Residue functionals on the algebra of adiabatic pseudo-differential operators by Sergiu Moroianu

Licenţiat în matematică, Universitatea Bucureşti, June 1996 DEA de mathématiques, Ecole Polytechnique, June 1994

Submitted to the Department of Mathematics in partial fulfillment of the requirements for the degree of

Doctor of Philosophy

at the

MASSACHUSETTS INSTITUTE OF TECHNOLOGY

June 1999

© Sergiu Moroianu, MCMXCIX. All rights reserved.

The author hereby grants to MIT permission to reproduce and distribute publicly paper and electronic copies of this thesis document in whole or in part, and to grant others the right to do so.

Author . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Department of Mathematics April 28, 1999 Certified by. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Richard B. Melrose Professor Thesis Supervisor

Accepted by . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . Richard B. Melrose Chairman, Department Committee on Graduate Students

Residue functionals on the algebra of adiabatic pseudo-differential operators by Sergiu Moroianu

Submitted to the Department of Mathematics on April 28, 1999, in partial fulfillment of the requirements for the degree of Doctor of Philosophy

Abstract

We consider the deformation Ψ_a(X) ([10], [5]) of the algebra of pseudo-differential operators on the total space of a fibration of closed manifolds X → M, defined by using the blow-up technique of Melrose. We compute the Hochschild homology of this algebra and of certain ideals and quotients. We prove a general criterion, from which we deduce that the ideals involved are H-unital. In particular, we study the long exact sequence induced by the inclusion of the ideal of “smoothing” adiabatic operators. The homology of this ideal is related to the cohomology of the base. We define (filtered) higher analogues of the Residue trace of Wodzicki and Guillemin, which are strongly related to the homology of the smoothing ideal. They are the explicit leading terms of certain Hochschild cochains on the algebra of adiabatic symbols. We use them to compute the boundary map in the homology long exact sequence.

Thesis Supervisor: Richard B. Melrose Title: Professor

Acknowledgments

I am indebted to my thesis advisor, Richard Melrose, for suggesting that I look at the fascinating world of manifolds with corners. I would also like to thank him for his patience. I have benefited much from our interesting discussions.

In Bucharest and Paris, I had the privilege of attending the lectures of Professors Kostake Teleman and Harold Rosenberg. To these outstanding teachers I owe a great deal of my understanding of mathematics.

I am grateful to Phil Bradley, Anda Degeratu, Gustavo Granja, Colin Ingalls, Payman Kassaey, Robert Lauter, Paul Loya, Behrang Noohi, Andrei Radulescu-Banu, Ioanid Rosu, Sasha Soloviev, Boris Vaillant, Carmen Young for many useful discussions and for rendering the atmosphere in the department so stimulating. A special thanks to Gustavo for his patience in sharing his knowledge with me.

My parents and my brother have been a wonderful example for me, and it is in great part due to them that I have decided to study mathematics.

My wife, Clotilde, has been a constant source of support and encouragement during all these years. I wish to thank her for helping me with grading and for being such a great wife and mom.

Finally, while I was practicing my defense talk, our little Clara had the good will to listen to me with the most charming smile.

Contents

1 Introduction 9

2 Preliminaries 13 2.1 The adiabatic algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . 13 2.2 Ideals, quotients and filtrations . . . . . . . . . . . . . . . . . . . . . 15 2.3 Hochschild Homology . . . . . . . . . . . . . . . . . . . . . . . . . . . 17 2.4 The action of derivations on Hochschild Homology . . . . . . . . . . . 19 2.5 The derivative with respect to t . . . . . . . . . . . . . . . . . . . . . 20 2.6 The conjugation by log Q . . . . . . . . . . . . . . . . . . . . . . . . . 21

3 The homology of the algebra of adiabatic symbols 25 3.1 The E_2 term . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 25 3.2 Action of derivations and degeneracy . . . . . . . . . . . . . . . . . . 29 3.3 Convergence of the spectral sequence . . . . . . . . . . . . . . . . . . 31

4 The semi-classical limit algebra 35

5 The formal smoothing ideal 39 5.1 Relationship with the semi-classical limit . . . . . . . . . . . . . . . . 39 5.2 A connection on the vertical algebra . . . . . . . . . . . . . . . . . . 40 5.3 The analogue to HKR . . . . . . . . . . . . . . . . . . . . . . . . . . 42 5.4 E_1(I_a(X)) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

6 H-unitality of the ideal Ψ^{−∞}_a (X) 47 6.1 A sufficient condition for H-unitality . . . . . . . . . . . . . . . . . . 47 6.2 H-unitality of I_a(X) . . . . . . . . . . . . . . . . . . . . . . . . . . . 48 6.3 H-unitality of Ψ̇^{−∞}_a (X) . . . . . . . . . . . . . . . . . . . . . . . . . . 49 6.4 Algebraic conditions for H-unitality . . . . . . . . . . . . . . . . . . . 49 6.5 H-unitality of Ψ^{−∞}_a (X) . . . . . . . . . . . . . . . . . . . . . . . . . . 51

7 The residue functional 53 7.1 Definition of the residue . . . . . . . . . . . . . . . . . . . . . . . . . 53 7.2 The boundary map . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57 7.3 Traces on the adiabatic algebras . . . . . . . . . . . . . . . . . . . . . 62 7.4 Properties of the residue functional . . . . . . . . . . . . . . . . . . . 63

A Degeneracy without derivations 65 A.1 The E_2 terms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65 A.2 The long exact sequence of E_2 terms . . . . . . . . . . . . . . . . . . 66 A.3 The case χ(M) = 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68 A.4 Two distinguished elements in homology . . . . . . . . . . . . . . . . 68 A.5 The case χ(M) ≠ 0 . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

B A Čech complex adapted to Hochschild homology 71 B.1 The Čech complex of the adiabatic algebras . . . . . . . . . . . . . . 72

C Cyclic homology of the adiabatic algebras 75

Chapter 1

Introduction

Let Ψ(Y ) be the algebra of pseudo-differential operators of integral order on a closed manifold Y^n. Related to this algebra, consider the following three functionals:

• the trace T r, defined on smoothing operators;

• the residue trace T r_R [16], defined on the whole algebra; T r_R is a genuine trace, i.e. it vanishes on commutators;

• the index map Index, defined on elliptic symbols between two bundles over Y .

These functionals have interesting interpretations in the framework of Hochschild (co)-homology. Namely, the trace T r is a generator of HH^•(Ψ^{−∞}(Y )), which is concentrated in dimension 0. The residue trace T r_R is a generator of HH^0(Ψ^Z(Y )). Let us now interpret the index map. To the knowledge of the author, this interpretation is due to Melrose and Nistor [13]. Consider an elliptic operator Ã between two trivial C^N bundles on Y . Let B̃ be a pseudo-inverse, i.e.

Id_2 − ÃB̃ = Pc_{oker}~_A, Id_1 − B̃Ã = P_{ker}~_A,

where P are projections, and Id are the identity operators in the two bundles. Let A, B be the images of Ã, B̃ in the symbol algebra Ψ(Y )/Ψ^{−∞}(Y ). Then tr(A ⊗ B) = ∑ a_{ij} ⊗ b_{ji} defines a Hochschild cycle on Ψ(Y )/Ψ^{−∞}(Y ). Here tr is the generalized trace functional [8].

More generally, let E, F be two vector bundles over Y . Let Ã : E → F be elliptic, and B̃ a pseudo-inverse. We can assume that E, F are sub-bundles in two trivial C^N bundles, and choose P_E , P_F projections. Then P_FÃP_E , respectively P_EB̃P_F are extensions of Ã, B̃ to C^N . Define tr(A ⊗ B) := tr(P_2ÃP_1 ⊗ P_1B̃P_2).

Lemma 1.0.1 If dim Y ≥ 2, then the class of tr(A ⊗ B) in HH_1(Ψ(Y )/Ψ^{−∞}(Y )) does not depend on the choices made.

Proof: Choose a different trivialization of the first C^N bundle, and let C = (c_{ij} ) : Y → M_N (C ) be the matrix of change of coordinates. We want to show that tr(A⊗B) is homologous to tr(CA ⊗ BC^{−1}). We have b(tr(CA ⊗ B ⊗ C^{−1})) = tr(C ⊗ C^{−1} − CA ⊗ BC^{−1} + A ⊗ B).

Observe that tr(C ⊗ C^{−1}) belongs to the Hochschild complex of the subalgebra D(Y ) of differential operators. This subalgebra has zero homology in dimensions smaller than dim Y (see for instance [2]), whence the lemma. □ Note that if Y is a circle and C(e^{it}) = e^{it}, then the cycle C ⊗ C^{−1} does not vanish in HH_1(Ψ(Y )).

In [17], Wodzicki proved that the short exact sequence

0 → Ψ^{−∞}(Y ) → Ψ(Y ) → Ψ(Y )/Ψ^{−∞}(Y ) → 0

induces a long exact sequence in homology, hence a map δ : HH_1(Ψ(Y )/Ψ^{−∞}(Y )) → HH_0(Ψ^{−∞}(Y )). Let Q be a positive elliptic scalar operator. Seeley [15] proved the existence of a holomorphic group {Q^z}_{z∈C} of pseudo-differential operators of order z. The derivative at z = 0 of conjugation by Q^z defines an exterior derivation D_Q on Ψ(Y ). This induces a map of order −1 on HH_•(Ψ(Y )), denoted e_{DQ} [8]. Using the commutation formula Q^z[A, B] = [Q^zA, B] + zQ^z Q^{−z}BQ^z − B z A, (1.1)

one can easily show that Index(A) = T r(δ(tr(A ⊗ B))) = T r_R(e_{DQ} (tr(A ⊗ B))) by evaluating T r(Q^z[A, B]) at z = 0. This provides the interpretation of Index and motivates the definition of a 1-cocycle Ind = T r ∘ δ.

Our results concern the case where the algebra Ψ(X) is replaced by the adiabatic limit. Let X → M be a fibration of closed manifolds. Roughly speaking, the adiabatic limit algebra of this fibration is the algebra Ψ_a(X) of pseudo-differential operators with symbols of the form a(x, y, tξ, η, t) in local coordinates. Here t is a parameter in [0, ∞), y, η are coordinates on the cotagent bundle of the fibers, and x, ξ on the base. The definition of Ψ_a(X) is made precise and coordinate-free in Chapter 2. We observe that C^∞[0, ∞)_t[t^{−1}] is central in Ψ_a(X), hence the homology (over C) of Ψ_a(X) will be “doubled” by the presence of dt ∈ HH_1.

We introduce two outer derivations on the adiabatic algebra. For one of them, we construct a holomorphic group {Q^z}_{z∈C} of adiabatic operators. We do not prove the existence of the complex powers of any positive adiabatic operator of order 1. The other derivation is, in some sense, the derivative with respect to t. These derivations play an important rôle in our computations. The family Q^z is also used in the definition of the residues in Chapter 7.

The adiabatic algebra has two filtrations: F_i is the space of operators of order at most i, and T_j is the space of operators vanishing at least to order j at t = 0. Denote by Ψ^{−∞}_a (X) the ideal of operators in F_{−∞}, i.e. of order −∞. Then the graded algebra of Ψ^{−∞}_a (X) with respect to the filtration T_j is isomorphic to the algebra of Laurent series whose coefficients are families of suspended pseudo-differential operators [12]. This means that the Fourier transform of an element in T_j/T_{j+1}Ψ^{−∞}_a (X) is a family of operator on the fibers of X → M.

In Chapter 3, we compute the homology of the symbol algebra, Ψ_a(X)/Ψ^{−∞}_a (X), using the spectral sequence argument from [2]. The adiabatic symbols live naturally on a modified cotangent bundle,^aT^∗X → X × [0, ∞). There is a natural map ϕ_a from T^∗X × [0, ∞) to^aT^∗X which is an isomorphism for t > 0, but fails to be an isomorphism at t = 0. To compute d_1, we replace the symplectic duality operator ∗ of Brylinski [1] with its adiabatic version, ∗_a, obtained from ϕ^{−1}_a^∗ ∗ ϕ^∗_a by means of a connection ∇ in X → M.

The main difference from the case of the algebra Ψ(X) is that now the “smoothing” ideal, Ψ^{−∞}_a (X), has homology in dimensions from 0 to n + 1. Except in dimension 0, the homology is concentrated near t = 0. This is computed in Chapters 4 and 5 using the spectral sequence associated to the filtration T_j . The adiabatic duality ∗_a is again involved in the computation. The isomorphism with a certain cohomology space is realized by the map ∗_aK, where K is an analogue of the Hochschild-Kostant- Rosenberg map HKR:

a_0 ⊗ . . . ⊗ a_k → T r_V (â_0∇^tâ_1 ∧ . . . ∧ ∇^tâ_k). (1.2)

Here â denotes the Fourier transform in the fibers of^aT^∗M_{|t=0} of the smoothing adiabatic operator a, and ∇^t = ∇ + dt ∧^d_{dt} .

In Chapter 6, we prove that a large class of algebras, which are deformations of H-unital algebras, are themselves H-unital. The residual ideals of the two filtrations of Ψ_a(X) both fit into this class. This implies the existence of a long exact sequence of Hochschild homology groups induced from the short exact sequence

0 → Ψ^{−∞}_a (Y ) → Ψ_a(Y ) → Ψ_a(Y )/Ψ^{−∞}_a (Y ) → 0.

Comparing with the previous discussion, the boundary maps in this long exact sequence are therefore higher dimensional analogues of the 1-cocycle Ind. It would be interesting to exhibit higher Hochschild chains arising from geometrical objects, by analogy with Lemma 1.0.1, and then describe their image under the boundary maps.

In Chapter 7 we compute the boundary maps δ in our identifications of Hochschild homology. For this, we introduce some higher analogues of the residue trace. Ignoring the complications arising from the “doubling” phenomenon, this functionals are defined in dimensions up to dim M, with values in Λ^•(M). Namely, let a ∈ T_iC_k(Ψ_a(X)) and let a_0 ⊗ . . . ⊗ a_k be the image of a in T_iC_k(Ψ_a(X))/T_{i+1}C_k(Ψ_a(X)). Define R_i(a) by a → Res_{z=0} ∫ aT^∗M_{|t=0}/M ∗_aT r_V (^Q^za_0∇^tâ_1 ∧ . . . ∧ ∇^tâ_k).

This map can be rewritten Res_{z=0} ∫ aT^∗M_{|t=0}/M ∗_aK. (1.3)

We replace the commutation (1.1) by a suitable identity in higher dimensional Hochschild homology. We prove that our residue functionals are the first components

(in the T_j filtration) of some Hochschild cochains. This means that while we restrict the order of vanishing, we allow arbitrary operator orders in our residue.

Theorem 1.0.2 The map R_i : T_iC_k(Ψ_a(X)) → Λ^{n−k}(M) has the following properties:

1. R_i vanishes on chains of sufficiently small total operator order, hence it descends to T_iC_k(Ψ_a(X)/Ψ^{−∞}_a (X)).

2. If a ∈ T_iC_k(Ψ_a(X)/Ψ^{−∞}_a (X)) is Hochschild exact, then R_i(a) is deRham exact.

3. If a ∈ T_iC_k(Ψ_a(X)/Ψ^{−∞}_a (X)) is Hochschild closed, then R_i(a) is deRham closed.

Therefore R_i descends to Hochschild homology, with values in the deRham cohomology of the base M. For comparison, the only such cochain known in Ψ(Y ) is the residue trace, in dimension 0. The proof of this result is based on the relationship between formulas 1.2 and 1.3. Note that if M = {pt}, then Ψ_a(X) ∼= C^∞([0, ∞), Ψ(X)), and our residues are only defined in dimensions 0 and 1. The former is just the residue trace, and the latter the “double” of the residue in dimension 0.

In Appendix A, we describe an explicit chain representing the image of the “undoubled” part of HH_n(Ψ^{−∞}_a (X)) in HH_n(Ψ_a(X)), in the case when the Euler class of M is non-zero.

In Appendix B, we give a condition for the homology of a sheaf of algebras A to be computable by Čech cohomology. We would like to stress that the Hochschild complex of A is not a sheaf on the same space as A. In the case of the algebra C^∞(Y ), one way around this problem is to choose a different complex for Hochschild homology, and check that it is a complex of sheaves and quasi-isomorphic to the Hochschild complex. This is done in [3]. It is not clear how to make the corresponding change in the definition of the Hochschild complex for more general algebras.

Finally, in Appendix C, we note that the periodic cyclic homology of the algebra of adiabatic symbols does not depend on the star product; in other words, it is the same for any deformation of the commutative product on homogeneous symbols.

Chapter 2

Preliminaries

2.1 The adiabatic algebra

Let X^{m+n π}→ M^n be a fibration of compact manifolds. Denote by T X/M the vertical sub-bundle of T X. Let t ∈ [0, ∞) be a parameter. Consider the following class of 1-parameter families of vector fields on X:

Definition 2.1.1 A smooth family v : [0, ∞) → Γ(X, T X) of vector fields is called adiabatic if v(0) ∈ Γ(X, T X/M).

Mazzeo and Melrose [9] remarked that the adiabatic vector fields are the sections of a vector bundle over X ×[0, ∞), called^aT X. The existence of^aT X follows by exhibiting local trivializations, i.e. by proving that the adiabatic vector fields form a locally free sheaf of C^∞(X)-modules: if {V_i, H_j} form a local basis of T X over U ×D ⊂ X, where D ⊂ M, then {V_i, tH_j} form a basis for the adiabatic vector fields over U ×D×[0, ∞). In general, the vector bundles T X × [0, ∞) and^aT X are isomorphic as bundles over X × [0, ∞), but not canonically isomorphic.

Definition 2.1.2 Let ϕ^a :^aT X → T X × [0, ∞) be the tautological map of vector bundles which transforms a section of^aT X into itself, viewed as a time-dependent section of T X. Let ϕ_a : T^∗X × [0, ∞) →^aT^∗X be the dual map.

Following [10], [5], we construct an algebra of pseudo-differential operators in which the adiabatic vector fields are the differential operators of order exactly 1. This algebra is defined as a space of conormal distributions on a “radial blow-up” of X × X × [0, ∞). More precisely, let X ×_M X be the fiber product in X × X. For Y ⊂ ∂Z, let us denote by S^+N(Y ) the positive half-sphere of the normal bundle NY of Y inside Z.

Definition 2.1.3 ([10]) Let

X^2_a = [X^2 × [0, ∞); X ×_M X × {0}].

As a set, this is defined as (X^2 × [0, ∞) \ X ×_M X × {0}) ∪ S^+N(X ×_M X × {0}). The front face, denoted ff, of the blow-up, is S^+N(X ×_M X × {0}).

This set has a natural C^∞ structure, defined by gluing the two parts along the normal geodesic flow of some Riemannian metric. As a manifold with corners, it has one boundary component of codimension 1 if n = 0, three if n = 1 and two otherwise.

There exists a natural blow-down map β : X^2_a → X^2 × [0, ∞). Let Δ be the diagonal in X^2. We define Δ_a, the lifted diagonal, to be the closure in X^2_a of β^{−1}(Δ × (0, ∞)).

Definition 2.1.4 Let Ω_a be the pull-back on X^2_a via π_R ∘ β of the density bundle Ω = Ω^{m+n}(^aT^∗X).

Note that the lifted diagonal is transversal to the front face. Let 2X^2_a be the double of X^2_a across the front face. By definition, a distribution on X^2_a , conormal to the lifted diagonal, is smooth up to the front face if it is the restriction of a distribution on 2X^2_a , conormal to 2Δ_a.

