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Some properties of open, discrete, generalized ring
mappings

Mihai Cristea

Abstract: We study the properties of open, discrete ring mappings satisfying generalized modular
inequalities, namely the equicontinuity, the distortion and the limit mapping of certain homeomor-
phisms from these classes. Such mappings generalize the known class of quasiregular mappings and
their extensions known as mappings of finite distortion. We apply our results to open discrete ring
mappings f : D C R* — Dy C R™ satisfying condition (N) and having local ACLY inverses, and
we focus especially on the case n — 1 < ¢ < n. We show that such mappings cannot have essential
singularities and also that Zoric’s theorem can hold in this case and in some conditions even if n = 2.
This is in contrast even with the known case of quasiregular mappings.
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1 Introduction.

In this paper we continue the research of the properties of mappings satisfying generalized
modular inequalities from [7-14] and [31-44].

Given a domain D C R, we denote by A(D) the set of all path families from D and if
I' € A(D), we set F'(I') = {p : R* — [0, 00] Borel maps | [ pds > 1 for every v € I locally
v

rectificable}. If D C R™ is open, M : A(D) — [0, 00] is a modulus if:
1) M(¢) =0.
9) M(T'}) < M(Ty) if Ty > Ty, Ty, T, € A(D).
) M(UTy) <> My ify,....T, ... € A(D).
=1 =1

Here, ile“l, I'y EiA(D), we say that I'y > 'y if every path 7, € I'; has a subpath in I's.
We define for p > 1 and w : D — [0, oo] measurable and finite a.e. the p-modulus of weight

MP(T) = peig(fr) /w(az)p(m)pdaj forT € A(D).
R

For w =1 we have the classical p modulus

peF(T)
Rn

M,(T) = inf /p(x)pdx forT' e A(D).

A map f: D C R — R is of finite distortion if f € C(D,R")NW,.!(D,R"), J; € L}, (D)

loc loc

and there exists K : D — [0, 00] measurable and finite a.e. such that |f(z)|" < K(z)J;(z)



a.e. and if f € VV;:(D R™), we say that f is of finite dilatation. If K € L*>(D), we obtain
the known class of quasiregular mappings, and we recommend the reader the books [29, 30,
45, 46] for basic facts concerning quasiregular mappings. The important modular inequality
of Poleckii says that if f is K-quasiregular, then M, (f(I')) < KM,(T) for every I' € A(D),
and this is the key for proving most of the geometric properties of this class of mappings. If
f D — (G is a homeomorphism between two domains from R”, we say that f is K-quasiregular

if M"(F < M, (f(I) < KM, (T) for every [' € A(D). This is equivalent to the fact that f is

ACL" a.e. differentiable and |f < |Jy(x)| < KIU(f (z))" a.e. and it results that if f is
quasiconformal, then f and f~! are ACL"™ and satisfy condition (V).

General classes of such mappings were intensively studied using the modulus method in the
last 20 years. Important steps in this direction were done by Ryazanov and his students in
[15-16], [21], [23-25], [31-44], by Koskela and his students in [18-20], [27-28] and by the author
n [3-6]. They extended most of the geometric properties of the known class of quasiregular
mappings to this class of mappings. Several conditions were imposed on the dilatation K of
the function f, like K € BMO(D), or such that there exists an Orlicz function A such that
exp(Ao K) € L, .(D), or such that f has locally AC'L" inverses. For all of them the modular
inequality " M, (f(I')) < M},_.(I')” holds for every I' € A(D) and this is the main instrument
in studying these functions.

In some recent papers [7-14] we studied classes of continuous, open discrete mappings f :
D — R™ for which a modular inequality of type "M,(f(I')) < ~v(ME(T'))” holds for every
I'e A(D), wherep > 1,qg >n—1,w: D — [0, 00] is measurable and finite a.e. and 7y : [0, 00) —
[0,00) is increasing with 11_{% v(t) = 0. We gave Liouville, Montel, Picard type theorems,

equicontinuity and boundary extension results and estimates of the modulus of continuity for
such mappings. We extended in this way some of the geometric properties of quasiregular
mappings and of their generalizations mentioned before from [3-6], [15-16], [18-21], [23-25],
[27-29] and [31-44].

Let now D C R" be open and M : A(D) — [0, 00] be a modulus of the form

M) = 1g(fr) T(p), where T : B(D) — [0, 00] is an operator ()
pE
Throughout this paper we shall work with a modulus of this type. We shall have in mind
especially the modulus M = ME, for which the operator T : B(D) — [0,00] is given by

T(p) = [w(z)p(x)Pdx for every p € B(D), but we can consider more general operators 7', like
D

T(p) = [w(x)®(p(z))dz for every p € B(D), where ® : [0,00) — [0,00) is a homeomorphism,
D

or like T(p) = [w(x)p(z)*@dzx for every p € B(D), where ® : D — [1, oc] is Borel measurable

D
(see also Theorem 1 in [9] for some more general cases).

If D C Rrisopen, E,F C D, weset A(E,F,D) = {v:[0,1] — D path |y(0) € E,y(1) € F
and 7((0,1)) € D}. We say that co € D if there exists > 0 such that CB(0,7) C D.

A domain A C R is a ring if CA has exactly two components @, and @1 and we denote this
thing by A = R(Qy, Q1). Then A has exactly two components By = QoN A and B; = QN A
and we associate to the ring A the path family I'y = A(By, By, A).

If zr € R* and 0 < a < b, we set

Tyap = A(B(x,a), S(x,b), B(z,b) \ B(z,a)) if z € R,

Fooap = A(B(0,a),S(0,b), B(0,b) \ B(0,a)) if z = oo.



b
Lyap={p: R" — [0, 00]| there exists n : (a,b) — [0, 00] a Borel map such that [ n(¢)dt > 1,
p(z) =n(|z — z|) if 2 € B(x,b) \ B(w,a), p(z) = 0 otherwise}.
Locap ={p: R" — [0, 00] there exists n : (a,b) — [0,00] a Borel map such that fn t)dt >

1,p(2) = n(|z|) if z € B(0,b) \ B(0,a), p(z) = 0 otherwise}.
If M is a modulus as in («), we set

Apy(Lpap) = inf T(p).

pELz,a,b

Since Ly qp C F(Iyap), we see that Apr(Tyap) > M(Tyap). If M = ME, we set Ay = AP
and if M = M,, we set Ay = A,. We say that M(z) = 0 if M(I';) = 0, where I', = {v
path |z € Imy}. We say that Ay (z) = 0 if there exists ¢ > 0 such that B(x,c¢) C D and
lim Ap(Fyap) = 0 forevery 0 < a < b < cif z # oo and we say that Ay/(0o) = 0 if there exists

a—0
¢ > 0 such that CB(0,¢) € D and lim Ap(Teopa) = 0 for every 0 < ¢ < b < a. If Ay (x) =0,
a—r0o0
then M (x) = 0 and we say that Ay (z) > 0 if Ay (x) # 0.
Ifn>2¢g>1,7v:][0,00) = [0,00) is increasing with }tir% v(t) = 0, z € 9D is an isolated
H

point of dD and f: D — R" is a map, we say that f satisfies a ring (g, M, ~) condition in z if

M, (f(Tpap)) < (A (Thap)) for every 0 < a < b such that B(z,b) C D if x # oo

M,(f(Tooap)) = Y(Ap(Tacap)) for every 0 < a < b such that CB(0,a) C D if 2 = co.

We say that f satisfies a generalized ring (g, M, ) condition in z if M,(f(T'a)) < v(M(T'4))
for every ring A such that z §é A and A is compact in D N R”.

We say that f : D C R" — R" satisfies a ring (g, M,~) condition if f satisfies a ring
(¢, M,~) condition in every point x € D, and we say that f satisfies a generalized ring (g, M, )
condition if f satisfies a generalized ring (¢, M,~) condition in every point = € D.

If 2 = (z1,...,2,) € R”, weset |z] = (3 22)z and if A € L(R",R"), we set |A| = sup |A(z)],

=1 lz|=1

[(A) = |11‘1f |A(x)|. We denote by p, the Lebesgue measure in R™ and if p > 1, we denote by
m,, the p-Hansdorff measure in R".

If D C R"is open and f : D — R" is a map, we say that f satisfies condition (N)

if p,(f(A)) = 0 whenever A C D is such that p,(A) = 0. We also denote for x € D by

L(z, f) = limsup W and we set By = {x € D|f is not a local homeomorphism at z}.

h—0

If D C R™ is open, we say that ¢ : B(D) — [0,00] is a set function if p(A) < oo for every
compact A C D and (U A;) = Z ©(A;), if Ay, ..., A;, ... are disjoint Borel sets in D. We say

¢ has a derivative ¢ (z ) in a pomt x € D if there exists ¢ (z) = lim %. A set function
¢ has a.e. a derivative ¢ (z) and the function ¢ is Borel measurable.
If D, G are domains in R™ and f: D — G is a homeomorphism, we set pf : B(D) — [0, o]
by pf(A) = pn(f(A)) for every A € B(D). Then iy is a set functlon and if h: B(R™) — [0, 0]
is Borel measurable and f satisfies condition (N), then [h(f(x))us(z)dx = [ h(y)dy for
A £(A)

every A € B(D) (see [45], page 81-83).

Let now ¢ > 1, D C R™ open, E C D closed in D such that pu,(E) =0and f: D\ E — R"
a local homeomorphism. We can define a.e. the function Ky ,(f) : D — [0, 00] by K 4(f)(z) =
L(f(z), gx)uf(a:) Here g, is a local inverse of f around x such that ¢,(f(z)) = x. Then Ky ,(f)

3



is a Borel map and if + € D \ E is such that f is differentiable in z and Jy(z) # 0, then
Jr(x
Kl,q(f) (z) = léf‘f((x)))‘q-
The following Theorem is proved in Theorem 1 in [12].

Theorem A. Letn > 2,1 < q < p, D C R” a domain, f : D — R" continuous and
satisfying condition (V) such that m,(By) = 0 and having AC'L? inverses on f(D \ By). Then

M,(f(I)) < M;]q,q(f)(r) forevery I' € A(D) and M,(f(I)) < ([ KLq(f)(x)P/(p—q)dx)fP;q M, (T)o/?
D
for every I' € A(D).

