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Abstract

We consider a semidiscrete scheme for the linear Schrédinger equa-
tion with high order dissipative term. We obtain maximum norm es-
timates for its solutions and we prove global Strichartz estimates for
the considered model, estimates that are uniform with respect to the
mesh size. The methods we employ are based on classical arguments
of harmonic analysis.

Keywords: Finite differences, Schrodinger equations, Strichartz es-
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1 Introduction
Let us consider the linear Schrodinger equation in the whole space:

iug + Au = 0. (1)
This equation has two important properties, the conservation of energy

[l 2®ey = (0] L2(ra)

and a dispersive property:

c(d
Jat) ey < “,(d/l\um)uﬂ(m, £ 40, @

These properties have been employed to develop well-posedness results for
homogenous and nonlinear Schréodinger equations [16, 5, [18]. The main idea
of these works is to obtain space-time estimates for the solutions of the linear
Schrodinger equation, called Strichartz estimates after the pioneering work

of Strichartz [16]:

ull Lo, Lrray < c(d; q,7)||[u(0)] L2(ra), (3)

where (g, r) are the so-called d/2-admisible pairs:

In [§] trying to introduce a numerical scheme for the nonlinear Schrédinger

equation with low regular initial data, the authors prove the lack of uniform



dispersive properties of type (2) or (3) for the solutions of the simplest ap-

proximation of the linear Schrodinger equation:
iut + Ahu = 0, (4)

where uniformity is with respect to the mesh size. Above, Ay, is the second
order approximation by finite differences of the Laplace operator A:
1 d
(Anu)j =55 > (Ujrey +uje, —2uy), j € Z°,
k=1
{er}4_, being the canonical basis in R%.
To be more precise, along this paper we will consider the spaces [?(hZ<)

of sequences {¢;},cz¢ endowed with the norms

el nzay = jez?

In dimension one, the lack of a uniform estimate of type (2) is due to the
fact that the symbol py (&) = 4/h%sin(¢h/2) of the operator —A; changes
the convexity at the points 47 /2h, a property that the continuous one &2,
does not satisfy. Observing this pathology, in [§] the following estimate for

the solutions of scheme (4)) is proved:

1 1
(0w rzy < () (75 + Tz O Dy,

estimate that is not uniform on the mesh parameter h. This does not allow

to prove uniform Strichartz-like estimates for the above semi-discretization.



A similar result can be stated in dimension d in terms of the rank of the

Hessian matrix H,, (§), where py, is the symbol of the discrete operator —Ay,:

mo= gyt (). e [-7.7]"
k=1

We mention that the Schrédinger equation on the lattice hZ¢, without
concern for the uniformity of the estimates with respect to the size of the
lattice, has been also studied in [13]. The analysis of dispersive properties
for fully discrete models is analyzed in [11] for the KdV equation and in [6]
for the Schrodinger equation.

For numerical purposes, to avoid the lack of uniformness of the dispersive

properties, in [7] the following viscous scheme is introduced:
iug + Apu = isgn(t)a(h)Apu, (5)

where a(h) goes to zero as h goes to zero such that infj~qa(h)/h?~%* > 0
for some parameter o > d/2. The authors have thus obtained that the

solutions of (5)) satisfy
() lo rzty < e(d)(H™Y2 + 1) [a(0) 1 grzey-

Observe that the behavior at ¢ ~ 0 and ¢ ~ oo is different. Thus, the
estimates of the type (3) obtained in [7] for the solutions of scheme (5)
are not global. More precisely, for any T" > 0, the authors prove that the

solutions of (5)) satisfy for any a-admissible pair (g, 7):



the following estimate:

Nl La(—r1), i (hzy) < C(d, T, q,7)|u(0) |12 (nzey-

The global estimates are useful in obtaining the global existence of solutions

for the critical nonlinear Schrédinger equation:
i + Au = |u|" %,

with large L%-initial data. If one assumes that for such initial datum ¢,
the norm || exp(itA)||Lo(r, - (ray) 15 small enough, then global existence of
solutions is guaranteed by the global Strichartz estimates (see for example
[3], Ch. 4.7, p. 119). Examples of ¢ € L?(R?) satisfying the above condition
are given in [10] (Ch. 5, p. 108).

