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Abstract

The representation of algebras by Boolean products is a very gen-
eral problem in universal algebra. In this paper we shall characterize the
Boolean products of BL-chains, the weak Boolean products of local BL-
algebras and the weak Boolean products of perfect BL-algebras.

Introduction

BL-algebras constitute the algebraic structures for Hajek’s Basic Logic [17].
MV-algebras, Godel algebras and product algebras are particular cases of BL-
algebras. Apart from their logical interest, BL-algebras have important alge-
braic properties [20, 21, 22, 12].

This paper is a contribution to the representation theory of BL-algebras by
Boolean products. In universal algebra there exist some very general represen-
tation theorems of algebras by (weak) Boolean products [4]. If K is a class of
universal algebras and H C K, then a standard problem is to represent the
algebras of K as (weak) Boolean products of members of .

In this paper we shall characterize the Boolean products of BL-chains, the
weak Boolean products of local BL-algebras and the weak Boolean products of
perfect BL-algebras. Our results extend some theorems related to the represen-
tation of MV-algebras by (weak) Boolean products [13, 8, 18, 19].



1 Definitions and first properties

A BL-algebra [17] is an algebra (4,A,V,®, —,0,1) with four binary operations
A,V,®,— and two constants 0,1 such that:
(i) (A4,A,V,0,1) is a bounded lattice;
(i) (4,,1) is a commutative monoid,;
(iii) ® and — form an adjoint pair, i.e.
c<a—biffa®c<bforall a,b,c € A
(iv) aAb=a® (a = b);
M) (@a—=bVvb—a)=1
A BL-algebra A is nontrivial iff 0 # 1.
For any BL-algebra A, the reduct L(A) = (A, A, V,0,1) is a bounded distributive
lattice.
A BL-chain is a linear BL-algebra, i.e. a BL-algebra such that its lattice order
is total.
For any a € A, we define a~ = a — 0. We shall denote (a~)~ by a~.
We denote the set of natural numbers by w. We define a® = 1 and a” = a" 1 ®a
for n € w — {0}. The order of a € A, in symbols ord(a), is the smallest n € w
such that a™ = 0. If no such n exists, then ord(a) = oco.
The following properties hold in any BL-algebra A and will be used in the sequel:

(1.1) a®b<a

(1.2) a < bimpliesa®c<bO¢
(1.3) a®b<aAbd

(14) a0b=0iff a < b~

(1.5) avb=1impliesa®b=aAb
(1.6) a®a™ =0

17N a—=>b=c)=(ad®b) —c
(1.8) a®(bVe)=(a®b) V({adc)
(1.9) a®(bAc)=(a®b) A(a®c)
(1.10) (aAb)" =a" Vb and (aVb)~ =a~ Ab™
(1.11) a < a=

(

(

)
)
1.12) avb= ((a—=b) = b) A ((b = a) = a)
) aVb=1implies a™ V b™ = 1 for any n € w.
We remind that a MV-algebra is an algebra (4,®,—,0) with one binary
operation @, one unary operation - and one constant 0 such that:
(i) (4, ®,0) is a commutative monoid;
(i) a= = a;
(i) a0~ =0";
(iv) (a= @b ®b=(b"®a) da.
If A is a MV-algebra, then the binary operations ®, A, V and the constant 1
are defined by the following relations:
a®b=(a"®b7) ,aANb=(a®b )ObaVb=(a®b )®band1=0".
It is well-known that (A4,A,V,0,1) is a bounded distributive lattice. We also
define 0a = 0 and na = (n —1)a @ a for n € w — {0}. For a detailed exposition



of MV-algebras see [7].

MV-algebras and BL-algebras are closely related. Indeed, a BL-algebra A is
a MV-algebra iff a= = a for all @ € A. If A is a BL-algebra consider, following
[22], the subset

MV(A)={acA|a==a}={a" |a€ A}
If one defines a~ ®b~ = (a®b) ™, then (MV (A),®, —,0) becomes a MV-algebra
(see [22]). The next lemma is obvious.

Lemma 1.1 ([22])

Let A be a BL-algebra. Consider the function ¢ : A - MV (A), defined by
p(a) = a= for any a € A. Then, for any a,b € A and n € w, the following are
true:

(i) pla®b) = p(a) &
(i) p(a Ad) = p(a) v
(iii) p(a V b) = ¢(a) A
(iv) p(a™) = nep(a);
(v) #(0) =1 and ¢(1) =

@(b);
o(b);
);

);
);
p(b

Let A be a BL-algebra. A filter of A is a nonempty set F' C A such that for
alla,be A,
(i) a,b € F implies a ©® b € F;
(ii) a € F and a < b implies b € F.
A filter F of A is proper iff F # A.
By (1.3) it is obvious that any filter of A is also a filter of the lattice L(A). A
proper filter P of A is called prime provided that it is prime as a filter of L(A):
aVbe Pimpliesa€ Porbe P.
A proper filter U of A is called ultrafilter (or mazimal filter) if it is not contained
in any other proper filter.
We remind some properties of filters that will be used in the sequel.

Proposition 1.2 ([20], Proposition 8)
If A is a nontrivial BL-algebra, then any proper filter of A can be extended to
an ultrafilter.

Proposition 1.3 ([17], Lemma 2.3.15)
Let a € A,a # 1. Then there is a prime filter P of A such that a ¢P.

Proposition 1.4 If A is a nontrivial BL-algebra, then any proper filter F' of A
is the intersection of all prime filters containing F'.

Proposition 1.5 ([20], Proposition 6)

Let P be a prime filter of a nontrivial BL-algebra A. Then the set
F ={F|P CF and F is a proper filter of A}

is linearly ordered with respect to set-theoretical inclusion.



Proposition 1.6 If A is a nontrivial BL-algebra, then any prime filter of A is
contained in a unique ultrafilter.

Proof: Apply Propositons 1.2 and 1.5. O
With any filter F' of A we can associate a congruence relation ~g on A by
defining

a~pbifasbeFandb—sa€eFiff a—=b)®(b—a)€eF.
For any a € A, let a/F be the equivalence class a/ ~r. If we denote by A/F the
quotient set A/, then A/F becomes a BL-algebra with the natural operations
induced from those of A. If a,b € A, then a/F < b/F iff a —» b € F. Hijek
proved [17] that A/F is a BL-chain iff F' is a prime filter of A.

If h: A — B be a homomorphism of BL-algebras, then the kernel of h is the
set Ker(h) = {a € A| h(a) =1}. It is easy to see that

Lemma 1.7 Let h: A — B a homomorphism of BL-agebras.

(i) if G is a (prime) filter of B, then h~1(G) is a (prime) filter of A. Thus, in
particular, Ker(h) is a filter of A;

(ii) if h is onto then, for any (prime) filter F' of A, h(F)) is a (prime) filter of B.

Let X C A. The filter of A generated by X will be denoted by < X > .
We have that < ) >= {1} and < X >={a € A | 21 ®--- ®z, < a for some
n € w— {0} and some z1,---,z, € X} if 0 # X C A Foranya€ A, <a >
denotes the principal filter of A generated by {a}. Then, < a >={be A|a™ <b
for some n € w — {0}}.

We shall also denote by [X) the filter of the lattice L(A) generated by X and
by [a) the principal filter of the lattice L(A) generated by {a}. The following
lemma is obvious:

Lemma 1.8 Let ) # X C A and a € A. Then

(i) [X) C< X >;

(ii) [a) =< a > iff a ® a = a;

(iii) If X is ®-closed, then [X) =< X >= {a € A | there exists z € X such that
z < al;

(iv) Ifz@z = z for any z € X and X is A-closed, then [X) =< X >={a € A |
there exists € X such that z < a}.

For any BL-algebra A, B(A) denotes the Boolean algebra of all comple-
mented elements in L(A). Hence, B(A) = B(L(A)).