Using this result, we can easily produce mappings which are not quasiregular and satisfying
generalized modular inequalities used in this paper.

Indeed, let D = (0,1)", =2 < L < a < 1, f:(0,1)2 — (0,2)% given by f(z,y) = (£, L)
for 2,y € (0,1) and let F : D — (0,1)"% x (0, ) given by
F(zy,..xy) = (1, oy Tp_g, f(Tn_1,x,)) for x = (21, ...,2,) € D.

We see that F' is a homeomorphism, I(f (z,_1,7,)) = min{z®"1, 227} if 2,1, 2, € (0,1)

n—1»*n

and [(F'(2)) = min{ 1L, I(f (v,_1,7,))} = 1, Jp(z) = 22" 122 L if 2 € D.

n

We find that K;,(F)(z) = 227281 — oo if z — 0, hence F is not quasiconformal.

q

Also, K7 ,(F)(z) = 2°"12% ! for v € D and let C' = ([ K;,(F)(x)" ™ 9dz)"=". Then C =
D

1 1 1 n(a-1) 1 na=1) n—gq
(f dxl...fdﬂfn_gfﬂfnfiq AT, fxnn_q dajn)T < 0.
0 0 0 0

Using Theorem A, we see that M,(f(T)) < CM,(T)¥™ for every I' € A(D), hence F is a
generalized ring (g, M,,,y) homeomorphism, where (t) = Ct?/™ for t > 0.

Another interesting example of an open, discrete map F' : B(0,1) — R" such that Br # ¢
and K ,(F)(x) =m for every x € B(0,1), n—1 < ¢ < n and for which the modular inequality
"M, (f(I)) < mM,(I")” holds for every I' € A(B(0,1)) is given in [15].

One of the main result of this paper shows that in the case n — 1 < ¢ < n, continuous,
open discrete ring (g, M,~) mappings in an isolated point z € dD cannot have an essential
singularity in z if Ay/(x) = 0. This is in contrast with the case ¢ = n and even with the known
case of analytic mapping.

Theorem 1. Let n > 2, n—1< ¢ <n, D C R* a domain, € 9D an isolated point of
0D, let f: D — R" be continuous, open, discrete and suppose that f satisfies a ring (¢, M, )
condition in z and A/(x) = 0. Then there exists ll_I)I}E f(z) =1eR™

Corollary 1. Let n > 2, n—1< ¢ <p <n, D C R* a domain, z € 9D an isolated
point of D, let f : D — R" be continuous, open discrete, satisfying condition (V) such that
my(By) = 0 and having local ACL? inverses on f(D \ By). Suppose that one of the following
conditions hold:

1) A, (@) =0.

2) [[Ki,(f)(x)?/*~9dz < 0o and p = n if 2 = .

D

Then there exists lim f(z) =1 € R™.
zZ—T

The known of Zoric says that if f : R®™ — R™ is quasiregular and a local homeomorphism
and n > 3, then f is a homeomorphism, but the result is false in the case n = 2, asexp: C — C
shows. We also see that A, (c0) = 0.

In the case n — 1 < ¢ < n we cannot have such a phenomenon in the case of ring (¢, M, )
local homeomorphisms f : R” — R™ such that Ay(oco0) = 0, because such mappings do not
exist, as we can see from the following theorem:



Theorem 2. Let n > 2, n — 1 < ¢ < n. Then there exists no continuous, open, discrete
ring (¢, M,~) mapping f : R" — R™ at co such that Ay (c0) = 0.

Corollary 2. Let n > 2, n — 1 < ¢ < n. Then there exists no continuous, open discrete
mapping f : R” — R satisfying condition (N), such that m,(By) = 0, having local ACL?
inverses on f(D \ By) and such that either Ag(l’q(f)(oo) =0, or [ Kr,(f)(x)""9dz < c0.

Rn

On the other side, if we permit the mapping f : R® — R» to take the value oo, Zoric’s
theorem is valid even in the case n = 2 for ring (¢, M,~) local homeomorphisms such that
Ap(oo)=0andn—1< g <n.

Theorem 3. Let n > 2, n—1< ¢ < nand f : R® — R be a ring (¢, M,v) local
homeomorphism at oo such that Ay (co0) = 0. Then f extends to a homeomorphism F : R® —
R~ such that F(oco) € R™.

Corollary 3. Let n > 2, n—1< g <n, f: R® = R be a local homeomorphism satisfying
condition (N) and having local ACL? inverses and suppose that either A%{,yq( f)(oo) =0, or

[ Kr4(f)(z)Y"9dz < oo. Then f extends to a homeomorphism F : R* — R such that
R

F(o0) € R™ and if x € R™ is such that f(z) = oo, then quq(f) () > 0.

We see for instance that if f : R* — R® is given by f(z) = x for + € R”, then, if
n—1 < g < n, we have that K;,(f)(z) = 1 for every z € R" and A'}(Iq(f)(oo) = 0o. We shall
also show that if f : R® — R" is given by f(z) = o if  #0, f(0) = 00, f(co) = 0, then
A%qu(f)(O) = oo and Agﬁiq(f)(oo) = 0.

If z is a boundary point of a domain in D # R", we have:

Theorem 4. Let n > 3, n—1< g <n, D CR"a domain, x € D an isolated point of
OD, and let f: D — R™ be a ring (¢, M, ) local homeomorphism in x such that Ay(z) = 0.
Then there exists F': DU {x} — R” a local homeomorphism around z such that F|D = f and
F(c0) € R™. o

Corollary 4. Let n >3, n—1<¢g<p<n, D CR" adomain, z € 0D an isolated point
of 0D, let f : D — R" be a local homeomorphism satisfying condition (/) and having local
AC'L? inverses and suppose that one of the following conditions hold:

1) Ak, (%) =0.
2) ([ K1,(f)(@)?/ = 9dz)5" = K < 0o and p = n if 2 = .
D

Then there exists F': DU {z} — R" a local homeomorphism around x such that F|D = f
and F'(o0) € R™.

Using the ideas from Lemma 2.1 in [15] and [16], we prove an equicontinuity result for a
family W of continuous, open discrete ring (g, M,~y) mappings f : D C R* = R?, n—1 < ¢ < n,
extending the result proved in [15] and [16], for M = M3 and ~(t) = t for ¢ > 0. We show that
we don’t need to impose to each mapping f € W to avoid a set of positive g capacity, and this
in contrast with the case ¢ = n and even with the known case of a family W of K-quasiregular
mappings.

Theorem 5. Let n > 2, n—1< ¢ <n, D CR" adomain, z € 9D an isolated point of D
and let W be a family of continuous, open, discrete ring (g, M,~) mappings f : D — R" in x
such that Aps(x) = 0. Then each function f € W can be extended by continuity to a function
fo : DU{r} — R™ and the family W, = (f,) jew is equicontinuous at x, and we take on D and
on R” the chordal metric.

Corollary 5. Let n > 2, n—1< g <p <n, D C R* adomain, € 9D an isolated point of
0D and let W be a family of continuous, open discrete mappings f: D — Dy C R" satisfying

5



condition (N) and having AC'L? inverses on f(D \ By) and such that m,(By) = 0. Suppose
that one of the following conditions hold:
1) quq(f)(m) = 0 for every f € W and there exists w : D — [0, o0] measurable and finite

a.e. such that Ky ,(f) <w for every f € W.
2) There exists 0 < C' < oo such that ([ KLq(f)(:z:)p/(p*q)dx)pr%q < C for every f € W and
D

p=nif z = oco.

Then each function f € W can be extended by continuity to a function f, : DU {z} — R»
and the family W, = (f;)jew is equicontinuous at x, and we take on D and on R” the chordal
metric.

A large number of results are devoted to find estimates of the modulus of continuity of
certain classes of mappings of finite distortion (see for instance [1], [18] or [22]). We give here
some estimates of the modulus of continuity of some continuous, open discrete ring (¢, M, )
mappings, n — 1 < g < n, extending in Theorem 6 some results from [15] and [16] given for
M = M2 and ~(t) =t for t > 0.

Theorem 6. Let n > 2, n—1<qg<n,p>1, D CR"adomain, z € D, d = d(z,0D),
w: D — [0, 00] measurable and finite a.e., v : [0, 00) — [0, 00) increasing with 1% v(t) =0, let

f : D — R" be continuous, open, discrete satisfying a ring (g, M?,~) condition in z such that
f(D) C B(0,r) and suppose that one of the following conditions is satisfied:
a) There exists M >0 and 0 < a < p— 1 such that [ w(z)dz < M&P(In(%))* for every
B(z,0
0<0<d. -
b) w e LV"=P) (D).
Then, if condition 1) holds, it results that

F) - )] < (s ey L

Cl 1 kp—«a
de n-1
/(lnln(w_—x'))p) @ forevery0<|y—z| <d (1)
and if p > 0 is small enough, then
» =1 de . ,\n=l .
1)~ FO < GO Y. o ()T ifo<ly—al<p (@
k=1
If condition b) holds, then
Vn 1=n+q 1 n(l—n+q) n n/(n— n=r
1) = £ < (P05 0 ([ )
d p(l—n) n—1
(In( )) )@ foreveryO<|y—zx|<d (3)

|y — =
and for p > 0 small enough, we have

p(l—n) n-—1

@) = f@)] < (V((@n-1)”™ (™ 3(a,a)) 77 (In( fx ) ) T if0<fy—z[<p (4)

Corollary 6. Let n > 2, n—1<qg<n, D CR" adomain, z € D, d = d(xz,0D), let
f D — R™ be continuous, open discrete, satisfying condition (V) such that m;(By) = 0 and

6



having local ACL? inverses on f(D \ By) and f(D) C B(0,7) and suppose that one of the
following conditions is satisfied:
a) There exists M > 0 and 0 < o < ¢ — 1 such that [ K;4(f)(z)dz < M§(In(%))* for
B(z,6
every 0 < 9 < d. -
b) K14(f) € L""=9(D).
Then, if condition a) holds, it results that

ann—i-q 1 n(l—ntq) >
1) - s < (L5
de g
/(lnln(|y_x|)) ) @ forevery0<|y—z|<d (1)
and if p > 0 is small enough, then
€ _1 .
1) = f@)] < 1/ ()i 0 <y —al < 2)
If condition b) holds, then
Vo)l 1 na-nte) nrtl (e n—g
1) = S < (L2 5 () 0 )
d g(1—=n)
(ln(|y—x|)) )T for every 0 < |y — x| <d (3)
and if p > 0 is small enough, then
(n=1)?
(W) = F@)] < /() 5 if 0 < Jy—a] < 4

ly — x|

We also estimate the behaviour at infinite of some open, discrete ring (¢, M,~y) mappings,
n—1<qg<n.