Proposition 2.1.5 The set of adiabatic differential operators (defined as compositions of adiabatic vector fields) is exactly the space of the Ω_a-valued distributions on X^2_a , supported on the lifted diagonal and smooth up to the front face.

Proof: The action of a distribution A ∈ D^′(X^2_a ) on f ∈ C^∞(X × [0, ∞)) is defined via the left and right projections π_L, π_R and the blow-down map β: f → (π_L ∘ β)_∗(A(π_R ∘ β)^∗f). The support condition implies that this action is local, hence A defines a differential operator. One can check directly in local coordinates that the differential operators that lift to X^2_a are exactly the adiabatic differential operators. Conversely, from Schwartz’s kernel theorem, differential operators define distributions on X^2 supported on the diagonal. The distributions coming from adiabatic operators lift via β to X^2_a . These operations are inverse to each other. □

Definition 2.1.6 Let T_0Ψ_a(X) be the space of those Ω_a-valued distributions on X^2_a which are classical conormal to the lifted diagonal (i.e. of integral order and 1-step poly-homogeneous), vanish rapidly to the boundary faces of X^2_a other than the front face, and are smooth to the front face. They form naturally a module over C^∞([0, ∞)). The adiabatic algebra, Ψ_a(X), is by definition T_0Ψ_a(X)[t^{−1}], the space of adiabatic operators of t-order 0, with t^{−1} adjoined.

Note that the function t is not a zero-divisor, hence by adjoining t^{−1}, the space T_0Ψ_a(X) injects in Ψ_a(X).

Definition 2.1.7 Let Ψ̇_a(X) denote the subspace of distributions in Ψ_a(X) which vanish rapidly at all boundary faces of X^2_a . Let

Ψ_{(0,∞)}(X) := C^∞((0, ∞), Ψ(X)) be the algebra of one-parameter smooth families of pseudo-differential operators on X. The topology on Ψ(X) is a direct limit of Frechét topologies, described in Section 2.3.

Remark 2.1.8 The blow-down map β induces an isomorphism of Ψ̇_a(X) with Ċ∞([0, ∞), Ψ(X)), the ideal of rapidly vanishing families in Ψ_{(0,∞)}(X). Thus Ψ̇_a(X) has a natural algebra structure.

Theorem 2.1.9 (Melrose [11]) Ψ_a(X) has an algebra structure such that Ψ̇_a(X) with the above product becomes an ideal of Ψ_a(X).

Proof: The composition rule is defined by constructing a triple blow-up space X^3_a , such that there exist three maps to X^2_a which are b-submersions. Associativity follows from the action of Ψ_a(X) on C^∞(X × [0, ∞)). □

2.2 Ideals, quotients and filtrations

Proposition 2.2.1 The map ϕ_a from Definition 2.1.2 induces a canonical splitting aT X_{|t=0} ∼= T X/M ⊕ π^∗T M. Proof: First, there is a natural inclusion map T X/M ×[0, ∞) →^aT X, which views a time-dependent family of vertical vector fields as an adiabatic family. Hence T X/M is naturally a subspace of^aT X_{|t=0}. Obviously, ϕ^a kills this subspace. We claim that the null-space of ϕ_a is isomorphic to π^∗T M. Indeed, consider the following maps of vector bundles over X × [0, ∞): T X/M × [0, ∞) → T X × [0, ∞)^{t·}→^aT X^{ϕa}→ T X × [0, ∞), where the first map is inclusion and the second is multiplication by t. Restricting at t = 0, we get an exact sequence. Hence Null(ϕ_a) ∼= im(t·) ∼= T X/(T X/M) ∼= π^∗T M. The last isomorphism is induced by π_∗. □

Corollary 2.2.2^aT^∗X_{|t=0} is canonically isomorphic to π^∗T^∗M ⊕ (T X/M)^∗. □ Proposition 2.2.3 The normal bundle to the lifted diagonal in X^2_a is canonically isomorphic to^aT X.

Proof: Note that Δ_a is diffeomorphic to X × [0, ∞). Recall that for any t > 0,^aT X_{|t} is isomorphic to T X via ϕ^a, and that the blow-down map β is a local diffeomorphism around any t > 0. Define a map from^aT X to T X^2_{a |Δa} in the interior of X^2_a by v → β^{−1}_∗ (v, 0). This map extends to be non-degenerate and transversal to Δ_a at t = 0. □

Proposition 2.2.4 The interior of the front face of X^2_a is naturally diffeomorphic to X ×_M X ×_M π^∗T M. As such, it has a vector bundle structure.

Proof: From the definition, ff fibers over X ×_M X. Define the “0-section” in this bundle as the class of the tangent vector ∂_t. Now take an adiabatic vector field v which lives in π^∗T M at t = 0 (see Proposition 2.2.1) and lift it via π_R ∘ β to X^2_a . The restriction of the lift ṽ at the front face is tangent to ff and depends only on the restriction of v at t = 0. Moreover, the projection of ṽ onto the 0-section X ×_M X vanishes, since it coincides with the lift of v viewed as a family of vector fields vanishing at t = 0. On the other hand, the map^aT X → T X^2_a , given by lifting vector fields, is pointwise injective. It follows that for any (x, y) ∈ X ×_M X, we have a linear isomorphism (π^∗T M)_x → T (ff_{(x,y)}). This map preserves Lie brackets since lifting vector fields does. Choose a basis v_1, . . . , v_n of^aT_xX. We get a commuting set of vector fields on (ff_{(x,y)}), which span T (ff_{(x,y)}) at every interior point. The forms α_i in the dual basis are closed, and since ff_{(x,y)} is contractible, they are also exact. Let f_i be the primitives that vanish at the 0-section. Define a map f : (ff_{(x,y)})^∘ → (π^∗T M)_x by p → ∑ f_i(p)v_i; f must be injective, since df_i are nowhere zero. It is easy to see that this map does not depend on the choice of the basis v_i. Moreover, ∂/∂f_i = ṽ_i. Hence, if f(p) = v, then p = c_ṽ(1), where c_ṽ is the integral curve of the vector field ṽ starting at the 0-section. Since the vector fields ṽ_i are tangent to ff, which is a compact manifold with boundary, they must also be tangent to the boundary of ff. It follows that their integral curves live on ff and that an integral curve which touches the boundary is completely contained in it. This shows that the map f is also surjective. □

Definition 2.2.5 The algebra Ψ_a(X) is filtered by the order, defined as the order of singularity at the lifted diagonal. We denote this (increasing) filtration by F_i, i ∈ Z. The smoothing ideal F_{−∞}Ψ_a(X) is denoted by Ψ^{−∞}_a (X). The quotient S_a(X) = Ψ_a(X)/Ψ^{−∞}_a (X) is called the adiabatic symbol algebra:

0 → Ψ^{−∞}_a (X) → Ψ_a(X) → S_a(X) → 0. (2.1)

Definition 2.2.6 In this paper, we denote by S^Z(V ) the poly-homogeneous symbols of integer order, by S(V ) the Schwartz (rapidly vanishing) symbols, and by S(V ) := S^Z(V )/S(V ) the formal symbols on a vector bundle V .

The filtration F_i is complete on S_a. Let G^F_i S_a(X) = F_iS_a(X)/F_{i−1}S_a(X) be the filtration quotients. Not surprisingly, the associated graded algebra G^F S_a(X) can be identified with the set of symbols on the appropriate cotangent bundle:

Proposition 2.2.7 There is a natural identification

G^F_i S_a(X) ∼= C^∞_{(i)}(^aT^∗X \ {0})[t^{−1}] = S^i(^aT^∗X)[t^{−1}].

Hence G^F S_a(X) ∼= S^Z(^aT^∗X)/S^{−∞}(^aT^∗X)[t^{−1}] = S(^aT^∗X)[t^{−1}].

Proof: The subscript i denotes the homogeneity degree in the cotangent fibers. Remark 2.1.8 implies that Ψ_a coincides with Ψ_{(0,∞)}(X) when localized around t ≠ 0. The symbol map on Ψ_{(0,∞)}(X) gives the desired identification, which does not depend on the localization. This identification extends down to t = 0, as one can see in local coordinates. Alternately, by Proposition 2.2.3, this follows from the definition of conormal distributions. The identification involves Fourier transform in the fibers of aT X, with respect to the density Ω_a pulled back from X^2_a . □ There is another (decreasing) filtration on Ψ_a(X), denoted T_j , j ∈ C .

Definition 2.2.8 We say that A ∈ T_j Ψ_a(X) if A vanishes at order j at 0.

This filtration descends to Ψ^{−∞}(X), S_a(X) and I_a(X).

Definition 2.2.9 Let A^∂ (X) = Ψ_a(X)/Ψ̇_a(X) be the formal adiabatic algebra. Let V^ψ be the vertical algebra associated with Ψ_a(X),

V^ψ = T_0Ψ_a(X)/T_1Ψ_a(X).

Definition 2.2.10 Let I_a(X) = Ψ^{−∞}_a (X)/(Ψ̇_a(X) ∩ Ψ^{−∞}_a (X)) be the formal smoothing ideal. Let V = T_0(I_a(X))/T_1(I_a(X)) be the vertical smoothing ideal associated to I_a(X). Let S^∂_a (X) = S_a(X)/Ċ^∞([0, ∞))S_a(X) be the formal symbol algebra.

Proposition 2.2.11 Fourier transform identifies V with S(X ×_M X ×_M^aT^∗X, Ω_R).

Proof: An element in V is the restriction to the front face of a non-singular smoothing adiabatic operator. On ff, Ω_a (see Definition 2.1.4) decomposes as Ω_R ⊗ Ω(^aT X). We identify such a restriction with its Fourier transform in the vector fibers. □

Proposition 2.2.12 If X → M is the identity fibration, i.e. X = M, then there exist also canonical isomorphisms V^ψ(M) ∼= S^Z(^aT^∗X, Ω_R), V^ψ(M)/V(M) ∼= S(^aT^∗X, Ω_R).

Proof: The proof of Proposition 2.2.11 applies. Note that this is not true if X ≠ M. □ 2.3 Hochschild Homology

Let A be an unital algebra (over C ). Let C_i(A) = A^{⊗i+1} be the space of Hochschild chains. For j = 0, . . . , i, define b_j : C_i(A) → C_{i−1}(A) by a_0 ⊗ . . . ⊗ a_j ⊗ a_{j+1} ⊗ . . . ⊗ a_i → a_0 ⊗ . . . ⊗ a_j a_{j+1} ⊗ . . . ⊗ a_i. Define the Hochschild boundary map by b = ∑_i j=0(−1)^jb_j . By a direct computation, b^2 = 0. The homology of the complex (C_•, b) is the Hochschild homology of the algebra A (relative to A).

If A is not unital, let Ā be the augmented algebra A ⊕ C . We define the chain spaces of A by C_k(A) = ker(Ā^{⊗k+1} → C^{⊗k+1} ). This definition, applied to an unital algebra, gives different chain spaces from the ones above. Nevertheless, there are canonical chain maps which induce isomorphisms on homology.

If A is a topological algebra with a Frechét topology, we replace in the definition of the chain spaces the tensor product with the projective tensor product.

We define the topology on T_0Ψ^{−∞}_a (X) by the following semi-norms: choose boundary defining functions ρ_i for the hyper-surfaces of X^2_a other than ff. Define ‖A‖_{I,j} = ‖ρ^I A‖_Cj . The ideal Ψ^{−∞}_a (X) becomes a direct limit of Frechèt spaces.

Choose an embedding T X = N(Δ) → X^2, such that T X/M maps to X ×_M X. This induces a map^aT X → X^2 × [0, ∞), which lifts to X^2_a . The restriction at t = 0 of this map is the map of vector bundles induced by T X/M → X ×_M X (see Propositions 2.2.4 and 2.2.1). Choose a cut-off function on X^2, supported inside the image of T X. Let ψ denote its pull-back to X^2_a . Then every adiabatic operator A splits in A = ψA+(1−ψ)A. By Fourier transform, ψA becomes an element of S^Z(^aT^∗X). This space is a direct limit of Frechèt spaces. For instance, on T_0F_0Ψ_a(X), the topology is the C^∞ topology on the radial compactification of^aT^∗X. As for (1 − ψ)A, it belongs to Ψ^{−∞}_a (X). This construction allows us to define a direct limit topology on Ψ_a(X). This topology is independent of the choices made. It has the property that the isomorphism from Remark 2.1.8 becomes a topological isomorphism.

The homology of all the algebras we consider is in the topological sense. Namely, the chain spaces are defined as the direct limit of the projective tensor products of terms in bounded filtrations.

The filtrations F_i and T_j are compatible with multiplication in Ψ_a(X). They induce filtrations on the Hochschild chain spaces in the following way: A pure tensor a_0 ⊗ . . . ⊗ a_k is said to belong to F_i if a_0 ∈ F_{i0} , . . . , a_k ∈ F_{ik} and i_0 + . . . + i_k = i. Then F_i is defined as the closure of the linear span of pure tensors in F_i. The other filtration is defined similarly. The boundary map b is compatible with these two filtrations. Hence we get filtrations on the Hochschild complexes of Ψ_a(X), Ψ^{−∞}_a (X), S_a(X) etc. We will denote the associated spectral sequences by^FE, respectively^TE, or simply by E when no confusion can arise.

Definition 2.3.1 Let L denote the field of Laurent formal series in the variable t, L = C[[t]][t^{−1}].

Clearly Ψ_a(X)/Ψ̇_a(X) is an L-vector space. However, our definition of Hochschild homology involves only tensors over C .

Definition 2.3.2 (Hochschild-Kostant-Rosenberg,[7]) Let A be a commutative algebra. Define HKR : C_k(A) → Ω^k_{A/C} by a_0 ⊗ . . . ⊗ a_k → (1/k!)a_0da_1 ∧ . . . ∧ da_k.

It is easy to see that HKR vanishes on boundaries, hence descends to Hochschild homology.

Proposition 2.3.3 Let Y be a compact manifold, possibly with boundary. The map HKR induces isomorphisms HH_k(C^∞(Y )) → Λ^k(Y ) and HH_k(Ċ^∞(Y )) → Λ̇^k(Y ), where the dot means rapidly vanishing objects to the boundary of Y .

This result is known as the Hochschild-Kostant-Rosenberg theorem, even though it was proved in [4] for the algebra C^∞(Y ) when Y is a closed manifold. The other cases follow from this one, by considering for instance the double of a manifold with boundary, and the H-unital ideals of rapidly vanishing functions.

2.4 The action of derivations on Hochschild Homology

This section is standard, except for Proposition 2.4.2, part 2. See for instance [8].

Let d be a derivation on an algebra A. We can define the inner product, respectively the Lie derivative with respect to d on HH(A) by the following chain maps:

Definition 2.4.1 a_0 ⊗ a_1 ⊗ . . . ⊗ a_n^{ed}−→ (−1)^{n+1}d(a_n)a_0 ⊗ . . . ⊗ a_{n−1}; a_0 ⊗ a_1 ⊗ . . . ⊗ a_n^{Ld}−→ ∑ i a_0 ⊗ . . . ⊗ d(a_i) ⊗ . . . ⊗ a_n. If d is an inner derivation, then e_d and L_d both vanish on HH(A) [8]. We will need the following relations:

Proposition 2.4.2 1. [L_{d1} , e_{d2} ] = e_{[d1,d2]}.

2. e_{d1} e_{d2} = −e_{d2} e_{d1} .

Proof: 1 was discovered in [14] and is true at chain level. For 2, we use the following lemma [11]:

Lemma 2.4.3 Every cycle a^′ ∈ C_k(A) is homologous to a cycle a ∈ C_k(A), such that b_i(a) = 0, ∀i = 0, . . . , k, where b = ∑_k i=0(−1)^ib_i is the Hochschild boundary map.

Proof: We recall that if A is not unital, then C_k(A) is defined to be ker(Ā^{⊗k+1} → C^{⊗k+1}). For the sake of simplicity, make the notation a^′ = a_0 ⊗ . . . ⊗ a_k. We assume that b(a^′) = 0. Then

a_0a_1 ⊗ 1 ⊗ a_2 ⊗ . . . ⊗ a_k = b(a_0a_1 ⊗ 1 ⊗ 1 ⊗ a_2 ⊗ . . . ⊗ a_k)

is exact. Subtracting this element from a^′ does not change the homology class. Rename this cycle a^′. The new a^′ has the property b_0(a^′) = 0. Repeat the process on positions 1, 2, . . . , k − 1. □ Let [a] be a class in HH(A), represented by a cycle a as in Lemma 2.4.3. To alleviate notation, write a = a_0 ⊗ . . . ⊗ a_n. Then

(e_{d1} e_{d2} + e_{d2} e_{d1} )a = −(d_2a_{n−1}d_1a_n + d_1a_{n−1}d_2a_n)a_0 ⊗ . . . ⊗ a_{n−2} = −[d_1d_2(a_{n−1}a_n) − (d_1d_2a_{n−1})a_n − a_{n−1}(d_1d_2a_n)]a_0 ⊗ . . . ⊗ a_{n−2}.

The first two terms vanish by the hypothesis on a. The third one is exact:

a_{n−1}(d_1d_2a_n)a_0) ⊗ . . . ⊗ a_{n−2} = (−1)^{n−1}b((d_1d_2a_n)a_0 ⊗ . . . ⊗ a_{n−1}). □ 2.5 The derivative with respect to t

Recall (Corollary 2.2.2) that^aT^∗X_{|t=0} is canonically isomorphic to (T X/M)^∗ ⊕π^∗T^∗M. A connection in X → M, i.e. a horizontal inclusion π^∗T M^I→ T X, induces an extension of this splitting of^aT^∗X over the interval [0, ∞). To see this, observe that the map V ⊕ π^∗T M × [0, ∞) −→ T X × [0, ∞), (η, ξ, t) → (η, tI(ξ), t) satisfies the defining condition for^aT X, hence it defines an isomorphism between T X/M ⊕ π^∗T M × [0, ∞) and^aT X, as claimed. Now, choosing the inclusion I is the same as choosing a dual projection map T^∗X^A→ π^∗T^∗M. In local coordinates (x, y, ξ, η, t), respectively (x, y, ξ̃, η̃, t), adapted to the bundle structures for^aT^∗X and T^∗X × [0, ∞), ϕ_a has the expression: (x, y, ξ, η, t)^{ϕa}−→ (x, y, tA(x, y, ξ, η), η, t). (2.2) Definition 2.5.1 Let M be the radial vector field on π^∗T^∗M. If we fix the projection A, M becomes a vector field on^aT^∗X.

Proposition 2.5.2 The map D = t d dt + M (2.3)

is an (outer) derivation on S_a(X) and A^∂ (X) (after Fourier transform).

Proof: Recall the algebra map β : Ψ_a(X)_{|t>0} → Ψ_{(0,∞)}(X) from Remark 2.1.8. This last algebra has the obvious derivation t^d_{dt} .

Lemma 2.5.3 ϕ_{a∗}( d dt ) = d dt + t^{−1}M. Proof: In the local coordinate systems (2.2), ϕ_{a∗}( d dt ) = ∑ ∂ξ̃_i ∂t d dξ̃_i + ∂η̃_j ∂t d dη̃_j + d dt = t^{−1} ∑ ξ̃_i d dξ̃_i + d dt . □

The action of t^d_{dt} on S_{(0,∞)}(X) is t times partial differential with respect to the parameter t. From the lemma, the induced derivation on S_a(X)_{|t>0} is t^d_{dt} + M. This extends down to t = 0 and, by continuity, stays a derivation. The fact that it is outer is obvious, since D(t) = 1, whereas t is central in Ψ_a(X). The same argument works for A^∂ (X). □ Observe that D preserves all ideals like I_a, etc. As in Definition 2.4.1, we get an action e_D on the Hochschild homology of these algebras. Moreover, D preserves the filtrations F_j and T_i, hence it induces maps of spectral sequences.