In this paper we introduce a numerical scheme with a high order dissi-

pative term as follows:
iug + Apu = —ia(h)(—Ap)"u, (6)

with m > 2 an integer and a(h) — 0 as h — 0, such that

inf a(h)

>0 hm—1 > 0.

Observe that the solutions of (6) at time ¢ satisfy
u(t) = exp(itAp) exp(—t(—Ap)"™)u(0).

In order to derive IP(hZ%)-estimates for the solution u of (6) we need to

analyze the action of the operator exp(—t(—Ap)™) on the spaces IP(hZ%).



Using the results obtained in Section 2 for the operator exp(—t(—Ap)™)
we prove that the solutions of (6) have uniform decay rates similar to those
of the continuous equation (I). As a consequence we obtain Strichartz like
estimates for our model similar to those of the continuous one. For further
applications of these results for approximations of nonlinear Schrédinger
equation we refer to [§].

The article is organized as follows. In Section 2 we obtain IP(hZ%) —
19(hZ%) estimates on the operator exp(—t(—Ay)™). Section 3/is devoted to
the 17 (hZ) — IP(hZ%), p > 2, estimates on the solutions of equation (6).
Finally in Section 4] we prove global Strichartz estimates for the considered

dissipative scheme.
2 Decay rates for the operator exp(—t(—Ap)™)

Let us consider the following equation:

ug = —(—A)™u in (0,00) x RY,
{ u(0) = ¢ in RY, (7)

where m > 0. It is well known that, as long as the Fourier transform makes

sense, the solution of equation (7) is given in the Fourier variable by

a(t,€) = exp(—tlE|")P(E), £ € RY, ¢ > 0.

Classical properties of the Fourier transform guarantee that u(t) = G, (t)*p,

where @m(t,f) = exp(—t|¢|™). A scaling argument gives us that for any



t >0 and x € R?, the following holds:
Gt z) = t=Y™G,, (1, at=H/™).
Thus for any p > 1, the LP(R%)-norm of G,,(t) satisfies
,i(l,l)
”Gm(t)HLP(Rd) < c(m,p, d)t " P

Using Young’s inequality we get for any 1 < p < ¢ < oo and ¢ > 0 that the

following holds

d (1 1
“m(pyg

ol Lo ray-

We point out that in the case m = 1 the above estimates can be obtained
by energy methods.

We consider the following approximation of equation (7):

d h
% = _(_Ah)muh7 t>0,

(8)
ut(0) = ",

where we have replaced the Laplace operator A by Ap. We will prove
that the solutions of (8) have similar decay properties as the continuous
counterpart and moreover the estimates are uniform with respect to the
mesh size h.

The main result concerning the long time behavior of the semidiscrete

solution u” is given by the following theorem.



Theorem 2.1. Let m be a positive integer and 1 < p < q < co. There

exists a positive constant ¢ = ¢(m,p, q,d) such that

_d¢1_1
1" () lagazay < el lipzayt =77 (9)
holds for all positive time t, uniformly on h > 0.

As in the continuous case, in the semidiscrete case the IP(hZ?) — 19(hZ®)
estimates are reduced to estimates on the fundamental solutions G (t) of
(8). The main difficulty is given by the fact that the new operator —Ay
introduces a symbol pp(§) that is not homogenous. In the continuous case
this was the key point to establish that the fundamental solution of (7)
can be written at any time ¢ in terms of itself at time ¢ = 1, and then
the LP(RY)-estimates of the solutions u. Thus one cannot apply the above
scaling arguments to obtain IP(hZ%)-estimates on the fundamental solution
Gh (1).

In the case 2 < p < 0o, the IP(hZ%)-norm of G (t) is easily estimated by
interpolating between the cases p = 2 and p = co. The case p = 2 follows
by Plancherel’s identity. Also the case p = oo follows by rough estimates.
The main difficulty is to estimate the I'(hZ%)-norm of the discrete kernel
Gl (). In the case m = 1 this follows by using the fact that exp(tAp)
satisfies the maximum principle (see for instance [4]) and the fact that the
mass of solutions does not increases as ¢ increase. To estimate the I'(hZ?)-

norm of G" we will proceed as in [2] (Ch. 3, p. 71), using Carlson-Beurling’s



inequality (see for instance [2], Ch. 1, Th. 3.1, p. 18):

d
n

~1—d o~ a
1A oy S AN g gy £ 1 gy (10)

inequality that holds for any n > d/2 and for all feH "(R?) . Observe that
both right hand side terms contains the Fourier transform of f and then the
L' (R%)-norm of the function f is easily estimated if its Fourier transform is
known explicitly.

