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Abstract

We introduce a two-grid finite difference approximation scheme for the free Schrodinger equation. This scheme
is shown to converge and to posses appropriate dispersive properties as the mesh-size tends to zero. A careful
analysis of the Fourier symbol shows that this occurs because the two-grid algorithm (consisting in projecting
slowly oscillating data into a fine grid) acts, to some extent, as a filtering one. We show that this scheme converges
also in a class of nonlinear Schrédinger equations whose well-posedness analysis requires the so-called Strichartz
estimates. This method provides an alternative one to the one introduced by the authors in [3] using numerical
viscosity. To cite this article: Liviu I. Ignat, Enrique Zuazua, C. R. Acad. Sci. Paris, Ser. I .

Résumé

On introduit une méthode bi-maille semi-discréte en différences finies pour ’approximation numérique de I’équation
de Schrédinger. On démontre la convergence L? du schéma et des propriétés de dispersivité uniformes par rap-
port au pas du maillage. Une analyse soigneuse en Fourier du symbole du schéma (consistant essentiellement &
projeter des données lentes sur un maillage fin) montre que 'algorithme bi-maille agit comme un filtre des hautes
fréquences. On montre aussi la convergence du schéma dans une classe d’équations non-linéaires dont 1’étude
dans le cas continu nécessite des inégalités de Strichartz. Cette méthode donne une approche alternative a celle
introduite par les auteurs dans [3] & ’aide d’un schéma avec viscosité numérique. Pour citer cet article : Liviu I.
Ignat, Enrique Zuazua, C. R. Acad. Sci. Paris, Ser. I .
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Version frangaise abrégée

On introduit un schéma bi-maille en différences finies pour 'approximation numérique de ’équation
de Schrodinger. Ce travail est motivé par [3] ott 'on a constaté que le schéma conservatif classique
semi-discret en différences finies ne posséde par les propriétés de dispersivité uniforme (par rapport au
pas du maillage), nécessaires pour garantir la convergence pour des équations non-linéaires. Dans [3]
on avait introduit un schéma dissipatif, incluant un terme de viscosité numérique et on avait démontré
la convergence du schéma. La viscosité numérique avait comme but de dissiper les hautes fréquences
numériques qui étaient la cause du manque de dispersivité.

Dans cette note on introduit une méthode bi-maille qui, étant de caractére conservatif, joue le méme
role en filtrant les hautes fréquences. Dans le cas de I’équation de Schrodinger libre la méthode consiste
simplement a projeter les données lentes d’un maillage épais dans un maillage fin, le rapport entre les deux
mailles étant convenablement choisi 1/4. Cette méthode est inspirée de celle introduite par R. Glowinski
dans [2] pour l'approximation numérique des controles frontiere de I’équation des ondes, dont efficacité
est maintemant bien établie, la convergence ayant été demontrée récemment dans [6].

Dans le cas linéaire, moyennant une analyse de Fourier, et en utilisant des arguments analogues & ceux
de la théorie continue ([1],[4],[5] et [8]), on montre des propriétés de dispersivité (inégalités de Strichartz)
uniformes par rapport au pas du maillage, la convergence L? de la méthode étant standard (consistance
+ stabilité).

Dans le cas non-linéaire on doit introduire une discrétisation soigneuse de la non-linearité, permettant
de garder ses propriétés de cancellation au niveau des estimations d’energie, et qui ne fournit qu’une source
d’oscillations lentes, admissibles dans notre schéma bi-maille. Ceci étant fait, on démontre la convergence
du schéma dans le cas non-linéaire.

1. Introduction

Let us to consider the 1-d linear Schrodinger Equation (LSE) in the whole line

iU + Uy =0, €R, > 0; u(0,2) = p(x), z € R. (1)
Its solution is given by u(t) = S(t)¢, where S(t) = ¢? is the free Schrodinger operator which defines a
unitary transformation group in L?(R). The conservation of the L2-norm ||u|r2r) = ||¢||r2(r), together

with the classical estimate |u(t, )| < (47[t])~'/2||¢|| 11 (R), leads by interpolation to the following LY —rp
result: ||S(t)¢llLrm) < t*(%*%)”@”M,(R)’ for all p > 2 and ¢t # 0. More refined space-time estimates

known as the Strichartz inequalities show that, in addition to the decay of the solution as ¢ — oo, the
linear semigroup S(t) satisfies ||.S(-)¢|Lar,®)) < Cll¢l|L2(r) for suitable values of ¢ and r, the so-called
admissible pairs satisfying 4/¢ = 1/2 — 1/r. Also a local gain of 1/2 space derivate occurs in L2 ,. These
properties are not only relevant for a better understanding of the dynamics of the linear system but also
to derive well-posedness results for nonlinear Schrédinger equations ([1],[8]).