Proposition 1.9 Let e € A. The following are equivalent:
(i) e € B(A);

(ii) e0e=cand e = €=;

(ivyece=eande —e=ce.

(ivieve =1.



Proof: (i)=-(ii) Suppose that e € B(A). Then eVa =1 and e Aa = 0, for

some a € A. From (1.5) and (1.4) we obtain a < e~. Moreover,e” =1@ e~ =

(eVa)©e (L8) (e@e )V(ao®e) WO ooe < a. Hence e~ < a. Thus,

a = e is the complement of e. It follows that e~ € B(A) and, similarly, e~
is the complement of e~. But the complement of e~ is also e. Since L(A) is
distributive, we get e = e~.

(ii)=(iii) We have that e > e~ = e = (e = 0) LD (e0e)>0=e—-0=c¢".

Hence,eANe” =e®(e—>e)=e®e” (L9,

SinceeAe” =e " ANe=e @ (e” = e)=0,by (1.4), wegete” > e<e~ =e.
Bute®e <e,soe<e” —e. Wehavegote™ - e=e.

(iii)=(iv) Applying (1.12),evVe” =1iff (e v e7) e~ =1 and (e =€) —
e = 1. By (iii), e — e = e, hence (e — e¢) - e = 1. We also have that
e—se =e—(e—>0) (L) (e@e)=20=e—0=e¢".850,(e—>e)—oe =1
(iv)=-(i) From eV e~ = 1 it follows by (1.5) and (1.6) that eAe™ =e®e™ = 0.
Hence, e~ is the complement of e. That is, e € B(A4). O

Corollary 1.10 Let A be a BL-algebra. Then B(A)=B(MV(A)).

Proof: We have that B(A) = MV(A)N{a € A|a®a=a} = B(MV(A)),
following [7], Theorem 1.5.3. O
Lemma 1.11 Suppose that a € A and e € B(A). Then e ®a = e A a.

(1.9)

Proof: eAa=eG®(e 2> a)=e®e@(e > a) =e@(eAa) = (e®e)A(e@a) =

eN(e®@a) (1:'1)e®a. |

A BL-algebra A is called directly indecomposable iff A is nontrivial and when-
ever A 2 A; x A, then either A; or A, is trivial. In a similar manner with [7],
Chapter 6.4 we can prove that

Proposition 1.12 A BL-algebra A is directly indecomposable iff B(A) = {0, 1}.
It follows immediately that
Proposition 1.13 Any BL-chain is directly indecomposable.

If F is a filter of (a Boolean subalgebra of ) B(A) and ~<p~ is the con-
gruence on A associated with the filter < F' > of A, then we denote by ar the
equivalence class of a € A and by Ap the quotient BL-algebra A/ < F >. It
follows that for all a,b € A, a ~r b iff (a = b) ® (b = a) €< F > iff there is
e € F such that e < (a = b) ® (b — a) iff there is e € F such that e < a — b
and e <b—a,since e € B(A),soe®e=ce.

The next lemma is a technical result needed for proving an important proposi-
tion.

Lemma 1.14 Let a € A and e € B(A). If e < aVa~, then e ® a € B(A).



Proof: Since e € B(A), by Proposition 1.9 we have that eV e~ = 1. Applying
Lemma 1.11 and (1.10) we get (e ®a)V(e®a)” = (eAa)V (eAa)” =
(ena)V(e~Va )= (eAa)V((e"Va )Al)=(eAa)V((e"Va )A(e  Ve)) =
(ena)V(eAa )Ve = (eA(aVa))Ve =eVe = 1. We apply again
Proposition 1.9 to obtain that e ® a € B(4). O

Proposition 1.15 If P is an ultrafilter of B(A), then Ap is directly indecom-
posable.

Proof: Let P be an ultrafilter of B(A). By Proposition 1.12; we have to show
that B(Ap) = {Op,1p}. Let ap € B(Ap). Applying Proposition 1.9, we have
that (aVa~)p = 1p. Hence, aVa~ € P. It follows that there is e; € P such that
e1 <aVa . The complement of ap is ap € B(Ap). We obtain similarly that
there is e2 € P such that es < a~ Va=. Let e = e; Aes. Then e € P C B(A).
Applying Lemma 1.14, from e < aV a~, we get e ® a € B(A) and, also, from

e<a Va= wegete®a € B(A). Now, e <aVa and Lemma 1.11 give us

(e@a)V(ed®a) uﬁS)e@(aVa’) =eA(aVa ) =eé€P. Since P is a prime

filter of B(A) and e ®a,e®a~ € B(A) it follows that e®a € Pore®a™ € P.
Ife®a € P, then (e®a)p = 1p. We obtain ep ®@ap = 1p, hence ap = 1p, since
e € P. Similarly, frome®a™ € P we get ap = 1p, so ap = 0p. Hence, we have
obtained that ap € B(Ap) implies ap € {Op,1p}, that is B(Ap) = {Op,1p}.
O

Let us now recall some facts from lattice theory. Let (L,V,A,0,1) be a
bounded distributive lattice. With any filter ' of L we can associate a congru-
ence ~r on L defined by:

a~pbiff thereist € F such that aAt=bAt.
For any a € L, we denote by a/F the equivalence class of a. We denote by L/F
the quotient lattice L/..,.. The Boolean algebra of all complemented elements in
L will be denoted by B(L). The prime spectrum of L is the set Spec(L) of prime
filters of L and the maximal spectrum of L is the set Max(L) of ultrafilters of
L. We endow these two sets with the Stone topology.
A Stone filter of L is a filter of L generated by a filter of the Boolean algebra
B(L). In other words, a filter F' of L is a Stone filter iff for any a € L there is
e € Fn B(L) such that e < a, that is F = [FF'N B(L)). A Stone ultrafilter of
L is a Stone filter generated by an ultrafilter of B(L), i.e. a Stone filter F' such
that F N B(L) is an ultrafilter of B(L). For a more detailed analysis of these
notions see [5].
If F' is a filter of B(L), we denote by ar the equivalence class a/[F') and by Lp
the quotient lattice L/[F).
A bounded distributive lattice L is called normal ([24], [9]) if for all a,b € L,
a Ab =0 implies there exist u,v € L such that u Vv =1and aAu=bAv =0.

Proposition 1.16 Let L be a bounded distributive lattice. The following are
equivalent:



(i) L is normal;
(ii) any prime filter of L is contained in a unique ultrafilter.

Proof: By [9], Theorem 2.4, L is normal iff any prime ideal of L contains a
unique minimal prime ideal of L. But (see [23], p.82) the condition

(1) any prime ideal of L contains a unique minimal prime ideal

is equivalent in a bounded distributive lattice to the condition

(2) any prime filter of L is contained in a unique ultrafilter.

O

A bounded distributive lattice L is called B-normal ([6]) if for all a,b € L,
aAb = 0 implies there exist u,v € B(L) such that uVv = 1 and aAu = bAv = 0.
Dually, we obtain the notions of co-normal and B-co-normal lattice.

Remark 1.17 We remark that normal (B-normal) lattices are called co-normal
(B-co-normal) in [14]. In this paper we adopt a terminology on the line of [9],
[6].

By dualizing Proposition 2.6 from [14] we get

Proposition 1.18 Let L be a bounded distributive lattice. The following are
equivalent:

(i) L is B-normal;

(if) L is normal and Maz(L) is zero-dimensional (i.e. it has a basis of clopen
subsets).

A bounded distributive lattice L is called dense iff for all a,b € L, aAb =0
implies a = 0 or b = 0. Then, L is dense iff it has a unique ultrafilter.

It is easy to check, using Lemma 1.8, that if F' is a Stone filter of L(A), then
F=[FNnB(A)) =< FNB(A) >. It follows that Stone filters of L(A) are filters
of A.