In what follows, to avoid the presence of constants, we will use the nota-
tion A < B to report the inequality A < constant x B, where the constant is

independent of h. The statement A ~ B is equivalent to A < B and B < A.

Proof of Theorem 2.1. Using the semidiscrete Fourier transform at scale h
(see [17] for the main properties of this transform):
~ .. m mwd
(€)= Fu(u)(§) = b Y wyexpliseh), €€ [ 1.5,
Jjezd

the solutions of equation (8) are given in the Fourier variable by

m™ T

‘ 0 11
h7E:|’t> . ( )

@(1,€) = exp(—tp(€))3"(©), € € |
Observe that u/(¢) can be written in the convolution form
uh(t) = Gl (t) ", t >0, (12)
where * is the discrete convolution on hZ<:

(u*v), = h? Z Up—jvj, n € 7%
jeZ

9



and
Gh (. ) = / exp(—tp(€)) explijeh)de, j € 24, (13)
[—7/h,m/h]%

In view of Young’s inequality it is easy to see that (9) holds if for any

h > 0 and p > 1 the fundamental solution an satisfies:
IGE(O) lwzty < (o, o)™+ 75) 1> 0 (14)

for some positive constant ¢(p,d, m), independent of h.

A scaling argument allows us to deal with the case h = 1:

Gn(t) = ﬁGl (h;m>

and

G ()l rzey = hdH (hZM) w(hzd) l)HGl (W>

The case p = oo follows by the rough estimate:

1p(z4)

G (5 )10 (nz0)

IN

| el

IN

[ eltemigde < 7%

once we observe that

4 m md
n© = SlePvee -1 7]

In the following we consider the case p = 1:
G (O]l za) < e(d,m), t >0,

10



the other cases 1 < p < oo, coming by Holder’s inequality.

Let us consider the new function G,, defined by

Gniat) = [ (-t €)) explinde, o < B

In fact this function represents the band-limited interpolator of the sequence
G1L (t) (cf. [19], Ch. II). The results of Plancherel and Pélya on band-limited
function [12] (see also [20], Ch. 2, p. 82, Th. 17) show that the discrete norms

of G can be controlled by the continuous one of G,

GG Olizy S NGm ()l ay-
Now, we choose n > d/2 and apply inequality (10) to the function G,,:

oy —d/2n, N d/2n
1G22 ety < GOl oy G Ol o (15)

Taking into account that py (&) ~ |£[> on [—m,«]?, by Plancherel’s identity

we easily estimate the L2norm of Gy, (t):

|G (D)2 gty < / exp(—c(m)tle?™)dg S (1)~ 7, ¢ > 0,

[_ﬂ'aﬂ—]d
where (-) is the Japanese bracket () = ¢+ 1. In view of inequality (I5) it
remains to prove that

n d

|G (D)l gy < (£) 35 (16)

holds for all positive time ¢.
By symmetry it is sufficient to prove that

n d

||agl1 eXP(_tpT)HL?([_Wﬂr]d) S <t>%_m (17)

11



For an integer n > 1, we recall the following identity

9, (exp(g)) = exp(g) > Qay,.ian (05, 9)" (0F,9)°2 .. (OF, 9)*

a1+2a0+...+nap=n

where aq,,... o, are constants independent of g.