In this note we introduce a two-grid finite-difference semi-discretization scheme that reproduces these
properties, uniformly with respect to the mesh-size. Let us first consider the finite-difference conservative
numerical scheme

dul h h h

zﬁ—i—Ahu =0,teR; u™(0) = ™. (2)
Here u” stands for the infinite vector unknown {U?}jeZ; u;(t) being the approximation of the solution
at the node x; = jh, and A the classical second order finite difference approximation of 02: (Apu); =
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(uj+1 — 2Uj + Ujfl)/hQ.

This scheme satisfies the classical properties of consistency and stability which imply the L? conver-
gence. The same convergence results hold for semilinear equations iup, + uz, = f(u)(NSE) provided that
the nonlinearity f is globally Lipshitz. But, as proved in [8], the NSE is also well-posed for some nonlin-
earities that grow superlinearly at infinity. We refer to [1] for a survey of the important progresses done
in this field. This well-posedness result may not be proved simply as a consequence of the L? conser-
vation property. Indeed, the dispersive properties of the LSE play a crucial role. Accordingly, one may
not expect to prove convergence of the numerical scheme in this class of nonlinearities without similar
dispersive estimates, that should be uniform on the mesh-size parameter h — 0. As we proved in [3] this
conservative scheme (2) fails to have uniform dispersive properties. This is due to the high frequency
spurious numerical solutions the scheme (2) introduces.

We remark that there are slight but important differences between the symbols of the operators —A
and —Ay, : p(€) = €26 € R for —A and p, (&) = 4/h?sin?(¢h/2),€ € [n/h,7/h] for —Aj. The symbol
pr(§) changes convexity at the points £ = +m/2h and has critical points also at £ = £7/h, two properties
that the continuous symbol does not fulfill because of its strict convexity.

To compensate this lack of dispersivity we propose a two-grid algorithm (inspired in [2]) and that, to
some extent, acts as a filter for those unwanted high frequency components. This method is a natural
alternative to the one introduced in [3], based on the use of numerical viscosity.

The method is roughly as follows. We consider two meshes: the coarse one of size 4h, h > 0, 4hZ,
and the fine one, hZ, of size h > 0. The method relies basically on solving the finite-difference semi-
discretization (2) on the fine mesh hZ, but only for slow data, interpolated from the coarse grid 4hZ.
As we shall see, the 1/4 ratio between the two meshes is important to guarantee the convergence of
the method. This particular structure of the data cancels the two pathologies of the discrete symbol
mentioned above. Indeed, a careful Fourier analysis of those initial data shows that their discrete Fourier
transform vanishes quadratically at the points £ = +7/2h and £ = +7/h. As we shall see, this suffices to
recover the dispersive properties of the continuous model.

2. Fourier Analysis of Slowly Oscillating Sequences

In this section we obtain explicit properties of the discrete Fourier transform of slowly oscillating
sequences (SOS). The SOS on the fine grid hZ are those which are obtained from the coarse grid 4hZ
by an interpolation process. Obviously there is a one to one correspondence between the coarse grid
sequences and the space Ch% = {y) € C'" : supp+) C 4hZ}.