We remind that if B is a Boolean algebra, then Spec(B) is a Boolean space
and the clopen sets of the basis are all the sets of the form N, = {P € Spec(B) |
a € P}, for a € B.

Proposition 1.19 Let C be a subalgebra of the Boolean algebra B(A). Then
Npespecicy < P >={1}.

Proof: Obviously, 1 €< P > for any P € Spec(C). Let a # 1 € A. Then,
by Proposition 1.3, there is a prime filter @ of A such that a ¢Q. It is easy to
show that @ N C is a prime filter of C, i.e. @ NC € Spec(C). We have that
<QNC>CQ,s0,a¢<QNC > O

From this proposition it follows that the intersection of all Stone ultrafilters
of L(A) is the filter {1}. Using the above proposition and a general result of
universal algebra (see, e.g., [3], Lemma I1.8.2, p. 56) we get

Proposition 1.20 Let C be a subalgebra of the Boolean algebra B(A). Then
A is isomorphic to a subdirect product of the family {Ap}pegpec(c)-



Let A be a BL-algebra. We shall denote by Spec(A) the set of prime filters
of A and by Maz(A) the set of ultrafilters of A. For any a € A, we define

d(a) = {P € Spec(A) | a € P} and D(a) ={U € Maz(A) |a € U}.

It is easy to see that

d(a)Nd(b) = d(aAb) = d(a®b),d(aVb) = d(a)Ud(d),d(0) = B,d(1) = Spec(A),
and

D(a)ND(b) = D(aAb) =D(a®b),D(aVb) =D(a)UD(b),D0) =0,D(1) =
Mazx(A).

It follows that the family {d(a) | @ € A} is a basis for a topology on Spec(A)
and {D(a) | a € A} is a basis for a topology on Maz(A).

In [15] there was defined the reticulation of a quantale as a generalization of
the reticulation of a MV-algebra [1]. In the sequel, we shall define the reticula-
tion of a BL-algebra A and we shall present some results. For details see [15].
Let us define a binary relation = on A by: a = b iff d(a) = d(b). Then, = is
an equivalence relation on A compatible with the operations ®, A and V. For
a € A let us denote by [a] the class of a € A with respect to =. The lattice
B(A) = (A/=,V,A,[0],[1]) is called the reticulation of the BL-algebra A. We
shall denote by 5 : A — B(A) the natural homomorphism, defined by $(a) = [a].
If h: A - B is a homomorphism of BL-algebras, then 8(h) : 5(4) — B(B),
defined by B(h)(a) = [h(a)], is a homomorphism of bounded lattices. It follows
that we can define a functor 8 from the category of BL-algebras to the category
of bounded distributive lattices. The functor § is called the reticulation functor.
If F is a filter of A, then (F) = {[a] | a € A} is a filter of the lattice 3(A) and
the mapping F' — B(F) is an isomorphism between the lattice F(A) of filters
of A and the lattice F(8(A)) of filters of the reticulation of A. If P € Spec(A),
then B(P) is a prime filter of S(A) and the mapping P — B(P) is a homeomor-
phism between Spec(A) and Spec(8(A)). Similarly, Maz(A) is homeomorphic
to Max(B(A)). Applying Propositions 1.6 and 1.16 we obtain

Proposition 1.21 3(A) is a normal lattice.

Proposition 1.22 Let a,b € A. Then

(i) [a] < [b] iff d(a) C d(b);

(ii) [a] =[] iff < @ >=< b >;

(iii) [a] =[1] iff @ = 1;

(iv) [a] = [0] iff a™ = O for some n € w — {0};
(v) [@"] = [a] for any n € w — {0}.

Proof: (i) Obviously.

(ii) If < @ >=< b >, then for any prime filter P of A, a € P iff < a >C P iff
<b>C Piff b € P. Hence, d(a) = d(b), i.e. [a] = [b]. If [a] = [b], then, by
Proposition 1.4, < a >= N{P € Spec(A) |a € P} =n{P | P € d(a)} = N{P |
Ped®)}=<b>.

(iii), (iv) and (v) follow from (ii). O



Proposition 1.23 3|4y : B(A) — B(B(A)) is an isomorphism of Boolean
algebras.

Proof: Ife € B(A), theneVe™ =1and eAe™ = 0. It follows that [e]V[e™] = [1]
and [e] A [e7] = 0. Hence, B(e) = [e] € B(f(A)) and [¢]” = [e~]. That is,
B|B(a) : B(A) = B(B(A)) is well-defined and (8(e))~ = B(e™). It is easy to
see that Bp(4) is a homomorphism of Boolean algebras. Let e1,e2 € B(4). If
[e1] = [e2], then < e; >=< ey >, by Proposition 1.22(ii). Appying Proposition
1.8(ii), we get that [e;) = [e2), that is e; = e;. Hence, f|p(4) is one-to-one.
Let us now prove that 3|p(4) is onto. Let [a] € B(8(A)). We get b € A such
that [a] V[b] = [1] and [a] A [b] = [0]. By Proposition 1.22(ii),(iii), it follows that
aVb=1and (aAb)™ = 0 for some n € w—{0}. From aVb =1 and (1.13) we get
that a™ v b™ = 1. Using twice (1.5) we have that a” A" = a” @ b" = (a®b)" =
(aAb)™ = 0. Hence, a™ € B(A) and, by Proposition 1.22(v), 8(a™) = [a"] = [a]-
O

Proposition 1.24 If F is a filter of A, then the lattices S(A/F) and 8(A)/B(F)
are isomorphic.

Proof: We shall prove that for every a,b € A, the following equivalence holds:
(*) [a/F) = [b/ F) iff [a)/ B(F) = [b)/ B(F).
Assume [a/F]| = [b/F], so < a/F >=< b/F >. Then, there is an € w — {0}
such that a"/F < b/F and b"/F < a/F, hence a" - b€ F and b" - a € F.
If we take t = (a™ = b) A (b™ — a) € F, thent < a™ — band t < b"” — a, so
a"Ot<band "ot <a. IfaAt€ F,then a,t € F,hencea®t € F. We get
that a” ®t € F, since (a ®t)" € F and (a ®t)" < a™ @ t. It follows that b € F,
hence bot € F, so bAt € F. Similarly, we prove that bAt € F implies ant € F.
Thus, we have obtained that a At € F iff b At € F Hence, there is [t] € B(F)
such that [a] A [t] € B(F) iff [b] A [t] € B(F). That is, [a]/B(F) = [b]/B(F).
Conversely, suppose that [a]/B(F) = [b]/B(F), i.e. [a] A [t] = [b] A [t] for some
t € F. It follows that for any P € Spec(A) such that F' C P, we have that a € P
if ante Piff bAte Piff be P. Let Q € Spec(A/F) and let h: A - A/F
be the natural homomorphism. Since h is onto, by Lemma 1.7(ii), we get that
h=1(Q) € Spec(A). We also have that F C h=1(Q). It folows that a/F € Q iff
a € h™1(Q) iff b € h~1(Q) iff b/F € Q. Hence, [a/F] = [b/F]. Thus, (*) has
been proved.
It follows that [a/F] — [a]/B(F) is the desired isomorphism. O

Proposition 1.25 Let P be a Stone ultrafilter of A. Then 3(Ap) and B(A)gp)
are isomorphic.

Proof: We have that §(A)gp) = B(A)/ < B(P) > and, by Proposition 1.24,
we get that S(Ap) = B(A4/ < P >) = B(A)/B(< P >). Hence, it suffices to
show that g(< P >) =< B(P) >. Let a €< P >. Then, there is e € P such that



e < a. It follows that [e] € S(P) and [e] < [a]. Hence, f(a) = [a] €< B(P) >.
Conversely, suppose that [a] €< S(P) >, that is there exist e € P such that
[e] < [a]. Since [e] V [e7] = [1], we get that [e~ Va] = [1], so e~ Va = 1. Hence,
eNa=0V(eAa)=(eNe )V (eNa)=eA(e” Va) =eAl=e. We have got
that e <a and e € P, so a €< P >. Thus, [a] € B(< P >). O

2 Boolean products of BL-algebras

A weak Boolean product of a nonempty family {4,},cx of BL-algebras is a
subdirect product A of the given family, in such a way that X can be endowed
with a Boolean space topology having the following two properties:

(i) if a,b € A, then the set |[a =b|| = {z € X | a(z) = b(x)} is open in X;

(ii) if a,b € A and Z is a clopen subset of X, then a|z Ub|x_z € A.

