
FMI, Info, Anul I
Semestrul I, 2015/2016
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(S7.1) (Metoda reducerii la absurd)
Pentru orice mulţime de formule Γ şi orice formule ϕ, ψ,

Γ ∪ {¬ψ} ` ¬(ϕ→ ϕ) ⇒ Γ ` ψ.

Demonstraţie: Avem

(1) Γ ∪ {¬ψ} ` ¬(ϕ→ ϕ) Ipoteză
(2) Γ ` ¬ψ → ¬(ϕ→ ϕ) Teorema deducţiei
(3) Γ ` (¬ψ → ¬(ϕ→ ϕ)) → ((ϕ→ ϕ) → ψ) (A3) şi Propoziţia 1.37.(i)
(4) Γ ` (ϕ→ ϕ) → ψ (MP): (2), (3)
(5) Γ ` ϕ→ ϕ Propoziţia 1.45 şi Propoziţia 1.39.(ii)
(6) Γ ` ψ (MP): (4), (5).

(S7.2) Pentru orice formule ϕ, ψ,

(i) {ψ,¬ψ} ` ϕ;

(ii) ` ¬ψ → (ψ → ϕ);

(iii) ` ¬¬ϕ→ ϕ;

(iv) ` ϕ→ ¬¬ϕ.

Demonstraţie: Demonstrăm (i):
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(1) ` ¬ψ → (¬ϕ→ ¬ψ) (A1)
(2) {¬ψ} ` ¬ϕ→ ¬ψ Teorema deducţiei
(3) {¬ψ} ` (¬ϕ→ ¬ψ) → (ψ → ϕ) (A3) şi Propoziţia 1.37.(i)
(4) {¬ψ} ` ψ → ϕ (MP): (2), (3)
(5) {ψ,¬ψ} ` ϕ Teorema deducţiei.

(ii) se obţine din (i) aplicând de două ori Teorema deducţiei:

(1) {ψ,¬ψ} ` ϕ (S7.2).(i)
(2) {¬ψ} ` ψ → ϕ Teorema deducţiei
(3) ` ¬ψ → (ψ → χ) Teorema deducţiei.

Demonstrăm ı̂n continuare (iii).

(1) {¬ϕ,¬¬ϕ} ` ¬(ϕ→ ϕ) (i)
(2) {¬¬ϕ} ` ϕ (1) şi (S7.1)
(3) ` ¬¬ϕ→ ϕ. Teorema deducţiei.

Demonstrăm (iv):

(1) ` ¬¬¬ϕ→ ¬ϕ (iii) cu ϕ := ¬ϕ
(2) ` (¬¬¬ϕ→ ¬ϕ) → (ϕ→ ¬¬ϕ) (A3)
(3) ` ϕ→ ¬¬ϕ (MP): (1), (2).

(S7.3) (“Reciproca” axiomei 3)
Pentru orice formule ϕ, ψ,

` (ϕ→ ψ) → (¬ψ → ¬ϕ). (1)

Demonstraţie:

(1) {ϕ→ ψ,¬ψ,¬¬ϕ} ` ϕ→ ψ Propoziţia 1.37.(ii)
(2) {ϕ→ ψ,¬ψ,¬¬ϕ} ` ¬ψ Propoziţia 1.37.(ii)
(3) {ϕ→ ψ,¬ψ,¬¬ϕ} ` ¬¬ϕ Propoziţia 1.37.(ii)
(4) {ϕ→ ψ,¬ψ,¬¬ϕ} ` ¬¬ϕ→ ϕ (S7.2).(iii) şi Propoziţia 1.39.(ii)
(5) {ϕ→ ψ,¬ψ,¬¬ϕ} ` ϕ (MP): (3), (4)
(6) {ϕ→ ψ,¬ψ,¬¬ϕ} ` ψ (MP): (1), (5)
(7) {ϕ→ ψ,¬ψ,¬¬ϕ} ` ¬ψ → (ψ → ¬(ϕ→ ϕ)) (S7.2).(ii) şi Propoziţia 1.39.(ii)
(8) {ϕ→ ψ,¬ψ,¬¬ϕ} ` ψ → ¬(ϕ→ ϕ) (MP): (2), (7)
(9) {ϕ→ ψ,¬ψ,¬¬ϕ} ` ¬(ϕ→ ϕ) (MP): (6), (8)
(10) {ϕ→ ψ,¬ψ} ` ¬ϕ (9) şi (S7.1)
(11) {ϕ→ ψ} ` ¬ψ → ¬ϕ Teorema deducţiei
(12) ` (ϕ→ ψ) → (¬ψ → ¬ϕ) Teorema deducţiei.
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(S7.4) Pentru orice formule ϕ, ψ,

{ψ,¬ϕ} ` ¬(ψ → ϕ).

Demonstraţie: Avem

(1) {ψ,¬ϕ,¬¬(ψ → ϕ)} ` ψ Propoziţia 1.37.(ii)
(2) {ψ,¬ϕ,¬¬(ψ → ϕ)} ` ¬ϕ Propoziţia 1.37.(ii)
(3) {ψ,¬ϕ,¬¬(ψ → ϕ)} ` ¬¬(ψ → ϕ) Propoziţia 1.37.(ii)
(4) {ψ,¬ϕ,¬¬(ψ → ϕ)} ` ¬¬(ψ → ϕ) → (ψ → ϕ) (S7.2).(iii) şi Propoziţia 1.39.(ii)
(5) {ψ,¬ϕ,¬¬(ψ → ϕ)} ` ψ → ϕ (MP): (3), (4)
(6) {ψ,¬ϕ,¬¬(ψ → ϕ)} ` ϕ (MP): (1), (5)

(7) {ψ,¬ϕ,¬¬(ψ → ϕ)} ` ¬ϕ→ (ϕ→ ¬(ϕ→ ϕ)) (S7.2).(ii) şi Propoziţia 1.39.(ii)
(8) {ψ,¬ϕ,¬¬(ψ → ϕ)} ` ϕ→ ¬(ϕ→ ϕ) (MP): (2), (7)
(9) {ψ,¬ϕ,¬¬(ψ → ϕ)} ` ¬(ϕ→ ϕ) (MP): (6), (8)
(10) {ψ,¬ϕ} ` ¬(ψ → ϕ) (9) şi (S7.1).
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