initial data
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A first numerical scheme for NSE

d h
i Apu = |uPul, t+£0,
dt
u(0) = .
Questions
@ Does u" converge to the solution of NSE?

o Is u” uniformly bounded in L (R,I"(hZ%))?

loc

@ Local Smoothing ?
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Tools

@ Semidiscrete Fourier transform
B(E) = (Fv)(€) = b Y ey, & € [—m/h,m/h]*
jezd

@ Oscillatory integrals, Van der Corput Lemma, Fourier multipliers,
Poisson Integrals

@ Previous ideas of Keel & Tao '98, Kenig, Ponce & Vega '91, Christ &
Kiselev '01, Constantin & Saut '89, Gigante & Soria '02 ...

®
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Schrédinger Equation A conservative scheme

A conservative scheme

h
zdL—I—Ahu =0, t>0,

dt
u(0) = .

h can be written as

In the Fourier space the solution @
T mwd
h’ E} ’

4 h
)= ﬁZsiHQ <§;> .
k=1

@(t,6) = O (g), g |-

where
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Schrédinger Equation A conservative scheme

The two symbols in dimension one

1000

900 Continuous Case 4
2

P(E)=¢

800

700

600 -
Semidiscrete Case
500

P, (©=4 sin’(E h /2)

400

300

2001

100

e Lack of uniform I — [®: ¢ = +7/2h
@ Lack of uniform local smoothing effect: £ = +7/h @
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Schrédinger Equation A conservative scheme

Theorem
LetT >0, r9g>1andr >rg. Then

||Sh(T)<P||zr(th) _
h>0, pelr (hZ2) H‘PHlTO(th)

and L
Sh(- r
15" C)ell L o,7) 7 (hzy) —

sup
h>0, pel” (hZ4) 2 lliro (hzey

Proof.
Wave packets concentrated at (7/2h)?
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Schrédinger Equation A conservative scheme

Theorem

Let beT >0, s>0andqg>1. Then

WY ((=20)°S"(T))s?

ljlh<1
sup 5 00 (1)
h>0,p€l4(hZ%) H‘Pqu(th)
and
d 4 h 2
m Y [ anst ek
jlh<1
sup iihs = 00. (2)
h>0,p€la (hZd) H‘Pqu hZd)
v
Proof.
Wave packets concentrated at (7/h)? O
v
-/
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Schrédinger Equation A conservative scheme

Filtering initial data

Initial data supported far from (£ /2h)?
o [|5"()llo0 (hzay S M%p”@”ll(hzd)

@ Strichartz like estimates: ||Sh(')(’0HLq(R’lr(th)) S el rzay

Initial data supported far from (£ /h)?

@ Gain of 1/2 local space derivative

S
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Two-grid method, Glowinski '90

2h
12 2 12 1z 12 g2 ez 12 172
i
1 1 1 1 1
h

4h
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Schrédinger Equation Two-grid method

10
A
/
/ /

s | 5
10+ 10
15 15

o o1 02 03 04 05 06 07 08 09 10 01 02 03 04 05 06 07 08 09 1
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ilctEgdinsthcd
Expansion and restriction operators

I-multilinear interpolator on 4hzZ?
H 12(4hZ%) — 12(hZ%) defined by (I1f); = (I ) jezd

: 52(th) - 52(4th)- (Hf,g)ﬂ hzd) = (f, 11 )l2(4hzd)
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Schrédinger Equation Two-grid method

Expansion and restriction operators

I-multilinear interpolator on 4hzZ?
H 12(4hZ%) — 12(hZ%) defined by (I1f); = (I ) jezd
*:2(h2) — 12(4hZ%): (Hf,g)ﬂ nzdy = (Fs11°9) 2 (anza)

Explicit expressions

~ 4—r T )
(Hf)4j+7' = 7.](‘4] + 7f4j+47 J e Z7 re {07 17273}

. 4—r
(I*g)s; = Z — Y4t " gtjeair, § € L.

r=0
y
®
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ilctEgdinsthcd
Fourier analysis

Hw H cos < ) Y € 12(2hZ%)
ﬁ;p(ﬁ) = 4d¢ H cos?(&xh) cos (% ) . 1 € 12(4hz?) ®
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Schrédinger Equation Two-grid method

Key estimates

Dispersive estimate

||6imhﬁ90”zoo(hzd) < C(d7p)|t|_d/2”ﬁ80||11(hzd) J

Local Smoothing

/ / AYVAL (AT 2 dadt < C(R, 1) / [Tigh () de.
|x|<R

[=m/h,m/h]