By requiring in condition (i) that |ja = b|| be clopen we obtain the notion of
Boolean product.

Tt is easy to see that for all a,b € A ||la =b|| = ||(a = b) ® (b = a) = 1||. Then,
condition (i) above can be replaced by

(i') if a € A, then the set |ja = 1|| = {z € X | a(z) = 1, } is open (respectively,
clopen) in X.

From the fact that BL-algebras form a variety it results that if A is a (weak)
Boolean product of a nonempty family {4, },cx of BL-algebras, then A is also
a BL-algebra.

A (weak) Boolean representation of a BL-algebra A is an isomorphism from A
onto a (weak) Boolean product of BL-algebras.

The following theorem is the analogue of the Theorem 6.5.2 for MV-algebras
from [7].

Theorem 2.1 Let A be a weak Boolean product of a nonempty family {4, },cx
of nontrivial BL-algebras. Let C' be defined by

C={a€Ala(z) € {0;,1,} for all z € X}.
Then
(i) C is a subalgebra of the Boolean algebra B(A);
(i) the correspondence z & P, = {a € C' | a(z) = 1,} is a homeomorphism
from X onto Spec(C);
(iii) for all z € X, A, is isomorphic to Ap,;
(iv) C coincides with B(A) iff all algebras A, are directly indecomposable.
Conversely, suppose that A is a nontrivial BL-algebra and C is a subalgebra
of B(A). Then A is representable as the weak Boolean product of the family

{AP}PESPEC(C)'
Proof: (i) By the fact that A is a subalgebra of [[,.x A it follows that
0,1 € A and that a,b € A implies a ©® b,a = b,a Ab,aV b € A. Then, it is

easy to see that C' is a subalgebra of B(A). We remark that for proving (i) it is
sufficiently to have only that A is a subalgebra of [] .y A..
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(ii) Let € X. Let us first prove that P, € Spec(C). It is obvious that P,
is a filter of C. Because 0 € C — P,, we obtain that P, is a proper filter of
C. Let a,b € C such that aVb € P,. Then a(z) V b(z) = 1, and, since
a(x),b(x) € {0z,1,}, we must have a(z) = 1, or b(z) = 1,. Hence, a € P, or
b € P,. It follows that o¢ : X — Spec(C) is well-defined.

Let ¢ # y € X. Since X is Hausdorff and has a basis of clopen sets, there
exists a clopen set N such that x € N and y ¢N. Let a = 1|5y UO|x_n. Then
a € A, because 0,1 € A and N is clopen. Moreover, since a(z) € {0,,1,} for
any z € X, we have that a € C. From z € N it follows that a(z) = 1,, hence
a € P,. But y ¢N implies a(y) = 0,, that is a ¢P,. We get P, # P,. Hence,
o¢ is one-to-one.

Suppose that o¢ is not onto. Then there is P € Spec(C) such that P # P,
for any z € X. Because P, P, are ultrafilters of C, P, JP. That is, for any
z € X, there exists a, € C such that a, € P, and a, ¢P. Then, a,(z) = 1,,
ie. z € |la; = 1||. We have obtained that X = (J,cx llaz = 1||. By the fact
that ||a; = 1|| is open in X for any z € X and by the compactness of X we get
that there are z;,---,z, € X such that X = ||lay, = 1||U--- U |las, = 1|| C
llaz, V---Vag, =1|. Then X =||az, V---Va,, = 1|, hence ag, V---Va,, =1.
Since P is a prime filter of C' and 1 € P it follows that a,, € P for some
i € {1,---,n}. This is a contradiction with the fact that a, ¢P for any z € X.
Hence, o¢ is onto.

Let c€ C. Then, foranyz € X, P, € N.iffce P, iff c(z) =1, iff z € ||c = 1]|.
It results that o' (N,) = |lc = 1|, hence o' (N.) is open in X for any c € C.
Since {N, | ¢ € C} form a basis for the topology of Spec(C), we get that o¢ is
continuous.

Now (ii) follows from the well-known fact that continuous bijections between
compact Hausdorff spaces are homeomorphisms.

(iii) For any z € X, let h, : A — A, be the natural homomorphism. Since
hy is onto, we have that A/Ker(h,) =2 A,. It remains to prove that < P, >=
Ker(hg). For any a € A, a € Ker(hy) iff a(x) = 1,, hence P, = Ker(h;) N C.
It follows that < P, >C Ker(hy).

Let now a € Ker(h;). It follows that z € ||la = 1||, so P, = o¢(z) € oc(|la =
1]]). Since ||la = 1|| is open in X and o¢ is a homeomorphism, we get that
oc(]la = 1||) is open in Spec(C). But Spec(C) is a Boolean space, so there is
¢ € C such that P, € N, C o¢(|la = 1]|). Let us prove that ¢ < a. Since ¢ € C,
we have that ¢(z) € {0,,1,} for any z € X. Let z € X such that ¢(z) = 1,.
Then o¢(2) = P, € N, C o¢(]la = 1]|) and from the fact that o¢ is one-to-one
we get z € |la = 1]|, i.e. a(z) = 1,. We have obtained ¢ < a and, since ¢ € P,
it follows that a €< P, >.

(iv) If C = B(A), then P, is an ultrafilter of B(A) for any x € X. Applying
Proposition 1.15 we get that Ap, is directly indecomposable for any z € X.
From (iii) it follows that A, is directly indecomposable for any = € X.
Conversely, suppose that A, is directly indecomposable for any x € X and
C # B(A), hence there is a € B(A) — C. It follows that there is x € X
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such that a(z) €{0,,1,}. Since a € B(A), a(z) € B(4;). It follows that
B(A;) # {0;,1,}. This contradicts the fact that A, is directly indecomposable.
Conversely, let A be a nontrivial BL-algebra and C be a subalgebra of B(A).
By Proposition 1.20, we get that A is isomorphic to a subdirect product of the
family {Ap}pespec(c). To simplify the notation, we can safely identify A with
its corresponding subalgebra of [[pegpec(cy Ap- Let us verify (i) and (i) from
the definition of the weak Boolean product.

Let a,b € A and P € Spec(C) such that P € ||a = b||. Then ap = bp, i.e. there
is ¢ € P such that ¢ < a — b and ¢ < b — a. It follows that P € N, C |la = b||
and N, is clopen in Spec(C'). Hence, ||a = b|| is open in Spec(C).

Let a,b € A and Z = N, a clopen set in Spec(C), where ¢ € C. We shall prove
that a|z U b|spec(c)—z = (aAc)V (bAc™) € A. Let P € Z. Then c € P,
hence cp = 1p and ¢ = 0p. We obtain ((aAc)V (bAc))p = (ap Acp) V
(bp A cp) = ap VO0p = ap. We prove similarly that for P € Spec(C) — Z,
((ane)V(bAc))p =bp. O

Applying the above theorem and Proposition 1.15 we get the next corrolary.

Corollary 2.2 Any nontrivial BL-algebra A is representable as a weak Boolean
product of directly indecomposable BL-algebras.

3 Boolean products of BL-chains

From Theorem 2.1 we obtain the next characterization of weak Boolean products
of BL-chains.

Proposition 3.1 A nontrivial BL-algebra A is a weak Boolean product of BL-
chains iff the Stone ultrafilters of L(A) are prime filters of A.