Applying the above identity to the function g = —tp]*(£) we obtain

|08, (exp(=tp"))(§)] S

S exp(—tpi*(€)) > grrteten TT107 (1) (€))%

a1+2as+...+nap=n j=1

Using that for any & € [—m, 7]? the function p; satisfies

104, p1(&)] S min{L, €[},

we obtain by Cauchy’s inequality that the following holds for all ¢ € [, 71]%:

0%, (exp(—tp{"))(€)1* <
min{2m,n}

< exp(—2tp1*(€)) Z £2(a1+..Fom) H 1€[2@m=)ay

a1 +2as+...4+nap=n 7j=1
(18)
For any 0 < ¢t < 1 we obviously have
|0, (exp(—tp)) (§)[?dE < 1.
[_Wvﬂ]d

It remains to prove that for all ¢ > 1 the following holds

n_d
|0F, (exp(—tpi")) (€)|dE < tm~2m. (19)

[_"va]d

12



Integrating inequality (18) on [—m,7]? and using that pi(¢) ~ |£|? on

this interval we get

|0F, (exp(—tpi")()IPd¢ S > gAlenttan)

[—7,m]d a1+202+...+nan=n

min{2m,n}

» / emelmte™ T JefRem—ia e,

[_7r77r]d ]:1

We now use that for any s and m positive the following holds:

_d s
[ exp(=tlePmylepde < ¢
R4

This implies that

108, (exp(—tp")) (&) [2dé <t~ om 3 £2p(0150000)
[—,m]d a1+2a2+...+nap=n
where
1 min{2m,n}
p(ala“'7an):a1+”'+an_% Z (2m—])a]

j=1

In order to prove (19)) it is sufficient to show that

n
plat,...,ap) < 3
for all indexes (aq,...,a,) such that ag +2a3 + -+ +na, =n. If 2m >n

the last inequality is in fact an equality. If not, explicit calculations show

that

n 1 2m 1 n n
plon ) = 3 ajtgod jag < g e =g
j=2m+1 j=1 j=1

13



3 A Higher Order Dissipative Scheme
for the Schrodinger equation

In the following we will consider a numerical scheme with a high order
dissipative term. We will replace in the right hand side of (5) the operator
Ap by —(—=Ap)™. The scheme we will analyze is the following

du™ h ) m. h

i~ + Apu” = —isgn(t)a(h)(—Ap)"u", t#0, (20)

u(0) = "
The term —(—Ay)™ will introduce more dissipation than Ay. Observe that
for high frequencies || ~ 1/h the contribution of the term —(—Ap)™ is of
order 1/h?™ which is greater than 1/h?, introduced by Ay, in scheme (5).
The following theorem shows that for any integer m > 2 we can recover

the same behavior of the solutions as in the continuous case, uniform on the

mesh size h. In contrast with the scheme (5) in this case the behavior of the

solutions will be the same for ¢ ~ 0 and ¢ ~ co.

Theorem 3.1. Let be m > 2 an integer and a(h) a positive function such
that

_oa(h)

For any p € [2,00] there exist positive constants ¢ = c¢(d,p,m,a) such that

C

|t|g(1—§)

lu”(¢) HZP(th) < ||30h”lp’(hzd) (22)

holds for all t # 0, ¢ € I¥ (hZ%) and h > 0.

14



Proof. Taking the semidiscrete Fourier transform in (20) we obtain that @"

satisfies the following ODE:

i} () — p(§)T"(1,€) = —isgn(Oa(hpp (T (1,), t#0,6€ |~ F.F

(0,€) = $"(9), cel-21]"

Solving this ODE we find that for all time ¢, u” satisfies:

(1, €) = exp(—itpy,(€)) exp(—[t|a(h)p ()" (€). (23)

We will consider the cases p = 2 and p = oo, the other come by interpo-
lation.

In the case p = 2, Plancherel’s identity gives us that

h — L <D (— m ~h 2
WOl = o [ (2l @O

IN

H‘PH[ZZ(hzd)-

In the following we analyze the case p = oo:
" @)l uzay S 16172 16" iz (24)
In view of (23) we write the solution u”(¢) in the convolution form
(1) = KM(0) « ",
where the kernel K" (t) is given by

Kh(t, j)= / e_“ph(E)€—|t\a(h)p2”(€)eij-§hd§'
ik

15



In order to prove (24) it is sufficient to prove that K" (t) satisfies:
K" < Jt~%
B ) llioe ey S 182

for all ¢ # 0.
We decompose the kernel K h(t) in two components: a low frequency

component, respectively a high frequency one. To illustrate this fact let us
denote Q, = [—7/h,7/h|?\ [~7/4h, 7 /4h]%. We define
KD (t.5) = / ¢=itPn () g—ltla(Wpi () ¢igh g
[—7/4h,7/4R]2
and

