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Abstract
Pseudo-BL algebras are noncommutative generalizations of BL-algebras
and they include pseudo-MV algebras, a class of structures that are cat-
egorically equivalent to l-groups with strong unit. In this paper we char-
acterize directly indecomposable pseudo-BL algebras and we define and
study dif and only iferent classes of these structures: local, good, perfect,
peculiar, and (strongly) bipartite pseudo-BL algebras.
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Introduction

BL-algebras are the algebraic structures for Hajek’s Basic Logic [14]. The main
example of a BL-algebra is the interval [0,1] endowed with the structure in-
duced by a t-norm. MV-algebras, Gédel algebras and product algebras are the
most known classes of BL-algebras. Recent investigations are concerned with
noncommutative generalizations for these structures.

In [4, 13], pseudo-BL algebras were defined as noncommutative generalizations
of BL-algebras. The main source of examples of pseudo-BL algebras is I-group
theory. In [10], there was introduced a notion of pseudo-t-norm in order to
recapture some of the properties of pseudo-BL algebras. For the interval [0, 1],
this notion induces more general algebras named weak pseudo-BL algebras.
Pseudo-MV algebras were introduced as a noncommutative generalization of
MV-algebras (see [11, 12]). Dvurecenskij proved in [9] that the category of
pseudo-MV algebras is equivalent to the category of I-groups with strong unit.
This theorem extends the fundamental result established by Mundici for the
commutative case [16].

In [2], Belluce, Di Nola and Lettieri studied local MV-algebras, structures hav-
ing a unique maximal ideal. An important class of local MV-algebras are perfect
MV-algebras, which are MV-algebras generated by their radical. The category
of perfect MV-algebras is equivalent to the category of abelian I-groups [6]. All
these results were extended in [15] to pseudo-MV algebras. Following [2], in [19]
local BL-algebras were defined and classified.

Bipartite MV-algebras, defined in [7], are another important class of MV-al-
gebras. Bipartite BL-algebras and strongly bipartite BL-algebras were defined
in [18]. In [8] bipartite BL-algebras were classified and it was proved that the



variety generated by perfect BL-algebras is exactly the variety of strongly bi-
partite BL-algebras. All these results are parallel to the ones already existing
for MV-algebras (see [1, 7]).

In this paper we shall extend some of these results to pseudo-BL algebras. By
[5], the congruences of a pseudo-BL algebra are in a bijective correspondence
with the normal filters. Then, there are two possibilities to define a concept of
local pseudo-BL algebra. The first one is to define a local pseudo-BL algebra as
being a pseudo-BL algebra with a unique ultrafilter. This paper deals with this
approach. Another way is to consider structures having a unique maximal nor-
mal filter. For the second case we obtain the notion of normal local pseudo-BL
algebra. The investigation of normal local pseudo-BL algebras seems to be a dif
and only ificult problem, since we do not have a characterization of the normal
filter generated by a set of elements.

The paper is divided into four sections. In the first section we recall some facts
concerning pseudo-BL algebras and pseudo-MV algebras and we prove some
properties used in the sequel. Following [3], we characterize directly indecom-
posable pseudo-BL algebras.

In Section 2 we define and study local pseudo-BL algebras. Many of the results
from local MV-algebras [2] and local BL-algebras [19] are extended to local
pseudo-BL algebras.

In the next section we study good pseudo-BL algebras, an important class of
pseudo-BL algebras. We associate with any good pseudo-BL algebra a pseudo-
MV algebra in a natural way.

In Section 4 we investigate some classes of local pseudo-BL algebras, namely
perfect, locally finite and peculiar pseudo-BL algebras. We give a classification
of local pseudo-BL algebras and we give a simpler proof of the fact that locally
finite pseudo-BL algebras are exactly locally finite MV-algebras.

In the last section of the paper, following [18] we study (strongly) bipartite
pseudo-BL algebras.

1 Definitions and first properties

A pseudo-BL algebra ([4, 13]) is an algebra A = (4,A,V,®,~,—,0,1) with
five binary operations A,V,®,~», = and two constants 0,1 such that:
A1) (A, A,V,0,1) is a bounded lattice;
A2) (A,©,1) is a monoid;
A3)aeb<cifand only if a < b~ cif and only if b < a — ¢;
Ad)anb=(a~b)Oa=a0® (a—b)
(A5) (a~»b)Vb~a)y=(a—=bV(b—a) =1
In the sequel, we shall agree that the operations A, V,® have priority towards
the operations ~», —. Sometimes, we shall put paranthesis even if this is not
necessary.
It is proved in [4] that commutative pseudo-BL algebras are BL-algebras. For
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details on BL-algebras see [14, 17].

A pseudo-BL algebra A is nontrivial if and only if 0 # 1. For any pseudo-BL
algebra A, the reduct L(A) = (A,A,V,0,1) is a bounded distributive lattice.
A pseudo-BL chain is a linear pseudo-BL algebra, that is a pseudo-BL algebra
such that its lattice order is total.

For any a € A, we define a™ = a ~ 0 and a— = a — 0. We shall write a®
instead of (a™)~ and a= instead of (a~)~.

We denote the set of natural numbers by w. We define a® =1 and a™ = a" ' ®a
for n € w — {0}. The order of a € A, in symbols ord(a), is the smallest n € w
such that a™ = 0. If no such n exists, then ord(a) = co.

The following properties hold in any pseudo-BL algebra A and will be used in
the sequel. See [4] for details.

(1) (a@b)~c=a~ (b~ c);

(boa)mc=a— (b—>c);

a <bif and only if a~ b= 1if and only if a = b = 1;
a<bimpliessa®c<bOcand c®a<cOb;

a®b<a,b;

a®@b<aAlb;

a®b=0if and only if a < b"~ if and only if b < a7

a®0=00a=0;

a~Ca=aGa =0

Jl~ma=1—a=ga

) a~ = 1if and only if a= = 1 if and only if a = 0;

)1¥ =17 =0;

) a < bimplies b~ < a™ and b~ <a~;

Ja<a~ anda<a "
Ja~b<b”—a~”anda—>b<b ~a;
)a~ ™~ =a~and a™~" =a";
YJ(aob)~=a~b~and (a®@b)” =b—a";

) (aVvb)”=a~Ab~ and (aVbh)~ =a” Ab;
) (anb)”=a~ Vb~ and (aAD)”" =a" Vb;
)a®(bVe)=(a®b)V(adc);

) bVe)©a=(0boa)V(c®a);

)

-
-

Let A be a pseudo-BL algebra. According to [4], a filter of A is a nonempty
subset F' of A such that for all a,b € A,

(i)ifa,be F,then a®b € F;

(ii)ifa€ Fand a <b, then b € F.

By (6), it is obvious that any filter of A is also a filter of the lattice L(A).

A filter F' of A is proper if F' # A. A proper filter P of A is prime if for all
a,b€ A,aVbe P implies a € P or b € P. We shall denote by Spec(A) the set
of prime filters of the pseudo-BL algebra A.

A proper filter U of A is an ultrafilter (or a mazimal filter) if it is not contained



in any other proper filter. We shall denote by M(A) the intersection of all
ultrafilters of A. Obviously, M(A) is a proper filter of A.
We recall some properties of filters that will be used in the sequel.

Proposition 1.1 ([4, Theorem 3.25])

Let F be a filter of the pseudo-BL algebra A and let S be a V-closed subset of
A (that is if a,b € S, then a Vb € S) such that F NS = 0. Then there exists a
prime filter P of A such that F C P and PNS = ).

Proposition 1.2 Any proper filter of A can be extended to a prime filter.
Proof: Apply [4, Corollary 3.26]. m|

Proposition 1.3 ([4, Corollary 3.32])
Any ultrafilter of A is a prime filter of A.

Proposition 1.4 ([4, Remark 3.33])
Any proper filter of A can be extended to an ultrafilter.

Proposition 1.5 Let A be a pseudo-BL algebra. The following are equivalent:
(i) A is a pseudo-BL chain;
(%) any proper filter of A is prime.