Proof: ”=" Suppose that A is a weak Boolean product of a nonempty family
{Az}zex of BL-chains. Because, by Proposition 1.13, any BL-chain is directly
indecomposable, we obtain from Theorem 2.1.(iv) that C = B(A). Hence, by
Theorem 2.1.(ii),(iii), we get that Ap = A/ < P > is a BL-chain for every
ultrafilter P of B(A). It follows that < P > is a prime filter of A for any
ultrafilter P of B(A). Hence, any Stone ultrafilter of L(A) is a prime filter of
A.
”<«<” Suppose that any Stone ultrafilter of L(A) is a prime filter of A. We know
from Theorem 2.1 that if A is a nontrivial BL-algebra and C' is a subalgebra
of B(A), then A is representable as the weak Boolean product of the family
{ApP}pespec(c)- Let C = B(A) and P € Spec(B(A)). Tt follows that < P > is
a Stone ultrafilter of L(A) and, by hypothesis, it is a prime filter of A. Hence,
Ap =A/ < P >is a BL-chain. O

In the sequel we shall give a characterization of BL-algebras representable by
Boolean products of BL-chains. But, first, let us recall some facts from lattice
theory (see [16]).
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Let (L,V,A,0) a lattice with 0. An element a* € L is a pseudocomplement
ofa € LiffaNa* =0 and a A x = 0 implies that z < a*. A bounded lattice L
is called pseudocomplemented iff every element has a pseudocomplement.

Let (L,V,A,0,1) be a distributive pseudocomplemented lattice. L is called a
Stone lattice iff it satisfies the Stone identity:
a*VvVa**=1.

Proposition 3.2 ([16], Theorem 3.14.3, p.161)
Let L be a distributive pseudocomplemented lattice. Then L is a Stone lattice
iff (a A b)* =a* Vb* for all a,b € L.

By dualizing, we get the concepts of dual pseudocomplement, dual pseudo-
complemented lattice and dual Stone lattice. The following result is a conse-
quence of [5], Theorems 3.3 and 3.4:

Proposition 3.3 If L is a dual Stone lattice, then any Stone ultrafilter of L is
a prime filter of L.

Now we are ready to prove the most important result of this chapter.

Theorem 3.4 A nontrivial BL-algebra A is a Boolean product of BL-chains iff
L(A) is a dual Stone lattice.

Proof: ”=" Suppose that A is a Boolean product of BL-chains. In particular,
A is a weak Boolean product of BL-chains, so we can apply Proposition 3.1 to
obtain that any Stone ultrafilter of L(A) is a prime filter of A. By Theorem 2.1,
we can suppose that A is a Boolean product of the family {Ap}pespec(B(4))-
Let a € A. Because A is a Boolean product of the family {Ap}pcspec(B(a))>
we obtain that Z = |la = 1|| is clopen in Spec(B(A)). Since 0,1 € A and
Z is clopen, applying (ii) from the definition of the weak Boolean product we
get that a® = 0|z U 1]spec(B(a))—z € A. We shall prove that a° is the dual
pseudocomplement of a. It is clear that a Va° = 1. Now, let ¢ € A such that
aVe=1 Then (aVc)p = 1p for any P € Spec(B(A)), i.e. aVec €< P >
for any P € Spec(B(A)). But < P > is a Stone ultrafilter of L(A), hence it
is a prime filter of A. It follows that for any P € Spec(B(A)), a €< P > or
¢ €< P >. Let us now prove that a® < ¢, i.e. a% < cp for any P € Spec(B(A)).
If P € Z, then a%, = 0p < cp. If P € Spec(B(A)) — Z, then a% = 1p. Since
P ¢Z, we have that ap # 1p, i.e. a ¢ < P >. It follows that ¢ €< P >, hence
Cp = lp.
Hence, L(A) is a distributive dual pseudocomplemented lattice and for any
a € A, the dual pseudocomplement of a is

a® = 0|Z U 1|Spec(B(A))fza where Z = ||a = 1”
By the dual of Proposition 3.2, L(A) is a dual Stone lattice iff (aV b)° = a® AD°
for all a,b € L. In the sequel we shall prove this identity. Let P € Spec(B(A)).
Then (aVb)p =0piff (aVb)p =1piffavbe< P>ifae<P>orbe< P>
iff ap =1p or bp = 1p iff ap = 0p or bp = Op. It is clear that if a% = Op or
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% = Op, then (a°Ab°)p = a%Abp = Op. Suppose now that (a°Ab°)p = 0p and
a% # 0p and b% # Op. Then, a% = 1p and b% = 1p. Hence, (a®° Ab°)p = 1p,
a contradiction. We have thus proved that (a V b)% = Op iff (a® Ab°)p = Op.
Since (a V b)%, (a® Ab°)p € {0p,1p}, it follows that (a V b)% = (a® A b°)p for
any P € Spec(B(A)).

”<«<” Conversely, suppose that L(A) is a dual Stone lattice. By Theorem 2.1, A
is a weak Boolean product of the family {Ap}pecspec(B(a))- For any a € A let
a° be the dual pseudocomplement of a. Then, a° V a°® = 1 by the definition of
the dual pseudocomplement and a® A a®°® = 0 by the fact that L(A) is a dual
Stone lattice. It follows that a® € B(A) and its complement is a°® € B(A).
In the sequel we shall prove that ||a = 1|| = Ngoo for any a € A. Let P €
Spec(B(A)). If P € |la = 1||, then a €< P >, i.e. there is e € P such that
e < a. Since L(A) is a Stone lattice we can apply the dual of Proposition 3.2
to obtain a®° = (e V a)° = €° A a°, hence a° < e°. Applying this again we get
€°° < a°°. Since e € B(A) we have that the dual pseudocomplement of e is just
the complement of e. Hence, e® = e, so e°° = e~ = e. Thus, we get e < a°°,
s0 a®® €< P >. Since a°° € B(A) also, it follows that a°° €< P > NB(A) = P.
Hence, P e Naoc.

Conversely, let P € Ngeo, i.e. a®°° € P. Since a° V a®°° = a° V a = 1, we have
that a°® < a. Hence a €< P >,ie. P € |la=1].

We have got that ||a = 1| is a clopen set of Spec(B(A)) for any a € A. It follows
that A is a Boolean product of the family {Ap}pcspec(B(a))- By Proposition
3.3, any Stone ultrafilter of L(A) is a prime filter of L(A). But, any Stone filter
of L(A) is also a filter of A. It follows then that any Stone ultrafilter of L(A) is
a prime filter of A. Hence, Ap is a BL-chain for any P € Spec(B(A)). O

4 Weak Boolean products of local BL-algebras

Local BL-algebras are studied in [21, 22] in the same way as local MV-algebras
are analyzed in [2]. Thus, a BL-algebra is called local iff it has a unique ultra-
filter. In the sequel, we remind some definitions and properties.

Proposition 4.1 ([22], Proposition 1)
A nontrivial BL-algebra A is local iff for all a € A,
ord(a) < oo or ord(a™) < oo

Lemma 4.2 Let A be a nontrivial BL-algebra A. Then A is local iff 3(A) is a
dense lattice.

Proof: It follows from the fact that Max(A) and Maz(8(A)) are homeomor-
phic. O
A proper filter P of A is called primary if, for all a,b € A,

(a ®b)~ € P implies (a™)~ € P or (b))~ € P for some n € w.
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Proposition 4.3 ([22], Proposition 2)

Let P be a filter of A. The following are equivalent:
(i) A/P is a local BL-algebra,;

(ii) P is a primary filter of A.

Proposition 4.4 Any local BL-algebra is directly indecomposable.