Proof: Careful application of Kenig, Ponce and Vega '91 results J

®
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ilctEgdinsthcd
Application to a nonlinear problem with L?(IR?) initial data

iug + Au = |ulPu, t > 0,
u(0,2) = p(z), = € RY,

An approximation

-duh h T £(TT%, . h
' (3)
u(0) = Ty,

where f(u) = |ulPu

u e Gy — *uh € Gup, — ﬁf(f[*uh) € Gy,

Key point
(ﬁf(ﬁ*uh)auh)ﬂ(hzd) = (f(ﬁ*uh)aﬁ*uh)ﬂuhzd) eR J

pe
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Schrédinger Equation Two-grid method

Convergence of the method

Theorem

Let E be the piecewise constant interpolator. The sequence Eu" satisfies

Eu S in LR, LA(RY)), Eu" — win L}

loc

(R, L"**(RY)),

Bul = win L} (R™Y), EIf(ITu") — [ufPu in LT (R, L+ (RY))

where u is the unique solution of NSE.

e Main difficulty - passing to the limit in the nonlinear term

@ — Local smoothing effect of the linear semigroup for two-grid data
— compactness ...

° ®

15 September 2006 25 / 59

loan Liviu Ignat (Universidad Auténoma de Madrid)

PhD Thesis Defense




Schrédinger Equation A viscous scheme

A viscous scheme

,duh h
i + Apul = ia(h)sgn(t)Apul,
u"(0) = ¢",
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Schrédinger Equation A viscous scheme

A viscous scheme

du”
ZE + Apul = ia(h)sgn(t)Apul, t # 0,
u"(0) = ¢",

With pp (&) = %(Zzﬂ sin? (%)) the solution is given by

(Sh(t)cp)j _ (eitAhe\ﬂa(h)Ah (P)j

_ /[ =it (€) o~ IHa (P () i £h 5 £) g

Iﬂ]d
h’h
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Schrédinger Equation A viscous scheme

Dispersive estimates

Theorem

Let o > d/2 and a(h) be a positive function such that

inf a(h)

= > 0.
h>0 p2—5

There exist positive constants c(d, «) such that

1 1
h
1™ ()@ llioe (hzey < e(d, p, @) Ltd + e el nzay
2

holds for all t # 0, ¢ € I*(hZ?) and h > 0.

Remark

Different behavior at ¢ ~ 0 and t ~ oo. )
PhD Thesis Defense 15 September 2006 27 / 59



Schrédinger Equation A viscous scheme

Strichartz-like estimates

Theorem

Let o € (d/2,d] and a(h) be such that

i 2,
h>0 p2—5

For any (q,r), d/2-admissible pair and (q1,7), a-admissible pair there
exists a positive constant C(d, o, ) such that

15" (Yol o, ir (hzy)+ Lo =, 1 rzyy < C(ds o) |02z

®
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Schrédinger Equation A viscous scheme

Application to a nonlinear problem

d h
z% + Apul = da(h)Apul + WM Put, t >0,
. u(0) = ¢",
@’ddit + Apu = —ia(h)Apul + [uhPul, <0,

with p < 4/d and a(h) = h?>~%/*"") such that a(h) | d/2 and a(h) — 0 as
hlo.

% In the critical case p = 4/d the nonlinear term is replaced by |u”|P(")y"
with p(h) = 2/a(h).

®
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Schrédinger Equation A viscous scheme

Convergence of the scheme

Theorem
Let E be the piecewise constant interpolator. The sequence Eu" satisfies
Eul 2w in L®(R, L*(RY)), Eu" = win Lj (R, LP**(RY)),Vs < q,

Bul = win L} (RxRY), |BuPEu" — |ulPu in LT (R, LE+2(RY))

where u is the unique solution of NSE.

S

®
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Fullly feziaie sehames
Fully Discrete Schemes

Two level schemes satisfying stability and consistency:
Ut = AU, n >0

where A\ = k/h? is keep constant
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Schrédinger Equation Fully discrete schemes

Fully Discrete Schemes

Two level schemes satisfying stability and consistency:
Ut = AU, n >0

where A\ = k/h? is keep constant
Two goals:

@ ' — [® decay of solutions
@ local smoothing effect
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Schrédinger Equation Fully discrete schemes

Fully Discrete Schemes

Two level schemes satisfying stability and consistency:
Ut = AU, n >0

where A\ = k/h? is keep constant
Two goals:

@ ' — [® decay of solutions

@ local smoothing effect

Fourier analysis: Ay has a symbol a) = m) exp(i)))

®
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Schrédinger Equation Fully discrete schemes

Decay properties

Theorem

Let us assume that the symbol a) has the following property
mx(§) =1 = [¥X(&)| >0 or mi(&) # 0.