Lemma 1.6 If A is a pseudo-BL algebra, then the sets Ay = {a € A|a™~ =0}
and Ay = {a € A|a~ =0} are proper filters of A.

Proof: Let us prove that Ay is a proper filter of A. By (12), 1 € Ay. Let
a,b € Ay, that is, a™ = b~ = 0. By (17), we get that (a®@b)~ =a~ b~ =a~
0=a~=0,hencea®be Ay. Let a € Ay and b € A such that a < b. Then
a™ =0 and, by (13), b~ < a™, so b~ = 0, that is, b € Ay. Thus, Ay is a filter
of A. Since, by (11), 0~ = 1, it follows that 0 ¢Af’, hence AF is proper. We
obtain similarly that A; is a proper filter of A. |

Let X C A. The filter of A generated by X will be denoted by < X > . We have
that <@ >={1}and < X >={a € A |21 O...O 3, < a for somen € w— {0}
and some z,...,2, € X} if ) # X C A. For any a € A, < a > denotes the
principal filter of A generated by {a}. Then, < a >={b€ A |a" < b for some
n € w— {0}}.

Lemma 1.7 Let a,b € A. Then

(i) < a > is proper if and only if ord(a) = oc;
(i) if a < b and ord(b) < oo, then ord(a) < co;
(%) if a < b and ord(a) = oo, then ord(b) = oco.

Proof: (i) < a > is proper if and only if 0 ¢ < a > if and only if a™ # 0 for
all n € w— {0} if and only if ord(a) = oo.



(ii), (iii) Applying (4), a < b implies a™ < b" for all n € w. |

A filter H of A is called normal ([5]) if for every a,b € A we have the equivalence:
(N) a~beH ifandonlyif a—be€H.

It is easy to see that {1} and A are normal filters of the pseudo-BL algebra A.
We remark that if A is a BL-algebra, then ~»=—, so the notions of filter and
normal filter coincide.
For a filter F' of A and a € A, let us denote

a®OF={a0z|zeFland FOa={zO®al|z € F}.

Proposition 1.8 ([5]) Let H be a a filter of A. The following are equivalent:
(i) H is a normal filter;
(1)) a® H=H ®a for any a € A.

With any normal filter H of A we can associate a congruence relation =g on
A by defining

a=pgbif and only if (a~ b) © (b~ a) € H if and only if (a = b) ® (b =
a) € H.
In [5] it is proved that the map H —=g is an isomorphism between the lattice
of normal filters of A and the lattice of congruences of A.
If we denote by A/H the quotient set A/=,,, then A/H becomes a pseudo-BL
algebra A/H with the natural operations induced from those of A.

Proposition 1.9 ([5]) Let H be a normal filter of A. Then
A/H is a pseudo-BL chain if and only if H is a prime filter of A.

The following lemma is implicitly contained in [5].

Lemma 1.10 Let H be a normal filter of A and a,b € A. Then
(i) a/H =1/H if and only if a € H;

(i) a/H = 0/H if and only if a™ € H if and only if o~ € H;

(iii) a/H < b/H if and only if a~ b € H if and only if a - b e H.

Proof: (i) a/H = 1/H if and only if (a ~ 1) ® (1 ~ a) € H if and only if
1©(1~a) € Hif and only if a € H, sincea~ 1 =1 and 1~ a = a, by (3)
and (10).

(ii) a/H = 0/H if and only if (a~ 0)©® (0~ a) € Hifandonly if a~¥©1 € H
if and only if a™~ € H. Applying (N), a~ € H if and only if a ~ 0 € H if and
only if a - 0 € H if and only if a= € H.

(iii) By (3) and (i), a/H < b/H if and only if a/H ~» b/H = 1/H if and only if
(a~b)/H =1/H if and only if a ~ b € H. By (N), we have that a~ b e H
if and only if a -+ b € H. O

If h: A —» B is a homomorphism of pseudo-BL algebras, then the kernel of h
is the set Ker(h) = {a € A | h(a) = 1}.
For any normal filter H of A, let us denote by [|& the natural homomorphism



from A onto A/H, defined by [|g(a) = a/H for any a € A. Then H =Ker([|x).
The following propositions are easily obtained.

Proposition 1.11 Let h: A — B be a homomorphism of pseudo-BL algebras.
Then the following properties hold:

(i) for any (normal) filter G of B, the set ™' (G) =gey {a € A| h(a) € G} is a
(normal) filter of A. Thus, in particular Ker(h) is a normal filter of A.

(#) h is injective if and only if Ker(h) = {1}.

Proposition 1.12 Let A be a pseudo-BL algebra and H be a normal filter of
A.

(i) The map F % [|g(F) is an inclusion-preserving bijective correspondence
between the filters of A containing H and the filters of A/H. The inverse map
is also inclusion-preserving.

(i) F is a proper filter of A containing H if and only if [|u(F) is a proper filter
of A/H. Hence, there is a bijection between the proper filters of A containing
H and the proper filters of A/H.

(#i) There is a bijection between the ultrafilters of A containing H and the
ultrafilters of A/H.

Let A be a pseudo-BL algebra and F’ be a filter of A. We shall use the following
notations:

F*={a€ A|a< ™ for some z € F}, and

F*={a€ A|a<z for somez € F}.

Remark 1.13 Let A be a pseudo-BL algebra. Then
(i) Fr={a€ Ala®xz =0 for somex € F};

(i) F*={a€ A|z®a=0 for some z € F};

(ii)) F* ={a€ A|a~ € F};

(i) F* ={a € A|a~ € F}.

Proof: (i), (i') Apply (7).

(ii) Let a € A. If a < z™ for some z € F then, by (13) and (14), we get that
<z~ <a . Since F is a filter, it follows that a— € F. Conversely, suppose
that a— € F. Then, a < (a)~, hence a € F*.

(i’ ) Similarly to (ii). O

For any pseudo-BL algebra A, B(A) denotes the Boolean algebra of all comple-
mented elements in L(A). Hence, B(A) = B(L(A)).

Proposition 1.14 ([5]) Let A be a pseudo-BL algebra and e € A. The following
are equivalent:

(i) e € B(A);

(ii)e@e=eande=e~" =€ 7;
(iii) e®e =€ and e~ ~ e =e¢;



(iii )eGe=c and e™ - e =e¢;
(w) eve”=1;
(w)evVe =1.

Lemma 1.15 ([5]) Let A be a pseudo-BL algebra and e € B(A). Then
(i) <e>={a€ A|e<a};

(i) e ®a=eAa for any a € A;

(iii) eV (a ©®b) = (e Va) ® (eVbd) for any a,b € A;

(w) e~ = e~ is the complement of e.

A pseudo-BL algebra A is called directly indecomposable if and only if A is

nontrivial and whenever A =2 A; x A, then either A; or A, is trivial.

In the sequel, in a similar manner with [3, Chapter 6.4], we shall give a charac-

terization of directly indecomposable pseudo-BL algebras.

Let A be a pseudo-BL algebra. For each x € A, let the functions ~,: AXA — A,

—z: AXA— Aand h, : A — A defined by
a~gzb=xzV(a~b),a—,b=2zV(a—b),and hy(a) =2V a.

Proposition 1.16 Let A be a pseudo-BL algebra and e € B(A). Then

(i) <e>=(<e>NV,0,~e, e, €,1) is a pseudo-BL algebra;

(i) he(A) =< e >;

(#i) he is a homomorphism of pseudo-BL algebras from A onto < e >;
(v) Ker(he) =< e~ >;

(v) < e > is nontrivial if and only if e # 1;

(vi) < e > is a subalgebra of A if and only if e=0 if and only if < e >= A;
(vii) B(< e >) =< e > NB(A).

Proof: (i) By Lemma 1.15(i), we have that < e >= {a € A | e < a}. Let us
verify the axioms from the definition of a pseudo-BL algebra.

(A1) It follows immediately that (< e >, A,V,e,1) is a bounded lattice.

(A2) Since < e > is afilter of A, < e > is ®-closed and, obviously, (< e >,®,1)
is a monoid.