We define the space of slowly oscillating sequences on the fine grid as the following subspace of C"%:

Vit ={p € C" : ¢((4j +r)h) = T (4jh) + §¥((4) + 4)h), ¢ € C}*,j € Z,r =0,3}. 3)
We consider the projection and extension operators Il : C"* — ChZ E . Ch? — Ch% by
(Lo)((47 + 7)) = ¢((4] + r)h)8sr,Vj € Z,r =0,3,6 € C"* (4)
and
(B)((47 +1)h) = 550 (45h) + §0((4) + 4)h), ¥j € Z,r = 0,3, € Cf* (5)

where § is the Kronecker’s symbol. We remark that E : CZ — V' and I1 : V* — CIZ are bijective linear
maps satisfying [IE = Icz,z, FII = IV4h,, where Ix denotes the identity operator on X. We now define

Il = FIl : C'Z — V], which acts as a smoothing operator and associates to each sequence on the fine
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grid a sequence which is slowly oscillating. As we said above the restriction of this operator to V! is the
identity. Concerning the discrete Fourier transform of a SOS by means of explicit computations one can
prove that:

Lemma 2.1 Let ¢ € I2(hZ). Then

TIp(€) = 4cos(£h) cos? (€h/2)TIH(E). (6)

Remark 1 A simpler construction may be done interpolating 2hZ sequences. We then get ﬁgo(é) =

20052(§h/2)ﬁg\0(5). This cancels the spurious numerical solutions at the frequencies £m/h, but not at
+7/2h. In this case, as we proved in [3], the Strichartz estimates fail to be uniform on h. Thus we rather
choose the ratio between grids to be 1/4.

3. Estimates of the Linear Semigroup

As we proved in [3], there is no gain (uniformly in h) of integrability of the linear semigroup e*n.
However, there are subspaces of C"”, namely V', where the linear semigroup has appropriate decay
properties, uniformly on A > 0. The main results we get are the following
Theorem 3.1 Let p > 2. The following properties hold :

i) || €A Tl (nzy S [H7H 2P|y 5 for all @ € 1P (RZ), h >0 and t # 0.

ii) For every sequence ¢ € 12(hZ), the function t — € Ty belongs to LY(R,I"(hZ)) N C(R,1%(hZ))
for every admissible pair (q,r). Furthermore ||eitAhH(pHLq(R7lr(hZ)) < Mpli2(nzy uniformly on h > 0.

iii) Let (q,7), (¢,7) be two admissible pairs. Then || fs<t ei(t_s)Ahf[F<S)dS||Lq(R’lT(hZ)) < ||ﬁFHL§(R7l7“(hz))
for all F € Li(R,1"(hZ)), uniformly in h > 0.

Sketch of the Proof. Using that e'r = ei(t/hz)Al, by scaling we can assume that h = 1. By (6) we
obtain

("84 Tp); = [T 4cos?(€) cos?(§/2)e~ " &/ DT ()T dE = ef (T(1)(T1p));.

It is sufficient to show that T'(t) maps [?(Z) to (?(Z) and ' (Z) to [°°(Z) with appropriate norm decay in t.
The case p = 2 follows by Plancherel’s identity. In the case p = 1 we write T(¢) as a convolution operator

T () = K* 1) where K(€) = de~4t5n" €/2 co52 ¢ cos?(¢/2). Tt remains to prove that 1K oo (z) S 1/VE
Using that (4sin®(¢£/2))"” = 2cos(€), by [5] (Corollary 2.9, p. 46) we obtain
1

1K oo z) S %(III cos(&)|*? cos®(€/2) o= ((—m )y + ST, (| cos(€)[/2 cos®(£/2))'|dE) S Ty

Observe that the operators T'(t) satisfy (T'(¢t))* = T(—t) for all real ¢. As a consequence we obtain
ITE)(T () Y]l zy S It —s|72[Y]lnz), for all t # s and ¢ € I'(Z). We are in the hypothesis of [4]
(Theorem 1.2, p. 956). This implies that for all admissible pairs (¢,r) and (¢,7) we get

ITC) fllzo@ir @y S Nl and || [ ., T(t - S)F(S)dSHLq(RJT(Z)) S I ar.ir(z))- (7)
Finally we use the definition of T'(t) in order to obtain the estimates for e?*41,
Concerning the local smoothing properties we can prove that
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Theorem 3.2 Let r € (1,2]. Then
. ~ 2 ~
supjez [, (DU et Tig) |t S ISR (8)

for all f € I"(RZ), uniformly in h > 0. B
Sketch of the Proof. By scaling we can assume that h = 1. Using that e IIf = T(t)IIf it is sufficient

to prove that sup;z [~ |(D'"V/"T(t) | dt < |9l z)- Denoting

(T (6)p) () = [T, e 15" 5 5()ei™€ cos? € cos? (€/2)dE, (9)
it remains to prove that