2.6 The conjugation by log Q

We can extend the definition of Ψ_a(X) by allowing in Definition 2.1.6 1-step conormal distributions of any complex order. We will call elements in this algebra adiabatic operators of complex order. There are obvious extensions of the symbol algebra, the vertical algebra and the vertical ideal (see Definitions 2.2.9, 2.2.10).

Let Q ∈ T_0Ψ^1_a(X) be a positive elliptic adiabatic operator of order 1.

Theorem 2.6.1 There exists a holomorphic family D(z) of adiabatic operators, such that D(0) = Id, D(z)D(τ) = D(z + τ), and Q − D(1) ∈ Ψ̇^{−∞}_a (X).

Proof: Denote by Q_σ the image of Q in S_a(X).

Proposition 2.6.2 There exists a unique holomorphic family (Q^z_σ)_{z∈C} of symbols of order z, such that Q^0_σ = Id, Q^1_σ = Q and Q^{z+τ}_σ = Q^z_σQ^τ_σ.

Proof: Follow the construction of the complex powers from [6], Theorem 5.5. Let r = σ(Q). Start with a family A_0(z), such that σ(A_0(z)) = r^z. In particular, A_0(z) is invertible. We can assume that A_0(0) = Id. Then F_0(z, τ) := A_0(z)A_0(τ)A_0(z+τ)^{−1} −1 belongs to S^{−1}_a (X), and the principal symbol f(z, τ) := σ(F (z, τ)) is a 2-cocycle in the holomorphic group cohomology H^2(C , C^∞_{(−1)} (^aT^∗X \ {0})). This cohomology space is 0, hence there exists h : C → C^∞_{(−1)}(^aT^∗X \ {0}) holomorphic, such that F (z, τ) = h(z) + h(τ) − h(z + τ) and h(0) = 0. Moreover, h is unique up to a linear factor. We can fix this linear factor by asking that σ(Q^{−1}A_0(1)−Id) = h(1). With this condition, h is unique. Let H_0(z) be a holomorphic family of symbols in S^{−1}(^aT^∗X) of principal symbol h(z), such that H_0(0) = 0. Let A_1(z) = A_0(z)(Id − H_0(z)). This family has the properties that A_1(0) = Id, Q^{−1}A_1(1) − Id ∈ S^{−2}_a (X), and F_1(z, τ) := A_1(z)A_1(τ)A_1(z + τ)^{−1} − 1 belongs to S^{−2}_a (X). Repeat the process to improve the family A_1(z). The step i of this process only changes the terms of homogeneity at most i. Hence, the limit Q^z_σ = lim_{i→∞} A_i(z) is well-defined, and has the desired properties. □ In conclusion, Guillemin’s proof [6] applies to the algebra of adiabatic symbols without any change. From the proof, it follows that the family Q^z is unique.

Consider now the boundary algebra A^∂ (X) = Ψ_a(X)/Ψ̇_a(X). Let Q_∂ denote the image of Q in this algebra. We will construct the complex powers of Q_∂ in the boundary algebra of complex order, following a suggestion of R.B. Melrose.

Lemma 2.6.3 Let Q_0 be the image of Q in V^ψ = T_0A^∂ (X)/T_1A^∂ (X). There exists a (unique) holomorphic family Q^z in this algebra, with the properties Q^0 = Id, Q^1 = Q, Q^zQ^τ = Q^{z+τ} .

Proof: After Fourier transform in the horizontal cotangent directions, V^ψ becomes a subalgebra of the algebra of families of pseudo-differential operators on the fibers of X ×_M^aT^∗M →^aT^∗M. Apply Theorem 5.2 from [6] to construct (over each point in aT^∗M) the complex powers Q^z_0 of this family. Consider also the image of the symbol constructed in Proposition 2.6.2. From the uniqueness part, it follows that the two families of symbols coincide. Hence, the family Q^z_0 consists of complex-order elements in V^ψ. All the other properties follow from loc.cit., Theorem 5.2. □ This Lemma allows us to imitate the proof of Proposition 2.6.2 to construct the complex powers of Q_∂ in A^∂ (X). We replace the principal symbol map with the “principal t-symbol”. If A ∈ T_iA^∂ (X), this map associates to A its image in T_iA^∂ (X)T_{i+1}A^∂ (X) ∼= t^iV^ψ. The rest of the proof is identical with Proposition 2.6.2, so we skip the details.

So far, we have constructed:

• The unique holomorphic family of adiabatic symbols Q^z_σ

• The unique holomorphic family of boundary operators Q^z_∂

• For t > 0, the unique family of pseudo-differential operators Q^z on X. This was constructed by Seeley [15]. It belongs to the algebra of complex order pseudo-differential operators by [6], Theorem 5.2.

We would like to glue these pieces together, or rather to show that they are compatible. This means to show that Q^z has a Taylor expansion at t = 0 which is exactly Q^z_∂ . We can achieve this after perturbing Q.

By uniqueness, the Taylor expansion at t = 0 of Q^z_σ coincides with the image of Q^z_∂ in S^∂_a (X). Let B(z) be a holomorphic family of adiabatic operators which extends both Q^z_σ and Q^z_∂ in the obvious sense. For t > 0, we have B(z)B(τ) = B(z + τ) + H(z, τ), (2.4) where H(z, τ) belongs to Ψ̇^{−∞}(X). Hence for each t > 0 fixed, H(z, τ) is a smoothing operator. For z close to 0, B(z) is invertible. Let P = ∂_z B(z)_{|z=0} . Differentiating (2.4) with respect to τ at τ = 0, we get B(z)P = ∂_zB(z) + S(z), where S(z) = ∂_τ H(z, τ)_{|τ =0} is smoothing. Let C(z) be the solution of the following ODE: ∂_zC(z) = C(z)S(z)B^{−1}(z), C(0) = Id. Note that C(z)S(z)B^{−1}(z) ∈ Ψ̇^{−∞}(X). This implies that C(z) − Id ∈ Ψ̇^{−∞}(X). Let D(z) = C(z)B(z). Then ∂_z(D(z)) = D(z)P . Hence, for each fixed τ, D(τ)D(z) and

D(z + τ) are both solutions of the ODE ∂_zY (z) = Y (z)P, Y (0) = D(τ). This means that they coincide, i.e. D(z) is the family of complex powers of D(1). This family coincides with B(z) modulo Ψ̇^{−∞}(X). The semigroup property allows us to extend D(z) to the whole complex plane. □ Note that the symbol of D(1) is the same as the symbol of Q. We can assume that they are both equal to r, where r :^aT^∗X → R is the norm function of some metric on aT^∗X. In the sequel, we will replace Q by D(1). Hence, by Q^z we mean the family D(z). Definition 2.6.4 Let D_Q be the following (outer) derivation on S_a(X): a^{DQ}−→ d dz ( Q^{−z}aQ^z ) |_{z=0} = limz→0 Dz(a)|^{z=0} , (2.5) where D_z(a) =^{Q−z aQz−a}_z . Proposition 2.6.5 [D_Q, D] is an inner derivation, where D is defined in (2.3).

Proof: We need to prove that^d_{dz} (DQ^z)_{|z=0} belongs to S_a(X). Write

Q^z = r^z( ∞∑ j=0 a_{−j} (z)),

where a_{−j} : C → C^∞_{(−j)}(^aT^∗X\{0}) are holomorphic. Since Q^0 = Id, we have a_0(0) = 1, and a_{−j} is a multiple of z for all j ≥ 1. The terms in which^d_{dz} does not differentiate r^z are of the form r^zH(C , S_a (X)), hence their evaluation at z = 0 belongs to S_a(X). For j ≥ 1, the terms where^d_{dz} does not differentiate a_{−j} will vanish at z = 0. We are left with D(^d_{dz} (r^z)a_0(z)). Since a_0(0) = 1, the term^d_{dz} (r^z)D(a_0(z)) vanishes at z = 0. Finally,^d_{dz} (zD(r)r^{z−1})_{|z=0} = D(r) ∈ S_a(X). □

Lemma 2.6.6 D_Q decreases order by at least 1. If A is an operator of order i, then

σ_{i−1}(D_QA) = 1 r^2 {r^2, σ_i(A)}_t, where {, }_t is the adiabatic Poisson bracket.

Proof: The symbol of Q^z is r^z. The lemma follows from the composition formula for adiabatic operators. □

Chapter 3

The homology of the algebra of adiabatic symbols

In this section we compute HH_•(S_a(X)) by using the spectral sequence^FE.

3.1 The E_2 term

Proposition 3.1.1 E^{i,k}_1 (S_a) ≃ Λ^{i+k}_{(i)} (^aT^∗X \ {0})[t^{−1}].

Proof: The subscript (i) stands for homogeneous forms of homogeneity i. From Proposition 2.2.7, GS_a(X) ∼= S(^aT^∗X)[t^{−1}] is the commutative algebra of formal symbols on^aT^∗X, with t^{−1} adjoined. This algebra has a filtration by order which is preserved by multiplication, hence, in a similar way, we form a spectral sequence for its Hochschild complex. The symbol isomorphism from Proposition 2.2.7 induces an isomorphism between E_0(S_a) and E_0(GS_a). This isomorphism commutes with the first differential d_0, which is obtained in both sides by commutative contractions. Hence E^{i,k}_1 (S_a)^σ≃ E^{i,k}_1 (S(^aT^∗X)[t^{−1}]).

By Proposition 2.3.3,

HH_k(S(^aT^∗X)[t^{−1}]) = Λ^k_S(^aT^∗X)[t^{−1}].

Since the algebra S(^aT^∗X)[t^{−1}] is graded, its spectral sequence degenerates at E_1 and is convergent. This means that E^{i,k}_1 (S(^aT^∗X)[t^{−1}])) is the part of homogeneity i of HH_{i+k}(S(^aT^∗X)[t^{−1}])), which (by the above result) is Λ^{i+k}_{(i)} (^aT^∗X \ {0})[t^{−1}]. □ The algebra C^∞[0, ∞)[t^{−1}] of Laurent functions in t is central in Ψ_a(X), hence the multiplication in the adiabatic algebra is local in t. As in Remark 2.1.8, the blow-down map β induces an inclusion of algebras Ψ̇_a(X) → Ψ_{[0,∞)}(X). This induces a map between the symbol algebras and hence between their Hochschild complexes:

(C_•(Ṡ_a(X)), b) → (C_•(S_{[0,∞)}(X)), b). (3.1)

Here S_{[0,∞)}(X)) has the product induced from Ψ_{[0,∞)}(X). This map preserves the filtration by the order, therefore it descends to maps of spectral sequences. Note that all the terms of these spectral sequences are HH_∗(C^∞[0, ∞)[t^{−1}])-modules, hence local in t. As in Proposition 3.1.1, we see that

E^{i,k}_1 (Ṡ_a(X)) ∼= Λ̇^{i+k}_{(i)} (^aT^∗X \ {0})[t^{−1}]; E^{i,k}_1 (S_{[0,∞)}(X))) ∼= Λ^{i+k}_{(i)} ([0, ∞) × T^∗X \ {0})[t^{−1}].

Recall (Definition 2.1.2) the canonical map T^∗X × [0, ∞)^{ϕa}−→^aT^∗X. For t > 0 this is an isomorphism. Then the above map of E_0 and E_1 terms is just ϕ^∗_a, the pull-back by ϕ_a. Denote the differential in the spectral sequence of S_a by a superscript a. We get d^a_1 = ϕ^{∗−1}d_1ϕ^∗. (3.2) The right-hand side is defined only for t > 0. This equality is valid a priori in E^{i,k}_1 (Ṡ_a(X)); however, for t > 0, there is a canonical identification of S_a(X) with Ṡ_a(X). We will extend (3.2) by continuity down to t = 0. Choose a connection in X → M as in Section 2.5.

Definition 3.1.2 Let d_v = d − dt ∧ L d_{dt} be the deRham differential in the vertical directions in a product decomposition of aT^∗X. Definition 3.1.3 Let ∗ be the symplectic duality operator on Λ(T^∗X) introduced by Brylinski [1]. Let ∗_ϕ be the conjugation of ∗ by ϕ_a:

∗_ϕ = ϕ^∗_a^{−1} ∗ ϕ^∗_a

Proposition 3.1.4 For t > 0, the differential d^a_1 can be written in terms of the product structure on^aT^∗X as

d^a_1 = ∗_ϕ(d_v − t^{−1}dt ∧ L_M) ∗_ϕ .

Proof: The differential d_1 for the algebra S(X) = Ψ^Z(X)/Ψ^{−∞}(X) was computed in [1] and [2] to be equal to ∗d∗, where d is the deRham differential on T^∗X \ 0. Hence, in the spectral sequence of the families algebra S_{[0,∞)}(X) = Ψ_{(0,∞)}(X)/Ψ^{−∞}_{(0,∞)}(X), d_1 = ∗(d − dt ∧^∂_{∂t} )∗. From formula (3.2) and Lemma 2.5.3, it follows that

d^a_1 = ∗_ϕ(ϕ^{∗−1}_a (d − dt ∧ L d_{dt} )ϕ^∗_a) ∗_ϕ = ∗_ϕ(d − dt ∧ L_{ϕa∗(} d_{dt )}) ∗_ϕ = ∗_ϕ(d − dt ∧ ( ∂ ∂t + t^{−1}L_M))∗_ϕ □

Remark 3.1.5 The operator d_v −t^{−1}dt∧L_M is canonically defined (regardless of the product decomposition), even though its two components are not. Also, this operator extends continuously on S_a(X) down to t = 0. Let^vΛ denote forms that do not contain dt.

Proposition 3.1.6 The involution ∗_ϕ extends to Λ^•(^aT^∗X)[t^{−1}]. Its restriction to vΛ^{i+j}_{(i)} acts as follows:

vΛ^{i+j}_{(i)} (^aT^∗X \ {0})[t^{−1}]^{∗ϕ}−→^vΛ^{2m+2n−i−j}_{(m+n−j)} (^aT^∗X \ {0})[t^{−1}] (3.3) ⊕dt ∧^vΛ^{2m+2n−i−j−1} (m+n−j) ( aT^∗X \ {0})[t^{−1}] ⊕dt ∧^vΛ^{2m+2n−i−j+1} (m+n−j+1) ( aT^∗X \ {0})[t^{−1}]. Proof: First observe that ∗_ϕ commutes with C^∞(^aT^∗X)[t^{−1}] and with dt∧. Let μ = dx^I ∧ dy^J ∧ dξ̃^K ∧ dη̃^L ∈^vΛ^{i+j}(^aT^∗X)[t^{−1}] in the local coordinates system (2.2). Then ϕ^∗μ = ν + t^{−1}dt ∧ ı_{ΣAi} ∂_{∂ξi} ν for ν = t^{|K|}dx^I ∧ dy^J ∧ dA(x, y, ξ, η)^K ∧ dη^L. We have used the fact that^{∂Ai}_{∂ξj} = δ^i_j , since A is a projection. Then ∗ϕ^∗μ = ∗ν − t^{−1}dt ∧ ΣA_idx_i ∧ ∗ν. In the same way, ϕ^{−1∗} ∗ ν = β − t^{−1}dt ∧ ı_Mβ for some β. Hence ∗_ϕμ = ϕ^{−1∗} ∗ ϕ^∗μ = β − t^{−1}dt ∧ ı_Mβ − t^{−2}dt ∧ Σξ_idx_i ∧ β. (3.4) This shows that ∗_ϕ does indeed extend up to t = 0. Since ∗^2_ϕ = 1 for t > 0, the same must be true for all t. The map ϕ_a is homogeneous of degree 1, hence it preserves homogeneity by pull-back. As noted in [1], the symplectic duality operator ∗ maps Λ^{i+j}_{(i)} (T^∗X) to Λ^{2n+2m−i−j} (m+n−j) (T ∗X), and since it commutes with dt, it maps dt ∧ Λ^{i+j−1}_{(i)} (T^∗X) to dt ∧ Λ^{2n+2m−i−j+1} (m+n−j+1) (T ∗X). Hence, the three components of ∗_ϕ from formula (3.4) belong to the spaces in the right-hand side of (3.3). □ Corollary 3.1.7 d^a_1 = ∗_ϕ(d_v − t^{−1}dt ∧ L_M)∗_ϕ in the chosen product structure. Proof: The two sides agree for t > 0 and are well-defined for t ≥ 0. The result follows by continuity. □ Definition 3.1.8 Fix a product structure on^aT^∗X. Define the adiabatic duality operator ∗_a on Λ^•(^aT^∗X) by ∗_a := (1 + t^{−1}dt ∧ ı_M)∗_ϕ. (3.5) From the definition, ∗_a is an isomorphism with inverse ∗_ϕ(1 − t^{−1}dt ∧ ı_M). Also, it is clear that ∗_a consists of the first and third terms of ∗_ϕ from formula (3.4).

Proposition 3.1.9 The conjugate of d^a_1 by ∗_a is d_v, the vertical deRham differential in the chosen product structure. Proof:

(∗_a)^{−1}d_v(∗_a) = ∗_ϕ(1 − t^{−1}dt ∧ ı_M)d_v(1 + t^{−1}dt ∧ ı_M) ∗_ϕ = ∗_ϕ(d_v − t^{−1}dt ∧ d_vı_M − t^{−1}dt ∧ ı_Md_v) ∗_ϕ = ∗_ϕ(d_v − t^{−1}dt ∧ L_M)∗_ϕ which equals d^a_1, by Corollary 3.1.7. □ Hence by conjugation with ∗_a, d^a_1 : E^{i,j}_1 (S_a) → E^{i−1,j}_1 (S_a) becomes vΛ^{2m+2n−i−j} (m+n−j) ( aT^∗X \ {0})[t^{−1}] ⊕^vΛ^{2m+2n−i−j+1} (m+n−j+1) ( aT^∗X \ {0})[t^{−1}]dt ↓ d_v (3.6) vΛ^{2m+2n−i−j+1} (m+n−j) ( aT^∗X \ {0})[t^{−1}] ⊕^vΛ^{2m+2n−i−j+2} (m+n−j+1) ( aT^∗X \ {0})[t^{−1}]dt Let^aS^∗X → [0, ∞) be the sphere bundle of^aT^∗X viewed as a bundle over [0, ∞).

For any bundle B → [0, ∞), denote by C^∞([0, ∞), H^∗_v (B)) the space of sections in the (trivial) fiber cohomology bundle. Theorem 3.1.10

E^{i,j}_2 (S_a) ∼=

C^∞([0, ∞), H^{m+n−i}_v (^aS^∗X × S^1))[t^{−1}] if j = m + n C^∞([0, ∞), H^{m+n−i}_v (^aS^∗X × S^1))[t^{−1}]dt if j = m + n + 1 0 otherwise.

Proof: We have seen that E^{i,j}_2 (S_a) is isomorphic to the homology of the complex (3.6). Since d_v preserves homogeneity and commutes with dt∧, this complex splits. Lemma 3.1.11 The homology of the complex (Λ^•_{(•)}(^aT^∗X \ {0})[t^{−1}], d_v) is concentrated in homogeneity (•) = (0).