Then there is a positive constant C'(\) such that

1
152 (n)ellise(nz) < C(A) (k)2 ([0l (nz)

holds for all n # 0, h,k > 0.
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Schrédinger Equation Fully discrete schemes

Local smoothing effect

Theorem

There is a positive s and a constant C(s, \) such that

By [ D0 1A PUM P < Cs N [hYJIUPP| (4)

nk<1 | |jlh<1 Jez

holds for all ¢ € [?(hZ) and for all b > 0 if and only if the symbol a)
satisfies

S #0,93(6) =0 = ma(é) <1 (5)
Moreover if (5) holds then s = 1/2.

v

®
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Fullly feziaie sehames
Backward Euler

yntl _pn n+11 _ ot 4 U”fll
ij k J J+ }zz J :07n20,]EZ’
1 ~ exp(iarctan(4Asin? §))

ax(§)

T 4insnZ& 1/2
1 — 4iXsin® § (1+16/\zsin4 %)

The symbols ¥ and m;

®
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Fullly feziaie sehames
Crank-Nicolson scheme

+1 +1 +1 +1
urtt—ur urtt—ourtty Ut Un, - 20+ U,

e T 212 * oh2 =0
1+ 2iAsin? § < ( g))
a =" 2 —exp [ 2iarctan | 2\sin? 2
MO = e 2

The first two derivatives ¢} and ¢{

e ®
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Fullly feziaie sehames
Crank-Nicolson scheme

Forany A € Q

@ There is no two-grid algorithm involving the grids phZ and hZ which
would provide a {1 — [ uniform decay

@ The involved function 9§ has roots on [—, 7|\7@Q, thus cyclothomic
polynomials ...
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Outline

© Wave Equation

®
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Wave Equation

uy — Au=F on RMd
Up—p = U0, Oplujy—g = u1 in RY.
Strichartz Estimates for (d — 1)/2 -wave admissible pairs
el zgg, £ty < Ol + 1o sty + 1F g ey J
a-wave admissible Gap Condition
d d 1
2<q¢<00,2<r <o, g-s=9+3
1 1 1
<(3-1)e dpl a1,
q 2 r r q 7 q
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The semidiscrete scheme

d2 h
dtu2 —Ahuh:Fh, t >0,

(6)
uf (0) = ugys, uf (0) = uly, jez?

Similar result for 1/2 -wave admissible pairs

h h h h
Ju HL‘J(R,N(th)) S ||U0||hs(hzd) + Huluhs—l(hzd) + |17 HLé’(R,ﬁ’(hzd))-
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Why 1/27

Continuous case: v—A — [£],
rank(H¢(§)) > d—1,£#0
* B supported far away from zero

ztm &
lle Bll oo (ray < (1 + [t (@D
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Why 1/27
Continuous case: vV—A — ||,
rank(H¢(§)) > d—1,£#0

* B supported far away from zero

ztm &
lle Bll oo (ray < (1 + [t (@D

Semidiscrete case : /—A; — p(€) = (4, sin? & )1/2
rank(Hp(§)) > 1, £ #0

« 3 supported in [—7, 7] far away from zero

c(B)
Bl (zay < At e ®
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Outline

@ An observability problem
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The observability problem

Wave equation on the unit square with Dirichlet boundary conditions

ug — Au =0 in@=Qx(0,7),
u(0) =0 on ¥ =00 x (0,7),
u(z,0) = u0(x), u(x,0) =ul(z) in Q.

Conservation of Energy

Bt = 5 | e, O + Va0 Fda

loan Liviu Ignat (Universidad Auténoma de Madrid) PhD Thesis Defense 15 September 2006 42 / 59



An observability problem

Observability Inequality
For T > 2+/2 there exists C'(T") > 0 such that

where T'g = {(z1,1) :

2

Oul” todt

on

E(0) < O(T) /OT/F

21 € (0,1} U{(1,22) : a2 € (0,1)}.

T

>
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Semi-discretization of the wave equation

W —Apu=00<t<T
ujp=0,0<t<T, j=0,..,N+1; k=0,..,N+1, (7)
wk(0) = uly, Wi (0) =ujy, 5=0,..., N+1; k=0,..,N +1.