SqueRf o | Dl l/rTl( | dt < ||90||LT(R) (10)

for all ¢ € L"(R) with supp ¢ € [—m, 7]. Using Sobolev’s imbedding the inequality (10) may be reduced
to the following one

suPger S o |(T1(8)) (@)* dt S [ D723 for allp € S(R). (11)

Applying the results of [5] (Theorem 4.1, p. 54) to T1 we get

oo COB COSs 3
sup,ex [ 5 |(Ta(t)p) (@) dt < [, QL corles®2l ge < (7 UOF ge < | D12 f |2, (12)

4. A conservative approximation of the NSE

We concentrate on the semilinear NSE equation in R with repulsive power law nonlinearity :
iug + Au = |[u|Pu, z € R, t € R; u(0,z) = p(x), z € R. (13)

As proved in [8], (13) is globally well posed for all ¢ € L*(R) and p € [0,4). We consider the following
semi-discretization
h

deT + Apul = TIf(u), t € R; u"(0) = Ip", (14)

where f(u") is a suitable approximation of |u[Pu with 0 < p < 4. In order to prove the global well-
posedness of (14), we need to guarantee the conservation of the I2(hZ) norm of solutions, a property
that the solutions of NSE satisfy. For that the nonlinear term f(u”) has to be chosen such that satisfies
(ITf (uh), uh)lz(hz) € R. The following holds:
TNheorem 4.1 Let be p € (0,4) and f : Ch2 — Ch% satisfying ITLf (W)l or2 (nzy S MulPullyorey 7y and
(ILf (u), u)2(nzy € R. Then for every o € 12(hZ), there exists a unique global solution

u" € C(R,1*(hZ)) N LY (R; 1PT2(hZ)) (15)
of (14) which satisfies the following estimates

" | oo a2 nz) < [Tplli2nzy and 6™ | ograre2(nzyy < (DTl nz) (16)

where (q,p + 2) is an admissible pair and the above constants are independent of h.
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Remark 2 The conditions above on the approzimation of the nonlinear term, g(u) = |uPu, are satisfied
if one chooses

(F@"))ay = g (il + 507, 45l + i) /4) (17)

With this choice it is easy to check that ||ﬁf(uh)||l(p+2>/(hz) < C|||uh|puhHl<p+2y(hZ) with C > 0 indepen-
dently of h > 0.

Sketch of the Proof. Local existence and uniqueness are consequence of the Strichartz estimates (The-
orem 3.1) and a fixed point argument. By construction (ﬁf(uh), uh)lz(hz) € R as follows

(T (uh) ")y = h Yoo Ysen (FE(F(UM)ag + 5(F W) ajya) Ty
=Y en(Fu))ag (S0 T4 + X0 §h 1)

3 — — 3 —r (= —
=Y en g ((ly + 0y 557l o+l ))/4) (@ + 0y A @l + ).

Therefore the discrete energy h ), luj(t)|? is constant in time. This allows excluding finite-time blow-
up.

In the sequel we consider the piecewise constant interpolator I,. We choose (cpz‘) jez, an approximation
of the initial data ¢ € L2(R), such that I,IIph — ¢ weakly in L2(R).

The main convergence result is the following
Theorem 4.2 Let u" be the unique solution of (14). Then the sequence I u" satisfies

I 2w in L®(R, L3(R)), (18)
L —win LY (R, LPT2(R)), (19)
Lw" —win L} (R xR), (20)
LIf(uh) = JuPuin LY, (R, L2 (R)) (21)

where u is the unique solution of NSE and 4/q=1/2—1/(p+ 2).

Sketch of the Proof. Using the result of Theorem 3.2 on the gain of 1/(p + 2)-derivatives we first prove
that thuh||L2(R7Hl10/C<p+2)(R)) < ||ﬁgph||li(z). Then, by a compactness argument (see [7]), we can extract
a subsequence converging locally strongly in Lglc’t. This, together with the uniform (with respect to h)
estimates of Theorem 4.1, suffices to obtain the stated convergence results. In particular, it suffices to
pass to the limit in the nonlinear term and to identify the limit as the solution of NSE.

Remark 3 Our method works similarly in the critical case p =4 for small initial data.
Remark 4 The techniques and results of this paper extend to the LSE and NSE in several space dimen-
$10MS.
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