Proof: Let R be the radial vector field on (^aT^∗X). Then, for ν ∈ Λ^•_{(k)}(^aT^∗X \{0}[t^{−1}]), we have L_Rν = kν. Assume ν is d_v-closed. Observe that [R, d dt ] = 0. (3.7) This follows from the fact that, in the product structure that we have chosen, translations in the t direction act linearly on the fibers of^aT^∗X. Then kν = L_Rν = dı_Rν + ı_Rdν = d_vı_Rν + ı_Rd_vν = d_v(ı_Rν). Hence if k ≠ 0, then ν is exact. □

Lemma 3.1.12

h_k(Λ^•_{(0)}(^aT^∗X \ {0})[t^{−1}], d_v) ∼= C^∞([0, ∞), H^k_v (^aS^∗X × S^1))[t^{−1}].

Proof: Recall that, in order to define d_v, we have fixed an isomorphism aT^∗X ∼= (π^∗T^∗M ⊕ (T X/M)^∗) × [0, ∞). Choose a metric on the fibers of π^∗T^∗M ⊕ (T X/M)^∗. Let S^∗ be the sphere bundle inside this vector bundle, and let r be the radial function. This induces a splitting

(Λ^•_{(0)}(π^∗T^∗M ⊕ (T X/M)^∗), d) ∼= (Λ^•(S^∗), d) ⊕ r^{−1}dr ∧ (Λ^{•−1}(S^∗), d).

and hence our complex splits as

vΛ^•_{(0)}(^aT^∗X \ {0})[t^{−1}], d_v)) ∼= (^vΛ^•(S^∗ × [0, ∞))[t^{−1}], d_v) ⊕r^{−1}dr ∧ (^vΛ^{•−1}(S^∗ × [0, ∞))[t^{−1}], d_v)

These two isomorphic terms explain the factor of S^1 in the statement of the lemma. There exist natural evaluation and inclusion maps

h_∗(^vΛ^•(S^∗ × [0, ∞))[t^{−1}], d)^{ev}−→ C^∞([0, ∞), H^•(S^∗))[t^{−1}], a → (t → [a_{|t} ]) C^∞([0, ∞), H^•(S^∗))[t^{−1}]^{in}−→ h_∗(^vΛ^•(S^∗ × [0, ∞))[t^{−1}], d), f ⊗ [a] → [f ⊗ a]. Clearly, ev ∘ in = Id. So, in order for both of them to be isomorphisms, we need to check only that ev is injective. In other words, if for every t, [a_{|t} ] is exact, then we need to find a Laurent family of primitives for a. We can do this by using Hodge theory. Choose a metric on the total space of S^∗. There is an isomorphism of spaces of L_2 forms:

BΛ^•(S^∗)^h−→ (ZΛ^{•−1}(S^∗))^⊥ which, by elliptic regularity, interchanges smooth forms. Then h(a) is the desired family of primitives for a. □ The theorem follows immediately from Lemmas 3.1.11 and 3.1.12. □

Remark 3.1.13 Since any two choices of metrics or projections are homotopic, they induce the same maps in cohomology, so the isomorphism in Theorem 3.1.10 does not depend on the choices made.

3.2 Action of derivations and degeneracy

The derivation D introduced in (2.3) acts by e_D on C_•(S_a(X)). Since it commutes with b and preserves the filtration F_i, the action descends to the spectral sequence.

Proposition 3.2.1 The effect of e_D on ∗_aE_1(S_a(X)), and hence on E_∞(S_a), is contraction by the vector field t^d_{dt} .

Proof: The following commutations hold trivially on E_1(Ψ_{[0,∞)}): HKR e_t d_{dt} = ı_t d_{dt} HKR, ∗ ı_t d_{dt} = ı_t d_{dt} ∗ . Since HKR is invariant by pull-backs, we can pull it back via the map (3.1). It follows that HKR e_D = ı_{ϕ∗(t} d_{dt )}HKR, ∗_ϕı_{ϕ∗t} d_{dt} = ı_{ϕ∗t} d_{dt} ∗_ϕ, which implies ∗_ϕHKR e_D = ı_{ϕ∗(t} d_{dt )} ∗_ϕ HKR, and so

(1 + t^{−1}dt ∧ ı_M) ∗_ϕ HKR e_D = (1 + t^{−1}dt ∧ ı_M)(ı_t d_{dt} + ı_M) ∗_ϕ HKR = ı_t d_{dt} (1 + t^{−1}dt ∧ ı_M) ∗_ϕ HKR. (3.8) This identity extends by continuity down to t = 0. □ Proposition 3.2.2 The effect of L_D on [a] ∈ E_∞(S_a) is the Lie derivative L_t d_{dt} [a] applied to the cohomology class [a] representing a at E_2 = E_∞ in the presentation of Theorem 3.1.10. In particular, if a is a class of homogeneity k in t, then L_D(a) = ka. Proof: From the definitions, HKR ∘ L_D = L_{ϕ∗(t} d_{dt )}HKR, i.e L_D acts as the Lie derivative L_{ϕ∗(t} d_{dt )} on E_1, i.e. on forms. This Lie derivative commutes with ∗_ϕ and with (1 + t^{−1}dt ∧ ı_M). Finally, L_M = 0 on cohomology. □ Corollary 3.2.3 The map e_D is injective on E^{•,m+n+1}_2 (S_a(X)) and vanishes on the rest of E_2(S_a(X)). This implies that the spectral sequence^FE(S_a(X)) degenerates at E_2. □ Definition 3.2.4 Let t^{−1}dt∧ be the following operation on C_•(Ψ_a(X)): a_0 ⊗ . . . ⊗ a_n^{t−1 dt∧}−→ n∑ i=1 (−1)^it^{−1}a_0 ⊗ . . . ⊗ t ⊗ . . . ⊗ a_n, where t is inserted on position i. Let α = e_Dt^{−1}dt∧, β = t^{−1}dt ∧ e_D. Proposition 3.2.5 1. (t^{−1}dt∧)^2 = 0.

2. e_Dt^{−1}dt ∧ +t^{−1}dt ∧ e_D = 1, (t^{−1}dt∧)^2 = 0.

3. C_•(S_a(X)) and HH(S_a) split as im(e_Dt^{−1}dt∧) ⊕ im(t^{−1}dt ∧ e_D).

Proof: The first two statements follow by direct computation. From part 1, αβ = 0. Then part 2 implies that α = α(α + β) = α^2 and β = (α + β)β = β^2, so α and β are idempotents. Since 1 = α + β = (α + β)^2 = α + β + βα, we get also βα = 0. This proves part 3. □

Proposition 3.2.6 Using the identification from Theorem 3.1.10 of HH(S_a(X)) with cohomology spaces, the action of e_{DQ} is twice the cup product with r^{−1}dr, the generator of H^1(S^1).

Proof: First, notice that, by Propositions 2.6.5 and 2.4.2, e_{DQ} commutes with t^{−1}dt∧ and with e_D. This implies that e_{DQ} will preserve the spaces of 0 and 1-forms in t. Let a ∈ E^{i,m+n}_2 be a representative for a homology class with no dt. Then, by Theorem 3.1.10, e_{DQ} (a) is determined by its part in homogeneity i − 1.

From Lemma 2.6.6, it follows that HKR(σ(e_{DQ} (a))) =^1_{r2} dr^2 ∧ HKR(a), which implies the desired formula after applying the conjugation (1 + t^{−1}dt ∧ ı_M)∗_ϕ. The case where the class of a is a multiple of dt follows by multiplication with t^{−1}dt. □

3.3 Convergence of the spectral sequence

Theorem 3.3.1 The spectral sequence for S_a is convergent, in the sense that HH_k(S_a) ∼= E^{k−m−n,m+n} 2 ⊕ E^{k−m−n−1,m+n+1} 2 . Moreover, this isomorphism preserves the filtration by powers of t.

The proof of this theorem is surprisingly complicated. One can construct abstractly a formal extension of any element in E_∞ to a closed “chain”. The issue is finding asymptotically sumable extensions, hence bounding from below the t-order. We claim that we can achieve this with the bound equal to the t-degree of the starting element in E_∞.

The proof uses the notation, some statements and ideas from [12]. The graded algebra of Ψ_a(X) with respect to the filtration T_j by t-degree is a fibered version of the suspended algebra, that we call the vertical algebra. Recall Definition 2.2.9.

Definition 3.3.2 Let SV^ψ be the symbol algebra of V^ψ.

We will identify elements in V^ψ with the Fourier transform of their Schwartz kernel. Then we see that the algebra of polynomial functions on^aT^∗M is central in V^ψ.

Definition 3.3.3 (see [12], Section 5) Let B_{(sus)} ⊂ SV^ψ be the ideal consisting of the symbols that vanish rapidly at the vertical sub-bundle of^aT^∗X. Let F_{(sus)} be the quotient of SV^ψ by B_{(sus)}.

These algebras are filtered by the operator order, hence we get filtrations on the three Hochschild chains spaces which are preserved by the boundary map. We obtain a spectral sequence for each Hochschild complex. We can adapt Propositions 6 and 7 and Lemma 7 from [12] directly to our case, so we will assume without proof the following result:

Proposition 3.3.4 The spectral sequences E(F_{(sus)}) and E(B_{(sus)}) degenerate at E_2.

Since the polynomial functions on^aT^∗M commute with these algebras, we can define the following two types of natural operations on the spectral sequences: contractions by vector fields with polynomial coefficients, and exterior multiplication by forms with polynomial coefficients. These operations define splittings of the homologies and of the spectral sequences, which are preserved by the differentials. We can also consider the action of the Lie derivative in the direction of M, the radial vector field in^aT^∗M. This replaces the dilation argument from [12]. The different spectral sequences split as eigenspaces of this action, and using this fact, we can prove the following:

Proposition 3.3.5 The spectral sequence E(SV^ψ) degenerates at E_2.

Convergence of these sequences is automatic since the topology of the chain spaces is defined as an inverse limit.

Another important fact that we use is that there is no analogue of the index map for the suspended algebra (Lemma 8 of [12]). Namely, the short exact sequence 0 → V → V^ψ → SV^ψ → 0 induces a long exact sequence in homology (by H-unitality, see Chapter 6) which actually splits into short exact sequences. See Proposition 7.2.2.

Consider now the the graded algebra of Ψ_a(X) with respect to the filtration T_j . It is canonically isomorphic to V^ψ ⊗ L. In the statements above, we can replace the algebras by their tensor product with L. The convergence part still holds. To see this, work with chains of bounded t-order in each factor. Here and in the sequel, the order of a chain a_0 ⊗ . . . ⊗ a_k with respect to a decreasing filtration T_i is at least i if all the components of the chain belong to T_i.

We can collect these statements into the following:

Proposition 3.3.6 Let a ∈ G_iC_•(Ψ_a(X)) be a chain of order j, such that σ(a) survives at E_2 in the (vertical) spectral sequence by operator order. Then there exists A ∈ T_iC_•(Ψ_a(X)), σ(A) = a + T_{i+1}, such that b(A) ∈ T_{i+1} (i.e. A is a cycle in the vertical sense). Moreover, we can assume that ord(A) = ord(a), i.e. all the factors in A have the same lower bound for their t-order as a. □ Proposition 3.3.7 Let a ∈ T_iF_j C_k(Ψ_a(X)) be a chain which survives at E^{j,k−j}_2 (S_a(X)), and k − j ≠ m + n, m + n + 1. Then there exists x ∈ T_{i−1}F_{j+1}C_{k+1} (Ψ_a(X)) such that bx − a ∈ T_iF_{j−1}C_k(Ψ_a(X)). Moreover, we can assume ord(x) ≥ min(ord(a), 0).

Proof: Let ν be the form corresponding to a in E^{j,k−j}_2 (S_a(X)). Hence d_v(ν) = 0. From the proof of Lemma 3.1.11, it follows that ν = d_v ( ı_Rν k − j − m − n )

(the constant is k − j − n − m − 1 when ν contains dt). The assumption on k − j means exactly that this constant is non zero. We ignore this constant in the rest of this proof. The passage between E_1 and E_2 is done via the isomorphism (1+t^{−1}dt∧ı_M)∗_ϕ (Proposition 3.1.9). Then ı_Rν corresponds to c = ∗_ϕ(1 − t^{−1}dt ∧ ı_M)ı_Rν = R^{#ϕ} ∧ ∗_ϕ(1 − t^{−1}dt ∧ ı_M)ν, where R^{#ϕ} is the 1-form dual to R under ω_ϕ. We see that this 1-form is in T_{−1}, since ϕ^∗R = R, R^# = α, the canonical 1-form, and ϕ_∗α ∈ T_{−1}.

Now find a chain x_0 in G_{i−1}F_{j+1} represented at E_1(S_a(X)) by c, which satisfies the condition on the order. By Proposition 3.3.6, x_0 is the symbol of some x which will satisfy the desired conditions. □ Proof of Theorem 3.3.1: We must prove two statements: 1. ⋂ i F_iHH_k(S_a(X)) = 0 and

2. F_iHH_k(S_a(X)) → E^{i,k−i}_2 is surjective.

The first statement follows by repeatedly using Proposition 3.3.7, with two special cases in homogeneity k − m − n, k − m − n − 1. In this way, for an element a ∈ ⋂ i F_iHH(S_a(X)), we construct x such that b(x) = a. The actual t-filtration of x is not important, provided that its t-order is uniformly bounded. For the second statement, start with a ∈ T_j F_iC_k so that σ(a) represents a class in E^{i,m+n}_2 (S_a(X)), hence assuming that a contains no dt. This means that we can change the subprincipal symbol of a in T_j so that b(a) ∈ F_{i−2}.

From Proposition 3.3.6, there exists A ∈ T_j C_k(Ψ_a(X)), σ(A) = a, such that b(A) ∈ T_{j+1}. Observe that we can assume that the sub-principal symbols of A and a agree up to a chain μ ∈ T_j F_{i−1} with the property b(μ) ∈ F_{i−2}. This follows from the proof of Proposition 3.3.6. Now b(A) represents a form which is the zero element in E^{i−2,m+n+1} 2 (S_a(X)). We can assume that this form contains no dt (if not, project onto the no-dt part). As in Proposition 3.3.7, it follows that there exists x ∈ T_j F_{i−1} such that b(A) − b(x_1) ∈ T_j F_{i−3} and ord(x) ≥ min{ord(a), 0}. Repeated applications of Proposition 3.3.7 will yield an infinite sequence x_p ∈ F_{i−p} of chains of uniformly bounded orders and of t-degree j. Due to the decreasing operator orders and bounded t-orders, such a sequence is sumable. It follows that b(A − ∑ x_p) = 0. The dt case is similar. □

Corollary 3.3.8 HH(S^∂_a (X)) splits in eigenspaces of the L_D action with integer eigenvalues.

Proof: First, note that the spectral sequence associated to S^∂_a (X) also degenerates at E^2 and is convergent, by the same proof. Since α and β commute with b and L_D, the splitting form Proposition 3.2.5 is inherited by Hochschild homology and is preserved by L_D. Via the edge inclusion, E^{k−m−n−1,m+n+1}

2 (S^∂_a (X)) is a subspace of HH_k(S^∂_a (X)).

By Proposition 3.2.1, β acts the identity and α acts as 0 on this subspace, which therefore coincides with im(β). Then the inclusion im(α) → HH_k(S^∂_a (X)), followed by the edge surjection HH_k(S^∂_a (X)) → E^{k−m−n,m+n}_2 (S^∂_a (X)), is an isomorphism which commutes with L_D. Using Proposition 3.2.2, we conclude that the action of L_D on HH(S^∂_a (X)) is semi-simple with integer eigenvalues. □

Chapter 4

The semi-classical limit algebra

Consider the case where X = M, i.e. the fibers of the fibration X → M are points. In this case, the adiabatic algebra is called the semi-classical limit algebra. Recall the definitions of I_a(X), A^∂ (M) and S^∂_a (M) (2.2.10, 2.2.9) and the notations for the spaces of symbols (2.2.6). Consider the short exact sequence

0 → I_a(M)^ı→ A^∂ (M)^p→ S^∂_a (M) → 0. (4.1)

This sequence is compatible with the filtration T_j , hence it induces a short exact sequence of the associated graded algebras. By Proposition 2.2.12 and Corollary 2.2.11, this is:

0 → S(^aT^∗M_{|t=0}) ⊗ L^ı→ S^Z(^aT^∗M_{|t=0}) ⊗ L^p→ S(^aT^∗M_{|t=0} \ {0}) ⊗ L → 0. (4.2)

In this section, E(I_a(M)) will stand for the spectral sequence with respect to the filtration T_j (Definition 2.2.8) of the Hochschild complex of I_a(M), etc.

Proposition 4.0.9

E^{i,j}_1 (I_a(M)) ∼= E^{i,j}_1 (S(^aT^∗M_{|t=0}) ^⊗L) ∼= t^iΛ^{i+j}_S (^aT^∗M_{|t=0}) ⊕ Λ^{i−j−1}_S (^aT^∗M_{|t=0})t^{i−1}dt;

E^{i,j}_1 (A^∂ (M)) ∼= E^{i,j}_1 (S^Z(^aT^∗M_{|t=0}) ^⊗L) ∼= t^iΛ^{i+j}_{SZ}(^aT^∗M_{|t=0}) ⊕ Λ^{i−j−1}_{SZ} (^aT^∗M_{|t=0})t^{i−1}dt;

E^{i,j}_1 (S^∂_a (M)) ∼= E^{i,j}_1 (S(^aT^∗M_{|t=0}) ^⊗L) ∼= t^iΛ^{i+j}_S (^aT^∗M_{|t=0}) ⊕ Λ^{i−j−1}_S (^aT^∗M_{|t=0})t^{i−1}dt.

Proof: This proposition is entirely similar to Proposition 3.1.1, so we shall only sketch the proof for I_a(M). The first isomorphism follows from the fact that the induced product on GI_a(M) is the usual commutative product on functions. The second isomorphism is realized by HKR (Definition 2.3.2). □ Let d_1 be the first differential in the above spectral sequences. As a vector space, the algebra A^∂ (M) is isomorphic to S^Z(^aT^∗M_{|t=0}) ^⊗L. The product on A^∂ (M) is a star product, say ⋆_t. It is the push forward under the canonical map T^∗M × [0, ∞)^ϕ−→^aT^∗M. of the product of symbols on T^∗M in some quantization, that we choose to be the so-called Riemann-Weyl quantization. In local coordinates, if ⋆ is given by: a ⋆ b = ab + 1 2i {a, b} + P_2(a, b) + . . . , then a ⋆_t b = ab + t 1 2i {a, b} + t^2P_2(a, b) + . . . . Proposition 4.0.10 On E^{i,j}_1 (I_a(M)), E^{i,j}_1 (A^∂ (M)) and E^{i,j}_1 (S^∂_a (M)), we have

d_1 = (∗_a)^{−1}d_v ∗_a . (4.3)

Proof: We first prove the assertion for S^∂_a (M).

Lemma 4.0.11 Formula (4.3) holds on E^{i,j}_1 (S^∂_a (M)).

