Qualitative Properties of a Numerical Scheme
for the Heat Equation

Liviu I. Ignat

Departamento de Matematicas, Facultad de Ciencias,
Universidad Auténoma de Madrid, 28049 Madrid, Spain
liviu.ignat@uam.es

Summary. In this paper we consider a classical finite difference approximation of
the heat equation. We study the long time behaviour of the solutions of the consid-
ered scheme and various questions related to the fundamental solutions. Finally we
obtain the first term in the asymptotic expansion of the solutions.

1 Introduction

The main goal of this paper is the study of the long time behaviour of classical
finite difference approximations of the heat equation.
Let us consider the linear heat equation on the whole space

us —Au =0 in R% x (0,00),
u(0,z) = ¢(z) in R%

By means of Fourier’s transform, solutions can be represented as the convo-
lutions between the fundamental solutions and the initial data:

u<t) = G(ta ) *

where

1 le|? 1 ; 2
[ v — iz-€ — €|t
G(t, x) (47rt)—d/2e ) /Rd e e d¢.

The smoothing effect of the fundamental solutions G(t,x) yields to the fol-
lowing behaviour of the solution (cf. [3], Ch. 3, p.44):

()| Lo ray < Clo, @)t~ 2P o] agay, t>0, p=q. (1)

A finer analysis is given in [4], where the authors consider initial data which
decay polynomially at infinity. Duoandikoetxea & Zuazua [4] study how the
mass of the solution is distributed as ¢ — oco. They prove the existence of a
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positive constant ¢ = ¢(p, q,d) such that for any ¢ and p satisfying 1 < ¢ <
d/f(d—1),d>2(1<g<ooford=1),q<p< oo,

u(t,) — (/Rd cp(as)do:) G(t,-)

holds for all ¢ > 0 and ¢ € L'(R?) with |z|p(x) € LI(RY).
Let us consider the classical finite-difference scheme:

_1_de1_ 1
<ct7272 |||$\80||Lq(Rd) (2)
Lr(R4)

h
ﬁg;* ::Z&huh,t > 0,
dt (3)
u"(0) = "

Here u" stands for the infinite unknown vector {uf'}jeza, uf(t) being the
approximation of the solution u at the node x; = jh, and Ay, is the classical
second order finite difference approximation of A:

d
1 h h
(Ahu j = hf Z J+ek j—ek — 2'LLJ )

This scheme is widely used and satisfies the classical properties of consistency
and stability which imply L?-convergence (cf. [7], Ch. 13, p.292).

It is interesting to know whenever the properties of the continuous problem
are preserved by the numerical scheme. In the following we are concerned
with the spatial shape of the discrete solution for large times. To do that we
introduce the spaces [?(hZ?):

(hzt) = {{uglseze 0l g0, = BT D lugl? < o0

jezd

and study the behaviour of I?(hZ?)-norms of the solutions as ¢ — oc.
The main tool in our analysis is the semi-discrete Fourier transform

(SDFT):
i m md
SP SRR
jezd
and its inverse

1 L/‘ ~ ii-ch . d
Uy = —— a(&)eVehde, je z4.
R C7'5 L

We refer to [5] and [10] for a survey on this subject. By means of SDFT we
compute the solutions of equation (3) in a similar way as in the continuous
case, writing them as a convolution of a fundamental solution th " and the
initial datum. This allows us to obtain decay rates of the solution in different
19 — [P norms analogous to (1). All the estimates are uniform with respect to
the step size, h. This proves a kind of [9 — [P stability of our scheme:
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Theorem 1. Let 1 < q < p < oo. Then there exists a positive constant
c(p,q,d) such that

”uh(t)”lp(hzd) < ¢(p,q,d) tfd/Q(1/q71/p)\|</’h||zq(hzd)

for all t > 0, uniformly in h > 0.

A similar approach in the case of the transport equation has been studied
by Brenner and Thomée [2] and Trefethen [11]. They introduce a finite dif-
ference approximation and give conditions which guarantee the [P-stability of
the scheme.

Next we prove that the fundamental solutions K" of equation (3) are
related to the modified Bessel function I, (x):

d,h exp(—7%) ¢ 2t . o ) d
(Kt )J: T Hljk ﬁ ’ .]:(.717.]27"'5.]d)ez . (4)
k=1

This property proves the positivity and various properties regarding the
monotonicity of the discrete kernel K;i "

Finally, we consider the weighted space I'(hZ?, |z|) and obtain the first
term in the asymptotic expansion of the discrete solution. The weighted spaces
IP(hZ4,|z]), 1 < p < 0o are defined as follows:

(hZ, a]) = {{ushieze = [0l g gy = B0 S gl l3lP < o0}
jeza

The following theorem gives us the first term of the asymptotic expansion of

the solution u":

Theorem 2. Let p > 1. Then there exists a positive constant c(p,d) such that

u(t)— | h Z o KPP < c(p, d) t= /272U My ga 1y
jezd 17 (hZ)
for all o € 1Y (hZ4,|z|) and t > 0, uniformly in h > 0.