(A3) Let a,b,c>e. fa®b<c¢, thena<b~c<eV (b~ ¢)=b~.cand
b<a—c<eV(a—c)=a—c

Conversely, let us suppose that a < b~ ¢, that is a < eV (b ~ ¢). Applying
(4), (21), Lemma 1.15(ii) and (A4), we get that a ©b < [eV (b~ ¢)]® b =
(e@b)V[b~c)ebl=(eAb)V(bAc)=eV(bAc)=bAc<ec.

Now, let us suppose that b < a =, ¢, 50 b < eV (a = ¢). Then, by (4), (20),
Lemma 1.15(ii) and (A4),a©b<a®eV(a—c)]=(a®e)V][a®(a—c)]=
(ane)Vi{anc)=eV(aAc)=aAc<ec.

(A4) Let a,b > e. We have that (a ~. b)@a = [eV(a~ b)]Oa = (e®a)V](a~
b)®al=(ena)V(aAb)=eV (aAb) =aAband, similarly, a ® (a =, b) =
a®leV(ia—>b)]=(@oe)Va®(a—>b)]=(aNe)V(aAb) =aAb.

(A5) Let a,b € A. By (A5), we get that (a ~¢ b))V (b~ a) = eV (a ~
b)VeV (b~ a) =eV1=1and, similarly, (a = b) V(b =¢ a) = eV (a —



b)veV(b—a)=ev1=1.

Hence, (< € >,A,V,®,~, —¢,€,1) is a pseudo-BL algebra.

(ii) For any a €< e >, we have that h.(a) = eV a = a. Hence, < e >C h(A).
The other inclusion is obvious.

(iii) Let a,b € A. It follows immediately that h.(a ~ b) = eV (a~ b) = a~. b,
he(a > b)=eV(a—=b =a—cb h(0) =0Ve=ce, h(l)=eVv1=1,
he(aVd) =eV(aVb) = he(a)V he(b). By (22), he(a Ab) = eV (aAb) =
(eVa)A(eVbd) = he(a) A he(b). Applying Lemma 1.15(iii), we also get that
he(a®b) =eV (a®b) = (eVa)®(eVb) =hea)® he(b).

(iv) If a € Ker(h,), then he(a) =aVe=1,s0e” =e A(aVe) = (e~ Aa)V0 =
e~ Aa. It follows that a > e™, hence a €< e™ >. Conversely, if a > e™, we get
that he(a) =eVa >eVe =1, hence he(a) =1, that is a € Ker(he)-

(v),(vi) They are obvious.

(vil) Let a €< e >, that is e < a. If a € B(< e >), then there is b > e such
that aAb =e and a Vb = 1. Taking c = bAe™, we get that a Ac =0 and
aVe=aVbAeY)=(aVbA(avVe”)=1A(aVe~)=aVe~ >eVe~ =1,
by (22) and Lemma 1.15(iv). Conversely, suppose that a € B(A), hence there
is b € A such that aVvb=1and aAb=0. Let c = eVb. Then ¢ > e and
aVe=1l,ahc=aA(eVb)=(aNe)V(aAb)=eVO0=e. O

Proposition 1.17 Let {A;}icr be a nonempty family of pseudo-BL algebras
and let P = [[;c; Ai. Then there is a set {0; | i € I} C B(P) satisfying the
following conditions:

(i) Nie1di = 0;

(it) 0; V 0; = 1, whenever i # j;

(%) each A; is isomorphic to < & >.

Proof: Similar to the proof of [3, Lemma 6.4.4]. O

Proposition 1.18 Let A be a pseudo-BL algebra and ey, . ..,e, € B(A),n > 2
such that

(iJetN...Ne, =0, and

(i) eiVej=1fori#j, i,j=1,...,n.

Then A 2 <e; > X...x<ep>.

Proof: Similar to the proof of [3, Lemma 6.4.5]. O.

Proposition 1.19 A pseudo-BL algebra A is directly indecomposable if and
only if B(A) = {0,1}.

Proof: Similar to the proof of [3, Theorem 6.4.7]. m
It follows immediately that

Proposition 1.20 Any pseudo-BL chain is directly indecomposable.



Proof: Let A be a pseudo-BL chain and e € B(A). By Proposition 1.14, we
get that eVe™ =1. Bute< e~ ore™ <e, hencee=1or e~ =1. By (11), it
follows that e € {0,1}. O

In the sequel we shall recall some facts about pseudo-MV algebras, which are
noncommutative generalizations of MV-algebras (see [11, 12]).
A pseudo-MV algebra is an algebra (A4,®,”,~,0,1) with one binary operation
@, two unary operations —,~ and two constants 0,1 such that:
(i) (4,®,0) is a monoid;
(iadl=1d®a=ag;
(iii) 17 =1~ = 0;
(iv) (a Sb )~ =(a~®b™);
V)a® (@ ob)=bd(d~0a)=(a0b )db=(0b0a )& a;
(vi) a®(a” ®b) = (a®b™) O b;
(vil) a=™~ = a,
def ,, N~
wherea®b = (b~ ®a)™.
Let A be a pseudo-MV algebra. On A one can define an order relation ”<” by
a<bifandonlyif a~ ®@b=1if and only if b a™ = 1.

Proposition 1.21 ([11, Proposition 1.13])

Let A be a pseudo-MV algebra. Then (A, <) is a lattice in which for all a,b € A,
aVb=a® (@ b)) =ba (b~ ca)=(a@b )db=(bGa ) Da, and
aANb=(a®b™)0b=(0b®a~)0a=a®(a” ®b)=b0 (b~ ®a).

For any a € A, we define 0a = 0 and na = (n — 1)a ® a for n € w — {0}. The
MV-order of a € A, in symbols MV-ord(a), is the smallest n € w such that
na = 1. If no such n exists, then MV-ord(a) = cc.

Lemma 1.22 ([15, Lemma 14])
Let A be a pseudo-MV algebra. For any a € A,
MV-ord(a~) =MV-ord(a™).

We shall denote by D(A) the set {a € A | MV — ord(a) = oo}.
A pseudo-MYV algebra A is locally finite if for all @ € A,
a # 0 implies MV-ord(a) < oc.
According to [15], a pseudo-MV algebra A is strong if for all a € A,
a” =a".
According to [11], an ideal of A is is a nonempty subset I of A such that for all
a,be A,
(i)ifa,be I, thena®b € I;
(if)if be I and a < b, then a € I.
An ideal I is properif I # A. A proper ideal of A is called a mazimal ideal if it
is not contained in any other proper ideal.
An ideal H of a pseudo-MV algebra A is called normal (see [12]) if for all
a,be A,
a~”obe Hifandonlyif bOa™ € H.



Lemma 1.23 ([12, Lemma 3.2])
Let H be a normal ideal of A and a € A. Then
a € H if and only if a= € H if and only if o™ € H.

Proposition 1.24 ([4, Corollary 2.34])
A pseudo-BL algebra A is a pseudo-MV algebra if and only if
a~ " =a "~ =a foralla€ A.

Following [2], in [15] local pseudo-MV algebras were defined and some classes
of local pseudo-MV algebras were studied. Thus, a pseudo-MV algebra is local
if and only if it has a unique maximal ideal and a local pseudo-MV algebra is:
-perfect if for any a € A, MV-ord(a) < oo if and only if MV-ord(a—) = oc;
-singular if there are a,b € A such that MV-ord(a) < co, MV-ord(b) < oo and
MV-ord(a ® b) = 0.

By Lemma 1.22, it follows that a local pseudo-MV algebra A is perfect if and
only if for any a € A, MV-ord(a) < oo if and only if MV-ord(a™) = oo

Proposition 1.25 ([15]) Every local pseudo-MV algebra is either perfect or
singular. There is no local pseudo-MYV algebra which is both perfect and singular.

Proposition 1.26 ([15]) Every locally finite pseudo-MV algebra different from
{0,1} is singular.

2 Local pseudo-BL algebras

Local rings play an important role in ring theory. On the other hand, the
study of local objects became a standard problem for other classes of structures
(MV-algebras [2], BL-algebras [19], pseudo-MV algebras [15]). In this section
we shall study local pseudo-BL algebras.