Proof: Let a ∈ T_iF_sC_{i+j}(S^∂_a (M)) be a chain of pure homogeneity s in the fibers of aT^∗M, which survives at^TE^{i,j}_1 . Notice that a also survives at^FE^{s,i+j−s}_1 (S^∂_a (M)). The identification of^TE_1 and^FE_1 with forms on^aT^∗M is realized by the same map (HKR). From the definition, d_1[a] = HKR([b(a)]_{Ti+1/Ti+2} ) is represented by the part of b(a) of degree i + 1 in t. From the structure of the product on the boundary algebras, this is exactly the part of pure homogeneity s − 1 of b(a), i.e. it is equal to d^a_1[a]. Now use Proposition 3.1.9. □ Observe that d_1 and (∗_a)^{−1}d_v∗_a are operators with polynomial coefficients in the fibers of^aT^∗M_{|t=0}. We claim that we can recover d_1 from its action on homogeneous forms, i.e.^TE^{i,j}_1 (S^∂_a (M)). Indeed, we can obtain the coefficients of a polynomialcoefficient differential operator from its action on polynomials. □ In the particular case of the trivial fibration M → M, the local coordinates formula (3.4) simplifies as follows:

Proposition 4.0.12 Let μ = μ_1 + t^{−1}dt ∧ μ_2, where μ_1, μ_2 ∈^vΛ^k(^aT^∗M) ⊗ t^i. Then ∗_aμ ∈^vΛ^{2n−k}(^aT^∗M) ⊗ t^{i+k−n} ⊕^vΛ^{2n−k+1}(^aT^∗M) ∧ t^{i+k−n−2}dt. Proof: Use the notation from Section 3.1. Formula (3.4) shows (∗_ϕ + t^{−1}dt ∧ ı_M∗_ϕ)μ = β − t^{−2}dt ∧ α ∧ β, for some β, where α is the canonical form ∑ ξ_idx_i. The fibration M → M has a unique connection. The corresponding projection map A is now A(x, ξ) = ξ. This implies β = t^{k−n} ∗ μ. □

Proposition 4.0.13 Conjugation by ∗^M_a on^TE_1 induces the following identifications for the E_2 terms: TE^{i,k}_2 (I_a(M)) ∼= t^{2i+k−n}H^{2n−i−k}_S (^aT^∗M_{|t=0}) ⊕t^{2i+k−n−2}dt ⊗ H^{2n−i−k+1} S (^aT^∗M_{|t=0}); (4.4) TE^{i,k}_2 (A^∂ (M)) ∼= t^{2i+k−n}H^{2n−i−k}_S (^aT^∗M_{|t=0}) ⊕t^{2i+k−n−2}dt ⊗ H^{2n−i−k+1} S (^aT^∗M_{|t=0}); (4.5) TE^{i,k}_2 (S^∂_a (M)) ∼= t^{2i+k−n}H^{2n−i−k}(^aS^∗M_{|t=0} × S^1) ⊕t^{2i+k−n−2}dt ⊗ H^{2n−i−k+1}(^aS^∗M_{|t=0} × S^1); (4.6) Proof: The subscripts S, S stand for cohomology of forms with Schwartz, respectively with symbol coefficients. The result is a consequence of Propositions 4.0.10 and 4.0.12. □ We can now compute the effect of derivations on these E_2 terms.

Proposition 4.0.14 The operator e_D acts on E_2(I_a(M)), E_2(S^∂_a (M)) and E_2(A^∂ (M)) by contraction with the vector field t^d_{dt} .

Proof: The proof of Proposition 3.2.1 applies word by word. □

Proposition 4.0.15 The operator L_D acts semisimply on E^{i,k}_2 (I_a(M)), E^{i,k}_2 (S^∂_a (M)) and E^{i,k}_2 (A^∂ (M)), with eigenvalues 2n−i−k on ker(e_D) and 2n−i−k −1 on im(e_D).

Proof: Imitate the proof of Proposition 3.2.2 to obtain that L_D acts as the Lie derivative L_{M+t} d_{dt} . Hence, e_D has eigenvalues 2n − i − k and 2n − i − k − 1 on E^{i,k}_2 , corresponding to the splitting from Proposition 4.0.13. By Proposition 4.0.14, this splitting is given by the image and nullspace of e_D. □

Corollary 4.0.16 The spectral sequences from Proposition 4.0.13 degenerate at E_2.

Proof: By naturality, the boundary maps in the spectral sequences commute with the maps e_D and L_D. In particular, they preserve the nullspace and the image of e_D. On ker(e_D) ∩^TE^{i,k}_2 , L_D acts as multiplication by 2n − i − k. This shows that for s ≥ 2, the map d_s : ker(e_D) ∩^TE^{i,k}_2 → ker(e_D) ∩^TE^{i+s,k−s−1}_2 must vanish. Similarly, d_s vanishes on the image of e_D. □

Chapter 5

The formal smoothing ideal

Recall the definition of I_a(X) (2.2.10). In this chapter, E(I_a(X)) will represent the spectral sequence with respect to the filtration T_j (Definition 2.2.8) of the Hochschild complex of I_a(X).

5.1 Relationship with the semi-classical limit

We will construct an algebra map ϕ : Ψ^{−∞}_a (M)→Ψ^{−∞}_a (X), and show that it induces an isomorphism E_1(I_a(M)) ∼= E_1(I_a(X)). This will imply that ϕ induces an isomorphism in Hochschild homology.

There exists a natural fibration X^2_a^π→ M^2_a . The fibers of this fibration are F × F , where F is the fiber of X → M. Choose a smooth family dv of densities of volume 1 in each fiber of X → M.

Definition 5.1.1 Define ϕ : Ψ^{−∞}_a (M) → Ψ^{−∞}_a (X) by A → (π^∗A) ⊗ dv_R, where dv_R is the density dv in the second fiber X → M.

Proposition 5.1.2 ϕ is a map of algebras.

Proof: Let A, B ∈ Ψ^{−∞}_a (M). Then

ϕ(A)ϕ(B) = (π_m)_∗(π^∗_l ((π^∗A) ⊗ dv_R) · π^∗_r ((π^∗B) ⊗ dv_R)) = π^∗((π_m)_∗(π^∗_l A · π^∗_r B)) ⊗ dv_R = ϕ(AB). □

5.2 A connection on the vertical algebra

Consider the following diagram of fibrations:

X^p←− π^∗(^aT^∗M) π ↓ π ↓ M^p←−^aT^∗M A connection in X −→ M, i.e. a horizontal distribution H in X, induces a connection in π^∗(^aT^∗M) −→^aT^∗M, by H_x = p^{−1}_∗ (H_{p(x)}).

This is indeed a connection, since p is a submersion. Note that when we restrict ourselves over a point x ∈ M, the restricted fibration

p^{−1}π^{−1}(x) −→ p^{−1}(x)

is canonically isomorphic to the product X_x ×^aT^∗M_x, and the induced connection is the canonical trivial connection on the product.

Let Γ_SZ(Λ^1(^aT^∗M)) denote the space of 1-forms on^aT^∗M which have symbolic coefficients when expressed in a local basis (dx_i, t^{−1}dξ_i) adapted to the cotangent bundle structure. One can easily check that this space is preserved under changes of coordinates in M. The connection defines a derivation

S(π^∗(^aT^∗M))^∇−→ Γ_SZ(Λ^1(^aT^∗M)) ⊗ S(π^∗(^aT^∗M)).

Recall Definitions 2.2.9, 2.2.10, and the identification of V, via Fourier transform, with S(X ×_M X ×_M^aT^∗M, Ω_R). This is the space of symbols on X ×_M X ×_M^aT^∗M with values in the density bundle of the second fiber term. Let π_R, π_L : X×_M X×_M^aT^∗M → X ×_M^aT^∗M be the projections on the first, respectively the second X term. Then the elements in V^ψ are the distributions on X ×_M X ×_M^aT^∗M with values in Ω_a, which are conormal to the X-diagonal inside the 0-section of this bundle. The action of V^ψ on V is π^∗_L(C^∞(X))-linear. After Fourier transform, V^ψ acts S^Z(^aT^∗M)-linearly on S(X ×_M^aT^∗M): V^ψ ⊗ S(X ×_M^aT^∗M) ∋ (A, f) → π_{R∗}(Aπ^∗_L(f)) ∈ S(X ×_M^aT^∗M) This action is faithful. We extend by duality the derivation ∇ to V^ψ: (∇A)(f) = ∇(Af) − A(∇(f)).

Proposition 5.2.1 The operator ∇ is well-defined and preserves V.

Proof: Over a coordinate patch in M, the fibration is trivial. Choose a density dv in the second fiber term which is independent of the base point in^aT^∗M. Then

∇ = da_T ∗_M + α, and A = a ⊗ dv. Choose a vector field V ∈ Γ_SZ(T (^aT^∗M)). We have (∇_V A)(f) = (V + α(V )) ∫ X/M afdv − ∫ X/M a(V + α(V ))fdv = ∫ X/M ((V + α(V )_L + α(V )_R)a)fdv, where the sub-indices L, R mean that the derivative in the direction of α(V ) is in the first, respectively the second X factor. The proposition follows by inspection of this formula. □ Proposition 5.2.2 ∇ commutes with multiplication by S^Z(^aT^∗M), in the following sense: for every A ∈ V^ψ, V ∈ Γ_SZ(T (^aT^∗M)) and g ∈ S^Z(^aT^∗M), we have ∇_{gV} A = g∇_V (A). Proof: Let f ∈ S(X ×_M^aT^∗M). We use the fact that ∇_{gV} f = g∇_V f and we commute A with g since the action of V^ψ is S^Z(^aT^∗M)-linear: (∇_{gV} A)(f) = ∇_{gV} (Af) − A(∇_{gV} (f)) = g∇_V (Af) − A(g∇_V (f)) = g∇_V (Af) − gA(∇_V (f)) = (g∇_V (A))(f). □ Definition 5.2.3 ∇^t = ∇ + ∂ ∂t dt. Then Proposition 5.2.2 carries over to ∇^t in the following form: Proposition 5.2.4 Let A ∈ V^ψ ⊗ L, V ∈ Γ_SZ(T (^aT^∗M)) ⊗ L ⊕ S^Z(^aT^∗M) ⊗ L^∂_{∂t} and g ∈ S^Z(^aT^∗M) ⊗ L. Then ∇^t_{gV} (A) = g∇^t_V (A). □ Proposition 5.2.5 ∇^t is a derivation on V ⊗ L. Proof: ∇^t(AB)(f) = ∇^t(AB(f)) − AB(∇^t(f)) = ∇^t(AB(f)) − A∇^t(B(f)) + A∇^t(B(f)) − AB(∇^t(f)) = (∇^tA)(B(f)) + A(∇^tB)(f) □

5.3 The analogue to HKR

Now we restrict our attention to I_a(X). The product in I_a(X) is a deformation of the vertical product. It follows that E_0(I_a(X)) ∼= E_0(V ⊗ L). Moreover, this isomorphism commutes with d_0.

Proposition 5.3.1 By using the Künneth formula in Hochschild homology ([12]), we obtain

E^{i,j}_1 (I_a(X)) ∼= E^{i,j}_1 (V ⊗ L) = T_i(HH_{i+j}(V ⊗ L))/T_{i+1}(HH_{i+j}(V ⊗ L)) = t^i ⊗ HH_{i+j}(V) ⊕ t^{i−1}dt ⊗ HH_{i+j−1}(V). Proof: Similar to Proposition 4.0.9. □ On the vertical ideal V there exists a trace functional with values in S(^aT^∗M), defined by push-forward under the projection map π of the restriction to the diagonal of each fiber of kernels in V:

Definition 5.3.2 A^{T rV}−→ ∫ X×_M X×_M^aT^∗M_{|t=0}/^aT^∗M_{|t=0} A_{|Δa∩ff} .

Using T r_V , we can define an analogue of the HKR map:

C_k(V ⊗ L)^K−→ Λ_S (^aT^∗M) ⊗ ΛL.

Definition 5.3.3 Let A = A_0 ⊗ A_1 ⊗ . . . ⊗ A_k ∈ C_k(V^ψ ⊗ L), such that A_0∇^tA_1 ∧ . . . ∧ ∇^tA_k is of order −m − ϵ. Define

K(A) = T r_V (A_0∇^tA_1 ∧ . . . ∧ ∇^tA_k).

Proposition 5.3.4 The map K is well-defined.

Proof: For V_1, . . . , V_k ∈ Γ_S(T (^aT^∗M)) ⊗ L ⊕ S^Z(^aT^∗M) ⊗ L^∂_{∂t} , define K(A)(V_1, . . . , V_k) = T r_V ( ∑ σ∈S_k A_0∇^t_{V1} (A_1) . . . ∇^t_{Vk} (A_k) )

This is skew-symmetric in V_1, . . . , V_k. Proposition 5.2.4 and the fact that V ⊗ L and T r_V commute with S^Z(^aT^∗M) ⊗ L show that the right-hand side is S^Z(^aT^∗M) ⊗ Llinear, hence it defines a differential form. □

Proposition 5.3.5 If A ∈ F_{−m−k−ϵ}C_k(V^ψ ⊗ L), then K ∘ bA = 0.

Proof: K(b(A)) = T r_V [A_0A_1∇^tA_2 ∧ . . . ∧ ∇^tA_k − A_0∇^t(A_1A_2) ∧ . . . ∧ ∇^tA_k + . . .

+(−1)^{k−1}A_0∇^tA_1 ∧ . . . ∧ ∇^t(A_{k−1}A_k) + (−1)^kA_kA_0∇^tA_1 ∧ . . . ∧ ∇^tA_{k−1}] = T r_V [A_0A_1∇^tA_2 ∧ . . . ∧ ∇^tA_k − A_0(A_1∇^tA_2 + ∇^tA_1A_2) ∧ . . . ∧ ∇^tA_k . . . + (−1)^{k−1}A_0∇^tA_1 ∧ . . . ∧ (A_{k−1}∇^tA_k + ∇^tA_{k−1}A_k) +(−1)^kA_kA_0∇^tA_1 ∧ . . . ∧ ∇^tA_{k−1}] = (−1)^kT r_V [A_kA_0∇^tA_1 ∧ . . . ∧ ∇^tA_{k−1} − A_0∇^tA_1 ∧ . . . ∧ ∇^t(A_{k−1})A_k] = 0,

since T r_V vanishes on commutators of operators of total order less than −m − ϵ. □ It follows that K descends to the Hochschild homology of the vertical algebra.

Proposition 5.3.6 For A, B ∈ I_a(M), ∇^t(ϕ(A))ϕ(B) = ϕ(d(A)B). Proof: Let f ∈ S(X ×_M T^∗M). Then ϕ(B)f = π^∗(B ∫ fdv). It follows that ∇^t(ϕ(A))ϕ(B)f = ∇^t(ϕ(A)ϕ(B)f) − ϕ(A)∇^t(ϕ(B)f) = ∇^t(ϕ(AB)f) − ϕ(A)∇^t(π^∗(B ∫ fdv)) = ∇^t(π^∗(AB ∫ fdv) − ϕ(A)(π^∗d(B ∫ fdv) = π^∗d(AB ∫ fdv) − π^∗(Ad(B ∫ fdv)) = π^∗((dA)(B ∫ fdv)) = ϕ(d(A)B)f. Since f was arbitrary, the proposition follows. □ Proposition 5.3.7 K ∘ ϕ = (k!)HKR. Hence, K is surjective. Proof: Let A = A_0 ⊗ A_1 ⊗ . . . ⊗ A_k ∈ C_k(V(M) ⊗ L). Then

K(ϕ(A)) = T r_V [ϕ(A_0)∇^tϕ(A_1) ∧ . . . ∧ ∇^tϕ(A_k)] = T r_V [∇^tϕ(A_1) ∧ . . . ∧ (∇^tϕ(A_k))ϕ(A_0)] = T r_V [∇^tϕ(A_1) ∧ . . . ∧ ∇^tϕ(A_{k−1}) ∧ ϕ(d(A_k)A_0)]] = . . . = T r_V [ϕ(d(A_1) ∧ . . . ∧ d(A_k)A_0)] = d(A_1) ∧ . . . ∧ d(A_k)A_0 = k!HKR(A). We used Proposition 5.3.6 and commutativity of the trace. □

5.4 E_1(I_a(X))

Since HKR is an isomorphism on Hochschild homology [4], by Proposition 5.3.7, K must be surjective. In order to prove that K is an isomorphism at E_1, we need to prove injectivity. Recall the decomposition b = ∑_k i=0(−1)^ib_i of the Hochschild differential on C_k.

Let g be a metric on M. Let ψ be a cut-off function, ψ(0) = 0, supported inside the injectivity radius of M. For two points x_1, x_2 in M at distance less than the injectivity radius, let τ^{x1}_{x2} denote the parallel transport along the shortest geodesic from x_1 to x_2 in X → M, with respect to the connection ∇, and also in^aT^∗M → M with respect to ∇^{LC} . Fix again a vertical density dv on the fibers of X → M.

Let P_i = (ξ_i, u_i, v_i) denote a typical point in X ×_M X ×_M^aT^∗M over a base point x_i ∈ M, i = 0, . . . , k. Recall the identification C_k(V ⊗ L) ∼= S((X ×_M X ×_M^aT^∗M)^{k+1}) ⊗ L(t_0, . . . , t_k) ⊗ dv_0 ⊗ . . . dv_k. Definition 5.4.1 Let a be a cycle in C_k(V ⊗ L), a = A(t_0, ξ_0, u_0, v_0, . . . , t_k, ξ_k, u_k, v_k)dv_0 ⊗ . . . ⊗ dv_k. For l ∈ {0, . . . , k}, we say that a satisfies P_l if the following two conditions are satisfied:

1. b_j (a) = 0 for j = 0, . . . , l − 1.

2. The function A is independent of v_0, . . . , v_{l−1}.

Proposition 5.4.2 If a satisfies P_l, then it is homologous to another cycle a^′, which satisfies P_{l+1}.

Proof: Define h_l : C_k(V ⊗ L) → C_{k+1}(V ⊗ L) by h_l(a)(t_0, P_0, . . . , t_{k+1}, P_{k+1}) = ψ(d(x_l, x_{l+1}))e^{−‖τ xl+1xl ξl+1−ξl‖2} dv_l ⊗a(t_0, P_0, , . . . , t_l, ξ_l, u_l, τ^{xl+1}_{xl} v_{l+1}, . . . , t_{k+1}, P_{k+1}). Lemma 5.4.3 h_l(a) ∈ C_{k+1}(V ⊗ L).

Proof: First, note that ψ is 0 at the points where τ is not defined. We need to check that h_l(a) is Schwartz in ξ_{l+1}. This follows from the invariance of the Schwartz space under linear isomorphisms. Indeed, trivialize the fibration above the injectivity ball around x_l by parallel transport. Then h_l(a) is Schwartz in ξ_l and in ξ_{l+1} − ξ_l. □ Let a^′ be defined by the following equation: b(h_l(a)) = (−1)^la + (−1)^{l+1}ψ(d(x_l, x_{l+1}))e^{−‖τ xl+1xl ξl+1−ξl‖2} dv_l ⊗ (∫ X_{xl+1} A(t_0, P_0, . . . , t_l, ξ_l, u_l, τ^{xl+1}_{xl} z, t_{l+1}, ξ_{l+1}, z, v_{l+1}, . . .)dz

− ∫ X_{xl+1} A(t_0, P_0, . . . , t_l, ξ_l, u_l, z, t_l, ξ_l, z, τ^{xl+1}_{xl} v_{l+1}, . . . , )dz )

−h_l(b(a)) = (−1)^l(a − a^′) Since, by hypothesis, b(a) = 0, we have h_l(b(a)) = 0. In addition, since a satisfies P_l, a^′ must also satisfy P_l. Thus b_l(a^′) = 0 and that a^′ does not depend on v_l. Therefore, a^′ satisfies P_{l+1}. □ Corollary 5.4.4 Every cycle a ∈ C_k(V ⊗ L) is homologous to a cycle which satisfies P_k.