Theorem 7. Let n > 2, n—1<qg<mn,p>1A>0 D C R" a domain such that
CB(0,\) C D, let w: D — [0, 0] be measurable and finite a.e., v : [0,00) — [0, 00) increasing
with P_r)%fy(t) =0, let f: D — R"” be continuous, open discrete, satisfying a ring (g, M?,~)
condition at oo and f(D) C B(0,r) and suppose that one of the following conditions hold:

a) There exists M > 0 and 0 < o < p — 1 such that i w(z)dz < MéP(Ind)* for
B(0,6)\B(0,\)

every 0 > .
b) [ w(z)"Pdz < co.
CB(0,))
Then, if condition a) holds and C' = MeP2*((In\)* > 5 + Y =), it results that there
k=1 k=1

exists [ € R™ such that

%);TW( (C/(l In (|y/\| )) ) ;1 @f |y| o (1)

and if p is great enough, then

[f(y) =1 < (

\ﬂw—ﬂév@ﬂmm%gﬂszM>p @)



If condition b) holds, there exists | € R™ such that

(Vo) 1 na—nta)

£6) ~ 11 < 2 Gl

p(1—n)

(P o) 7 (L) 52) 5 iy > 2 (3

and if p is great enough, then

(1-n) n-1
T if yl > p (4)

n n/(n— y
55~ D) < (et (1 o) (L)
Corollary 7. Let n >2,n—1<q<mn, A >0, D C R" a domain such that CB(0,\) C D,
let f: D — R" be continuous, open discrete, satisfying condition (N) such that m(By) = 0,
having local AC'L? inverses on f(D\ By) and f(D) C B(0,r) and suppose that one the following

conditions is satisfied:
a) There exists M > 0 and 0 < o < ¢ — 1 such that Ik K ,(f)(x)de < Mé?(In )™

B(0,6)\B(0,))
for every § > \.
b) [ Kr (f) ()Y 9dz < cc.
CB(0,))
Then, if condition a) holds and C' = Me2*((InX\)* 3 &% 4+ > 7<), it results that there

k=1 k=1
exists [ € R™ such that

(Vo)1 1 nG-nta)

1) -1l < (L0 5 BT i =0 )

and if p is great enough, then

|<>—u<1ﬂlm0ﬂ>> Lif yl > p @

If condition b) holds, there exists | € R™ such that

Vo)l 1 nnte) " . n—gq
1) = 1= (0 5 R o)

q(l n) n—1

lyl
(In(=5)" ) @ if lyl > A (3)
and if p is great enough, then

\<>—u<w<<@» Sl > (1)

If the function f is a ring homeomorphism, we have some better estimates and in this case
we don’t need the boundedness of f in the calculus of the modulus of continuity of f.

We also don’t need in the preceding theorems the boundedness of f for the estimates of the
modulus of continuity of f if 0 < |y — z| < p is small enough.

Theorem 8. Letn >2, n—1<q¢g<n,p>1, D CR"adomain, z € D, d = d(z,0D),
w: D — [0, 00] be measurable and finite a.e., v : [0, 00) — [0, 00) increasing with 11_{% y(t ) 0,



let f: D — Dy C R" be a ring (¢, ME,y) homeomorphism in z and suppose that one of the
following conditions hold:
a) There exists M >0 and 0 < a < p— 1 such that [ w(z)dz < MéP(In(%))* for every

B(z,0)
0<d<d.
b) [w(z)V" P dz < oo.
D
Then, if condition a) holds, it results that
) — 1) < (raer S ()i ifo<y—al<d (1)
Y N Oofy kp—e ly — x| Y

If condition b) holds, it results that

£6) = F@)] < (A a2 )

() )7 i 0 <y ol < d (2

Corollary 8. Let n >2,n—1<qg<n, D CR" adomain, x € D, d = d(x,0D) and let
f:D — Dy C R" be a homeomorphism satisfying condition (/N) such that its inverse is AC'L?
and suppose that one of the following conditions hold:

a) There exists M > 0 and 0 < o < ¢ — 1 such that [ K ,(f)(z)dz < M§(In(%)) for
B(z,0)

every 0 < 9 < d.
b) [ Kiy(F)(2)"0dz < oc.
D

Then, if condition a) holds, it results that

Met 1 de 1
) = @) < (5= /(1H1H(|y_x|))q)"—q if 0<ly—a|l<d (1)
k=1

If condition b) holds, it results that

(wn_1)q/"

Co

d a(n=1) | _1

() ~ ()] < ( )

(HErq ()| ) ™/ (In(

ly —

for every 0 < |y — x| < d.
We also have some better estimates of the behaviour at infinite of ring (¢, M2, ) home-

w

omorphisms at oo, n — 1 < ¢ < n and also in this case we don’t need the boundedness of
I

Theorem 9. Let n > 2. n—1<qg<mn,p>1A>0 D C R*a domain such that
CB(0,\) C D, let w: D — [0, 0] be measurable and finite a.e, 7 : [0,00) — [0, c0) increasing
with P_r}xa’y(t) =0,let f: D — Dy C R" be aring (¢, MP,~) homeomorphism at co and suppose
that one of the following conditions hold:

a) There exists M > 0 and 0 < o < p — 1 such that i w(z)dz < M§P(Ind)* for

B(0,0)\B(0,\)

every 0 > .

b) [ wz)Vr Pz < oo.

CB(0,))



Then, if condition a) holds and C' = MeP2*((In\)* > & + > =), there exists I € R”

k=1 =
such that
lyle oL
F(9) = 1) < ((C/ () if [y > A (1)
Co A
If condition b) holds, there exists [ € R"™ such that
1 pin (||l Y] 20=m
F) =1 = (r(@n) (o MNieson) ™ ()" Jifly > A (2)

Corollary 9. Let n >2,n—1<¢g<n, A >0, D CR" a domain such that CB(0,\) ¢ D
and let f: D — Dy C R" be a homeomorphism satisfying condition (N) such that its inverse
is ACL? and suppose that one of the following conditions hold:

a) There exists M > 0 and 0 < o < ¢ — 1 such that [ w(z)dz < M&(Ind)* for

B(0,6)\B(0,\)
every 0 > .
b) [ Krg(F)@)-0ds < oo,
CB(0,))
Then, if condition a) holds and C' = Me?2*((In\)* 3" 5 + Y =), there exists [ € R”
k=1 k=1
such that
1 lyle o=
£0) ~11 < (- (C/ (07 if o] > A (1)

If condition b) holds, there exists [ € R" such that

q(1—n

‘Ui s s @

(Wn—1) e/

50 = 1< (D" Joson)

A known theorem from the theory of quasiconformal mappings says that if f; : D — D; C
R is a sequence of K-quasiconformal mappings such that f; — [, then either the limit mapping
is a K-quasiconformal homeomorphism, or Card Imf < 2, and the convergence may be not
uniform on the compact subsets of D. Also, if f; — f uniformly on the compact subsets of D,
then either f is a K-quasiconformal homeomorphism, or f is constant on D (see Theorem 21.1,
page 69 in [45] or Corollary 37.3, page 125 in [45]). A version of the last result for generalized
ring (n, MP,~) homeomorphisms is proved in Theorem 21.9, page 73 in [25] and Corollary 37.3,
page 125 in [25], in Theorem 9 in [8] and in Theorem 4.1 in [32].

Another main result of this paper shows that in the case n — 1 < ¢ < n, we have a stronger
result. We prove that if f; : D — D; C R" is a sequence of generalized ring (g, MZ,~)
homeomorphisms such that f; — f, n —1 < ¢ < n, then either f is constant on D, or f is
a generalized ring (g, MP,~v) homeomorphism and the convergence is uniform on the compact
subsets of D.

Theorem 10. Let n > 2, n—1<g¢g <n, p > 1, D C R* a domain, w € L} (D)
such that AP (z) = 0 for every z € D, v : [0, oo) — [0, oo) increasing with hmv( ) =0, let

fi D — D; C R" be generalized ring (g, M?,~) homeomorphisms for every j € N and suppose
that f; — f. Then f; — f uniformly on the compact subsets of D and either f is constant
on D, or there exists a domain G C R" such that f : D — G is a generalized ring (¢, ME, )

w
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homeomorphism. In the last case, if K C G is compact, there exists jo € N such that K C D;
for every j > jo and f;'|K — f~!|K uniformly on K.

Corollary 10. Let n > 2, n—1 < ¢ < n, D C R* a domain, w € L} (D) and let
fi : D = D; C R" be homeomorphisms satisfying condition (/V) and having AC'L? inverses for
every j € N such that f; — f. Suppose that one of the following conditions hold:

1) A%(x) =0 for every x € D and K ,(f;) < w for every j € N.
2) There exists ¢ < p < n and K > 0 such that ([ Kfyq(fj)(x)p/(p_@dx)% < K < oo for
D

every j € Nand co ¢ D if p < n.

Then f; — f uniformly on the compact subsets of D and either f is constant on D, or
there exists a domain G C R" such that f: D — G is a generalized ring homeomorphism and
if F C G is compact in G, f;!|F — f~!|F uniformly on F.

We shall also give analogues of some known results from the theory of quasiconformal map-
pings concerning the limit function of a sequence of K-quasiconformal mappings, which are
valid for sequences of generalized ring (g, MP,~) homeomorphisms whose inverses are general-

ized ring (r, M}, A\) homeomorphisms, ¢, € (n — 1,n].