A pseudo-BL algebra is called local if and only if it has a unique ultrafilter.

Lemma 2.1 Let A be a local pseudo-BL algebra. Then
(i) any proper filter of A is included in the unique ultrafilter of A;
(it) Ay, Ay are included in the unique ultrafilter of A.

Proof: (i) Apply Proposition 1.4 and the fact that A has a unique ultrafilter.
(ii) Apply Lemma 1.6 and (i). O
In the sequel, we shall use the following notations:

D(A) = {a € A|ord(a) = >0}, and

D(A)* = {a € A|ord(a) < co}.

Obviously, D(A) N D(A)* =0 and D(A) UD(A)* = A.

Proposition 2.2 Let A be a pseudo-BL algebra. The following are equivalent:
(i) D(A) is a filter of A;
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(i) D(A) is a proper filter of A;
(%) A is local;
(w) D(A) is the unique ultrafilter of A;
(v) for all a,b € A,
ord(a ® b) < oo implies ord(a) < oo or ord(b) < co.

Proof: (i) if and only if (i) We have that ord(0) = 1, hence 0 ¢D(A).

(i) implies (v) Let a,b € A such that ord(a ® b) < o0, s0o a @ b ¢D(A). Since
D(A) is a filter of A, we get that a ¢D(A) or b ¢D(A). Hence, ord(a) < oo or
ord(b) < oo.

(v) implies (i) Since 1 € D(A), we have that D(A) is nonempty. Let a,b € D(A),
that is ord(a) =ord(b) = co. It follows that ord(a®b) = oo, that is a®b € D(A).
If a <band a € D(A), then a™ > 0 for all n € w. Since a™ < b", we have that
b™ > 0 for all n € w. That is, ord(b) = oo, hence b € D(A). Thus, we have
proved that D(A) is a filter of A.

(iv) implies (iii) It is immediate.

(iii) implies (iv) Let U be the unique ultrafilter of A. Applying Lemma 2.1(3i)
and Lemma 1.7(i), we get that a € U if and only if < a >C U if and only if
< a > is proper if and only if ord(a) = oo if and only if a € D(A). Hence,
U = D(A).

(iv) implies (i) It is obvious.

(i) implies (iv) Since 0 ¢D(A), we have that D(A) is proper. Let F be a proper
filter of A. If a € F, then < a >C F, so < a > is a proper filter of A. Applying
Lemma 1.7(i), it follows that ord(a) = oo, hence a € D(A). Thus, we have got
that any proper filter F' of A is included in D(A). From this fact it follows that
D(A) is the unique ultrafilter of A. O

Corollary 2.3 Let A be a local pseudo-BL algebra. Then

(i) for any a € A, ord(a) < oo or (ord(a™) < oo and ord(a™) < 00);
(ii) D(A)’, € D(A)* and D(A)*. C D(A)*;

(iii) D(A)ND(A)* = D(A)ND(A)* = 0.

Proof: (i) Let a € A. By (9), we have that a™ ®a = a®a~ = 0, so
ord(a™ ® a) =ord(a ® a~) =ord(0) = 1 < oo. Apply now Proposition 2.2(v) to
get (i).

(ii) Let @ € D(A)%, so there is € D(A) such that a < z™. Since ord(z) = oo,
applying (i), we get that ord(z™) < oo. Applying now Lemma 1.7(ii), we get
that ord(a) < co. Hence, a € D(A)*. We obtain similarly that D(A)* C D(A)*.
(iii) Apply (ii) and the fact that D(A) N D(A)* = 0. O

Proposition 2.4 Any pseudo-BL chain is a local pseudo-BL algebra.

Proof: Let A be a pseudo-BL chain. We apply Proposition 2.2(v) to obtain
that A is local. Let a,b € A such that ord(a ® b) < oo. Since A is a chain,
we have that a < b or b < a. Suppose that a < b. Then a ® a < a ® b, so, by
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Lemma 1.7(ii), we get that ord(a ® a) < 0o, hence ord(a) < co. Similarly, from
b < a it follows that that ord(b) < 0. O

A proper normal filter P of a pseudo-BL algebra A is called primary if for all
a,b € A,

((a®b)™)™~ € P for some n € w implies (a™)~ € P or (™)~ € P for some
m € w.
Applying the definition of a normal filter, we get that a proper normal filter P
of A is primary if and only if for all a,b € A,

((a ©® b))~ € P for some n € w implies (a™)~ € P or (™)~ € P for some
m € w.

Remark 2.5 Suppose that A is a BL-algebra and let P be a proper filter of A.
The following are equivalent:
(i) P is primary;
(i) for all a,b € A,
(a®b)~ € P implies (a™)~ € P or (b™)~ € P for some m € w.

Proof: (i) implies (ii) It follows immediately from the definition of a primary
filter.

(ii) implies (i) Let a,b € A such that ((a ® b)®)~ € P for some n € w. Since
© is commutative, we get that ((a © b)™)™ = (a™ ® b™)~ € P. Applying now
(ii), it follows that there is p € w such that (™)~ € P or (b"?)~ € P. Hence,
letting m = np, we have that (a™)~ € P or (b™)~ € P. O
Hence, in the case that A is a BL-algebra, the notion of primary filter defined
here coincides with the notion of primary filter defined in [19].

Proposition 2.6 Let A be a pseudo-BL algebra and P be a proper normal filter
of A. The following are equivalent:

(i) A/P is a local pseudo-BL algebra;

(i) P is a primary filter of A.

Proof: Applying Proposition 2.2(v) and Lemma 1.10(ii), we have that

A /P is local if and only if

for all a,b € A, ord(a/P ® b/P) < oo implies ord(a/P) < oo or ord(b/P) < oo
if and only if for all a,b € A, (a/P ® b/P)" = 0/P for some n € w implies
(a/P)™ =0/P or (b/P)™ = 0/P for some m € w if and only if

for all a,b € A, ((a ®b)")/P = 0/P for some n € w implies a™/P = 0/P or
b™/P = 0/P for some m € w if and only if

foralla,be A, ((a®b)™)™ € P for some n € w implies (a™)~ € P or (b™)~ € P
for some m € w if and only if P is primary. O

Proposition 2.7 Any prime normal filter of a pseudo-BL algebra A is primary.

Proof: Let P be a prime normal filter of A. Applying Proposition 1.9, we get
that A /P is a pseudo-BL chain, hence A /P is local, by Proposition 2.4. Apply
now Proposition 2.6 to get that P is primary. O

12



Proposition 2.8 Let A be a pseudo-BL algebra. A proper normal filter of A
is primary if and only if it is contained in o unique ultrafilter of A.

Proof: Let H be a proper normal filter of A. By Proposition 2.6, H is primary
if and only if A/H is a local algebra if and only if A/H has a unique ultrafilter.
Applying Proposition 1.12(iii), there is a bijection between the set of ultrafilters
of A/H and the set of ultrafilters of A that contain H. Hence, H is primary if
and only if there is a unique ultrafilter of A that contains H. O

Proposition 2.9 Let A be a pseudo-BL algebra. The following are equivalent:
(i) A is local;

(%) any proper normal filter of A is primary;

(@) {1} is a primary filter of A.

Proof: (i) implies (ii) Let H be a proper normal filter of A. Since A is local,
by Lemma 2.1(i) and Proposition 2.2(iv) it follows that D(A) is the unique
ultrafilter of A containing H. Applying Proposition 2.8, we get that H is
primary.

(ii) implies (iii) Apply the fact that {1} is a proper normal filter of A.

(iii) implies (i) Since {1} is a primary filter of A, by Proposition 2.6, we get
that A/{1} is local. But A = A/{1}, hence A is local. O

Proposition 2.10 Any local pseudo-BL algebra is directly indecomposable.