Proof: By induction over l, we show that a satisfies P_l for every l. P_0 is the empty condition. The induction step is proved in Proposition 5.4.2. □ Definition 5.4.5 Let a be a cycle in C_k(V⊗L), which satisfies P_k. For l ∈ {1, . . . , k+ 1}, we say that a satisfies R_l if the the function A is independent of u_1, . . . , v_{l−1}. Proposition 5.4.6 If a satisfies R_l, then it is homologous to another cycle a^′ which satisfies R_{l+1}.

Proof: Define q_l : C_k(V ⊗ L) → C_{k+1}(V ⊗ L) by q_l(a)(t_0, P_0, . . . , t_{k+1}, P_{k+1}) = ψ(d(x_l, x_{l+1}))e^{−‖τ xl+1xl ξl+1−ξl‖2} dv_l ⊗a(t_0, P_0, , . . . , t_l, ξ_l, u_l, τ^{xl+1}_{xl} u_{l+1}, . . . , t_{k+1}, P_{k+1}). As in Lemma 5.4.3, one can prove that q_l(a) is well defined. Since a satisfies P_k, it follows that b(q_l(a)) = (−1)^la − (−1)^lψ(d(x_l, x_{l+1}))e^{−‖τ xl+1xl ξl+1−ξl‖2} dv_l ⊗ (∫ X_{xl+1} A(t_0, P_0, . . . , t_l, ξ_l, τ^{xl+1}_{xl} u_{l+1}, t_{l+1}, ξ_{l+1}, z, . . .)dz )

= (−1)^l(a − a^′), where the last equality is the definition of a^′. Note that a^′ satisfies P_k and R_l since a does, and moreover it is independent of u_l. □ Corollary 5.4.7 Every cycle a ∈ C_k(V ⊗ L) is homologous to a cycle which satisfies P_k and R_{k+1}.

Proof: By induction, as in Corollary 5.4.4. □ Corollary 5.4.8 If a ∈ C_k(V ⊗ L) is a cycle, then K(a) is independent of ∇.

Proof: From Corollary 5.4.7, a is homologous to some a^′, which lies in the image of the pull-back map ϕ, i.e a^′ = ϕ(c). By Proposition 5.3.5, we have K(a) = K(a^′). Finally, by Proposition 5.3.7, it follows that K(a^′) = HKR(c), hence K(a) is independent of ∇. □

Proposition 5.4.9 The map (using Corollary 5.3.1)

K : E_1(I_a(X)) ∼= HH_∗(V ⊗ L) −→ Λ_S (^aT^∗M) ⊗ ΛL

is injective. Hence, together with Proposition 5.3.7, it follows that K is an isomorphism.

Proof: Let a be a cycle in C_k(V ⊗ L) so that [a] ∈ ker(K). By Corollary 5.4.7, we can assume that a satisfies P_k and R_{k+1}. This means that a ∈ im(ϕ : C_k(V(M) ⊗ L) −→ C_k(V(X) ⊗ L). Say a = ϕ(ā). Then, by Proposition 5.3.7, we have 0 = K(a) = K(ϕ(ā)) = HKR(ā). Since HKR is an isomorphism, it follows that ā is exact in C_•(V(M) ⊗ L). As ϕ is an algebra map, it commutes with the Hochschild differential, and so a is also exact. □

Theorem 5.4.10 The map ϕ induces an isomorphism HH_∗(I_a(M))^ϕ−→ HH_∗(I_a(X)). Proof: Propositions 5.3.7 and 5.4.9 imply that K is an isomorphism, hence the map ϕ induces an isomorphism between E_1(I_a(M)) and E_1(I_a(X)). The result follows using a general property of spectral sequences. We only need to notice that the two spectral sequences are (tautologically) convergent. □

Corollary 5.4.11 The effect of e_D on E_∞(I_a(X)) is contraction by the vector field t^d_{dt} . The space E_∞(I_a(X)) splits as the direct sum of the null-space and the image of e_D. The effect of L_D on ker(e_D)∩^TE^{i,k}_∞ (I_a(X)), respectively on im(e_D)∩^TE^{i,k}_∞ (I_a(X)), is multiplication by 2n − i − k, respectively 2n − i − k − 1.

Proof: Follows from Propositions 4.0.15, 4.0.14 and Theorem 5.4.10. We have implicitly used the fact that D commutes with the map ϕ from Definition 5.1.1. Alternately, we could prove this directly along the lines of Propositions 4.0.15 and 4.0.14, where HKR is replaced by the map K from Definition 5.3.3. □

Chapter 6

H-unitality of the ideal Ψ−∞a (X)

Let A be an algebra over C . Recall the definition of the Hochschild complex C_•(A) and the boundary map b : C_i(A) → C_{i−1}(A), b = ∑_i j=0(−1)^jb_j (Section 2.3). The bar resolution of A is the complex (C_•(A), b^′), where b^′ : C_i(A) → C_{i−1}(A) is given by b^′ = ∑_{i−1} j=0(−1)^jb_j . Recall that if A is a topological algebra, then C_•(A) is defined by using a topological tensor product.

Definition 6.0.12 (Wodzicki [18]) The algebra A is called H-unital if the bar resolution of A is acyclic.

Every unital algebra is H-unital. Wodzicki [18] proved that H-unital algebras are excisive for Hochschild homology. In other words, let I be an algebra. Then every extension 0 → I → A → A/I → 0 leads to a long exact sequence in Hochschild homology. In turn, this property implies that I is H-unital.

In this chapter we prove that I_a(X) is H-unital by using a general criterion. We note that the ideal Ψ̇^{−∞}_a (X) is also H-unital. We then deduce that Ψ^{−∞}_a (X) is Hunital. This implies the existence of a long exact sequence in Hochschild homology deduced from the short exact sequence of algebras

0 → Ψ^{−∞}_a (X) → Ψ_a(X) → S_a(X) → 0. (6.1)

6.1 A sufficient condition for H-unitality

Theorem 6.1.1 Let A be an algebra with a decreasing filtration F_iA, i ∈ Z, adapted to the product on A, so that

1. The graded algebra GA is H-unital; 2. ⋂ F_iA = {0}, ⋃ F_iA = A and

lim_{−→} i→−∞ lim_{←−} j→∞ F_iA/F_j A ∼= A;

3. For a = a_0 ⊗ . . . ⊗ a_k ∈ C_k(GA), let deg(a) = min{p; ∃a_i /∈ F_{p+1}A}. Assume that for any b^′-closed a, there exists c such that b^′(c) = a and deg(c) ≥ min(deg(a), 0). Then A itself is H-unital.

Proof: The filtration is inherited by the chain spaces C_k(A). We can form a spectral sequence for the homology of (C_•(A), b^′), whose E_0 term is isomorphic to the E_0 term of the similar sequence for GA. This natural isomorphism commutes with d_0, hence it descends to E_1. But E^{i,j}_1 (GA) ∼= G_ih_{i+j} (C_•(GA), b^′) = 0, from the first hypothesis, hence E_1(A) = 0. This implies E_∞(A) = 0.

Lemma 6.1.2 The second and the third conditions imply the convergence of the spectral sequence.

Proof: Condition 2 implies a similar statement with A replaced by C_k(GA)_{deg≥p}. Note that this would not be true without the restriction on the degree. Together with condition 3, this yields the result. □ Therefore, h(C_•(A), b^′) = 0. □ 6.2 H-unitality of I_a(X)

Proposition 6.2.1 I_a(X) is H-unital.

Proof: Observe that the filtration T_kI_a(X) satisfies the second assumption of Theorem 6.1.1. Therefore, it is enough to prove that the first and the third assumptions hold. The associated graded algebra GI_a(X) is just V ⊗ L. We shall construct an explicit chain contraction s_k : C_k → C_{k+1}. Use the notations from Section 5.4.

Let a ∈ C_k(V ⊗ L). Define s_k(a) by

s_k(a)(t_0, P_0, . . . , t_{k+1}, P_{k+1}) = ψ(d(x_0, x_1))e^{−‖τ x1x0 ξ1−ξ0‖2} dv_0 ⊗ a(t_0, τ^{x0}_{x1} u_0, v_1, t_2, P_2, . . . , t_{k+1}, P_{k+1}).

Like in Lemma 5.4.3, we see that s_k(a) is well defined.

Lemma 6.2.2 b^′s_k + s_{k−1}b^′ = Id.

Proof: Recall the decomposition of b^′ on C_k in alternate sum of contractions, b^′ = ∑_{k−1} i=0 (−1)^ib_i. Then

b_0s_k(a)(t_0, P_0, . . . , t_k, P_k) = ∫ X_{v0} /M ( s_k(a)_{|(t0 ,P0)=(t1 ,P1)} )

= a(t_0, P_0, . . . , t_k, P_k) and b_is_k = s_{k−1}b_{i−1} for i = 1, . . . , k. □ This implies that h(C_•(V ⊗ L), b^′) = 0, proving condition 1. At this stage, it suffices to remark that s_k does not decrease the degree, as defined in condition 3 of Theorem 6.1.1. □

6.3 H-unitality of Ψ̇^{−∞}_a (X)

This ideal is isomorphic to Ψ̇^{−∞}_{[0,∞)}(X) via the blow-down map β : X^2_a → X^2. Fix a density dx on X. Then C_k(Ψ̇^{−∞}_{[0,∞)}(X)) ∼= Ċ^∞([0, ∞)^{k+1} × X^{2(k+1)}) ⊗ dy_0 ⊗ . . . ⊗ dy_k.

Define a chain contraction s_k : C_k(Ψ̇^{−∞}_{[0,∞)}(X)) −→ C_{k+1}(Ψ̇^{−∞}_{[0,∞)}(X)) by s_k(a)(t_0, x_0, y_0, . . . , t_{k+1}, x_{k+1}, y_{k+1}) = e^{−( 1t}0^{− 1t}1^{)2} dy_0 ⊗ a(t_0, x_0, y_1, . . . , t_{k+1}, x_{k+1}, y_{k+1}).

Like in Lemma 6.2.2, we can prove the following:

Proposition 6.3.1 The operator s_k is a well-defined chain contraction, hence h(C_•(Ψ̇^{−∞}_a (X)), b^′) = h(C_•(Ċ^∞([0, ∞))Ψ^{−∞}_{[0,∞)}(X)), b^′) = 0. □ 6.4 Algebraic conditions for H-unitality

A short exact sequence of algebras 0 → I → A → B → 0

(I is an ideal in A, B ∼= A/I) induces a double complex with three columns

0 → (C_•(I), b^′)^ı→ (C_•(A), b^′)^p→ (C_•(B), b^′) → 0 (6.2)

which is exact only on the bottom row. Nevertheless, there is a simple algebraic condition for the existence of a long exact sequence in homology:

Theorem 6.4.1 A three-column double complex leads to a long exact sequence in the homologies of the columns if and only if the total homology of the double complex vanishes.

Proof: Follows from the analysis of the spectral sequence of the filtration by columns. This spectral sequence degenerates at E_3. One can check by diagram chasing that E_3 = 0 if and only if there is a long exact sequence. In this case, the boundary map is the inverse of d_2. The spectral sequence is convergent since it is concentrated in the first quadrant. Hence the total homology is 0 if and only if E_∞ = E_3 = 0. □

Theorem 6.4.2 If I is H-unital, then h(C_•(A), b^′) ∼= h(C_•(B), b^′). Proof: Apply Theorem 6.4.1 to the complex (6.2). The assumption is that the homology of the first column vanishes.

The fact that the map p induces an isomorphism h(C_•(A), b^′) ∼= h(C_•(B), b^′) is equivalent to the existence of the long exact sequence. By Theorem 6.4.1, this is equivalent to the vanishing of the total homology.

Consider the filtration by rows of the complex (6.2). It induces a spectral sequence whose E_1 term lives only in the middle column because ı is an injection and p a surjection.

We can construct a filtration on E^{1,k}_1 = ker(p_k)/Im(ı_k) by defining an element a ∈ A^{⊗k+1} to be in F_j if it can be written as a tensor product such that at least k + 1 − j of its terms belong to I. This filtration is preserved by the differential d_1, which is just b^′. We can form a spectral sequence which computes E_2 and we shall prove that the first term, Ē_1(E_1), of this spectral sequence, vanishes.

Note that the filtration F_j is increasing and on E^{1,k}_1 it stabilizes at F_k, since the elements in the kernel of p contain at least one factor from the ideal. Also, since we mod out by Im(ı_k), the smallest non-zero term is F_0.

Lemma 6.4.3 Ē_1(E_1) = 0.

Proof: In the proof of this lemma, use the notation d̄_0 for the first differential in Ē(E_1). Since I is an ideal in A, it follows that any contraction involving at most one element in the ideal decreases the filtration order, hence can be neglected when we compute d̄_0.

Note that Ē^{j,k−j}_0 (E_1) ∼= I^{⊗k+1−j s}⊗ B^{⊗j}, where^s⊗ stands for the tensor product in any possible order of the k + 1 spaces.

This complex endowed with the differential d̄_0 splits according to the number of connected components of terms from I in the tensor product. Denote by G^s the part with s components. Then

(G^s_•[−1], d̄_0) ∼= (C^{Aug}_• (B)[−1], 0) ⊗ (C_•(I)[−1]), b^′) ⊗(C_•(B)[−1], 0) ⊗ . . . ⊗ (C_•(B)[−1], 0) ⊗(C_•(I)[−1], b^′) ⊗ (C^{Aug}_• (B)[−1], 0)

(s factors of (C_•(I), b^′)), where Aug stands for augmentation by C , and C_•[−1] is the suspension (right shift) of the chain complex C_•.

By the Eilenberg-Zilber theorem, the homology of this tensor product is the tensor product of the homologies of the factors. Note that s ≥ 1, since we saw above that F_k(E^{1,k}_1 ) = E^{1,k}_1 . In addition h(C_•(I), b^′) = 0

by assumption. This means that (G^s_•[−1], d̄_0) is also acyclic. □ Since the filtration F_j is finite in each degree, it follows that the spectral sequence Ē(E_1) converges to the homology of (E_1, d_1), i.e. to E_2. Hence, E_2 of the initial double complex is 0. Thus, E_∞ = 0 and therefore the double complex is acyclic (again, convergence is a consequence of the spectral sequence being concentrated in the first quadrant). □ Remark 1: The use of the Eilenberg-Zilber theorem is not indispensable. Indeed, we can filter G^s by the lexicographic order of strings of I’s and construct a new spectral sequence to prove that (G^s, d_0) is acyclic. This approach is probably preferable when dealing with completed tensor products, as in the case of the adiabatic algebra.

Remark 2: The proof of Theorem 6.4.2 can be translated almost verbatim to provide a proof of the existence of the long exact sequence in Hochschild homology of a short exact sequence of algebras starting with an H-unital ideal. Again, the case of topological algebras can be treated well in this way.

6.5 H-unitality of Ψ^{−∞}_a (X)

Proposition 6.5.1 Ψ^{−∞}_a (X) is H-unital.

Proof: Apply Theorem 6.4.2 to the short exact sequence

0 → Ψ̇^{−∞}_a (X) → Ψ^{−∞}_a (X) → I_a(X) → 0. (6.3)

Propositions 6.3.1 and 6.2.1 state that Ψ̇^{−∞}_a (X) and I_a(X) are both H-unital, so by Theorem 6.4.2, Ψ^{−∞}_a (X) must also be H-unital. □

Corollary 6.5.2 By the result of Wodzicki [18], which can be adapted to topological algebras by the remarks above, the short exact sequence (6.1) induces a long exact sequence in the Hochschild homologies of the three terms. In particular, there exists a boundary map δ : HH_k(S_a(X)) −→ HH_{k−1}(Ψ^{−∞}_a (X)). (6.4) □

Chapter 7

The residue functional

7.1 Definition of the residue

Recall Definitions 2.2.9, 5.3.3. Since Q^z ∈ T_0, multiplication by Q^z descends to V^ψ and extends to chains in C_•(V^ψ ⊗ L) by Q^z(a_0 ⊗ . . . ⊗ a_h) = (Q^za_0) ⊗ . . . ⊗ a_h. Recall Definition 3.1.8. We denote by ∗^M_a the operator ∗_a on^aT^∗M. Let ΩM be the orientation bundle of M.

Definition 7.1.1 For z ∈ C, Re(z) sufficiently negative, define F_z : C_h(V^ψ ⊗ L) → Λ^{n−h}(M, ΩM) ⊗ L ⊕ Λ^{n−h+1}(M, ΩM) ⊗ Ldt A → ∫ aT^∗M_{|t=0}/M ∗^M_a (K(Q^zA)). Proposition 7.1.2 The dt-free part of F_z, ı d_{dt} dt∧F_z , is well-defined and holomorphic on F_iC_h(V^ψ ⊗ L) for Re(z) < h − m − n − i. The dt part of F_z, ı d_{dt} F_z, is well-defined and holomorphic on F_iC_h(V^ψ ⊗ L) for Re(z) < h − m − n − i − 1. Lemma 7.1.3 The operator F_z is local in M and does not depend on ∇. Proof: The fact that F_z is local in M means that for V ⊂ U open sets in M and V relatively compact in U, F_z(A)_{|V} depends only on A_{|(π}−1_{(U))}h+1 . This is obvious from the definition. Since F_z is local, we can work over a coordinate patch U ⊂ M. Let (x_i, ξ_j), (x_i, ξ̃_j) be local coordinates adapted to the cotangent structure in T^∗M and aT^∗M_{|t=0} over U. The structure map ϕ_a takes the form (x_i, ξ_j) → (x_i, tξ_j). Let Id be the local isomorphism (x_i, ξ_j) → (x_i, ξ_j). Let ∗^M be Brylinski’s duality operator on Λ(T^∗M). We denote by ∗^U the conjugate of ∗^M by Id. On h-forms, ı d_{dt} dt ∧ (∗^U_ϕ + t^{−1}dt ∧ ı_M∗^U_ϕ ) = t^{h−n} ∗^U ı d_{dt} dt ∧ . (7.1) Using this and the fact that the integral along the fiber vanishes on forms that are not multiples of dξ_1 ∧ . . . dξ_n, we get ı d_{dt} dt ∧ F_z(A) = ∫ U×R^n/U t^{h−n} ∗^U ı d_{dt} dt ∧ K(Q^zA) (7.2)

= t^{h−n} ∫ U×R^n/U ∗^U T r_V (^Q^za_0∇_ξâ_1 ∧ . . . ∧ ∇_ξâ_h),

where ∇_ξ = ∑ ∇_{ξi} dξ_i. Recall that we Fourier transform the kernels in the horizontal tangent directions. Now just observe that ∇_{ξi} is actually independent of ∇. This is due to the fact that the connection is lifted to X ×_M X ×_M^aT^∗M →^aT^∗M from X ×_M X → M. This proves that the dt-free part of F_z is independent of ∇. The other case follows by replacing formula (7.1) with (7.4). □ Proof of proposition 7.1.2: Using Lemma 7.1.3, we can assume that we work in local coordinates and that formula (7.2) holds. From the properties of symbols, the assumption on the order of A, and the assumption Re(z) + i − h < −m − n, it follows that ^ Q^za_0∇_ξâ_1 ∧ . . . ∧ ∇_ξâ_h ∈ dξ^hF_{z+i−h}V^ψ ⊗ L (7.3)

and hence is of trace class (recall that all operators of order less than −m are of vertical trace class). Taking the trace increases homogeneity by m, hence T r_V (^Q^za_0∇_ξâ_1 ∧ . . . ∧ ∇_ξâ_h) ∈ dξ^hS^{z+i−h+m}(^aF ) ⊗ L and so ∗^M T r_V (^Q^za_0∇_ξâ_1 ∧ . . . ∧ ∇_ξâ_h) ∈ Λ^{2n−h}_{(z+i−h+m+n)}(^aF ) ⊗ L. This shows that for Re(z) + i − h + m + n < 0, this form is of negative homogeneity and hence integrable along the fibers of^aT^∗M_{|t=0}/M. Holomorphy is preserved by all the operations involved, as long as they make sense. This finishes the proof of the first assertion. The second one is similar and uses the identity ı d_{dt} (∗^U_ϕ + t^{−1}dt ∧ ı_M∗^U_ϕ ) = t^{h−n−1} ∗^U ı d_{dt} + t^{h−n−2}α ∧ ∗^U ı d_{dt} dt∧ (7.4) instead of 7.1. Here α is the pull-back via Id^{−1} of the canonical form on T^∗M, and has homogeneity 1. □

Remark 7.1.4 From (7.2), we see that ı d_{dt} dt ∧ F_z shifts the t-degree by h − n on h-chains.