2 Preliminaries.

If a,b € R", we denote by ¢(a,b) the chordal distance between a and b and ¢(a,b) =
la — b|(1 + |al2)"2(1 + [b]2)~2 if a,b € R", q(a,00) = (14 |a[?)"2 if a € R*. If A C R~
we set q(A) the chordal diameter of A and if A C R" we set d(A) the diameter of A in
the euclidian metric. We denote by B,(z, ) the ball of center = and radius r in the chordal
metric and by S,(z,7) the sphere of center z and radius r in the chordal metric. We set
B(z,r) ={z e R"||z —z| <}, S(z,r) ={2 € R"||z —z| =r} if x € R" and r > 0.

Given 0 < r <1 and ¢ > 1, we set v, ,(r) the set of all rings A = R(Qo, Q1) such that

q(Qo) > 1, q¢(Q1) > r and () is unbounded and we set A, ,(r) = ) 7%bnf( )Mq(I‘A).
EWPn,q(r

We see from Theorem 10.2 in [2] that if ¢ > n —1, then A, ,(r) > 0 for every 0 < r <1, the
function A, , : (0,1] — (0, 00) is increasing and lir% Ang(r) = 0.
T

If0 <t <1, let ¢p4(rt) be the set of all rings A = R(Qo, Q1) such that ¢(Qo) > r,
q(@Q1) > 1, q(Qo, Q1) < t and @ is unbounded. We set A\, ,(r,t) = inf M, (I'4). We see

AEPn,q(r,t)
from Theorem 10.2 in [2] that if ¢ > n — 1, the function Anq is increasing in 7 and decreasing
in t, A\pg(r,t) > Apg(r) for every 0 < 7 < 1and 0 < ¢ < 1 and that PI% Ang(r,t) = oo for
—>
every fixed 0 < r < 1. Also, if A = R(Qo,Q1), a,c € Qo, d,00 € ()1, we see from Theorem
9 in [2] that there exists a constant Cy depending only on n and ¢ such that Cyla — ¢[*9 <
Ang(E=dY(la — ¢|)"7 < M,(T'4). Throughout this paper we shall denote by Cy this constant.

la—c

Let E, ..., Ej, ... be a sequence of sets in R”. The Kernel Ker;_,.F; of this sequence of sets
is the set {z € R"| there exists U, € V() and j, € N such that U, C Ej; for every j > j,}.

If D C R"isopen and f: D — R" is a map, we say that f is ACL if f is continuous and
for every cube ) CC D with the sides parallel to coordinate axes and for every face S of @) it
results that f|Ps'(y) N Q : P7(y) N Q — R™ is absolutely continuous for a.e. y € S, where
Ps : R" — S'is the projection on S. An AC'L map has a.e. first partial derivatives and if ¢ > 1,
we say that f is ACLY if f is AC'L and the first partial derivatives are locally in L.

If ¢ > 1, we denote by V[/l})f(D, R™) the Sobolev space of all functions f : D — R"™ which are
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locally in L? together with the first order distributional derivatives. We see from Proposition
1.2, page 6 in [30] that if f € C(D,R"), then f is ACL? if and only if f € W,29(D,R™).

If D C R"isopen, b € dD, and f : D — R" is a map, we set C(f,b) = {z € R"| there
exists b, € D such that b, — b and f(b,) — z}.

If D C R is open and f: D — R"is a map, we say that f is open if f carries open sets into
open sets, we say that f is discrete if f~!(y) is empty or discrete for every y € R™ and we say
that f is light if for every z € D and every U € V(x), U C D, there exists ) € V(x) such that
Q C U and f(z) ¢ f(0Q). We say that f lifts the paths if for every path p: [0,1] — f(D) and
every x € D such that f(z) = p(0), there exists ¢ : [0,1] — D a path such that ¢(0) = z and
foq=p. Wesay that ¢:[0,a) — D is a maximal lifting of p from z if 0 < a < 1, ¢ is a path,
q(0) =z, foq=p|[0,a) and ¢ is maximal with this property. If f : D — R" is continuous,
open discrete, p : [0,1] — R™ is a path and x € D is such that f(x) = p(0), then there exists a
maximal lifting of p from z.

We denote by V,, the volume of the unit ball from R™ and by w,_; the area of the unit
sphere from R™.

If v : [a,b] — R” is rectifiable, we set s,(t) = I(v|[a, ]) for t € [a,b] and we define the
reparametrization 7° : [0,1(y)] = R" of v by setting v(t) = v°(s,(¢)) for ¢ € [a, b].

If D C R™is open, f : D—)R”isamap,wesetff ) x—ff Ydz [, (A) for A C D

measurable and if x € D and B(x,¢) C D, we set f. = f f(z dz We say that f is of finite
B(z,e)
mean oscillation in x if imsup f |f(2) — fe|dz < oo, and we write f € FMO(x).
e—0 B(z,€)

If D,G are domains in R*, ¢ > 1, f : D — G is a homeomorphism and ¢ is its inverse
which satisfies condition (IV), we can define a.e. the ¢ outer dilatation of f in x, Ky ,(f)(z) =

L(x, ), (f(x)), and if f is differentiable in = and Jg(z) # 0, then Ko q(f)(x) = I‘fjf(—gﬁ
We say that E = (A,C) is a condenser if C' C A C R”, C' is compact and A is open. If

p > 1, we define cap,(E) = inf [ |[Vu(z)[Pdz, the p capacity of E, where the infimum is taken
R

over all u € C§°(A) such that v > 1 on C. We also define I'y = A(C,0A, A) and we see from

Proposition 11.10.2, page 54 in [30] that M,(I'r) = cap,(E).

We shall use the following capacity inequalities (see [17] and Proposition 6 in [26]):

d(C)P

m)"ll forp>n—1 ([)

cap,(E) > (Cy

capy(E) > Copn(C)+" for1<p<mn (1)

Here ', and C5 are constants depending only on n and p. Throughout this paper we denote
by C; and Cj the constants from the formulae (I) and (II).
The following is a result similar to Theorem A. We give its proof for the sake of completeness.
Theorem B. Let n > 2, 1 < ¢ < p, let D,G be domains in R", f : D — G be
an AC'L? homeomorphism, let g be its inverse and suppose that g satisfies condition (V).

Then Ko,(f)og € LZOC(G) and M,(I') < My, (f)og(f(F)) for every I' € A(D), and if C' =
([ Kog(f)(g(y))P/P=0) dy) , it results that M, ( ) < CM,(f(T))4P for every I € A(D).
e

Proof. Since f is an ACLY homeomorphism, we can find a constant C(n,q) depending
only on n and ¢ such that L(z, f) < C(n,q)|f (z)] a.e in D. Let Q@ CC D be open. Then

12



J Kou(f)( fL Nipg(y)dy < [ Lz, f)ide < Cln,q)* [ |f(2)%dzr < oo,
Q 9(Q) 9(Q)
hence KO,q(f) ©g € Lloc(G)

Let T' € A(D), Ty = {7y € T'|y is locally rectifiable and f o 4° is absolutely continuous}, let
n € F(f(I'y)) and let p : R™ — [0, 00| be defined by p(x) = n(f(x))L(z, f) if x € D, p(x) =0
otherwise. We see from Theorem 5.7, page 15 in [45] that p € F(I'g) and using Fuglede’s
theorem (see Theorem 28.2, page 95 in [45]), we have:

M(T) = My(T0) < [ pla)rde = [ n(f) e, £)1ds =

D

= /n(f(g(y)))qL(g(y),f)qu;(y)dy= /n(y)qKo,q(f)(g(y))dy-

G e
Since n € F(f(I'y)) was arbitrarily chosen, we see that

My(T) < My, 516,(f(T0)) < My 510,(f(1).

Also, using Holder’s inequality, we see that

My (') = /n(y)qKo,q(f)(g(y))dy < C(/n(y)pdy)q“’

G G

and since n € F(f(I'y)) was arbitrarily chosen, we find that
M,(T) < CMy(f(To))"" < CMy(f(D))*".

Remark 1. If in Theorem A g is a.e. differentiable on G and J,(y) # 0 a.e. in G, then f
satisfies condition (V). Also, if in Theorem B f is a.e. differentiable on D and Js(z) # 0 a.e.
in D, then g satisfies condition (V).

We denote Cqp = {2z € R"|a < |z —z| < b} for x € R" and 0 < a < b.

Let n > ¢ > 1, D C R be open, w : D — [0, 00] be measurable and finite a.e., z € D and
0<a<hb.

We find some estimates for AZ(I'; ,p).

b
Let n : (a,b) — [0, o] be a Borel map and let I,, = [n(t)dt. Then, if 0 < I, < oo,
AL(Teap) < [ wl2)n(lz — z|)?dz/(Lap)"-

Cz ,a,b
Letting n(t) = % for t € (a,b) and using Holder’s inequality, we have

xab

b
dt dz g b
- q/n n/(n—q) = (n(2))? <
\z—w[‘l t (/ ’Z_x|n) (/ w(z) dz) /(n(&)) =
Cz,a,b

Ca:,a,b

NN

n/(n— g dt n b n n/(n— n—g
<l e, ) (wnl/ t)/ /(n(~))* < (W) ("D, ) (In(=))"

a
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It results that

_ n—q b la0-m
AL(Taap) < (wnt)" ("l ) 7 (0(2)) 7 (I11)

It results that if x € R", B(x,b) C D and [ w(2)"(""9dz < oo, then A¢(z) = 0, and if
B(z,b)

CB(0,b) C Dand [ w(z)Y™ 9dz < oo, then A%(c0) = 0.