Proof: Let A be a local BL-algebra. We shall prove that B(A) = {0,1} and
then apply Proposition 1.12. Let e € B(A). Then e ® e = e and, since the
complement of e is e~ € B(A) we have also e~ ©® e~ = e~. By Proposition 4.1
we get that ord(e) < oo or ord(e”) < oo, i.e. there is n € w — {0} such that
e" =0or ()" =0. But e® = e and (¢ )" = e . It follows that e = 0 or
e~ =0,i.e. e€ {0,1}. Hence, B(4) ={0,1}. O

Proposition 4.5 A filter of A is primary iff it is contained in a unique ultrafilter
of A.

Proof: Let F be a filter of A. Applying Proposition 4.3, F' is primary iff A/F
is a local algebra iff A/F has a unique ultrafilter. But, from a general result of
universal algebra we have that there is a bijection between the set of filters of
A/F and the set of filters of A that contain F' and this bijection preserves the
ultrafilters. Hence, A/F has a unique ultrafilter iff there is a unique ultrafilter
of A that contains F. O

Using Proposition 4.3, we obtain from Theorem 2.1 in a similar manner with
Proposition 3.1:

Proposition 4.6 A nontrivial BL-algebra A is a weak Boolean product of local
BL-algebras iff the Stone ultrafilters of L(A) are primary filters of A.

Let us recall that a quasi-local MV-algebra [13] is a nontrivial MV-algebra A
such that for any a € A there are e € B(A) and n € w— {0} such that na®e =1
and na” @ e~ = 1. In [13] it is shown that quasi-local MV-algebras are exactly
the weak Boolean products of local algebras. In order to extend this result to
BL-algebras we shall define the appropriate concept of quasi-local BL-algebra.
A nontrivial BL-algebra A is called quasi-local if, for any a € A, there are
e € B(A) and n € w — {0} such that a” ®e=0and (a7)"©®e™ =0.

Remark 4.7 Using the reticulation of a BL-algebra we obtain that
A is quasi-local iff for any a € A, there is e € B(A) such that [a] A [e] = [0]
and [a"]Ale”] =[0].

Proposition 4.8 For a BL-algebra A the following are equivalent:

(i) A is a quasi-local BL-algebra;
(if) MV (A) is a quasi-local MV-algebra.
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Proof: (i)=(ii) Suppose that A is a quasi-local BL-agebra and let a € A.
Then, there are e € B(A) and n € w — {0} such that a® ®e =0 and (a7)" ®
e~ = 0. Since e € B(A), we have also e~ € B(A) and, by Corrolary 1.10,
e~ € B(MV(A)). Applying Lemma 1.1, we get na~ @ e~ = ny(a) ® p(e) =
p(a"@e) = ¢(0) = 1 and, similarly, na=®e~ = 1. Hence, for any a= € MV (A4)
there are e~ € B(MV(A)) and n € w — {0} such that na~ @ e~ = 1 and
na= ® e~ = 1. That is, MV (4) is a quasi-local MV-algebra.

(ii)=(i) Suppose that MV (A) is a quasi-local MV-algebra and let a € A. Then
a~ € MV(A), sothere aree € B(MV (A)) and n € w—{0} such that na" ®e =1
and na~ ® e~ = 1. Applying again Lemma 1.1, we obtain (¢ © e”)” =
pla™ ®e”) = np(a) ® e~ =na” de = 1. Hence, (a” ® e”)~ = 0 and, from
(1.11), we get a™ ® e~ = 0. We prove similarly that (a~)” ® e = 0. Hence,
for any a € A there are e~ € B(A) and n € w — {0} such that a” ®e~ =0 and
(a”)*®e= = 0. So, A is a quasi-local BL-algebra. O

The next proposition establishes the relationship between local and quasi-local
BL-algebras.

Proposition 4.9 For a BL-algebra A the following are equivalent:
(i) A is local;
(ii) A is quasi-local and directly indecomposable.

Proof: (i)=-(ii) Suppose that A is local. By Proposition 4.4, A is directly
indecomposable. Let a € A. From Proposition 4.1 it results that there is
n € w — {0} such that ™ = 0 or (a7)" = 0. If a™ = 0, then letting e = 1 we
obtain a" ®e =0and (¢ )"©@e =(a)"®0=0. If (a )" = 0, then with
e=0wegeta”®e=0and (a)" ®e” =0. That is, there are e € B(A) and
n € w — {0} such that a” ®e =0 and (a~)" ® e~ = 0. Hence, A is quasi-local.
(ii)=(i) Suppose that A is quasi-local and directly indecomposable. Let a € A.
Then there are e € B(A) and n € w—{0} such that a” ®e =0and (a™)" e~ =
0. But, by the fact that A is directly indecomposable, we have B(A) = {0,1}.
We get a™ = 0 or (a~)" = 0. Applying again Proposition 4.1 it follows that A
is local. O

Following [13], we define the quasi-primary filters of a BL-algebra. Thus, a
proper filter F' of a BL-algebra A is called quasi-primary if, for all a,b € A,

(a ®b)~ € F implies that there are n € w — {0} and v € A such that
uVu~ € B(A), (a"®u)” € Fand ("Ou~)” € F.

Proposition 4.10 Any primary filter of a BL-algebra A is a quasi-primary
filter of A.

Proof: Let P be aprimary filter of A and a,b € A such that (a®b)~ € F. Then
(a™)~ € Por (b™)” € P for some n € w—{0}. If (a™)~ € P, then letting u = 1,
we have that uvu™ =1, (a"Gu)” = (a")” € Pand (0"Gu" ) =0 =1€ P. If
(b™)~ € P, then taking u = 0 we obtain that uVu™ =1, (a"Gu)” =0  =1€P
and (b" ®u~)” = (b")~ € P. Hence, P is quasi-primary. O
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Proposition 4.11 Let F be a filter of A. The following are equivalent:
(i) A/F is a quasi-local BL-algebra,
(ii) F is a quasi-primary filter of A.

Proof: (i)=(ii) Let a,b € F such that (a®b)~ € F. Since A/F is quasi-local,
there are u/F € B(A/F) and n € w — {0} such that (a" ©®u)/F = 0/F and
((a™)" ®w~)/F = 0/F. By Proposition 1.9, u/F € B(A/F) iff (uVu~)/F =
1/F it wuVu~ € F. From (a" ®u)/F = 0/F we get (a" ©®u) - 0 € F,
so (a" ®@u)” € F. By (1.7), (a®b)™ =b — a~. Hence, (a®@b)~ € F
it b >a € Fif )/)F - a /F = 1/F iff b/F < o= /F. It follows that
@ ou)/F < ((a)"©®u")/F = 0/F. Hence, (0" ®@u")/F = 0/F, i.e.
(0™ ®u~)~ € F. Thus, we have got that F' is quasi-primary.

(if)=(i) Let a € A. We have that (e ®a~)” =0~ =1 € F. Since F is quasi-
primary, there aren € w—{0} and u € A such that uVu~— € B(A), (a"Ou)” € F
and ((a”)"®Ou~)” € F. From uVu~ € F we get that u/F € B(A/F). We have
also that from (a"®u)~ € F it folows that (a"©®u) — 0 € F, hence (a"Ou)/F =
0/F. Similarly, from ((a™)" ®@u~)~ € F we get ((a™)" ®w~)/F =0/F. Thus,
we have got that A/F is quasi-local. O

Proposition 4.12 Let A be a BL-algebra. The following are equivalent:
(i) A is quasi-local;
(ii) any proper filter of A is quasi-primary.

Proof: (i)=(ii) Let F be a filter of A. We shall prove that A/F' is quasi-local
and then apply Proposition 4.11. Since A is quasi-local, there are e € B(A)
and n € w — {0} such that a” ®e = 0 and (a7)" ® e~ = 0. It follows that
(a"@e)/F =0/F and (a~)" ®e /F = 0/F. Since e € B(A), we have that
eVe =1€F, hencee/F € B(A/F).
(1)=(ii) Since {1} is a filter of A, it follows that {1} is a quasi-primary filter of A.
Applying Proposition 4.11, we get that A/{1} is quasi-local. But A = A/{1},
hence A is quasi-local. O

Before proving the most important result of this chapter, we shall remind
that any bounded distributive lattice (L,V,A,0,1) can be represented as the
weak Boolean product of the family {Lp}pespec(n(r) (see [6], [10] for details).