Proof: Let A be alocal pseudo-BL algebra. We shall prove that B(A4) = {0,1}
and then apply Proposition 1.19. Let e € B(A). Applying Corollary 2.3(i), we
get that ord(e) < oo or ord(e™) < oo, that is there is n € w — {0} such that
e” = 0or (e7)" = 0. But e = e and (e™)" = €™, by Proposition 1.14(ii)
and the fact that e™ is the complement of e, so e,e™ € B(A). It follows that
e = 0 or e~ = 0. By Proposition 1.14(ii) and (11), from e~ = 0 we get that
e=(e~)” =0~ =1. That is, e € {0,1}. Hence, B(A) = {0,1}. O

3 Good pseudo-BL algebras

A good pseudo-BL algebra is a pseudo-BL algebra A satisfying the following
identity

* a~ =a ",
Pseudo-MV algebras are particular cases of good pseudo-BL algebras. In [5] it
is proved that any pseudo-product algebra is also a good pseudo-BL algebra.
A strong pseudo-BL algebra is a pseudo-BL algebra A such that

a~ =a~ for all a € A.
Obviously, every strong pseudo-BL algebra is a good pseudo-BL algebra.
In the sequel, if not otherwise specified, A is a good pseudo-BL algebra. Let us
consider the subset

MA)={a€A|a~ =a "~ =a}.
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Lemma 3.1 Let A be a good pseudo-BL algebra. Then

(i) 0,1 € M(A);

(i) a~,a= € M(A) for all a € A;

(i) if a,b € M(A), thena~b=0b~" —-a~ anda—b=>b"~a~;

() if a,b € M(A), then (a~ ©b~)” =(a” @b )" =a ~b=>b" —a.

Proof: (i) Apply (11) and (12).
(ii) Let a € A. Applying (*) for a™ and a~ and (16), we have that (a™)~~ =
(™)™ =a~ and (a7)™~ = (a7)~" =a". It follows that a~,a™ € M(A).
(iii), (iv) See [4, Lemma 2.31]. |
For any a,b € A, let us define

adb™ o~ oa).

Lemma 3.2 Let A be a good pseudo-BL algebra. Then

(i) a®be M(A) for any a,b € A;

(i) if a,b € M(A), thena®db=(b"0a™) " =0 @a )" =b"~a=a~ = b;
(#i) if a,b € M(A), thena®b™ =a™~ — b, a®b™ =b~ a, a”®b=
a—=>banda™>®b=>b" ~a™;

(w) if a,b € M(A), then a™ ®b~ = (b®a)” anda” ®b” =(bGa)".

Proof: (i) Apply Lemma 3.1(ii).

(ii) Apply Lemma 3.1(iv).

(iii) Apply (ii)-

(iv) By (iii), (1) and (2), we have that a™~ &b~ = b~ a~ = b~ (a~ 0) =
boa)~»0=0bea)~anda” @b  =a—>b =a=>(b—>0=0b0a)—>0=
boa)". m|

The following proposition extends a result from [19].

Proposition 3.3 Let A be a good pseudo-BL algebra. The structure
M(A)=(M(A4),®,”,~,0,1)

is a pseudo-MV algebra. The order on A agrees with the one of M(A), defined

by a <ar(a) b if and only if a~ ®b=1.

Proof: By Lemma 3.1 and Lemma 3.2, it follows that the operations ®,™ ,~
are well defined on M(A) and that 0,1 € M(A). Let us denote by ®az(a)
the product on M(A). Hence, for all a,b € M(A) we have that a ©pa) b =
(b~ ®a™)~ = (b~®a™)” € M(A). We shall verify the axioms from the definition
of a pseudo-MV algebra. In the proof we shall use without mention Lemmas
3.1 and 3.2. Let a,b,c € M(A).

(i) We have that (a®@b)®c= (b~ 0a™)" @ (c¥)” = (>0 (b~ 6a™)) =
(b)) oa™) =@) @™ ob”)” =ad (bdc). We also get that
a®0=0"0a") =(16a~) =a~ = a. Similarly, 0 ® a = a. Hence
(M(A),®,0) is a monoid.

(i) By (8), (11) and (12), a®1 = (1~ ®a~)~ = (0®a™)~ = 0~ = 1. We obtain
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similarly that 1®a =1

(iii) Apply (12).

(iv)By (*), (@ @b )"=b0oa) ™ =0b0oa)" =@ &b”)".

(v) We have to prove that a®(a™ ®ar(4)b) = bB(b~Onr(a)ya) = (a©Onr(4)b™)®b =
(b®nm(a)ya”) ®a. Applying (18) and (A4), we get that

a® (@~ Omuub) =a® (b @a)”=(@" )" (b da)”=(b"da)Oa™)” =
(b=a)ea)”=(a~b)ea )"=(@ Ab")"=a~Vb ~=aVband
boOomMua )®a=(@@bd>)" @a=(a®b™)" @ (™) =(a~O(adbd™))” =
(@~ (b~a) =@ @@ =b7) =@ Ab~”)" =a~" VI =aVb.
We get similarly that b @ (b™ Opra) a) = (@ Opay b ) ©b=>bVa=aVb.
(vi) a Onra) (@™ @) = aOpay (@ = b) = ((a—=b) " @®a”)” =(a® (a—>
D)™ =(@nb)™=0bAa)™" =((b~a)0b) " =0 & (b~a)7))” = (b~
a) Opm(A) b=(a®b™) Om(A) b.

(vii) It follows from the definition of M (A).

Hence, M(A) is a pseudo-MYV algebra. By Lemma 3.2(iii), we have that for all
a,b € M(A), a <pra) bif and only if b® @™ = 1 if and only if a ~ b = 1 if and
only if a < b. O

As a consequence of this proposition we obtain Corollary 2.34 from [4]:

Corollary 3.4 A pseudo-BL algebra A is a pseudo-MYV algebra if and only if
a~~ =a "~ =a for alla € A.

Remark 3.5 Let A be a good pseudo-BL algebra. For any a,b € M(A),
aOuab=0"0a™) " =0b"®a )" =(a®b)~" =(a®b)™".

Proof: Apply the definitions of @ and © a4 O

Since, a,b € M(A) does not imply a © b € M(A), it follows that, generally,
(a ®b)™™ # a ®b. Hence, the product on the pseudo-MV algebra M(A) does
not coincide with the product on the pseudo-BL algebra A. In the case of
BL-algebras, the product is the same (see [19]).

Proposition 3.6 Let A be a good pseudo-BL algebra. Then
A is a strong pseudo-BL algebra if and only if M(A) is a strong pseudo-MV
algebra.

Proof: If a~ =a~ for all a € A, then a™ = a~ for all a € M(A). Conversely,
suppose that a™~ = a~ for all a € M(A). Let a € A. By (16) and (*), a™~ =
a~~~ =(a~")~ = (a”~)". But, by Lemma 3.1(ii), we have that a=~ € M (A4),
so (a™™)~ =(a""™)" =a , by (16). Thus, for all a € A, we have that a~ =a .
O

Let A be a good pseudo-BL algebra. Since, by Lemma 3.1(ii), a—,a™ € M(A)
for any a € A, we can define the maps

p1: A= M(A) by ¢1(a) = a” for any a € A, and

w2 : A— M(A) by p2(a) =a~ for any a € A.

15



Lemma 3.7 Let A be a good pseudo-BL algebra. The following properties hold
for all a,b e A:

(i) ¢1,2 are onto;

(it) p1(aV b) = p1(a) Ap1(b) and p2(aV b) = p2(a) A p2(b);
(i13) p1(a Ab) = pi(a) V ¢1(b) and p2(a Ab) = ¢p2(a) V ¢2(b);
(iv) ¢1(a) < 1(b) if and only if pa(a) < a(b);

(v) a < b implies p1(a) > p1(b) and pa(a) > pa(b);

(vi) p1(a) = 1 if and only if pa(a) =1 if and only if a =0
(vii) 1(1) = pa(1) =0;

(viii) v1(a) =0 if and only if 2(a) = 0;

(iz) p1(a ®b) = ¢1(b) ® p1(a) and p2(a ©b) = p2(b) ® p2(a);
(z) for any n € w, ¢1(a™) = np;(a) and p2(a™) = nps(a).

Proof: (i) Let a € M(A). Thena=a""~ = yi(a”) and a = a™~ = pa2(a”™).
(ii) Apply (18).

(iii) Apply (19).