CB(0,b)
Let now w,(t) = f w(2)ds(y) for & € D such that B(z,b) C D and a < t < b. Taken
S(z,t)

. b
no : (a,b) — [0, 00] defined by no(t) = (1/t-Tw,(t )q 1) fora <t <band [, = f770 t)dt, we

see from Remark 3 in [12] that

(IV)

b b
It results that if x € R", B(z,b) C D, [no(t)dt < oo for 0 < a < b and [ ny(t)dt = oo, then
a 0

b oY)
Al(x) = 0, and if CB(0,a) C D, [no(t)dt < oo for 0 < a < b and [ ny(t)dt = oo, then also

AZ(oc0) = 0.
We also see from Corollary 6.3, Ch. 6 in [25] that if n —1 < ¢ <n and f € FMO(x), then
AZ(z)=0.
In Proposition 3 in [12] is proved the following:
Lemma A. Let n > 2, 0<a<qg—1, M >0, D C R" adomain, x € D, b > 0 such
that B(x,b) C D, let w : D — [0,00] be measurable and finite a.e. such that [ w(z)dz <
B(z,)

Then AL(Tzqp) < C/(Inln(%))4

M§9(In(%))* for every 0 < § < b and let C' = Meqkz_: .

for every 0 < a < b.

Using the proof from Lemma A, we obtain a similar result for x = oc.

Lemma B. Let n > 2, 0<a < qg—1, M >0, D C R* a domain such that there exists
a > 0 such that CB(0,a) C D, let w : D — [0,00] be measurable and finite a.e. such that

[ w(z)dz < M§(Ind)™ for every 0 < a < b and let C = Me?2%((Ina)* Y 5 + > =)
Co,a,b k=1 k=1
Then

Al (Tooap) < C/(In ln(%))q forevery0 <a <b. (V)

k

Proof. Let O < a < band let Ay = B(0,ae*1) \ B(0,ae*) for k € N. Then o < S

and for every x € Ay and every kK € N. Let p : R” — [0,00]| be defined by

1
el
p(e) = lnlnl( 2) |z|In (‘”'e)
[45] that p € Lo qp and let kg € N be such that £+ 1 < Ina for £ < ky and Ina < k + 1 for
k > ko. We have

if x € Coap, p(x) = 0 otherwise. We see from Theorem 5.7, page 15 in

dx 1 <
jz|7(In(2))e (InIn(%))e

A (T ) < / w()p(2)idz < / w(z)

R
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1 - 1
(In In( b_ / !wl 'x‘e h (hﬂlﬂ(f))q 2 (aek)a(k + 1) /w(z)d'z =

a

Ag
M = (aeF1)a(In(aekf+1))e  Mef “(lna+k+1)° B
= (Inln(%))? % (aeb)a(k+1)7  (Inln(ke))s ; (k+ 1)

_ Met ko (Ina+ k+ 1)~ = (lna+k+1), be
B (lnln(%e))q(kz:% (k4 1)4 +k§)ﬂw) < C/(Inn( a)) .

3 Open, discrete ring mappings. Proof of the results.

Proof of Theorem 1. Suppose that x € R" and let b > 0 be such that B(z,b) C D and
let § = min{b, C»}. Let 0 < a < b be such that v(Ap(Tyap)) < $ and let 0 < € < a. We can
find 0 < ¢ < e such that y(Ap(Tyee)) < . Let E = (B(z,b)\ B(z,¢), B(z,a) \ B(z,¢€)). Then
f(BE) is a capacitor (f(B(x,b)\ B(z,c)), f(B(x,a)\ B(z,¢€))) and let I'* be the family of all
maximal liftings of some paths from I'jp) starting from some points of B(z,a)\ B(z,€). Then
Lypy > f(I'*) and since f is open, we see that I C I'g. Let I't = 'y, 'y = I'y . Then
g >T1Uly and f(I*) € f(T'g). Also f(I'g) > f(I'1UTy) = f(I'1) U f(I'2). Using (II), we see
that

Coptn(F(Br,0)\ Ble,€))75 < cap,(F(E)) = My(Ty)) < My(F(I")) <

< My(f(Tg)) < Mo(f(T1) U f(T2)) < Mo(f(T1)) + My(f(I'2)) <

<A(Au(T) + A Au(Ta) < 5+ =4
We see that 1, (f(B(z,a) \ B(x,€)) < (gi) < 1 for every 0 < € < a and letting € — 0, we
find that
pn(f(B(x,a) \ {z})) <1 (1)

Let p > 0 be fixed and let 0 < 3 < a be such that y(Ap(I'y 54)) < 5. Let 0 <6 < a < 3 besuch
that Y(Ay(Tzsa)) < S andlet I'y =Ty g4, o =50 Let B = ( (z,a) \ B(x,6),B(x,B) \

B(z,a)). Then f(FE) 128 a capacitor (f(B(z,a)\ B(z,9)), f(B(z.8) \ B(z,a)), Tg > T'; UTy,
My(T¢py < My(f(I'g)) and using (I), we have:

d(f(B(z,8)\ Bz, ))* | 1
pn(f(B(x, a) \ B(x,0)))! -t

= M,(Tye) < My(F(T)) € My(F(T1) U f(2)) < /(A (D) + (BT < S+ 5= p.
Letting a — 0, we find that

(C1d(f(B(x, B) \ Bz, a))))7 < (Cy

n—1

qC forsome0 < f<a<b (2)
1

d(f(B(z,8) \ {z}))* <

It results from (2) that C(f,z) is compact in R™ and that there exists lim f(z) =1 € R™.

zZ—T
We use the same arguments if x = oo.
Proof of Corollary 1. Suppose that condition 1) holds. We see from Theorem A that
M,(f(I)) < M;’(Iq(f)(F) for every I' € A(D) and we apply Theorem 1 with M = M?{,q(f) and
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v(t) =t for t > 0. Suppose now that condition 2) holds and let C' = ([ K[,q(f)(a:)p/(p"*’)d@%.
D

We see from Theorem A that M,(f(T")) < CM,(T)%? for every I' € A(D) and we also see that
M,(x) =0if 0 <p <nand x € R" and M,(c0) = 0. We apply Theorem 1 with M = M, and
y(t) = Cti/? for t > 0.

Proof of Theorem 2. Suppose that there exists f : R® — R" continuous, open and
discrete such that f is a ring (g, M,~y) mapping at co and Ays(co) = 0. Using Theorem 1, we
can find a function F : R® — R" such that F|R™ = f. Since F is open and discrete on R",
we see that I is a light map and we can easily see that taken on R” the chordal metric, F is
also an open map on R”. Then F(R") is open and compact in R”, hence F'(R") = R" and we
reached a contradiction.

Proof of Corollary 2. Suppose that there exists f : R” — R" continuous, open, discrete,
satisfying condition () such that m]_<Bf> = 0, having local ACL? inverses on f(D \ By)
and either A%Lq(f)( o0) = 0, or f Ki,(f)(x)”"=9dr < co. Using Theorem A, we see that
M, (f(T)) < M, p(
We apply now Theorem 2.

Proof of Theorem 3. Using Theorem 1, we can find F : R* — R” continuous such that
FIR" = f and | = F(00) € R™. Let g : R* — R" be a homeomorphism such that g(I) = oo
and g(x) € R*if z € R*\ {I}. Let P = f~(I). Then P is a discrete set in R™ and let
h:R*"\P—R" h=gof. Wesee that R"\ P is pathwise connected, R" is simply connected
and h lifts the paths, hence h is a homeomorphism and we can easily see that P = ¢ and
lim h(x) = oo. We can find now a homeomorphism H : R" — R" such that H|R" = h and

T—r00
H(oo) = co. We see that go F' = H and taking F' = g~' o H, we see that F : R?" — R” is a
homeomorphism and F|R™ = f.

Proof of Corollary 3. We see from Theorem A that M,(f(I")) < M;’(Iq(f)(F) for every

I' € A(D) and we also see that A%Lq(f)(oo) = 0. We apply now Theorem A.

Example 1. Let n —1 < ¢ <nand f: R* - R f(z) = e if x # 0, f(0) =
f(oco) = 0. Then f is a homeomorphism and using Example 16.2, page 49 in [45], we see that
(f(2) = |f(@)] = g, Jp(x) = |z " if @ # 0. Then Kp,(f)(z) = |2[72"~9 if z # 0 and

using Lemma A, we see that My(f(I')) < Mg, (L) for every I' € A(R" \ {0}).

Let @ = (0,m)" 2 x (0,27) and let 6 : @ x (0,00) — R" be the polar coordinates in R"
and let w : R"\ {0} — [0,00], w(x) = K14(f)(x) for x # 0. Then w,(t) = § w(2)ds@y =
S(z,t)
mgw@(ty))!c’a(ty)ldy = o f sty = 7270 for ¢ > 0 and x € R™.

t y ‘Q(n q)

I') for every I' € A(D) and we also see from (III) that Af

Kl,q(f)(oo> - O

Let no : (0,00) — (0,00), n,(t) = 1/(t rlwx( ) T) for t > 0. Then no(t) =t a1 w1 for t > 0.
b —q

Let 0 < a < band I, = [no(t)dt = g;j](bqfl — a+1) and using (IV), we find that
ALy ap) = (IWZ% This implies that 1i£n_)i[§1fA3)(F07a7b) = wo (=) pa= > 0, hence
AZ(0) > 0. We see that Af(oco) = 0. o

Let now f : R — R, f(z) = z for x € R*. Then K;,(f)(z) = 1 for every + € R”
and M,(f(I") = M) for every I' € A(R"). Let w : R" — [0,00], w(x) = Ki,(f)(z)
for z € R® and w,(t) = § w(2)dgy for t > 0 and z € R". Let 1o : (0,00) — (0, 00),

S(z,t)

no(t) = 1/(tet 1(,%() 1) for t > 0. Then ny(t) = tot fort > 0. Let 0 < a < b and
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Iy, = 770 dt—qlaq T b)), Then AY(00) = (2=9)771g"=% > 0 and A%(0) = co.
w q—1 w

Both homeomorphisms are conformal, hence A% 1 (z) = 0 for every z € R™.