Proposition 7.1.5 Let A_z be a holomorphic family of chains in F_iC_h(V^ψ ⊗L). Then F_z(A_z) is meromorphic, with at most simple poles at the real integers.

Proof: Denote by H(B) the holomorphic functions in the band B = {−1 < Re(z) < 1}. We shall show that F_z(A_z) has at most a simple pole at 0 in the band B. Choose a total symbol map for adiabatic operators, i.e. a map q : Ψ_a(X) → S(^aT^∗X)[t^{−1}], which extends the symbol map. Let A^j_z be the component of order z+j of q(^Q^za_0(z)⊗ â_1(z) . . . ⊗ â_h(z)). By Proposition 7.1.2, F_z((V^ψ)^{h−m−n−1} ⊗ L) ∈ H(B). Therefore only a finite number of A^j_z’s are significant for the poles of F_z(A_z) in B. Fix a metric |r| = |(ξ, η)| on^aT^∗X. Choose B^j_z such that q(B^j_z ) = A^j_z. Let ψ be a cut-off function, ψ(r) ≡ 0 for small r, ψ(r) ≡ 1 for r ≥ 1.

Lemma 7.1.6 ∫ aT^∗M_{|t=0}/M ∗^M_a T r_V (K(B^j_z )) ≡ ∫ aT^∗X_{|t=0}/M ∗^X_a ψ(ξ, η)HKR(A^j_z) (mod H(C )). Proof: Both terms are local, so we can prove the statement in local coordinates. The left-hand side is independent of the connection. We claim that the part in ∗^X_a HKR(A^j_z) which is a multiple of the fiber volume form dV of^aT^∗X_{|t=0}/M, is also independent of ∇. Indeed, ∗^X_a = (1 + t^{−1}dt ∧ ı_M)ϕ^∗_a^{−1} ∗ ϕ^∗_a,

where ϕ_a is given by (2.2). Let μ denote a monomial form in local coordinates. First, if μ does not contain a multiple of dV , then neither does (1 + t^{−1}dt ∧ ı_M)ϕ^∗_a^{−1}μ. Secondly, if μ contains any dx, dη, dy, then ∗μ does not contain multiples of dV [1]. Finally, if μ contains some dx, dη, dy, then so do all monomials in ϕ^∗_aμ. Therefore, only those μ that contain only dξ’s survive in ∫_a T^∗X_{|t=0}/M ψ(ξ, η) ∗ X a μ. Moreover, the result is seen to be independent of the map A in (2.2), which can therefore be assumed of the form A(x, y, ξ, η) = ξ. Then

T r_V (K(B^j_z )) = ∫ aT^∗X_{|t=0}/^aT^∗M_{|t=0} ψ(ξ, η)HKR(A^j_z)ω^m_{X/M} (mod H(C , Λ_S (^aT^∗M))), whence the lemma. □

Lemma 7.1.7 Let μ_j(z) be an entire form of pure homogeneity j on^aT^∗X \ 0. Then ∫_a T^∗X_{|t=0}/M ψ(r)r zμ_j(z) has only one simple pole at z = −j, and Res_{z=−j} ∫ aT^∗X_{|t=0}/M ψ(r)r^zμ_j(z) = − ∫ aS^∗X_{|t=0}/M ı_Rμ_j(0).

Proof: Let R be the radial vector field on^aT^∗X. In polar coordinates, ∫ aT^∗X_{|t=0}/M ψ(r)r^zμ_j(z) = ∫_∞ 0 ψ(r)r^{z+j−1}dr ∫ aS^∗X_{|t=0}/M ı_Rμ_j(z). The first factor equals −1/(z + j) (mod H(C )). The second one is entire. □ From Lemma 7.1.6, F_z(A) has the same poles in B as a finite sum ∑ j ∫ aT^∗X_{|t=0}/M ψ(r)r^zμ_j(z),

where μ_j(z) is entire in z and of homogeneity j in the fibers of^aT^∗X_{|t=0}. By Lemma 7.1.7, the proposition follows. □

Definition 7.1.8 For A ∈ C_h(V^ψ ⊗ L), define R(A) = Res_{z=0}(F_z(A)).

Definition 7.1.9 Let A = A_0 ⊗ . . . ⊗ A_k ∈ C_k(V^ψ ⊗ L). Define

e_Qz (A) = (−1)^nzQ^z ( Q^{−z}A^kQ^z − A_k z ) A_0 ⊗ A_1 ⊗ . . . ⊗ A_{k−1}. If A ∈ C_k(Ψ_a(X)), define e_Qz (A) by the same expression, where now all products are in the adiabatic algebra.

Lemma 7.1.10 Q^zb = bQ^z + zQ^z e_{Dz} on C_•(V^ψ ⊗ L). This identity also holds on C_•(Ψ_a(X)), with respect to adiabatic multiplication.

Proof: Direct computation on chains A = A_0 ⊗ . . . ⊗ A_k. □

Proposition 7.1.11 R ∘ b = 0 on C_k(V^ψ ⊗ L).

Proof: Using Lemma 7.1.10,

R(b(A)) (7.5) = Res_{z=0} ∫ aT^∗M_{|t=0}/M ∗^M_a T r_V (K(b(Q^zA))) + Res_{z=0}(zF_z (e_Qz (A))).

Note that e_Qz (A) is holomorphic, including at z = 0. By Proposition 7.1.5, the second term vanishes. By Proposition 5.3.5, the first integrand vanishes for small Re(z), so it extends to be identically zero by analytic continuation. □ It follows that R induces a map R : HH_k(V^ψ ⊗ L)−→Λ(M, Ω) ⊗ ΛL. (7.6) We claim that on this space, R ∘ e_D = ı_t d_{dt} R. Indeed, V^ψ ⊗ L is a module over L ⊗ P olyn(^aT^∗M), and hence HH_k(V^ψ ⊗ L) is a module over HH_k(L ⊗ P olyn(^aT^∗M)), i.e. over the ring of differential forms with polynomial coefficients. Then, by exactly the same reasoning as in Chapter 3, we can prove that formula (3.8) holds with HKR replaced by K. Note that the claim is false at chain level.

This observation shows that the map (7.6) takes im(α), im(β) onto forms with no dt, respectively multiples of dt.

Proposition 7.1.12 Let A ∈ F_{h−n−m}HH_h(V^ψ ⊗ L) ∩ im(α). Then R(A) = ı d_{dt} dt ∧ R(A) = − ∫ aS^∗X_{|t=0}/M ı_R ∗^X_a HKR(σ(A)). Let A ∈ F_{h−n−m−1}C_h(V^ψ ⊗ L). Then R(A) is a multiple of dt and R(A) = − ∫ aS^∗X_{|t=0}/M ı_R ∗^X_a HKR(σ(A)).

Proof: We know that in the first case, R(A) does not contain dt. Apply Proposition 7.1.2 with i = h − n − m − 1, respectively i = h − n − m − 2. It follows that ı d_{dt} dt∧F_z , respectively F_z, is holomorphic for such chains around z = 0, which implies that ı d_{dt} dt ∧ R(A), respectively R(A) depend only on σ(A). The result follows from Lemmas 7.1.6 and 7.1.7. □

Remark 7.1.13 This Proposition implies that we can improve Remark 7.1.4 as follows: The map (7.6) shifts t-degree by h − n when applied to HH_h(V^ψ ⊗ L) ∩ im(α), and by h − n − 1 when applied to HH_h(V^ψ ⊗ L) ∩ im(β).

From Proposition 7.1.2, it follows that R vanishes on V ⊗ L, so we think about it as being defined on symbols, with a natural extension to vertical operators. Using the projection T_j S_a(X) → V^ψ, we can extend the definition of R to C_•(S_a(X)).

Proposition 7.1.14 Let A ∈ F_{h−n−m}C_h(S_a(X)) or F_{h−n−m−1}C_h(S_a(X)) represent a class [A] in HH_h(S_a(X)). Then R(A) is deRham closed in M. If A is Hochschild exact, then R(A) is deRham exact.

Proof: We have seen in Theorem 3.1.10 that the differential form

[A]_{E2} = ∗^X_a HKR(σ(A))

is closed and homogeneous of homogeneity 0. Hence L_R[A]_{E2} = 0. Using (3.7), this implies (ı_Rd_v +d_vı_R)[A]_{E2} = 0, hence ı_R[A]_{E2} is closed. Proposition 7.1.12 shows that d_vR(a) = d_v ∫ aS^∗X_{|t=0}/M ı_R[A]_{E2} = ∫ aS^∗X_{|t=0}/M d_vı_R[A]_{E2} = 0.

If [A] = 0, then [A]_{E2} = d_vβ is exact, and, since d_v preserves homogeneity, we can assume that β is also homogeneous of homogeneity 0. Therefore L_Rβ = 0. This implies ı_R[A]_{E2} = ı_Rd_vβ = −d_vı_Rβ, and so R(a) = ∫ aS^∗X_{|t=0}/M ı_R[A]_{E2} = −d_v ∫ aS^∗X_{|t=0}/M ı_Rβ. □ 7.2 The boundary map

Recall (2.5) the definition D_Q =^d_{dt} (D_z). Let b_0 denote the Hochschild differential in C_•(V^ψ ⊗L). We would like to give a formula for the boundary map δ of the short exact sequence (6.1) in terms of the presentations found in Chapters 3 and 4 for Hochschild homology as cohomology groups. As with all spectral sequences, we can in principle observe only the top part, say δ_0 : T_i/T_{i+1}(HH(S_a(X))) → T_i/T_{i+1}(HH(I_a(X))), of δ. This might be zero on some element even though δ itself does not vanish on that element.

Remark 7.2.1 The boundary map commutes with e_D, L_D, t^{−1}dt∧, α and β, since these operations are maps of complexes on C_•(Ψ_a(X), b).

This means that δ preserves the dt and no-dt parts and the t-homogeneity in the presentation by cohomology spaces.

Proposition 7.2.2 If dim M ≠ 0, then δ_0 = 0.

Proof: If M = {pt}, then the adiabatic algebra becomes isomorphic to the algebra Ψ_{[0,∞)}(X) of one-parameter families of pseudo-differential operators. In that case, δ = δ_0 since t is a “flat parameter”. If dim M ≠ 0, we claim that the vertical boundary map vanishes. This is essentially Lemma 8 from [12]. For convenience, we reproduce the proof. Let A ∈ C_k(V^ψ(X)/V(X) ⊗ L) be a cycle. Let Ã ∈ C_k(V^ψ(X) ⊗ L) be an extension to the full vertical algebra. Then, using Proposition 5.4.9,

δ_0(A) = ∫ aT^∗M_{|t=0}/M ∗^M_a K(b_0Ã).

From Corollary 5.4.8, this is independent of ∇. The vector fields tangent to the fibers of^aT^∗M_{|t=0} → M are outer derivations on the algebra V^ψ(X) ⊗ L. By naturality, the boundary map commutes with the action L_V of such a vector field: [δ_0, L_V ] = 0. But L_V (A) has order 1 less than A. After repeated applications, the order of L_{V1} . . . L_{Vs}Ã will be less than −m−k −1, so, by Proposition 5.3.5, K(b(L_{V1} . . . L_{Vs}Ã)) = 0. Hence, L_{V1} . . . L_{Vs} δ_0(A) = 0. Since V_1, . . . , V_s were arbitrary and δ_0(A) is a Schwartz form on aT^∗M_{|t=0}, the proposition follows. □ Therefore, the first significant part of δ is

δ_1 : T_i/T_{i+1}(HH(S_a(X))) → T_{i+1}/T_{i+2}(HH(I_a(X))),

which increases the t-filtration by 1.

Theorem 7.2.3 δ_1 = (−2)×integration along the fibers of^aS^∗X_{|t=0} → M.

Proof: From Remark 7.2.1, it is enough to prove the claim for class [a] represented by some a ∈ T_jHH_k(S_a(X)) ∩ im(α). Such a class can be represented by a chain A ∈ T_j F_{k−n−m}C_k(S_a(X)). By H-unitality, we can find Ã ∈ T_j C_k(Ψ_a(X)) a preimage of A, such that bÃ ∈ C_{k−1}(I_a). Since δ_0(a) = 0, it follows that there exists γ ∈ T_jC_k(I_a) such that bÃ − bγ ∈ T_{j+1}. By replacing Ã with Ã − γ, we can assume that δ(a) = [bÃ] is represented by a chain in T_{j+1}. Let A^j , A^{j+1} be the components of Ã in C_k(V ψ ⊗ L)_j, respectively C_k(V ψ ⊗ L)_{j+1}, where the subscript denotes t-degree. Using Lemma 7.1.10, we see that

δ_1(a) = ∫ aT^∗M_{|t=0}/M ∗^M_a K(bÃ)_{j+1} = (∫ aT^∗M_{|t=0}/M ∗^M_a K(Q^zbÃ)_{j+1} ) |z=0 = (∫ aT^∗M_{|t=0}/M ∗^M_a K(bQ^zÃ)_{j+1} ) |z=0 (7.7)

+ (∫ aT^∗M_{|t=0}/M ∗^M_a K(zQ^z e_{Dz}Ã)_{j+1} ) |z=0 . (7.8)

We shall prove that (7.7) vanishes and (7.8) equals the desired expression. In (7.7), we can replace Ã by A^j +A^{j+1} since we are looking only at the part of degree j +1 in t. Let b = b_0 + b_1 + . . . be the expansion of b according to the t-degree. By Proposition 5.3.5, K(b_0Q^zA^{j+1}) vanishes for small Re(z), so the analytic continuation of the corresponding part in (7.7) is 0 at z = 0.

Proposition 7.2.4 b_0(A^j) = 0 implies that ∫_a T^∗M_{|t=0}/M ∗ M a K(b_1Q^zA^j ) tends to 0 in Λ^{2n−k+1}(M)/dΛ^{2n−k}(M) as z → 0.

Proof: This would be clear if we knew that b_0(Q^zA^j) = 0. Indeed, K(b_1Q^zA^j ) would be equal in this case to k^{−1}d_v(K(Q^zA^j )), when both sides are defined. This happens for Re(z) < 0 (compare with Proposition 4.0.10). The explanation for the multiplicative factor k is that our analogue to HKR is anti-symmetrized. In the no-fiber case, this condition holds by commutativity of the vertical algebra V^ψ(M) (Definition 2.2.9).

Lemma 7.2.5 If A^j is b_0-exact, A^j = b_0C, where C ∈ T_jF_{k−n−m}C_k(Ψ_a(X)), then ∫_a T^∗M_{|t=0}/M ∗ M a K(b_1Q^zA^j)_{j+1} vanishes at z = 0.

Proof: K(b_1Q^zA^j )_{j+1} = K(b_1Q^zb_0C)_{j+1} = K(b_1b_0Q^zC + b_1zQ^z e_{Dz} C). The last term belongs to F_{k−m−n−2+z}C_{h−1} and is a multiple of z, hence like in Proposition 7.1.2, its integral vanishes at z = 0. From b^2 = 0, we deduce b_1b_0 = −b_0b_1. Since b_1Q^zC ∈ T_{j+1}, it follows from Proposition 5.3.5 that ∫_a T^∗M_{|t=0}/M ∗ M a K(b_0b_1Q^zC)_{j+1} = 0 for Re(z) small. By analytic continuation, this holds for all z. □ Write A^j = A_0 ⊗ . . . ⊗ A_k. Since b_0(A^j ) = 0, we can assume that ∀i, A_0 ⊗ . . . ⊗ A_iA_{i+1} ⊗ . . . ⊗ A_k = 0 (see Lemma 2.4.3). The difference is an exact chain like in Lemma 7.2.5, so it can be ignored. We claim that ∫ aT^∗M_{|t=0}/M ∗^M_a K(b_1Q^z A^j) − kd_v ∫ aT^∗M_{|t=0}/M ∗^M_a (K(Q^zA^j )) = o(z). (7.9)

Since both terms are local in the base and independent of ∇ by the same argument as Lemma 7.1.3, it is enough to prove the claim in local coordinates for the trivial connection. We have

d_v ∫ aT^∗M_{|t=0}/M ∗^M_ϕ (K(Q^zA^j )) = ∑ ∫ aT^∗M_{|t=0}/M ϵ(I)T r_V (∂_{xi} (Q^zA_0∂_{ξi1} A_1 . . . ∂_{ξi} A_s . . . ∂_{ξik−1} A_k)) dξ_1 . . . dξ_nd̂x_{i1} . . . d̂x_{ik} . (7.10) The essential ingredient in the proof of (7.9) is the following

Lemma 7.2.6 Assume that for i = 0, . . . , k, A_0 ⊗ . . . ⊗ A_iA_{i+1} ⊗ . . . ⊗ A_k = 0 as above, where the multiplication is in the vertical sense. Then for Re(z) < 0, ∫ aT^∗M_{|t=0}/M T r_V (Q^zA_0∂_{ξi1} A_1 . . . ∂_{ξik} A_k) (7.11) = − ∫ aT^∗M_{|t=0}/M T r_V (∂_{ξik} (Q^zA_0)∂_{ξi1} A_1 . . . ∂_{ξik−1} A_{k−1}A_k) + o(z).

Proof: In writing the integral, we drop the density factor dξ_1 . . . dξ_n. The hypothesis implies that A_kQ^zA_0 ⊗ A_1 ⊗ . . . ⊗ A_{k−1} = [A_k, Q^z]A_0 ⊗ A_1 ⊗ . . . ⊗ A_{k−1}, has order k − n − m + z − 1. This implies that ∫ aT^∗M_{|t=0}/M T r_V (∂_{ξik} (A_kQ^zA_0)∂_{ξi1} A_1 . . . ∂_{ξik−1} A_{k−1}) is well-defined and holomorphic for Re(z) < 1. In particular, it is holomorphic around z = 0, and since A_kA_0 ⊗ . . . ⊗ A_{k−1} = 0, it vanishes at z = 0, hence it is a multiple of z. Expand ∂_{ξik} (A_kQ^zA_0) and commute A_k and ∂_{ξik} A_k to the right inside the trace (possible because the total order is z − n − m − 1 < −m). This finishes the proof. □ Using this lemma, the proof proceeds like the proof of the fact that d_1 = kd_v, stated in the beginning of the proof of Proposition 7.2.4. Note that in (7.11) we can shift ∂_{ξik−1} one step to the right, by the same argument as in Lemma 7.2.6, with no extra error. By repeated applications of these operations, the left-hand side of (7.10) is equal to k ∑ ∫ aT^∗M_{|t=0}/M ϵ(I)T r_V ( ∂_{xi} (Q^zA_0∂_{ξi1} A_1 . . . ∂_{ξik−1} A_{k−1}∂_{ξi} A_k) ) + o(z). We will show that this equals kd_v ∫ aT^∗M_{|t=0}/M ∗^M_ϕ (K(Q^zA^j )) (mod o(z)).