(iv) Suppose that ¢;(a) < ¢1(b), that is a™ < b~. Applying (13) and (16), it
follows that b~ = b~ <a™ =a ~,s0a =a ~ <b ™~ =0b". Hence,
2(a) < @a(b). We prove similarly that p2(a) < 2 (b) implies ¢1(a) < ¢1(b).
(v) Apply (13).

(vi) Apply (11).

(vii) Apply (12).

(viii) Suppose that a™~ =0,s0a™ "~ =a~ =1, hence, a™ =a "~ =0. We get
similarly that a— = 0 implies a™ = 0.

(ix) Apply Lemma 3.2(iv).

(x) By induction on n. For n = 0, we have that a® = 1, so ¢;(1) = 0 and
0¢1(a) = 0. Suppose that ¢;(a™) = np; (a). By (ix), it follows that ¢, (a™t1) =
p1(a™ ®a) = p1(a) ® p1(a™) = p1(a) ® npi(a) = (n + 1)p1(a). Similarly for
P2- |

Lemma 3.8 Let A be a nontrivial good pseudo-BL algebra. Then

(i) Ay = Ay "= Ay;

(i) if a € AO, then ord(a) =

(iii) for any a € A, ord(a) = rd(p1(a)) =MV-ord(p2(a));

() for any a € A, ord(a ”) or ( ~);

(U)Dso(i‘l()D(A)) = ¢2(D(A)) = D(M(A)) and 7' (D(M(A))) = 3 (D(M(A)))

Proof: (i) Apply Lemma 3.7(viii).

(ii) Suppose that there is n € w such that a™ = 0. Then, applying Lemma 3.7
(vi) and (x), we get that ¢1(a™) = ¢1(0) = 1 and ;(a™) = ny1(a) = na™ =
n0 = 0. We have got that 0 = 1, that is a contradiction. Hence, a™ # 0 for all
n € w, so ord(a) = co.

(iii) Let a € A and n € w. By Lemma 3.7(vi), we have that a” = 0 if and
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only if ¢1(a™) = 1 if and only if ny1(a) = 1. Hence, ord(a) =MV-ord(y1(a)).
Similarly for ¢s.

(iv) Let a € A. Applying (i) and (*), we get that ord(a™) =MV-ord(p2(a™)) =
MV-ord(a™~~) =MV-ord(a="~) =MV-ord(¢1(a™)) = ord(a™).

(v) Apply (iii) and the fact that o1, p2 are onto. o

Lemma 3.9 Let A be a good pseudo-BL algebra. Suppose that I is an ideal of
M(A) and F is a filter of A. Then

(i) 1" (1), 5 ' (I) are filters of A;

() p1(F), p2(F) are ideals of M(A);

(iii) F C o7 (o1 (F)) and F C @, ' (pa(F));

(iv) I = oo (1)) and T = pa(g ()5

(v) I is proper if and only if ;' (I) is proper if and only if 3 ' (I) is proper;
(vi) F' is proper if and only if o1(F) is proper if and only if p2(F) is proper;
(vii) if F is an ultrafilter of A, then F = ;" (p1(F)) and F = @5 ' (p2(F));
(viii) if T is a mazimal ideal of M(A), then ;' (I), 05 (I) are ultrafilters of
A;

(iz) if F is an ultrafilter of A, then 1 (F), p2(F) are mazimal ideals of M(A).

Proof: (i) Let us prove that ¢, *(I) is a filter of A. Since ¢;(1) = 0 € I, we
have that 1 € @7 (I). Let a1,as € o7 ' (I). Tt follows that ¢;(a1),¢1(as) € I,
50 ¢1(a1 ©® a2) = y1(a2) ® v1(a1) € I. Hence, a1 ® as € 901_1(1). Let a; €
o1 '(I),as € A such that a; < as. By Lemma 3.7(v), we get that ¢;(as) <
@i1(a1) € I, so p1(az) € I, that is as € ¢; '(I). Thus, we have proved that
@y (1) is a filter of A. We get similarly that o, ' (I) is a filter of A.

(if) Let us prove that o1 (F) is an ideal of M(A). We have that 0 = (1
w1 (F). Let by, by € ¢1(F). That is, there are a;,a; € F such that b; = ¢ (
and by, = (,01(@2). We have that a, ®a; € F and by ® by = cpl(a2 @al) S (,01(F .
Let by, by € M(A) such that b; < by and by € 1 (F). It folows that by = 1 (as)
with a; € F and, since ¢, is onto, there is a € A such that ¢1(a) = b;. Let
a1 = aVaz. Thenas < a; and az € F,s0a; € F and p;(a1) = p1(a)Api(az) =
by A ba = b1, by Lemma 3.7(iii). Hence, by € ¢1(F). We obtain in the same
manner that ¢2(F) is an ideal of M(A).

(iil) It is obvious.

(iv) It follows from the fact that 1 and o are onto.

(v) I is not proper if and only if 1 € I if and only if ¢;(0) € I if and only if
0 € ;' (I) if and only if ;" (I) is not proper.

(vi) If 0 € F, then 1 = ¢1(0) € 1 (F). Suppose that 1 € @1 (F'). Then, there is
a € F such that ¢;(a) = 1. Applying Lemma 3.7(vi), we get that a = 0, hence
0eF.

(vii) Suppose that F' is an ultrafilter of A. Then, by (v) and (vi), ¢; ! (1 (F))
is a proper filter of A and, by (iii), F C @7 " (¢1(F)). Since F is ultrafilter, we
get that F' = o7 (o1 (F)).

(viii) Suppose that ;' (I) C F, where F is a proper filter of A. It follows that
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I = p1(p;(I)) C o1 (F). Since o1 (F) is proper, we get that I = ¢, (F), so
o' (D) = 91 (1 (F) 2 F. Hence, o (I) = F.

(ix) Suppose that o1 ( ) C I, where I is a proper ideal of M(A). It follows that
F =7 (p(F )) o ( ) Since ;' (I) is proper, we get that F' = @7 ' (I), so
e1(F) = pi(py ' (D) = O

The next result is a consequence of the above proposition.

Proposition 3.10 The maps p1, 2 are bijections between the set of ultrafilters
of A and the set of mazimal ideals of M(A).

Corollary 3.11 Let A be a good pseudo-BL algebra. Then
A is local if and only if M(A) is local.

We remark that if A is a BL-algebra, then ¢; = @2 and the results obtained
above extend some results from [19, 8].

Proposition 3.12 Let A be a good pseudo-BL algebra. Suppose that I is an
ideal of M(A) and F is a filter of A. Then

(i) if F is normal in A, then p1(F) = pa2(F) et o(F);

(i) if F is normal in A, then o(F') is normal in M(A);

(iii) if T is normal in M(A), then o7 (I) = o3 (I).

Proof: (i) Let b € 1 (F), that is b = ¢y (a) with a € F. By (14), we have that
a<a~,s0a™> € F, hence a™ € F, since F is a normal filter of A. Since
be M(A), we also get that b = b~ = a™ = p3(a”™), hence b € po(F). Thus,
1 (F) C @a(F). The other inclusion is proved similarly.

(ii) Let b,c € M(A). By Lemma 3.2(iii), we have that b~ ©prayc = (¢~ ®b)™

(c = b)~ and cOppa) b~ = (bD ™)™ = (¢~ b)~. Supose that b~ Opa) ¢ €
p(F"), so there is a € F' such that (¢ = b)~ =a™~. Butc—>b=c" ®be M(A),
hence ¢ = b= (¢ = b))~ = a™~" > a, by (14). Since a € F and F' is a filter,
we get that ¢ — b € F. But F' is normal, hence ¢ ~ b € F. We obtain that
cOpMuy b = (c~ b))~ € ¢(F). We get similarly that ¢ ©ara) b~ € p(F)
implies b™ ©pr(a) ¢ € o(F).