Kot ) = /Q ¢ =itPn () g~[Ha(Wp () gid-h g
h

Then the high component K ,’ZZ gh(t) satisfies the rough estimate

K O loorpray, < e*\ﬂa(h)p;{z(ﬁdé‘
high 1o (hZ%)
Qp

c a o T\m c(m, 2m \ 4/2
i oo (= i s ) < <5 ()
c(m, d) ( ¢ a(h) )_d/2 < c(m,d, a)'

(@72 \ im0 p2m=1) t[ /2

IN

It remains to estimate K[! (t), the restriction of the kernel K"(t) on the

low frequencies. Observe that K[! (t) satisfies
Ko (t) = K§(1) * G (|t]a(R)),
where G, is defined in (13) and K%(t) is given by:
Kl = [ exp(~itp(€)) exp(ijEh)E.
[ /4h,m/4R]¢

16



Applying estimate (14) with p = 1 and Young’s inequality we get
1w ()l (nzty < NEE ()10 (nzey |G (tlali) [ nzay S IEE ) lliso iz -
Thus, it is sufficient to prove that
1E3 (Ol rzy < 1117
Using the separation and change of variables, it is sufficient to prove that

w/4
sup| [ exp(—itsind (¢/2) explie)de] <o (25)
JEZ —7/4

for all ¢ # 0. Using that the function & — sin?(¢/2) does not change the
convexity on the interval [—m/4,7/4] we apply Van der Corput’s Lemma

(Prop. 2, Ch. 8, p. 332, [15]) and then we obtain (25).

The proof is now complete. O

4 Strichartz estimates

In this section we obtain space-time estimates for the solutions of (20),
similar to those given in (3) for the continuous case. We denote by S"(t),

the solution of (20) at time t:
S"(t) = exp(itAp) exp(—[t|(=An)™ ). (26)

Observe that S"(t) satisfies the semigroup condition S”(t +s) = S"(t)S"(s)
restricted on [0,00) and (—oco, 0] but not on the whole interval (—oo, ),
Sh(t)S"(s) being more dissipative than S”(t + s) in the case ts < 0.

The main result of this section is given by the following theorem.

17



Theorem 4.1. Let be a(h) satisfying (21) and (q,7), (,7) two d/2-admissible
pairs. Then

i) There exists a positive constant C = C(d,r,m,a) such that

15" (el Lar, ir (hzay) < Clllliznza (27)

holds for all o" € 12(hZ%) uniformly on h > 0.

i1) There exists a positive constant C(d,r,m,a) such that

/ Sh(s)* f(s)ds
R

< C(d,r,m,a) HfHLq’(R, 1" (hZ%)) (28)
12(hZ4)

holds for all f € LY (R, " (hZ%)), uniformly on h > 0.

i11) There exists a positive constant C' = C(d, a,r,m,a) such that

holds for all f € LY (R, I” (hZ%)), uniformly on h > 0.

S™(t — s)f(s)ds

S f ' I . 29
17l o gz (29)

La(R,Ir (hZ4))

The first part of the theorem will be obtained as a consequence of the

following result of Keel and Tao, [9]. We state here the original result.

Proposition 4.1. ([9/, Theorem 1.2) Let H be a Hilbert space, (X,dx)
be a measure space and U(t) : H — L*(X) be a one parameter family of

mappings, which obey the energy estimate
U@ fllzexy < Cliflla (30)
and the decay estimate

IU@BU(s)*gllLee x) < Clt = 5[~ lgll 2 (x) (31)

18



for some 0 > 0. Then

N1U@) fllLar, orx)) < Clfll2x)s

‘ /R U(s)*F(s)ds

for all (q,7r) and (4,7), o-admissible pairs.

< COIF Lo v, £ ()
) L9 (R, L7 (X))

< CIF N Lo w, 17 (x)
La(R, L™ (X))

/O U)U ()" F(s)ds

Proof of Theorem [{.1. We will apply Proposition 4.1 to the operator S”(t)

defined in (26)). In view of (31), it is sufficient to prove that

% _d
||Sh(t)5h(5) <P||z<x>(hzd) Slt—sl2 ||90H11(hzd)

holds for all ¢ € I*(hZ?) and t # s.
Observe that this property is not an immediate consequence of (22).