Proof of Theorem 4. We see from Theorem 1 that there exists F' : D U {z} — R»
continuous such that F|D = f and we can easily see that F' is open and light and F(z) € R™.
We suppose first that © # oo and we can also suppose that F'(D) C R™ Let r > 0 be
such that B(z,r) C D and F(z) ¢ F(S(z,7)) and let p = d(F(x), F(S(x,7))) > 0. Let
0 < e < pand let U be the component of F~'(B(F(z),¢)) containing z. Then U C B(x,r),
F(U) = B(F(x),¢e), F(OU) = S(F(x),e) and let E = F~'(F(z)) N U. Then E is at most
countable, since F' is a local homeomorphism on U \ {z} and let h = FI[U\ E : U\ E —
B(F(z),e)\{F(x)}. Then h is a local homeomorphism which lifts the paths, U\ E is connected
and B(F(z),e) \ {F(x)} is simply connected and this implies that h is a homeomorphism. We
can easily see that F' is injective on U and that F' is a local homeomorphism. If z = oo we
apply a similar argument.
Proof of Corollary 4. If condition 1) holds, we see from Theorem A that M,(f(I')) <
M[("(Lq(f)(f‘) for every I' € A(D) and that Ag(m(f)(oo) = 0. If condition 2) holds, then

M,(f(T)) < KM,()¥? for every I' € A(D) and My(x) = 0if 1 < p < n and z € R",
M,,(00) = 0. We apply now Theorem 4.

Proof of Theorem 5. Suppose that = # oo and let b > 0 be such that B(x,b) C D. We
can prove relation (1) from Theorem 1 independently of the function f € W, hence we can find
0 < a < b such that u,(f(B(z,a))) < 1 for every f € W.

Let € > 0 and 0 < § < a be such that (A (I's64)) < (eqC’l)ﬁ. Let E = (B(z,a), B(z,0))
and let f € W. Then f(E) is a capacitor (f(B(z,a)), f(B(z,9))) and let I'* be the family of
all maximal liftings of some paths from I'y(g) starting from some points of f(B(z,d)). Since f
is open, we have that I'yg) > f(I'*) and I'* C I'y. We have

(Crd(f(B(x,d)))")7

| /\

(

Chd(f(B(z,6)))? R -
Nn(f(B(x,a)))l—nJrq) < capy(f(E)) = My(pm)) <

< My(f(T%) < My(f(Tg)) < 1(Ani(Tapa)) < (€9C;)71

for every f € W. It results that d(f(B(z,4))) < € for every f € W.

We proved that the family W is equicontinuous at x. The proof is similar if x = oco.

Proof of Corollary 5. Suppose that condition 1) holds and let f € W. Using Theorem A,
we see that M,(f(I")) < M%Iq(f)(f‘) < MY(T) for every I' € A(D), hence f is a ring (q,Mq,fy)
mapping, with y(¢) = ¢ for t > 0.

Suppose now that condition 2) holds and let f € W. Using again Theorem A, we see
that M,(f(T)) < CM,(T)¥? for every I' € A(D), hence f is a ring (g, M,,~) mapping, with
v(t) = Ct¥/? for t > 0. We apply now Theorem 5.

Proof of Theorem 6. Let 0 < |y — x| < d and let E = (B(z,d), B(z,|y — z|). Then f(E)

is a capacitor and we have

(Cld(f(ﬁ(w, ly — w!)))q)ﬁ - (Cld(f@(w, ly — )
(Vrm)t-nta — ([ (B(x,d)))t e

= My(Tym)) < Mo(f(Tp)) < Y(AL (e y—zr.a))-

)1 < capy(f(E)) =
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If condition a) holds, we see from Lemma A that AP (' |y—z,a) < Me? Z ==/(In ln( p
k=1
and relation (1) is proved. If condition b) holds, we see from relation (III) that AP (I'; jy—ap,a) <

(@) (|0 P | e a)) 5 (%)) 5 and (3) is proved.

We see from the proof of Theorem 1 that if 0 < p < d is small enough, then p,(f(B(z,p)))
is arbitrarily small and replacing in the preceding argument d by p, we can prove relatlons (2)
and (4).

Proof of Corollary 6. We see from Theorem A that M,(f(I')) < M}I(Lq(f)(lj) for every

I' € A(D) and we apply Theorem 6 with w = K ,(f), p=q and y(t) =t for t > 0.
Proof of Theorem 7. We see from Lemma B or from relation (III) that AP (co0) = 0 and
using Theorem 1, we see that in both cases there exists lim f(z) =1 € R".
Z—T

Let 0 < A <a< fBand k> 1andlet E = (CB(0,\)\CB(0,k8),CB(0,a)\CB(0, 3)). Then
E is a capacitor, f(F) is a capacitor and if I't = ' 0, I's = ['oo grs, We see as before that
I'e>I1 U Fg, Mq(f(FE)) > Mq(Ff(E)), f(FE> > f(Fl U FQ) = f(Fl) U f(FQ) We have

( 1d(f(CB(0,0) \ ﬂF(O,ﬁ)))q)m < 1d(f(CB(0,0) \ CB(0, 8)))? Jokt <
(Vnrn)lfnJrq - Mn(f(EE<O= )‘> \ EB(O’ kﬁ))>1_n+q B
< capy(f(E)) = My(U)) < My(f () < My(f(I'rUT2)) <

< Mo(f(T)) + My(f(T2)) < V(AL (Toona)) + 7(AL (Lo g ks))-
Letting &k — oo and using the fact that AP (co) = 0, it results that hm AP (' gkp) = 0 and
we find that

)

(Vn>lin+q 1 n(l-—n+tq) n—1

d(f(CB(0,a) \CB(0,8))) < ( o (BhTena)) T

Letting now 8 — oo, we find that

d(f(CB(0,a))) < (~5—

Let now y € CB(0,\) and take o = |y|. Then f(y) € f(CB(0,)), f(CB(0,a)) U {l} is compact
in R™ and [ € Int(f(CB(0,a)) U {i}), hence |f(y) —I| < d(f(CB(0,))). We have

Vn 1-n+gq 1 n(l-—n+q) n—1
) — 1) < (VL0 0  An ()

Ch

Using Lemma B and relation (III), we prove relations (1) and (3). We can prove as in
Theorem 1 that if p is great enough, then yu,(f(CB(0, p))) is small enough and replacing in the
preceding arguments A\ by p, we prove relations (2) and (4).

Proof of Corollary 7. We see from Theorem A that M,(f(I')) < M}, (f)(F) for every
I' € A(D) and we apply Theorem 7 with w = K7 ,(f), p=q, y(t) =t for t > 0.

Proof of Theorem 8. Let y € B(z,d), A = R(B(x,|ly — x|),CB(x,d)). Then f(A) is a
ring R(Qo, Q1), where Qo = f(B(z,|y — x|) is compact and Q1 = Cf(B(z,d)) is unbounded
and let b € @;. Using Theorem 9 in [2], we have:

|b—
[f(y) — f(2)]
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and it results that

1

) — f@)] < (Ciov(Aﬁ(Fw_M)))w.

Using relations (III) and (V), the theorem is proved.

Proof of Corollary 8. We see from Theorem A that M,(f(I")) < ngq(f)(r) for every

I' € A(D) and we apply Theorem 8 with w = K ,(f), p=¢q and y(¢t) =t for t > 0.

Remark 2. We can give an alternate proof of Corollary 8 in the case when condition b) is
satisfied. Let y € B(w,d), A= R(B(z, |y — z|,CB(x,d))) and let b € Cf(B(z,d)). We see from

Lemma A that M,(f(T)) < (|| Krq(f)" " || p@a) = Mn (D)9 for every I' € A(D), hence
Golf(0) = F@)"" < 1F(3) = S a2 ) < M) <

n—q

< (K La()) " N p@a) ™ Ma(Cayy—a )™ =

n/(n— 9 d
= (IKrg(N)"" | Ba.a))

n (wp—11n 1=nya/n

and we obtain the same result as in Corollary 8.
Proof of Theorem 9. We see from Lemma B or from relation (III) that AP (oc0) = 0 and
using Theorem 1, we find that there exists lim f(z) =1¢€ R™.
T—r00

Let 0 < A < a and let A = R(B(0,)),CB(0,a)). Then f(A) is a ring R(Qq, Q1), where
Qo = f(CB(0,a))u{l} is compact in R* and Q; = Cf(CB(0, \)) is unbounded. Let y € CB(0, \)
and let a = |y|. Then, f(y), | € Qo and if b € @)1, we see that

Colf(0) = 17 < 1£0) = I Doyl o 2) < My () < (AL T )

We apply now Lemma B and relation (III) and the theorem is proved.
Proof of Corollary 9. We see from Lemma A that M, (f(I")) < M;Iq(f)(F) for every

I' € A(D) and we apply Theorem 9 with w = K ,(f), p= ¢ and y(¢) =t for ¢t > 0.

4 The limit mapping of generalized ring (¢, M,~) home-
omorphisms.

Lemma 1. Let D,D; be domains in R~, fi + D — D; be homeomorphisms such that
f; — f uniformly on the compact subsets of D and f is a light map. Then f(D) C Kerj_.Dj.

Proof: Let y € f(D) and x € D be such that y = f(z) and let 6 > 0 be such that
B,(z,8) € D and y ¢ f(S,(z,9)). Let U = By(x,6) and r = q(y, f(OU)) > 0. Let jo € N be
such that f;(z) € By(f(x),%) for every z € U and every j > jo. Then B,(y, %) N f;(0U) = ¢
for every j > jo and By(y,%) = (By(y,%) N f;(U)) U (By(y, 5) N f;(C0)) for j > jo. We see
that By(y,%) is connected, the sets By(y, %) N f;(U) and By(y, %) N f;(CU) are open sets and
By(y,5) N f;(U) # ¢ for j > jo. This implies that B,(y, 5) C f;(U) C D; for every j > jy and
it results that y € Ker;_oD;.

Proof of Theorem 10. We see from Theorem 5 that the family W = (f;);en is equicon-
tinuous on D and using Theorem 20.3 in [45], we see that f; — f uniformly on the compact
subsets of D. Let @ = D \ {oo} and take z € (). Since the family W is equicontinuous at
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z, we can find 7 > 0 and jo € N such that ¢(f(B(z,r)) < 1 and ¢(f;(2), f(2)) < 1 for every
z € B(z,r) and every j > jo, and we can take jo = 1. Let U = B(x,r).