Discrete energy is preserved

nr &
Ey(t) = > Z [|u;‘k(t)|2 +

J,k=0

uj1 k() — ujn(t) ‘

* [masn(®) — ) ”
i ‘

h

®
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An observability problem

Discrete version of the energy observed on the boundary

T 2 T N Uin 12 N
N v uNk
/0 /FO dodt /O DML +h;’ M

Notation

@
on

®
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An observability problem

Question

T
Ep,(0) < Cy(T) / / |oha|2dTdt.?
0 Ty

Answer: YES

®
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An observability problem

Question

T
Ep,(0) < Cy(T) / / |oha|2dTdt.?
0 Ty

Answer: YES
But Cy(T) — o0 as h — 0
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An observability problem

Group Velocity

u(t, :U) etwt—¢x

— wp(€) = £(sin®(44) + sin” ( 52
Phase velocity % )

, Group velocity Cp, (&) = Vewp(€)

ch<5>=%@in(&h),sin(&h))/(suf51—+ 2 82ty

Group Velocity

PhD Thesis Defense
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Spectral analysis

Eigenvalue problem associated to (7)

_ Pk T Pi-1k = 205k Pikt1+ Pik-1 = 205k _
E 02 -k

j=1,..,N; k=1,..,N,
0ik=07=0.,N+1; k=0,....,N+1.

Eigenvalues: \g(h) = % [sim2 (@) + sin? <k2—§h)] , k= (k1,k2)

Eigenvectors: @}‘ = sin(j1ky7h) sin(jokomh)
Any solution of problem (7) can be written as

1 . . i 1
at) = - Z [ezt\/)\k(h)uk_i_ Lot Ak(h)uk_] SDk

k
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Filtering: Zuazua 99

1 . .
Myu= - Z [e“\/ ’\k(h)ak+ + e VMg, K,y <4

2
Ak(h)<y/h?

()
h
Ep(Iyu) < / / |0/ (T u) | dt
s ®
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An observability problem

New idea: Low frequency estimates + Dyadic
decomposition following the level sets of the frequencies

Let be v > 0 and @ a solution of (7) such that
Eh(ﬂ) < CEh(H,yﬂ).

Let us assume the existence of a time T'(y) such that for all T' > T'(~y)
there exists a constant C(T'), independent of h, such that

T
En(@) < C(7,T) /0 /F 10M5(t) | 2dT dt

for all v € I,(y). Then for all T > T'(y) there exists a constant C(7T),
independent of A, such that

T
Eh(u)ﬁcl(T)/ / |Oal*dI dt
o Jr,

®
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Two-grid Method in 2 — d : G" and G*"

Fine and Coarse Grids, N =11

we e e IR AR -

B R ) D T T S R R 3

L .

r . .- . . a8 .

o e .. .

> e e e . . .

®oe e e . .
Tt $ 4+ ¥ & 7 T ki 4 E:

®
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Why not using ratio 1/2 for the two-grids?

The relevant zone of frequencies intersects a level set of the phase velocity
for which the group velocity vanishes at some critical points.

{N+1)2 N+t T

Ep(w) < 4B, (I175,u) < 4E,(I4u)
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Meshes with quotient 1/4

When using the mesh ratio 1/4 this pathology disappears:

2
N+

(Ne1)2

(N+1)4 !
|
5 T
9 1) (N+1)2 Nt
B

Ey(@) < 165, (I155,1) < 1653 (g 02 5)7)

®
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Application to a two-grid method

Theorem

Let beT" > 4. There exists a constant C(T') such that

//\ahu\ dTy,dt
IV

holds for all solutions of (7) with (W’ u') € V" x V", uniformly on h > 0,
V" being the class of the two-grid data obtained with ratio 1/4.

S

®
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Outline

© Conclusions
®
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Conclusions

@ A complete asymptotic expansion for the solutions of the semidiscrete
heat equation

@ Numerical schemes for NSE with low regular initial data
@ Strichartz estimates the wave equation on lattices

@ Uniform observability for a two-grid method for 2-d wave equation

®
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Conclusions

A complete asymptotic expansion for the solutions of the semidiscrete
heat equation

Numerical schemes for NSE with low regular initial data
Strichartz estimates the wave equation on lattices
Uniform observability for a two-grid method for 2-d wave equation

MUCH REMAINS TO BE DONE: Complex geometries, variable and
irregular coefficients, irregular meshes,...

®
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THANKS!
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