(iil) Let a € ;' (I), so a™ € I. Since I is normal, from a™ € I and Lemma 1.23
we get that a™~= € I. But, by (*) and (16), a™= = a ™~ =a = p2(a). We
have got that @2 (a) € I, that is a € 5 *(I). We prove similarly that a € 5" (I)
implies a € o7 (I). O

4 Some classes of local pseudo-BL algebras

Perfect pseudo-BL algebras

A pseudo-BL algebra A is called perfect if
(i) A is a local good pseudo-BL algebra, and
(ii) for any a € A,

18



ord(a) < oo if and only if ord(a™) = cc.

Proposition 4.1 Let A be a good pseudo-BL algebra. Then
A is perfect if and only if M(A) is perfect.

Proof: We have that A is local if and only if M(A) is local, by Corollary 3.11.
In the sequel, we shall apply repeatedly Proposition 3.8(iii). Suppose that A is
perfect and let a € M(A), so a = a™~~. We get that MV-ord(a) < oo if and only
if MV-ord(a™~~) < oo if and only if ord(a™) < oo if and only if ord(a) = oo if and
only if MV-ord(a™) = oo. Hence, M(A) is perfect. Conversely, suppose that
M(A) is perfect and let a € A. Then, by Lemma 3.1(i), a™~ € M(A). It follows
that ord(a) < oo if and only if MV-ord(a™) < oo if and only if MV-ord(a”™) = oo
if and only if ord(a™) = co. Hence, A is perfect. O

Proposition 4.2 Let A be a local good pseudo-BL algebra. The following are
equivalent:

(i) A is perfect;

(i) for any a € A, ord(a) < oo implies ord(a™) = oo;

(ii ) for any a € A, ord(a) < co implies ord(a~) = oo;

(iti) D(A)X, = D(A)*;

(iii ) D(A)* = D(A)*.

Proof: (i) if and only if (ii) Let a € A. Since A is local, by Corollary 2.3,
we have that ord(a) = oo implies ord(a™) < oo, hence ord(a™) = oo implies
ord(a) < oo. It follows that A is perfect if and only if (ord(a) < oo implies
ord(a™) = 00).

(ii) if and only if (ii') Apply Lemma 3.8(iv).

(i ) implies (iii) Since A is local, D(A)* C D(A)*, by Corollary 2.3(ii). Let us
prove the converse inclusion. Let a € A such that ord(a) < co. From (ii') we get
that ord(a~) = 00, so a~ € D(A) and, by (14), a < a ™. Hence, a € D(A)%.
(iii) implies (ii') Suppose that D(A)* = D(A)* and let a € A with ord(a) < oo,
that is a € D(A)*. Tt follows that there is € D(A) such that a < z™, so
z~~ < a~, by (13). Since z < z~~ and ord(z) = oo, applying Lemma 1.7(iii),
we get that ord(z™~~) = co. Applying again Lemma 1.7(iii), from z~~ < a™ it
follows that ord(a™) = oo.

(ii) if and only if (iii' ) It is similar to (i ) if and only (iii). O

A primary filter P of a pseudo-BL algebra A is called perfect if for all a € A,
(a™)~ € P for some n € w implies ((a™)™)~ ¢P for all m € w.

Lemma 4.3 Let A be a pseudo-BL algebra and P be a perfect filter of A. Then
for alla € A,
(@™)™ € P for some n € w if and only if ((a™)™)~ ¢P for allm € w.

Proof: Let a € Asuch that ((a™)™)™~ ¢P for all m € w. We have to prove that
(a™)~ € P for somen € w. By (9), a™~®a = 0, hence ((a~®a)")”=0~=1€ P
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for all n € w. Apply now the fact that P is primary and the hypothesis to get
that (a™)~ € P for some n € w. m|

Proposition 4.4 Let A be a good pseudo-BL algebra and P be a proper normal
filter of A. The following are equivalent:
(i) A/P is a perfect pseudo-BL algebra;
() P is a perfect filter of A;
(#i) P is primary and for all a € A,
(@™)~ € P for some n € w implies ((a=)™)~ ¢P for all m € w.

Proof: Since good pseudo-BL algebras form a variety, it follows that A/P
is a good pseudo-BL algebra. By Proposition 2.6, we have that A/P is local
if and only if P is primary. Let a € A. Applying Lemma 1.10, we get that
ord(a/P) < oo if and only if (a/P)™ = 0/P for some n € w if and only if
(a™)~ € P for some n € w if and only if (a™)~ € P for some n € w, that
ord((a/P)~) = oo if and only if ((a/P)~)™ # 0/P for all m € w if and only
if ((a™)™)~ ¢P for all m € w and that ord((a/P)”) = oo if and only if
((a/P)~)™ # 0/P for all m € w if and only if ((a~)™)~ &P for all m € w.
Apply now Proposition 4.2(ii) and (iii) to get that (i) if and only if (ii) and (i)
if and only if (iii). m|

Proposition 4.5 Let A be a BL-algebra and P be a proper filter of A. The
following are equivalent:
(i) P is a perfect filter of A;
(@) for all a € A,
(@™)~ € P for some n € w if and only if ((a=)™)~ ¢P for allm € w.

Proof: (i) implies (ii) Apply Lemma 4.3.

(ii) implies (i) We shall prove that A/P is local and apply Proposition 2.6 to
get that P is a primary filter. Let a € A and suppose that ord(a™ /P) = oc.
As in the proof of Proposition 4.4, we get that ((a7)™)~ €P for all m € w.
Applying (i), it follows that (a™)~ € P for some n € w, that is, ord(a/P) < co.
Thus, we have proved that for all @ € A, ord(a/P) < oo or ord(a™/P) < oo.
Apply now [19, Proposition 1] to obtain that A /P is local. O

Hence, in the case that A is a BL-algebra, the notion of perfect filter defined
above coincides with the notion of perfect filter defined in [19].

Proposition 4.6 Let A be a good pseudo-BL algebra. The following are equiv-
alent:

(i) A is perfect;

(%) any proper normal filter of A is perfect;

(#ii) {1} is a perfect filter of A.

Proof: (i) implies (ii) Let F be a proper normal filter of A. Since A is local,
by Proposition 2.9 it follows that F is primary. Let a € A such that (a™)~ € F
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for some n € w. Suppose that ((a™~)¥)~ € F for some k € w. We get that
< (a™)™~ >,< ((a™)*)~ >C F and, since F is proper, it follows that < (a™)™~ >
and < ((@™)*¥)~ > are also proper filters of A. Applying Lemma 1.7(i), we
get that ord((a™)™) = ord(((a™)*)™~) = co. Since A is perfect, we obtain that
ord(a™) < oo and ord((a™)*) < oo, hence, ord(a) < oo and ord(a™) < o0, a
contradiction with the fact that A is perfect. Thus, (a™)™~ € F for some n € w
implies ((a™)™)~ ¢F for all m € w.

(ii) implies (iii) It is obvious, since {1} is a proper normal filter of A.

(iii) implies (i) Since {1} is a perfect filter of A, applying Proposition 4.4, we
get that A/{1} is perfect. But A = A/{1}, hence A is perfect. O

Locally finite pseudo-BL algebras

According to [5], a pseudo-BL algebra A is locally finite if for any a € A,
a # 1 implies ord(a) < oo.

Proposition 4.7 Let A be a pseudo-BL algebra. The following are equivalent:
(i) A is locally finite;
(i1) {1} is the unique proper filter of A.

Proof: Applying Lemma 1.7(i), it follows that A is locally finite if and only if
for every a € A, if a # 1 then < a >= A if and only if {1} is the unique proper
filter of A. m|

Proposition 4.8 Every locally finite pseudo-BL algebra A is a local pseudo-BL
algebra.

Proof: We have that D(A) = {1}, hence D(A) is a filter of A. Apply Propo-
sition 2.2 to get that A is local. |

In [5] it is proved that locally finite pseudo-BL algebras are locally finite MV-
algebras. We shall give a simpler proof of this fact.

Proposition 4.9 Let A be a locally finite pseudo-BL algebra. Then for all
a € A,

a~T =a " =a.
Hence, A = M(A).