We show that either f is constant on U, or f is injective on U. If this thing is false, we can
pick distinct points aj,as,as € U such that f(ay) # f(az) = f(az). We can join a; and as by
an arc J in U and let I be another arc joining az with a point ay € OU such that I NJ = ¢.
Let A = R(J,C(U\ I)). Then f;(A) is a ring R(Cy;,C1;), Coj = fi(J) is compact, f;(U) is
compact in R" and Cy; = C(f;(U \ I)) D Cf;(U) is unbounded, since ¢(Cf;(U)) = 1 for j € N.
Let 7; = q(f;(a1), fj(a2)) and t; = q(f;(az), fj(as)) for j € N and let 6 = ¢(f(a1), f(az)) > 0.
Since r; — 0, we can suppose that r; > % for every j € N. We see that ¢(Cp;) >, ¢(Cyj) > 1,
q(Coj;, Cyj) < t; for every j € Nand t; — 0. Let h = d(J,C(U\ 1)) > 0 and let p = +X;. Then
p € F(Ta) and Mag(5,;) < Aug(ry,ty) < My(f5(Ta)) < v(ME(T4)) < ’Y(Rf “EL Xy (2)dz) <

V(h—lp Jw(z)dz) < .
U

On the other side, we see from Theorem 2 in [2] that A, 4(2,¢;) — 0o and we reached a
contradiction. We proved that for every = € ) there exists U, € V(z), U, C @ such that either
f is injective on U,, or f is constant on U,.

Suppose that there exists z1, 20 € Q, 21 # 2o such that f(z1) = f(z2) and let € > 0 be such
that 2, ¢ B(21,€). Since S(21, €) separates the points 2; and zy and f; is a homeomorphism, we
see that also f;(S(z1, €)) separates the points f;(z1) and f;(22) for every j € N. Let xj. € S(21,¢€)
be such that

q(fi(xje), fi(21)) < q(fi(21), fj(22)) for every j € N (1)

Passing to a subsequence, we may assume that there exists z. € S(z, €) such that z;c — ..
Using the equicontinuity of the family W in x., we see that q(f;(z;e), f(ze)) < q(fi(xje), fi(ze))+
q(fi(xe), f(xe)) — 0, hence fj(xj.) = f(x). Letting j — oo in (1), we find that f(z.) = f(z1).

We proved that if 2, & B(zy,€), then f is not injective on B(zy,€).

Let @1 = {x € Q| there exists U € V(z) such that U C @ and f is injective on U} and let
Q)2 = {z € Q| there exists U € V(z) such that U C @ and f is constant on U}. Then @; and
()2 are open and disjoint, Q) = 1 U Q2, @ is connected and since z; ¢ @)y, we see that z; € @)y
and hence @)y # ¢. It results that Q = @2, hence f is constant on ) and since f is continuous
on D, we see that f is constant on D.

Suppose that f is not constant on D. We proved that in this case f is injective on ) and
using Lemma 1, we see that f(Q) C Ker; o f;(Q). Let A = R(Qo, Q1) be a ring such that A is
compact in Q and let By = QoNA, B; = Q;NA. Since A is compact and f(Q) C Ker; o f;(Q),
we can find jo € N such that f(A) C f;(A) for every j > jo. Using Lemma 6 in [6], we see that
My(5(Bo), J(B), F(A)) < My(f5(Bo), (B, f5(A)) = My(fy(Ta)) < A(ME(T)) for every
J > jo and letting j — oo, we find that M,(f(T'4)) < v(ME(T'4)), i.e. f is a generalized ring
(q, M?,~) homeomorphism on ) and hence f is a generalized ring (¢, M?,~) homeomorphism
on D.

We proved that if f is not constant on D, there exists G C R™ a domain such that f : D — G
is a generalized ring (¢, M?,~) homeomorphism on D.

Suppose that f : D — G is a generalized (g, ME,~) homeomorphism and let K C G be
compact in G. Let U CC D be a domain such that K C f(U). Let G; = f;(U), h; = f;|U :
U — f;(U) for j € N. Then f(U) C Kerj.ofj(U) and if y € K, we can find j(y) € N and

U, € V(y) such that U, C G, for j > j(y). Since K C |J U, and K is compact, we can find
yeK
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Y1, .-y Ym € K such that K C |J Uy, and taking jo = max{j(y1), ..., j(ym)}, we see that K C G,
i=1

for every j > jo. It results that g; = hj_1 : G; — U is well defined for every j > jo and let
g: f(U)—=U, g=(flU)"'. We show that g; — ¢ uniformly on K.

Suppose that this thing if false. Taking if necessarily a subsequence, we can find ¢ > 0
and y,y; € K such that |g;(y;) — g(y;)| > € for every j € N and y; — y. Let z; = g(y;) and
z; = g;(y;) for j € N. Taking if necessarily a subsequence, we can suppose that there exists
x,z € U such that x; — x, z; — z. Due to equicontinuity of the family W in z, we see that
fi(z;) = f(2) and we also see that f;(z;) =y; = f(z;) = f(x) and we obtain that f(z) = f(z).
On the other side, |z; — z;| > € for every j € N and letting j — oo, we have that |z — 2| > e,
hence x # z and f(z) = f(z). We reached a contradiction, since we supposed that f is injective
on D.

We proved that g; — ¢ uniformly on K.

Proof of Corollary 10. If condition 1) holds, we see from Theorem A that M,(f;(I")) <

M[q([q(fj)(F) < MYT) for every I' € A(D) and every j € N. We apply now Theorem 10

and we see that if f : D — G is a homeomorphism, then f is a generalized ring (¢, MZ,~)
homeomorphism, where v(t) =t for ¢ > 0.

If condition 2) holds, we see from Theorem A that M,(f;(T')) < KM,(I')¥? for every
I' € A(D) and every j € N and we see from Theorem 19 in [2] that M,(z) = 0 if 2 € R and
M, (c0) = 0. We apply Theorem 10 and we find that if f : D — G is a homeomorphism, then
it is a generalized ring (¢, M, y) homeomorphism, where (t) = Kt9/? for t > 0.

We continue the researches concerning the properties of the limit mapping of a sequence of
generalized ring (g, M, ~) homeomorphisms, n — 1 < ¢ < n, and we also study the case ¢ = n.

We give first an equicontinuity result concerning families of ring (¢, M, ) homeomorphisms
f:DCR*— D ¢ C R", ¢ > n—1 extending a known result from the theory of quasiconformal
mappings (see Theorem 19.2, page 65 in [45]). The following result was given in Theorem 16 in
[9] for families W of ring (g, M, ) homeomorphisms, ¢ > n — 1, establishing the equicontinuity
of such a family in points x # oco. We give here an alternate proof, valid also for the point
T = 00.

Proposition 1. Let ¢ >n — 1, D C R" a domain, z € D, W be a family of ring (q, M, ~)
homeomorphisms f : D — Dy C R” in x and suppose that there exists r > 0 such that each
f € W omits some points ays, by ¢lmf with q(as, by) > r. Then the family W is equicontinuous
at r and we take on D and on R" the chordal metric.

Proof: Suppose that © # oo, let b > 0 be such that B(x,b) C D and let 0 < € <
r. Let 0 < a. < b be such that Y(Ay(Tza.p)) < Angle) and let f € W. Then f(I'ya p)
is a ring A = R(Cys,Ciy). We see that if f(x) # oo, then Co; = f(B(z,a.)) is bounded
and C; = Cf(B(z,b)) is unbounded, and if f(xr) = oo, then Cys is unbounded and Cif
is bounded. Also, ar,by € Ciy, hence r < q(as,bf) < q(Cif). Let y € B(z,a.) and let
t = min{r,¢(f(2), f(y))}. Then ¢(Cosr) = q(f(2), f(y)) and q(Cos) = t, q(Ciy) = 1, hence
Ang(t) < Mo(Ta) = Mo(f (TUaap)) < 7(AnTaa.p)) < Angle).

Since the function ), , is increasing and € < r, we see that ¢(f(z), f(y)) < e for every
y € B(z,a.) and every f € W. It results that the family W is equicontinuous at x. The proof
is similar if z = oo.

Theorem 11. Let n > 2, p > 1, D C R a domain, w € L}, (D) such that AP(x) = 0
for every x € D, v : [0,00) — [0,00) increasing with P_r}r&*y(t) =0andlet f; : D = D; C

R™ be generalized ring (n, MP,~) homeomorphisms such that f; — f. Then there are three
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possibilities:

1) f : D — G is a generalized ring (n, M?,~) homeomorphism onto a domain G C
Ker_j — ocoDj, f; — f uniformly on the compact subsets of D and if K C G is compact,
there exists jo € N such that K C D, for every j > j, and fj_1|K — f7Y K uniformly on K.

2) Imf = {by, b2}, by # by and there exists a; € D such that f(ay) = by and f(x) = by for
every z € D \ {a;} and the convergence is not uniform on the compact subsets of D.

3) f is constant. The convergence may be uniform on the compact subsets of D or not.

Proof: If Imf = {by, by} with by # by and f(a1) = by, f(ag) = by, we can suppose that there
exists > 0 such that ¢(f;(a1), fj(az)) > r > 0 for every j € N and using Proposition 1, we see
that the family W = (f;) en is equicontinuous on D \ {a4, a2} and since f is continuous on D,
we see that either f(x) = b for every x € D\ {a1,as}, or f(x) = by for every x € D\ {ay,as}.

Suppose now that there exist three different points b; = f(a;), i = 1,2,3. We can suppose
that there exists r > 0 such that ¢(f;(a), fi(ax)) > r for j € N, i,k =1,2,3, ¢ # k. Using
Proposition 1, we see that the family W = (f;);en is equicontinuous on each sets D \ {a1,as},
D\ {ag,a3}, D\ {a1,as} and this implies that the family W is equicontinuous on D. Using
Theorem 20.3 in [45], we see that f; — f uniformly on the compact subsets of D.