This shows that for ¢ large enough the solution behaves as the fundamental
solution. In contrast with (2) our result is valid only for the initial data in the
weighted space I(hZ,|z|). The extension of this result to general initial data,
ie. in l%9(hZ,|x]), 1 < q¢ < p, remains an open problem. In [6] we consider
the first k£ > 1 terms of the asymptotic expansion of the discrete solution and
obtain a similar result.

2 Proof of the Results

By means of SDFT we obtain that @" satisfies the following ODE:
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d

dﬁh 4 .o (&R T mwd
(t &) = kz::lsm (2 u'(t,€), t>0, €€ [_E’E] .
In the Fourier space, the solution " reads
ShOp Y — amtn(©h _r m
@(1,6) = O ), s e [-.7]

where the function py, : [~7/h, 7/h]¢ — R is given by
d
4
=2 (%), )
k=

The solution of equation (3) is given by a discrete convolution between the
fundamental solution K;i " and the initial datum:

uh(t) = KM s ol

The inverse SDFT of the function e~ *»(€) gives us the following representation
of the fundamental solution K{"":

1
(2

We point out that for any j = (j1,j2,...,jq) € Z? the kernel th’h can be
written as the product of one-dimensional kernels Kt1 o

(KM = /[ e ]de—tph@eii'fhdg, jezs
—n/h,w/h

d
(K& H (6)

A simple change of variables in the explicit formula of Ktl " relates it with the
modified Bessel functions:

Ay exp(—2£) 2t ,
(Ki)j=——""1i\;2) 7€Z

Separation of variables formula (6) proves (4). We recall that the modified
Bessel’s function I, (x) is positive for any positive x. Also for a fixed z, the
map v — I, (x) is even and decreasing on [0, 00) (cf. [8], Ch.II, p.60). These
properties prove that the kernel th ' has the following properties:

Theorem 3. Lett >0 and h > 0. Then
i) For any j = (j1,J2,-.-,jd) € VA

<Kf’h>j=(e’<p )r_[ ( )
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ii) For any j € Z%, the kernel (th’h)j is positive.

i11) The map j € Z (Ktl’h)j is increasing for j < 0 and decreasing for
Jj=>0.

i) For any a = (ay,as,...,aq) € Z% and b = (b1, by, ..., bg) € Z¢ satisfying

|aa] < [bu], [az| < [baf,- .. aal < [bal,

the following holds
(Kb < (K{™")a

The long time behaviour of the kernel th " is similar to the one of its
continuous counterpart.

heorem 4. Let p € [1,00]. Then there exists a positive constant c¢(p,d) such
that
1K 10 (nzay < elp, d)t=/20=1/P) 1)

holds for all positive times t, uniformly on h > 0.

Once Theorem 4 is proved, Young’s inequality provides the decay rates of
the solutions of equation (3) as stated in Theorem 1.

Proof (of Theorem 4). A scaling argument shows that (th’h)j = (Kf/’llﬂ)j,
reducing the proof to the case h = 1.

In the sequel we consider the band limited interpolator of the sequence
K& (cf. [12], Ch.1, p.13):

1 iz-§ —
Kf(t,x) = @) ,/[,r ﬂ]de RLZIONTS (8)

In [9] the authors prove the existence of a positive constant A such that for
any function f with its Fourier transform supported in the cube [—7, 7]¢ the
following holds:

SO <A [ |f@Pds, pz1, (9)

‘)
jeza Re

This reduces (7) to similar estimates on the LP(R%)-norm of KZ. The inter-
polator K¢ satisfies

ID*KL(t, ) oo (ry < (e, p,d)tIo1/274/2071/p) (10)

for any multiindex @ = (a,...,aq4) and 1 < p < co. Using (5) and (8), we
reduce (10) to the one dimensional case. We consider the cases p = 1 and
p = oo. The general case, 1 < p < oo, follows by the Holder inequality. The
case p = oo easily follows by the rough estimate:

™

DR e < g [ 16 enp (—atsin? §) e < ol =12
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Finally, we apply Carlson-Beurling’s inequality (cf. [1] and [2]):

allzir) < @llallzzwylld |22 wy) 2

to the function a(¢) = |¢|® exp(—4tsin?£/2). We obtain the existence of a
positive constant C' such that for all ¢ > 0,

KO m) < C.
This proves Theorem 4. 0O

Now we sketch the proof of Theorem 2.