This is due to the fact that
S™()S"(s) @ = S"(1)S" (—s)p # S"(t — s)p

and thus we can not apply (22) directly. However the estimates obtained
in Section [2 give us the right estimate, by pointing out that S"(¢)S"(s)* is
more dissipative than S"(¢ — s). Observe that the following

S"(£)S™(s)" = exp(i(t — s)Ap) exp(—|t]a(h)(—Ap)™) exp(—|s|a(h)(—Ap)™)

= S™(t — s) exp(—(|t| + |s| — |t = s|)a(h)(—=Ap)™)

19



holds for all ¢t and s. Thus
15" (£)S™ (5)* @llpoe nzty <
< (15" (t — s) exp(=([t] + [s| = [t = sDa(h)(=An)™)¢lln (hze)
< [t = s| =2 exp(=(|¢] + s — [t = sDa(h) (=AR) ™)l nza)
<|t-— 5|_d/2||90||11(hzd)-
This guarantees that property (30) is satisfied. As a consequence we obtain

(27) and (28)). Unfortunately (29) does not follow from Proposition 4.1. We

remark that Proposition 4.1 gives us that

which is weaker than (29), the operator S”(¢)S"(s)* being more dissipative

<N llpa w17 (hzey),
La(R, 1" (hZ%))

/ S )" )i

than S"(t — s). However, a slight modification of the proof of Proposition
4.1 gives the desired result. In the following we prove (29).

Let us define the operator

Tf(t) = S™(t — s5)f(s)ds.

s<t

The operator T being linear, the proof of (29) is reduced to the cases (g,7) =
(00,2), (¢,7) = (00,2) and (g, r) = (¢, 7). The other cases are a consequence
of an interpolation between these cases (see [1]).
In the sequel we denote by (-,-) and ((-,-)); the inner product on
12(hZ):
(fr90n = §R<hd > fj?j)7

jEZA

20



respectively on L%(R, 1?(hZ%)):

(frghn = /R (1), (D).

By duality

T £l La(r, ir (hztyy = sup «Tf9)),

gHLq/(R, lr/(hzd))gl

so we will estimate the right hand side of the above identity.

In all the analyzed cases we will use the following property of the operator

Tf:

{Tf,9)n

/Rt < [ s s)f(s)ds,g(t)>hdt
_ /R <f(s), [ s s)*g(t)dt>hds.

Case I: (¢,7) = (00,2). Applying Cauchy’s inequality in the space

variable we obtain:

(Tf, g))n

IN

ds
12(hZ4)

/t> S™(t — s)*g(t)dt

/Rs Hf(3)||12(th)

| f 1l 2 m, 12 (nzey) Sup
seR

IN

S™(t)*g(t + s)dt
t>0

12(hzZ)

Estimate (28) gives us

and then

S™(t)*g(t + s)dt
t>0

< ° + S 4 ! S 1
pd) llg( )N La ((0,00), 1™ (hZ))

(Taf, 9)n < I fllLr(w, 2(hza))-

21



This finishes the proof of the first case.

Case II: (¢,7) = (00,2). With the same arguments as above

S™(s)* f(t + s)ds

s<0

(Tf,9))n < sup

|g| 1 2(h7dY)) -
e ’ ’L (R, 12(hZ4))

12(hzZ4)

Applying again estimate (28) to the function f(- + ¢) we obtain:

and finish the second case.

S™(s)* f(t + s)ds

0 <|fC+ t)HLq/((—oo7O)7l'F,(th)) <1
s<

Case III: (q,7) = (¢,7). Observe that T f satisfies

||f(3)”lr’(hzd)d5
[t — 5|2/

Tz < [ 15" = 9 Olirgasds < |
Applying Hardy-Littlewood-Sobolev’s inequality (cf. [14], p. 119):
1512w Pl gagey < Clas Dl
to the function ¢(s) = ||f(5)le’(th) we get
1Tl Lo, ir (nzay < I Nl o v, 1 (nzayy -

This ends the proof. O
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