If there exists jo € N such that co ¢Imf; for every j > jo, we take @ = D \ {oo}. If this
thing is not true, taking if necessarily a subsequence, we may suppose that there exists z; € D
such that f;(z;) = oo for every j € N and we may also suppose that there exists zy € D such
that z; — zo. We take in this case Q = D \ {zg, 00}.

Take x € Q. Since f is continuous in z, we take r > 0 small enough such that d(zq,z) > 2r
and ¢(f(B(z,r)) < 411' Since z; — xo, we can also suppose that x; € B(zg,r) for j € N and
since f; — f uniformly on B(z,r), there exists jo € N such that ¢(f;(z), f(z)) < % for every
z € B(z,r) and every j > jo. We take U = B(z,r) and we see that z; ¢ U, f;(U) C By(f(z),3)
and hence ¢(Cf;(U)) > 1 for every j > jo. We can take jo = 1. Since every f;(U) is compact
in R", we use the argument from Theorem 10 to see that either f is constant on U, or f is
injective on U. We can prove as in Theorem 10 that either f is constant on @ (and hence
on D), or there exists G C Kerj_ ., D; such that f : D — G is a generalized ring (n, M2, ~)
homeomorphism. Also, in the last case, if K C G is compact, there exists jo € N such that
K C D; for every j > jo and fj_lfK — f7!|K uniformly on K.

Theorem 12. Let n > 2, ¢, € (n — 1,n], p,t > 1, D, D; be domains in R” for j € N,
let w € L},.(D) such that AP (z) =0 for every x € D, A = Ker;_,.,D;, n € L}, (A) such that

loc loc

Al (y) = 0 for every y € A, 7, A : [0,00) — [0, 00) increasing with lir%”y(s) =0, lir%)\(s) =0,
S—r S—r
let f; : D — D, be generalized ring (g, M?,~) homeomorphisms such that g; = f;l\A A=

fj_l(A) is a generalized ring (r, M}, \) homeomorphism for every j € N and f; — f. Suppose
that if r = n, then Card0D > 2 and if ¢ = n, then either f; — f uniformly on the compact
subsets of D, or there exists o > 0 and a;,b; ¢ D; such that ¢(a;,b;) > 1o for every j € N.
Then either f(x) = c for every z € D and ¢ € 0(AU Ker;_,,,LD;), or there exists a component
G of A such that f: D — G is a generalized ring (¢, MP?,~) homeomorphism, f~' : G — D is a
generalized ring (r, M];, A) homeomorphism and fj_1 — =1 uniformly on the compact subsets
of G.

Proof: If ¢ = n and there exists 7o > 0 and a;,b; ¢ D; such that ¢(a;,b;) > ro for every
j € N, we see from Proposition 1 that the family W = (f;);en is equicontinuous on D and
since f; — f, we see from Theorem 20.3, page 68 in [45] that f; — f uniformly on the compact
subsets of D. If n — g < g < n, we see from Theorem 5 that the family W is equicontinuous.
We proved in all cases that f; — f uniformly on the compact subsets of D.
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We also see from Theorem 10 and Theorem 11 that either f(x) = ¢ for every x € D, or there
exists a domain G C A such that f : D — G is a generalized ring (g, ME,v) homeomorphism
and fj_1 — f~! uniformly on the compact subsets of G. Suppose that f : D — G is a
homeomorphism and let (Q be the component of A containing G. If there exists a point b €
0GNQ, let V € V(b) be such that there exists j, € Nsuch that V' C D;NQ for every j > jo. Let
h; = fj_lﬂ/ V= fj_l(V) C D; for j > jo. Using Theorem 5 or Proposition 1, we see that the
family (h;);>;, is equicontinuous on V' and using Ascoli’s theorem, we can suppose that there
exists h : V — R7 such that hj — h uniformly on the compact subsets of V. Using Theorem
10 or Theorem 11, we see that either h is constant on V', or h is injective on V. The first case
cannot hold, since we also see from Theorem 10 or Theorem 11 that |V NG = f~HV NG. Tt
results that A : V' — h(V) is a homeomorphism.

We see from Lemma 1 that h(V) C Ker;j_o.h;(V) C D, hence h(b) € D. Let now b; € GNV
be such that b; — b. Then h(b;) — h(b) and b; = f(h(b;)) — f(h(b)) and this implies that
b= f(h(b)) € f(D) = G. Wereached a contradiction, since we chose b € 0GNQ. It results that
G = @ and we see from Theorem 10 and Theorem 11 that f~! is a generalized ring (7, Mj;, A)
homeomorphism.

Suppose now that f(z) = c for every z € D. It is clear that ¢ € C(Ker;,..0D;) and
suppose that ¢ € A. Let jo € N and let V € V(c¢) be such that V' C D; for j > j, and
let hj = f7'|V :V — f71(V) C D for j > jo. Let € D. Then f;(z) — ¢ and using
the equicontinuity of the family (h;);>;, at the point ¢, we see that g(x, h;(c)) = q(h;(f;(x)),
hj(c) — 0. We obtain that h;(c) — x for every € D and hence h;(c) = x for every = € D.
We reached a contradiction, and we proved that ¢ € CA.

We immediately obtain:

Theorem 13. Let n > 2, ¢,7 € (n — 1,n], p,t > 1, D,G be domains in R", w € L}, (D)

loc

such that AP (z) = 0 for every z € D, n € Lj,,(G) such that Al(y) = 0 for every y € G, let

loc
v, A 1 [0,00) — [0, 00) increasing such that £1£I(1) v(s) =0, £I£I(l) A(s) = 0 and suppose that if r = n,
then CardoD > 2 and if ¢ = n, then CardOG > 2. Let f; : D — G be generalized ring (g, MZ, )
homeomorphisms such that their inverses are generalized ring (r, Mé, A) homeomorphisms such
that f; — f. Then either f(x) = c for every x € D and ¢ € 9D, or f : D — G is a
generalized ring (¢, ME,~) homeomorphism and f~' : G — D is a generalized ring (r, M}, \)
homeomorphism and fj_1 — f~1 uniformly on the compact subsets of D.

Corollary 12. Let n > 2, ¢,7 € (n — 1,n], D, D; be domains in R for j € N, A =
Kerj ,Dj, w € L,.(D), n € L,.(A), let f; : D — D; be ACL" homeomorphisms satisfying
condition (V) such that their inverses are AC'LY and satisfy condition (N) for every j € N and
f; = f. Suppose that if r = n, then Card0D > 2 and if ¢ = n, then either f; — f uniformly
on the compact subsets of D, or there exists o > 0 and a;,b; ¢ D; such that ¢(a;,b;) > ro for
every j € N. Suppose that one of the following conditions holds:

1) K14(f;) <w for every j € N and A%(z) =0 for every z € D.

2) There exists ¢ < p <n and K > 0 such that ([ ijq(fj)(:z:)p/(p_q)dx)%q < K for every
D

j € Nand if p < n, then co ¢ D.

Let g;j : A — f;l(A) be the inverse of fj\ffl(A) : f;l(A) — A for 7 € N. Suppose that
also one of the following conditions holds:

3) Ko, (fj)0g; <nforevery j € Nand Aj(y) = 0 for every y € A.

4) There exists 7 < m < n and T > 0 such that ( [ Ko, (f;)(g;(y))™ " "dy)"=" < T for
D;

every j € N and if m < n, then oo ¢ A.
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Then either f(x) = c for every # € D and ¢ € (A U Ker;,,,CD;), or there exists a
component G of A such that f: D — G is a generalized ring homeomorphism and its inverse

is a generalized ring homeomorphism.

Proof: If condition 1) holds, we see from Theorem A that M,(f;(I")) < M}]{Iq ) ()
MY(I") for every I' € A(D) and every j € N and if condition 2) holds, then M,(f;(I"))
KM, (T)%? for every I' € A(D) and every j € N.

If condition 3) holds, we see from Theorem B that M, (I') < Mz (3093 (f5(1) < M7 (f;(I))
for every I' € A(D) and every j € N, hence M, (g;(I')) < M;(T') for every I' € A(A) and every
j € N. If condition 4) holds, we see from Theorem B that M, (T') < T'M,,(f;(T"))"/™ for every
[ € A(D) and every j € N, hence M,(g;(T")) < TM,,(I)"/™ for every I' € A(A) and every
jeN.

We see from Theorem 12 that either f(x) = ¢ for every z € D and ¢ € 0(AU Ker;..CD;),
or there exists a component G of A such that f: D — G is a homeomorphism. If condition 1)
holds, then f is a generalized ring (¢, MZ,~) homeomorphism, where y(t) =t for ¢t > 0 and if
condition 2) holds, then f is a generalized ring (¢, M,,~) homeomorphism, where ~(t) = Kt¥/?
for ¢t > 0. Also, if condition 3) holds, then f~! is a generalized ring (r, My, ~) homeomorphism,
where v(t) = t for t > 0, and if condition 4) holds, then f~! is a generalized ring (r, M,,,~)
homeomorphism, where (t) = Tt"/™ for ¢t > 0.

We immediately obtain:

Corollary 13. Let n > 2, q,r € (n —1,n], D,G domains in R" such that CarddG > 2
if ¢ =mn, CarddD > 2if r = n, let w € L, .(D), n € L,.(G), let f; : D — G be ACL"
homeomorphisms satisfying condition (/N) and their inverses g; : G — D are ACL? and satisfy
condition (N) for every j € N and f; — f. Suppose that one of the following conditions holds:

1) Kr4(f;) <w for every j € N and A?(z) =0 for every x € D.

2) There exists ¢ < p < n and K > 0 such that ([ Ky (f;)(z)?/*~Ddz) %' < K for every
D

IAIA

j € Nand if p < n, then oo ¢ D.
Suppose that also one of the following conditions holds:
3) Ko, (fj)0g; <nforevery j € Nand Aj(y) =0 for every y € G.

4) There exists 7 < m < n and T > 0 such that ([ Ko, (f;)(g;())™ ™" dy) "=
a

< T for

every j € N and if m < n, then co ¢ G.
Then either f(z) = ¢ for every x € D and ¢ € G, or f : D — G is a generalized ring
homeomorphism and its inverse is also a generalized ring homeomorphism.
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