Proposition 4.13 ([14], Proposition 2.5)

Let L be a bounded distributive lattice. The following are equivalent:
(i) L is B-normal;

(ii) Lp is a dense lattice for any P € Spec(B(L).

Proposition 4.14 Let A be a nontrivial BL-algebra A. The following are
equivalent:

(i) each Stone ultrafilter of L(A) is a primary filter of A;

(ii) each Stone ultrafilter of L(A) is contained in a unique ultrafilter of A;

(iii) each prime filter of B(A) is contained in a unique ultrafilter of A;
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(iv) A is quasi-local;
(v) Maz(A) is zero-dimensional.

Proof: (i)<(ii) See Proposition 4.5.

(if)=(iii) Let P be a prime filter of B(A). Then < P > is a Stone ultrafilter of
L(A), hence it is contained in a unique ultrafilter U of A. But P C< P >, so
P is contained in U. If there are two ultrafilters U; and Us of A that contain
P, then they contain also < P >. We obtain that the Stone ultrafilter < P >
of L(A) is contained in two ultrafilters of A.

(iii)=-(ii) Let P be a Stone ultrafilter of L(A). Then P N B(A) is an ultrafilter,
hence a prime filter of B(A4). By (iii), it is contained in a unique ultrafilter U
of A. Tt follows that P =< PN B(A) >C U .If there are two ultrafilters U; and
Us of A that contain P, then they contain also P N B(A). We obtain that the
prime filter P N B(A) of B(A) is contained in two ultrafilters of A.

(iii)=(iv) Let a € A. We have to show that there are e € B(A) and n € w— {0}
such that a” ®e=0and (a”)"©e™ =0.

We define FF =< a= > NB(A) and I = {e € B(A) | a" ® e = 0 for some
n € w—{0}}. Then, it is clear that F is a filter of B(A) and e € F iff e € B(A)
and there is n € w — {0} such that (a=)™ ® e~ = 0. Let us prove that I is an
ideal of B(A). It is easy to see that 0 € I and if e < f, e € B(A), f € I, then
e € I. Let e, f € I. Then there are n,m € w — {0} such that a” ®e = 0 and
a™ ® f = 0. Letting k = maz{n,m}, it follows that a* ®e =a* ® f = 0. We
geta* ©(eVf)=(aFoe)V(a*®f)=0v0=0. Hence, eV f € I.

Ife € INF, then e € B(A) and there are m,n € w—{0} such that a™®e = 0 and
(a”)"®e = 0. Taking k = maz{n,m} we have a* ©e =0 and (a")*®e = 0.
Hence, A is quasi-local.

Therefore, to complete the proof we need to show that I N F # @. Suppose not,
i.e. INF = (. Then there is a prime filter P of B(A) such that F C P and
PNI=40. Then, if < a,P > is the filter of A generated by {a} U P, we have
that a= € < a, P >. Indeed, if a~ €< a, P >, then there would be n € w and
p€ Psuchthat a” ®©p <a~. If n =0, then p<a~, hence a® p = 0. It follows
that p € I, which is a contradiction, because PN I = (). Suppose that n > 0.
Using that a™ ® p < a, from a™ ® p < a~, we obtain a®* © p" < a®a~ = 0.
But p" = p, because p € B(A). It follows that a>” ® p = 0, hence p € I. We
have got again p € PN I, that is a contradiction.

Let < a—, P > be the filter of A generated by {a~} UP. If a €< a™,P >, then
there are n € w and p € P such that (a7)" ®p < a. If n = 0, then p < a, hence
a~ ©@p = 0. Because p € B(A), we have that p = p~. We obtain a~ ® p~ =0,
hence p— € F C P. Since p € P also, it follows that 0 =p®p~ =pAp~ € P.
This is a contradiction with the fact that P is a prime filter, hence it must be
a proper filter of B(A). Suppose that n > 0. Then, using that (a7)"©p <a~,
we obtain (a7)?" ®p" < a®a~ = 0. Since p" = p, we get (a~)?>" ©p = 0, hence
(a=)?™ ©@ p~ = 0. We have obtained again that p~ € F and we get similarly a
contradiction.
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Hence, a § < a=,P > and a~ € < a,P >. It follows that < a,P > and
< a~,P > are proper filters of nontrivial BL-algebra A. Applying Proposi-
tion 1.2, there are ultrafilters U; and U, of A such that < a,P >C U; and
<a ,P >CU,. Itis clear that a ¢Us and a= ¢U;j. Then, Uy # Us. It follows
that U; and U, are distinct ultrafilters of A that contain the prime filter P of
B(A). This contradicts (iii).

(iv)=>(iii) Suppose that A is quasi-local and let P be a prime filter of B(A).
Then, 0 ¢P, so by Proposition 1.2, it is contained in an ultrafilter of A. Suppose
that there are two distinct ultrafilters Uy, Us of A such that P C U; and P C U,.
Since Uy, U are ultrafilters, we have that U; U, and U, QU;. Hence, there is
a € U; such that a ¢U,. It follows that Uy C< Uy U {a} >. Since U, is an ultra-
filter of A, we must have < UsU{a} >= A, hence 0 €< UsU{a} >. Then, there
are p € Uy and n € w such that a™ ©® p = 0. Since p € U,, we have that p # 0, so
n > 0. From a” ©p =0 we get p < (a™)~, hence (a")~ € Us. Let b = a™. From
the fact that A is quasi-local it follows that there are m € w— {0} and e € B(A)
such that ™ ©®e =0 and (b~)™ ©e~ = 0. Since a € Uy, it follows that b € Uy,
so b™ € Uy. From ™ @ e =0 iff b™ < e™, we get e~ € Uy N B(A). Similarly,
from b~ = (a™)” € Uz and (b7)™ ®e™ =0, we get e~ = e € U2N B(A). Hence,
we have obtained e € B(A) such that e~ € Uy and e € Us. But 1=eVe™ € P
and P is a prime filter of B(A). It follows that e € Pore™ € P. Ife € P C U,
then 0 € Uy, since e~ € U; too. Hence, U, is not a proper filter of A. Similarly,
from e~ € P we obtain that U, is not a proper filter of A. Hence, by supposing
that P is contained in two distinct ultrafilters of A we have got a contradiction.
So, (iii) is proved.

(iv)=(v) Since for any e € B(A), we have that D(e”) = Maxz(A) — D(e), it
follows that D(e) is clopen for any e € B(A). We shall prove that the family
{D(e) | e € B(A)} is a basis for Maz(A). Let a € A. If U € D(a), then
a € U, hence a= ¢U. We get that there are u € U and n € w — {0} such that
(a7)" ®u = 0. Since A is quasi-local, there are e € B(A) and k¥ € w — {0}
such that u* ®e = 0 and (u~)* ® e~ = 0. Since u* € U and u* © e = 0 ¢U,
we get that e U, so e~ € U, i.e. U € D(e™). In the sequel, we prove that
D(e™) C D(a). Let M € D(e™), i.e. e~ € M. From e~ < ((u™)*)~, we obtain
that ((u™)*)~ € M. Hence, (u™)F ¢M, so u™ ¢M. Tt follows that u € M and,
since (a7)" ©u =0 ¢M, we get (a”)™ ¢M. From this we obtain that a= ¢M,
hence a € M. Thus, M € D(a). We have proved that for any U € D(a) there is
ey € B(A) such that U € D(ey) € D(a). We get that D(a) = Uyep(a)D(ev).
Hence, {D(e) | e € B(A)} is a basis of clopen subsets of Maxz(A).