~

Proof: If a = 0, then it follows immediately that 0~~ = 07~ = 0. Suppose
that a # 0. Let us prove that a=~ = a. By (14), we have that a < a~ ™. Suppose
that a=~ <a, hence a=~ — a # 1. Since A is locally finite, it follows that
ord(a™™ = a) < 00, hence (a™~ — a)™ = 0 for some n € w—{0}. By (16), (2),
(A4) and (14), we get that (™™~ = a) 2 a” =(a™~ = a) 2 a "~ =(a™~ =
a) > (@~ =20 =a""0(@"~>a)>0=(@Aa”)20=a—->0=a".
Applying repeatedly this procedure, it follows that (a=~ — a)” - a~ =a
hence a= =0 —a~ =1, so, by (11), a = 0. We have got a contradiction, since
a # 0. Hence, a=™ = a. We prove similarly that o™~ = a. O
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Corollary 4.10 ([5]) Every locally finite pseudo-BL algebra A is a locally finite
MV-algebra.

Proof: Applying Proposition 4.9 and Proposition 1.24, we get that A is a
pseudo-MV algebra. Let a € A, a # 0, so a™ # 1, by (11). By Proposition
3.8(i), we obtain that MV-ord(a) =MV-ord(a™~~) = ord(a™) < oo. Thus, we
have proved that A is a locally finite pseudo-MV algebra. Apply now [15,
Proposition 39] to get that A is a locally-finite MV-algebra. O

Peculiar pseudo-BL algebras

A pseudo-BL algebra A is called peculiar if

(i) A is a local good pseudo-BL algebra;

(ii) there is a € A — {1} such that ord(a) = oo;

(iii) there is a € A such that ord(a) < oo and ord(a™) < oo.

Let us denote by PF the class of perfect pseudo-BL algebras, by LF the class
of locally finite pseudo-BL algebras and by PC the class of peculiar pseudo-BL
algebras. The following proposition is similar to [2, Theorem 5.1].

Proposition 4.11 Let A be a local good pseudo-BL algebra dif and only iferent
from Ly = {0,1}. Then ezactly one of the following holds:

(i) A e PF;

(ii) A € LF;

(iii) A € PC.

Proof: By the definitions, if A §PF U LF, then A € PC. Hence, one of
(i), (ii) or (iii) holds. It is easy to see that PC N LF = PCNPF = B. Let us
prove that PF N LF = {Ls}. Obviously, Ly is perfect and locally finite. Now,
let A # L2 be a locally finite pseudo-BL algebra. Since A # {0,1}, there is
a € A such that a # 0 and a # 1. From a # 0 and (11) we get that a™~ # 1.
Applying now the fact that A is locally finite, it follows that ord(a) < oo and
ord(a™) < co. Hence, A is not perfect. That is, exactly one of (i), (ii), (iii)

holds. m|
Proposition 4.12 Let A be a local good pseudo-BL algebra such that A #
M(A). Then

A is a peculiar pseudo-BL algebra if and only if M(A) # Ly is a singular
pseudo-MV algebra.

Proof: Suppose that A is peculiar. Then A is not perfect, hence, by Propo-
sition 4.1, M(A) is not a perfect pseudo-MV algebra. Since L, is a perfect
pseudo-MV algebra, it follows that M(A) # L,. Appplying Proposition 1.25,
we also get that M(A) is singular. Conversely, suppose that M(A) # Ly and
that M(A) is a singular pseudo-MV algebra. Since A # M (A), by Proposition
4.9 we get that A is not locally finite. We also have that M(A) is not perfect,
hence A is not perfect. Applying Proposition 4.11, we get that A is peculiar.
O
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5 Bipartite pseudo-BL algebras

In this section, we shall define (strongly) bipartite pseudo-BL algebra and we
shall prove some properties of them, following [18, 8].
A pseudo-BL algebra A is called bipartite if U UUX = U UU* = A for some
ultrafilter U of A. A is called strongly bipartite if UUUX = U U U* = A for
any ultrafilter U of A. Obviously, any strongly bipartite pseudo-BL algebra is
bipartite.
A filter F' of A is called Boolean if for all a € A,

aVa~ € FandaVa™ €F.
It is obvious that if ' C G are two filters of A and F' is Boolean, then G is also
Boolean.

Proposition 5.1 Let A be a pseudo-BL algebra and F be a filter of A. The
following are equivalent:
(i) F is a Boolean ultrafilter of A;
(i) F is a Boolean prime filter of A;
(#i) F' is proper and for all a € A,
a€F or (@ €F anda” € F).

Proof: (i) implies (ii) It is obvious, since, by Proposition 1.3, any ultrafilter
of A is a prime filter of A.

(ii) implies (iii) Let a € A. Since F' is Boolean, we have that a V @™ € F and
aVa~ € F. Apply now the fact that F' is prime to get (iii).

(iii) implies (ii) Let G be a proper filter of A such that F C G and suppose
that F' # G. Then there is a € G such that o ¢F. By (iii), it follows that
a~,a” € F CG,soby (8),0=a~®a € G, hence G is not proper, that is a
contradiction. Hence, G = F'. Thus, F' is an ultrafilter of A. Let us prove now
that F' is Boolean. Let a € A. If a € F, sincea <aVa™~ anda<aVa~, we
get that aVa™,aVa~ € F. If a ¢F, then a™~,a~ € F and from a™ <aVa™,
a” <aVa wealsogetthataVa~,ava €F. m|

Lemma 5.2 Let A be a pseudo-BL algebra and U be an ultrafilter of A. The
folowing are equivalent:

() UUUE=UUU* = A;

(i1) U is Boolean.

Proof: Applying Proposition 5.1(iii) and Remark 1.13(ii) and (ii ), we get
that U is Boolean if and only if for all a € A, a € U or (¢~ € U and a= € U)
if and only if for all a € A, a € U or (a € U* and a € U*) if and only if
UuUr=U0uUU* = A. O

Proposition 5.3 Let A be a pseudo-BL algebra A. The following are equiva-
lent:

(i) A is bipartite;

(%) A has a Boolean proper filter.
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Proof: (i) implies (ii) Apply the above lemma.

(ii) implies (i) Suppose that A has a Boolean proper filter F. By Proposition
1.4, we can extend F' to an ultrafilter U and U is also Boolean. Applying again
Lemma 5.2, we get that A is bipartite. o

Let A be a pseudo-BL algebra. Following [18], we define
B(A) =n{F | F is a Boolean filter of A}, and
sup(A) ={aVa~|a€ A}U{aVa |ac A}

The following remark is obvious.

Remark 5.4 Let A be a pseudo-BL algebra. Then

(i) B(A) is the smallest Boolean filter of A;

(i1) if sup(A) is a filter of A, then it is a Boolean filter;
(111) sup(A) C B(A).

Proposition 5.5 Let A be a pseudo-BL algebra. Then
(1) B(A) =< sup(A) >;
(ii) sup(A) ={a € A|la>a™~ ora>a}.

Proof: (i) By the above remark, we have that sup(4) C B(A) and B(A) is
a filter of A. Hence, <sup(A4) >C B(A). Obviously, <sup(A) > is a Boolean
filter of A, so B(A) C<sup(A) >.

(ii) Let a €sup(A). If a = x V z™ for some z € A then, by (18),a =z V 2™~ >
™~ >z~ Ax™ = (xVz™)~ = a™~. We prove similarly that if a = xVz~ for some
z € A, then a > a—. Conversely, if a € A such that a > a™, then a = a V a”,
hence a €sup(A). Similarly, if @ > a~, then a = aV a™, that is a €sup(4). O

Proposition 5.6 Let A be a pseudo-BL algebra A. The following are equiva-
lent:

(1) A is strongly bipartite;

(1) any ultrafilter of A is Boolean;

(iii) B(A) C M(A), where we remind that M(A) denotes the intersection of all
ultrafilters of A.

Proof: (i) if and only if (ii) Appply Lemma 5.2.

(ii) implies (iii) If U is an ultrafilter of A then, by (ii), U is Boolean. Applying
Remark 5.4(i), we get that B(4) CU.

(iii) implies (ii) Let U be an ultrafilter of A. Then B(A) C U and B(A) is a
Boolean filter of A. It follows that U is also Boolean. |
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