Proof (of Theorem 2). First, a scaling argument reduces the proof to the case
h = 1. We consider the cases p = 1 and p = oo, the other cases follow by
interpolation. The solution u!(#) of equation (3) is given by:

uf (t) = (K x9N = > (K)jnen-

neZzd

Let us introduce the sequence {a;j(t)};jcze as follows

as(t) = (u't) - K Y0 san) =uf(t) — (K" Y on

neZd nezd
:Z:(I(dl)Jnn_[(d1 Z‘Pn
neZd nezd
d,1 d,1
= > e (K )5on = (K)5)
neZd

In the sequel we denote by ¢ a constant that may change from one line to
another. It remains to prove that

sup |a(t)] < et D2 oM ga ) (11)
jeza

and

Z las(1)] < ct™2 |10 11z oy -
jezd

The Taylor formula applied to the function K¢ gives us

Ki(t5—m) — Ki(t5) = [ 30 DUKI(e— sm)(-n)°ds.
0 Jal=1

As a consequence, for any j € Z? the sequence a;(t) satisfies
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1
HOEDEDS / || D K4(t,j — sm)[ds

neZd |a]=1

1
<e 3 Jebiml 3 / DKL, j — sn)|ds

neZzZa la|=1

=3 [ohlml Y balt). (12)

neZzd la]=1

To prove inequality (11), which corresponds to p = oo, it is sufficient to show
that
b_jojn(t) < th(dJrl)/Q

for all indices a with |a| = 1. Inequality (10) shows that
b (8) < [D K] ey < ct7191/270/2 = =012,

Now let us consider the case p = 1. We sum on j € Z¢ in inequality (12) and

obtain:
S las®l < >0 > lenlin] Y b @)

jezd J€EZ4 nezZd |a|=1
=D lealnl 30 > b5a ().
neZzZd la|=1jeZd

It remains to prove that

S bl < etV (13)

jez

for all n € Z¢ and for any multiindex o with |a| = 1. Using the separation of
variables, we get for all j = (j1,...,j4) € Z% and n = (ny,...,ng) € Z4,

1 d
bin(t) = /0 [ 1D KLt i — snx)lds

k=1
and hence,
1 d
S 050 = [ TL{ 3 107 K2 o — s | as
jezd 0 k=1 \jrcz
d
<sup [T | D DKLt — 9)]
Seszl JREZ

We prove that each term in the last product is dominated by ¢~*#/2 and
consequently the product will be bounded by t~1*/2. Applying (9) to the
function K1(t,- — s), each of the above sum satisfies
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S Kt - o)l < ¢ [ 1D Kt - o)l
JLEZ R

= c/ | DY K1Yt 2)|de < ct~loxl/2,
R

This proves inequality (13) and finishes the proof of Theorem 2. O

Acknowledgements. The author wishes to thank the guidance of his Ph.D
advisor Enrique Zuazua.

This work has been supported by the doctoral fellowship AP2003-2299 of
MEC (Spain) and the grants MTM2005-00714 of the MEC (Spain), 80,/2005
of CNCSIS (Romania), “Smart Systems” of the European Union.

References

1. Beurling A.: Sur les intégrales de Fourier absolument convergentes et leur appli-
cation a une transformation fonctionnelle. In 9. Congr. des Math. Scand., 345-366
(1939).

2. Brenner P., Thomée V.: Stability and convergence rates in L, for certain differ-
ence schemes. Math. Scand., 27, 5-23, (1970).

3. Cazenave T., Haraux A.: An introduction to semilinear evolution equations.
Oxford Lecture Series in Mathematics and its Applications. 13. Oxford: Clarendon
Press. xiv, (1998).

4. Duoandikoetxea J., Zuazua E.: Moments, masses de Dirac et décomposition de
fonctions. (Moments, Dirac deltas and expansion of functions). C. R. Acad. Sci.
Paris Sér. I Math., 315, (6), 693-698, (1992).

5. Henrici P.: Applied and computational complex analysis. Volume III: Discrete
Fourier analysis, Cauchy integrals, construction of conformal maps, univalent func-
tions. Wiley Classics Library. New York, Wiley, (1993).

6. Ignat L.I.: Ph.D. thesis. Universidad Auténoma de Madrid. In preparation.

7. Iserles A.: A first course in the numerical analysis of differential equations. Cam-
bridge Texts in Applied Mathematics. Cambridge Univ. Press, (1995).

8. Olver F.W.J.: Introduction to asymptotics and special functions. Academic
Press, (1974).

9. Plancherel M., Pélya G.: Fonctions entiéres et intégrales de Fourier multiples. II.
Comment. Math. Helv., 10, 110-163, (1937).

10. Trefethen L.N.: Finite Difference and Spectral Methods for Ordinary and Par-
tial Differential Equations. http://web.comlab.ox.ac.uk/oucl/work/nick.trefethen
/pdetext.html.

11. Trefethen L.N.: On [P-instability and oscillation at discontinuities in finite differ-
ence schemes. Advances in Computer Methods for Partial Differential Equations,
V, 329-331, (1984).

12. Vichnevetsky R., Bowles J.B.: Fourier analysis of numerical approximations of
hyperbolic equations. STAM Studies in Applied Mathematics, 5. STAM, (1982).