(v)=() Suppose that Maz(A) is zero-dimensional. Since Maz(A) is home-
omorphic to Maxz(8(A)), it folows that Max(B8(A)) is zero-dimensional. By
Proposition 1.21, 8(A) is a normal lattice. Hence, by Proposition 1.18, S(A) is
a B-normal lattice. Applying Proposition 4.13 and Proposition 1.23 we get that
B(A)s(p) is a dense lattice for any P € Spec(B(A)). That is, by Proposition
1.25, B(Ap) is dense for any P € Spec(B(A)). We apply Proposition 4.2 to ob-
tain that Ap is a local BL-algebra for any P € Spec(B(A). Hence, each Stone
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ultrafilter of L(A) is a primary filter of A. O
From Propositions 4.6 and 4.14 we obtain

Theorem 4.15 A nontrivial BL-algebra A is a weak Boolean product of local
BL-algebras iff A is quasi-local.

5 Weak Boolean products of perfect BL-algebras

As in the case of MV-algebras (see [2, 11]), a BL-algebra A is called perfect if it
is local and for any a € A,

ord(a) < oo implies ord(a™) = oc.
The filters corresponding to perfect BL-algebras are perfect filters. A proper
filter P of A is perfect if, for all a € A,

(™)~ € P for some n € w iff ((a=)™)~ ¢P for all m € w.

Proposition 5.1 ([22], Proposition 14)

Let P be a filter of A. The following are equivalent:
(i) A/P is a perfect BL-algebra,;

(if) P is a perfect filter of A.

Proposition 5.2 ([22], Proposition 15)
Any perfect filter of A is a primary filter of A.

Using Proposition 5.1 and Theorem 2.1 we get the following result, similar
to Proposition 4.6.

Proposition 5.3 A nontrivial BL-algebra A is a weak Boolean product of per-
fect BL-algebras iff the Stone ultrafilters of L(A) are perfect filters of A.

In [13] there were also defined quasi-perfect MV-algebras and there was
proved that quasi-perfect MV-algebras are exactly the weak Boolean products
of perfect MV-algebras. A MV-algebra A is quasi-perfect if it is quasi-local and
for any a € A,e € B(A) — {1},

na ® e =1 for some n € w implies ma~ G e # 1 for all m € w.

In the sequel, we shall extend all these to BL-algebras.
A BL-algebra A is quasi-perfect if it is quasi-local and satisfies
(¥*) for any a € A,e € B(A) — {0},
a™ ® e =0 for some n € w implies (a™)™ ©e # 0 for all m € w.

Remark 5.4 Using the reticulation we get that
A is quasi-perfect iff for any a € A,e € B(A) — {0}, if [a] A [e] = [0] then
[a"] Ale] # [0].

In analogy with Propositions 4.8 and 4.9, we have that
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Proposition 5.5 For a BL-algebra A the following are equivalent:
(i) A is a quasi-perfect BL-algebra,;
(if) MV (A) is a quasi-perfect MV-algebra.

Proof: (i)=-(ii) By Proposition 4.8, MV (A) is a quasi-local MV-algebra. Let
a” € MV(A),e € B(MV(A)) — {1} such that na~ ® e =1 for some n € w and
suppose that ma= @ e = 1 for some m € w. We get that e~ € B(A) — {0}.
Applying Lemma 1.1, it follows that (a® © e )" = p(a" ©e ) =na” de~ =
na~ @ e = 1, hence (a” ® e )= = 0 and, finally, a” ® e~ = 0. Similarly,
((a™)™ee™)” =ma~®e =1,s0 (a~)™@e” = 0. We have g‘ot e~ € B(A)—{0}
and n,m € w such that a® ®e~ =0 and (a~)™ ® e~ = 0. This contradicts the
fact that A is a quasi-perfect BL-algebra.

(ii)=(i) By Proposition 4.8, A is a quasi-local BL-algebra. Let a € A,e €
B(A)— {0} such that a™ ®e = 0 for some n € w and suppose that (a=)™ @e =0
for some m € w. We have e~ € B(MV(A)) — {1}. Applying again Lemma
1.1, we get na~ @ e~ = p(a™ ®e) = ¢(0) = 1 and, similarly, ma= @ e” =
¢((a™)™oe) = p(0) = 1. Hence there are a=™ € MV (A), e~ € B(MV(A))—{1}
and n,m € w such that na™ ®e~ = 1 and ma=@e~ = 1. This is a contradiction
with MV (A) being a quasi-perfect MV-algebra. O

Proposition 5.6 For a BL-algebra A the following are equivalent:
(i) A is perfect;
(ii) A is quasi-perfect and directly indecomposable.

Proof: (i)=(ii) Since A is perfect it follows that A is local, hence, by Proposi-
tion 4.4, A is directly indecomposable. We have also from Proposition 4.9 that
A is quasi-local. Because B(A) = {0,1}, the condition () from the definition of
quasi-perfect BL-algebras must be verified only for e = 1. Let a € A such that
a™ = 0 for some n € w, hence ord(a) < co. Because A is a perfect BL-algebra,
we obtain that ord(a™) = co. Hence, (a=)™ # 0 for all m € w.
(if)=(i) Applying Proposition 4.9, it follows that A is local. Since B(A) = {0,1},
in the condition (x¥) we have e = 1. We get that, for any a € A, a™ = 0 for
some n € w implies (a~)™ # 0 for all m € w. This is equivalent to ord(a) < oo
implies ord(a™) = oo. That is, A is perfect. O

A proper filter F of A is called quasi-perfectif it is quasi-primary and satisfies,
(#x) foralla€e A, u € Asuch that uVu~ € F and u™ ¢F,

(a™ ®u)~ € F for some n € w implies ((a~)™ @ u)~ ¢F for all m € w.

Proposition 5.7 Let F' be a filter of A. The following are equivalent:
(i) A/F is a quasi-perfect BL-algebra;
(if) F is a quasi-perfect filter of A.

Proof: It follows easily by Proposition 4.11 and the fact that for any u € A,
u/F € B(A/F) - {0} if uVvu~ € Fandu™ ¢F. O
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Proposition 5.8 Let A be a nontrivial BL-algebra A. The following are equiv-
alent:

(i) each Stone ultrafilter of L(A) is a perfect filter of A;

(ii) A is quasi-perfect.

(i)= (ii) From Proposition 5.2 we obtain that each Stone ultrafilter of L(A) is a
primary filter of A. Applying Proposition 4.14, it results that A is quasi-local.
Let a € A and e € B(A) — {0} such that a™ ® e = 0 for some n € w, hence
e < (a™)~. Since e € B(A) — {0}, there exist a prime filter P of B(A) such
that e € P. Hence, (a™)~ €< P >. Suppose now that (a7)™ ® e = 0 for some
m € w. It follows that ((a~)™)~ €< P >. Hence, (a"™)” €< P > for some
n € w and ((a7)™)” €< P > for some m € w, i.e. < P > is not perfect. But
< P > is a Stone ultrafilter of L(A). We have got a contradiction with (i).
(if)= (i) Let < P > be a Stone ultrafilter of L(A), where P is a prime filter of
B(A). Because A is quasi-local, from Proposition 4.14 we obtain that < P > is
primary. Suppose that < P > is not perfect. Then there are a € A,m,n € w
such that (a™)~ €< P > and ((a7)™)~ €< P >. So, there are e;,es € P
with e; < (a™)” and e; < ((@”)™). Taking e = e; A e5 we obtain e € P,
hence e € B(A) — {0} and e < (a™)~, e < ((a~)™)~. That is, e € B(A) — {0}
such that a” ® e = 0 and (a~)™ ®@ e = 0, which contradicts the fact that A is
quasi-perfect. O
From Propositions 5.3 and 5.8 we obtain

Theorem 5.9 A nontrivial BL-algebra A is a weak Boolean product of perfect
BL-algebras iff A is quasi-perfect.
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