First, drop the factor of k. We distinguish three types of terms: i) terms where ∂_{xi} differentiates Q^zA_0; ii) terms where ∂_{xi} differentiates one of the middle factors, and iii) terms containing ∂_{xi} ∂_{ξi} A_k. The terms of type i) contribute to the Poisson bracket {A_k, A_0}. By integration by parts with respect to ξ_i , type iii) terms give us the remaining part of {A_k, A_0} and terms of the type . . . ∂_{ξi} ∂_{ξis} A_s . . . ∂_{xi} A_k, that we declare as being of type iv). We claim that, modulo o(z), the terms of type ii) make up ∑ s<p (−1)^{s+p} . . . (∂_{xi} A_s∂_{ξis} A_{s+1} + ∂_{ξis} A_s∂_{xi} A_{s+1}) . . . ∂_{ξi} ∂_{ξip−1} A_p . . . . Summing over s, we get half of . . . d_v{A_p, A_{p+1}} . . .. The other half arises from the type iv) terms. Let us illustrate this on a type ii) term: let Y_i(s) be the type ii) term with the derivative ∂_{xi} on position s. If s = k −1, then we get part of . . . d{A_{k−1}, A_k}.

Otherwise,

Y_i(s) = ∫ aT^∗M_{|t=0}/M T r_V ( Q^zA_0∂_{ξi1} A_1 . . . ∂_{xi} ∂_{ξis} A_s . . . ∂_{ξi} A_k )

= ∫ aT^∗M_{|t=0}/M T r_V (Q^zA_0∂_{ξi1} A_1 . . . ∂_{xi} ∂_{ξis} A_s . . . (−A_{k−1}∂_{ξk−1} ∂_{ξi} A_k − ∂_{ξk−1} ∂_{ξi} A_{k−1}A_k − ∂_{ξi} A_{k−1}∂_{ξk−1} A_k)).

Like in the lemma, the middle term is of order o(z). The last term brings ∂_{ξi} one step to the left, and we either get part of . . . d{A_{k−2}, A_{k−1}}, or we continue the process. As for the first term, summing it over s at step p will yield ∫ aT^∗M_{|t=0}/M T r_V (Q^zA_0∂_{xi} A_1 . . . ∂_{xi} ∂_{ξis} A_s . . .). By integration by parts, this is equal to a part of ∫_a F →M T rV ({Q zA_0, A_1} . . .) plus ∫_a F →M T rV (Q zA_0∂x_i∂ξ_iA_1 . . .). This last term cancels with the similar one from the type iv) terms.

Remark 7.2.7 Formula (7.9) is certainly correct if we can commute Q^z modulo T_j , as explained in the beginning of the proof. All we have to do is to make sure that non-commutativity only affects the result by a factor of order o(z).

This finishes the proof of the proposition. □ Note that the second term in (7.7) is by definition R_{j+1}(e_{DQ}Ã). From Remark 7.1.13, this is a dt-free form of t-degree j + k − n. From Propositions 3.2.6 and 7.1.12, R(e_{DQ}Ã) = −2 ∫ aS^∗X_{|t=0}/M ı_R(r^{−1}dr ∧ [a]_{E2} ) = −2 ∫ aS^∗X_{|t=0}/M [a]_{E2} .

We have assumed that a ∈ T_j . We can also ask that [a]_{E2} be of pure homogeneity with respect to L_D. This homogeneity must be at least j + k − n, and if it is bigger, then [a]_{E2} is the class of some a^′ ∈ T_{j+1}. So we can also assume that [a]_{E2} has homogeneity j + k − n. Using again Remark 7.1.13, we conclude that R_{j+1}(e_{DQ}Ã) = R(e_{DQ}Ã) = R(e_{dQ} a). This ends the proof of Theorem 7.2.3. □ Recall the decomposition of T_i/T_∞HH_k(S_a(X)) as eigenspaces of L d_{dt} . Let a be of pure type with respect to this decomposition. Assume a is dt-free. Since ∗_ϕ increases the t degree by at most k − n, it follows that [a] ∈ t^{i+h−n}H^{2n+2m−k}(S^∗X × S^1) with h ≤ k Hence L d_{dt} acts on [a] by multiplication with i + h − n. Assume that δ_1(a) = 0. This means that δ(a) ∈ T_{i+s}HH_{k−1}(I_a) with s ≥ 2. Assume s is minimal with this property. Let δ(a)_s be the image of δ(a) in T_{i+s}/T_{i+s+1}HH_{k−1}(I_a) ∼= E^{i+s,k−1−i−s}_2 (I_a). L d_{dt} acts with eigenvalue i + s + k − 1 − n on this space. But from h ≤ k and s ≥ 2 we get i + h − n < i + s + k − 1 − n. Since δ and L d_{dt} commute, we get the following:

Proposition 7.2.8 δ_1 is the only significant part of δ. In other words, if δ_1(a) = 0 for some a ∈ T_iHH_k(S_a(X)), then there exists some ã with a − ã ∈ T_{i+1}HH_k(S_a(X)) and δ(ã) = 0. □ Theorem 7.2.3 and Proposition 7.2.8 completely characterize δ : HH(S_a(X)) → HH(I_a(X)). 7.3 Traces on the adiabatic algebras

From the long exact sequence of the sequence (6.3), the ideals I_a(X) and Ψ^{−∞}_a (X) have the same homology, except in dimensions 0 and 1. Consider the following map: T r : Ψ^{−∞}_a (X) → C^∞[0, ∞)[t^{−1}], A −→ (τ → ∫ Δ_a∩{t=τ } A_{|Δa∩{t=τ }} ).

Lemma 7.3.1 The map T r generates HH^0(Ψ^{−∞}_a (X)) over C^∞[0, ∞)[t^{−1}].

Proof: Let first A ∈ Ċ^∞([0, ∞), Ψ^{−∞}(X)) ∼= Ψ̇^{−∞}_a (X) be a rapidly vanishing family of smoothing operators. For any t > 0, the map A → T r(A)(t) is a trace. Choose any local embedding of T X in X^2. Cut-off A near the diagonal and pull it back to T X as a compactly supported section in the fiber density bundle. The pull-back of the fiber density bundle to the 0-section of T X is just the density bundle Ω(T X). In local coordinates, and pulling back via the canonical map ϕ_a, we get T r(A) = ∫ T^∗X Âω^n = ∫ aT^∗X Âω^n_a , where ω, ω_a are the symplectic form, respectively the adiabatic symplectic form. This formula extends to Ψ^{−∞}_a (X), and is an extension of the map I_a(X) ∋ A −→ ∫ aT^∗M_{|t=0} T r_v(A)ω^n_a = ∫ aT^∗M_{|t=0} ∗_aK(A) ∈ L, which, by Theorem 5.4.10 and Propositions 5.4.9 and 4.0.13, is a generator over L of HH^0(I_a(X)). This implies that the boundary map HH_1(I_a(X)) → HH_0(Ψ̇^{−∞}_a (X)) vanishes. □ We note here that for t > 0, ω_a = (ϕ^{−1}_a )^∗(ω). In local coordinates, this is a polynomial in t^{−1} of degree 1. It follows that ω^n_a belongs to T_{−n}Λ^2(^aT^∗X).

Recall now that e_D is an isomorphism from im(β) ⊂ HH_1(I_a(X)) to HH_0(I_a(X)). A similar statement is valid for Ψ̇^{−∞}_a (X). From this, it follows that T r ∘ e_D is a Hochschild cochain which generates im(β) ⊂ HH_1(Ψ^{−∞}_a (X)), and that the other boundary map of (6.3) also vanishes.

Since we have the explicit C^∞[0, ∞)[t^{−1}]-valued cochain T r on Ψ^{−∞}_a (X), we can imitate the construction of the residue trace to get explicit cocycles on Ψ_a(X).

Proposition 7.3.2 The maps Ψ_a(X) → C^∞[0, ∞)[t^{−1}], A → Res_{z=0}T r(Q^zA) C_1(Ψ_a(X)) → C^∞[0, ∞)[t^{−1}], A ⊗ B → Res_{z=0}T r(Q^zD(B)A) are cocycles on Ψ_a(X).

Proof: Since e_D is a map on homology, it is enough to prove the statement for the first map. We have seen that the residue is well-defined. We want to show that it vanishes on commutators. From (1.1), Res_{z=0}T r(Q^z[A, B]) = Res_{z=0}T r([Q^zA, B] + zQ^z Q^{−z}BQ^z − B z A) = 0, since for small Re(z), the first term is the trace of a commutator of operators of order less than −n−m, and the second term has no residue at zero since we have a multiple of z inside the residue. □

7.4 Properties of the residue functional

We can extend Proposition 7.1.14 to arbitrary orders. We first treat the semi-classical limit case. Recall that the subscript i means taking the part in T_i/T_{i+1}. Proposition 7.4.1 If A ∈ T_iC_k(S_a(M)) is a boundary, then R_i(A) is d_v-exact. Proof: The spectral sequence^TE_2, which computes HH(S_a(M)) using the T_i filtration, degenerates at E_2, so we can assume A = b(P ) with P ∈ T_{i−1}C_{k+1}(S_a(M)). What makes the no-fiber case special is that (Q^zP )_{i−1} is b-closed in the vertical algebra, because that algebra is now commutative. The projection Ψ_a → S_a is surjective; let P̃ be a pre-image of P . Using Lemma 7.1.10, we get:

R_i(A) = R_i(bP ) = Res_{z=0} ∫ aT^∗M_{|t=0}/M ∗^M_a (K(Q^zbP̃ ))_i = Res_{z=0} ∫ aT^∗M_{|t=0}/M ∗^M_a (K(b(Q^zP̃ ))_i +Res_{z=0} ∫ aT^∗M_{|t=0}/M ∗^M_a (K(zQ^ze_QzP̃ ))_i. By Proposition 7.1.5 and because of the z factor, the last term vanishes since e_QzP̃ ∈ T_i is entire. As for the first term, we claim it is exact. Lemma 7.4.2 For Re(z) sufficiently small, we have ∫ aT^∗M_{|t=0}/M ∗^M_a K(b(Q^zP ))_i = d_v (∫ aT^∗M_{|t=0}/M ∗^M_a (K(Q^zP ))_{i−1} ) . (7.12)

Proof: We notice that Q^zP survives at^TE^{i,k−i}_1 (Ψ^{z+Z}_a (M)) Then (7.12) is the computation of d_1[Q^zP ] in the spectral sequence of the symbol algebra of order z + Z. The identity d_1 = ∗^{−1}_a d_v∗_a (see (4.3)) is purely formal, hence it holds in any generality. The proof of Proposition 7.2.4 applies to prove this identity. □ By the deRham theorem, the space of exact forms is closed. A meromorphic family of forms, which takes exact values for z in an open set, must have exact residues. This finishes the proof of Proposition 7.4.1. □ From Theorem 3.1.10 and Proposition 7.1.14, it follows that every Hochschild class in T_iHH(S_a(X)) has a representative a such that R_i(a) is closed. Together with Proposition 7.4.1, this proves:

Corollary 7.4.3 R_i descends as a map R : T_iHH_k(S_a(M))−→H^{n−k+j}(M) ⊗ Λ^jL. □ Proposition 7.4.1 is a model for the general case. The main difference is that multiplication by Q^z destroys the cycle property.

Proposition 7.4.4 Let A ∈ T_iC_k(Ψ_a(X)). Assume that bA ∈ T_{i+1}C_{k−1}(Ψ_a(X)). Then R_{i+1}(bA) = dR_i(A), where d is the deRham differential on M.

Proof: Q^zA_i is not a cycle in the vertical algebra, but, since b(A_i) = 0, it has the property that b_0(Q^zA_i) = o(z). The proof of Proposition 7.2.4 goes through, with the following modification: replace congruences (mod o(z)) by equalities of residues at z = 0. □ It follows that if A ∈ T_iC_k(Ψ_a(X)) is Hochschild closed, then R_i(A) is deRham closed. Let now A ∈ T_iF_jC_k(S_a(X)) ∩ im(α). Assume that A is b-exact and that j > k − n − m. Then, there exists some P ∈ T_{i−1}C_{k+1}(S_a(X)) such that bP − A ∈ T_iF_{j−1}C_k(S_a(X)). This is a restatement of Proposition 3.3.7. By Proposition 7.4.4, R_i(A) = R_i(A − bP ) modulo exact forms. Inductively, R_i(A) = R_i(A^′), where A^′ ∈ T_iF_{k−n−m}C_k(Ψ_a(X)). From Proposition 7.1.14, R_i(A^′) is exact. As a result of these statements, we get the following

Theorem 7.4.5 R_i descends as a map on the Hochschild homology of adiabatic symbols with values in the cohomology of M (with twisted coefficients): T_iHH_k(S_a(X))^{Ri}−→ H^{n−k}(M, ΩM)t^{i+k−n} ⊕ H^{n−h+1}(M, ΩM)t^{i+k−n−2}dt. □

Appendix A

Degeneracy without derivations

Here we prove the degeneracy result 4.0.16 without using the derivation D, while based on the analysis of the E_2 terms computed in Proposition 4.0.13. This approach illustrates an explicit cycle in C_n(A^∂ (M)).

By H-unitality, the short exact sequence (4.2) induces a long exact sequence in the^TE_1 terms of the algebras in (4.1), computed in Proposition 4.0.9. This is easily seen to split in short exact sequences. With the differential d_1, these become short exact sequences of complexes, hence yielding long exact sequences of the^TE_2 terms computed in Proposition 4.0.13.

In this chapter, we will use the notation ı and p for all the maps induced by the maps in (4.1) in homology, spectral sequences, etc. Recall the notations^FE and^TE for the spectral sequences for (C_•(S^∂_a (M)), b) with respect to the two filtrations, by sum of orders and by sum of powers of t, respectively.

A.1 The E_2 terms

Proposition A.1.1 The spectral sequence^FE(S^∂_a (M)) degenerates at^FE_2.

Proof: We shall give a “derivation-free” proof. Consider the canonical algebra projection S_a(M)^τ−→ S^∂_a (M). By direct computation, τ descends at the^FE_1 level as the surjection Λ^∗(^aT^∗M \ {0})[t^{−1}] −→ Λ^∗(^aT^∗M_{|t=0} \ {0}) ⊗ Λ^∗L.

From Proposition 3.1.9 it follows that the differential d^a_1 on S^∂_a (M) is also conjugate to d_v by the isomorphism ∗^M_a . It follows that

FE^{i,j}_2 (S^∂_a (M)) ∼=

H^{n−i}(^aS^∗M_{|t=0} × S^1) ⊗ L if j = n H^{n−i}(^aS^∗M_{|t=0} × S^1) ⊗ Ldt if j = n + 1 0 otherwise.

(A.1)

Comparing with Theorem 3.1.10, we see that the map τ induces a surjection at the FE_2 level. From A.1, it follows that d_s = 0 for s ≥ 3. Hence, it is enough to prove that d_2 is zero on^FE_2(S_a(M)). We claim that d_2 is zero for the algebra Ċ^∞([0, ∞))S_a(M). This algebra is isomorphic to the algebra of rapidly vanishing families of symbols on

M. The isomorphism is described in Remark 2.1.8. Since this last algebra is the tensor product of the symbol algebra of M with Ċ^∞([0, ∞)), d_2 is indeed zero by the similar statement of [2]. The map d_2 on S_a(M) is C^∞([0, ∞))-linear. Since it is zero for t > 0, it must vanish for all t. □ The convergence of the spectral sequence^FE(S^∂_a (M)) is somewhat tautological. We only need to keep the t degrees uniformly bounded below.

Proposition A.1.2 The spectral sequence^TE(S^∂_a (M)) degenerates at^TE_2 and is convergent.

Proof: Note that since L is central in S^∂_a (M), it follows that the Hochschild homology HH(S^∂_a (M)) has a natural HH(L)-module structure. In particular, it is a L-vector space. Using the convergence of^FE(S^∂_a (M)) and formulas (4.6) and (A.1), we make the following dimension count ∑ k dim_L(HH_k(S^∂_a (M))) = ∑ i,k dim_L^FE^{i,k−i}_2 (S^∂_a (M)) = ∑ k (dim_C H^{2n−k}(^aS^∗M_{|t=0} × S^1) + dim_C H^{2n−k+1}(^aS^∗M_{|t=0} × S^1)) = ∑ k dim_C^TE^{j,k}_2 (S^∂_a (M)) ≥ ∑ k dim_C^TE^{i,k}_∞ (S^∂_a (M)) ≥ ∑ k dim_C (T_j/T_{j+1}(HH_k(S^∂_a (M))) = ∑ k dim_L(HH_k(S^∂_a (M))).

Here j can be any fixed integer. This shows that all inequalities must be equalities, which at the same time proves the degeneracy and convergence of^TE(S^∂_a (M)). □

A.2 The long exact sequence of E_2 terms

After conjugation by ∗_a, the short exact sequence (4.2) splits in copies of

0 → (Λ^∗_S (^aT^∗M_{|t=0}), d) → (Λ^∗_SZ(^aT^∗M_{|t=0}), d) → (Λ^∗_S(^aT^∗M_{|t=0} \ {0}), d) → 0 (A.2)

according to the t and dt degree, where d is the deRham differential on Λ^∗(^aT^∗M_{|t=0}).

Proposition A.2.1 If χ(M) = 0, then the boundary map δ of the long exact sequence deduced from (A.2) is surjective. If χ(M) ≠ 0, then coker(δ) ∼= H^n_S (^aT^∗M_{|t=0}), ker p ∼= H^n(M) ⊂ H^n_{SZ}(^aT^∗M_{|t=0}), and the map coker(δ)^ı→ ker p is the isomorphism which takes the Thom class of^aT^∗M_{|t=0} to the Euler class of M.

Proof: There exists a canonical isomorphism

T^∗M →^aT^∗M_{|t=0}, (A.3) induced by the bundle map T^∗M ×[0, ∞)^{ϕ/t}−→^aT^∗M. Since d is invariant by pull-back, this isomorphism induces a canonical isomorphism of complexes between the short exact sequence (A.2) and

0 → (Λ^∗_S (T^∗M), d)^ı→ (Λ^∗_SZ(T^∗M), d)^p→ (Λ^∗_S(T^∗M \ {0}), d) → 0. (A.4)

As in Lemma 3.1.11, we notice that h(Λ^∗_S (T^∗M \ {0}), d) lives only in homogeneity 0. Choose a metric on T^∗M and let r = ‖ξ‖ be the radial function on the fibers. Then, as before,

h_k(Λ^∗_{(0)}(T^∗M \ {0}), d) ∼= H^k(S^∗M) ⊕ H^{k−1}(S^∗M) ⊗ r^{−1}dr. (A.5)

The boundary map is obtained as follows: let ψ be a cut-off function, ψ(x) ≡ 0 for x < 1/3 and ψ ≡ 1 for x > 2/3. Let α ∈ Λ^∗_{(0)}(T^∗M \ {0}) represent the class [α] ∈ h_k(Λ^∗_{(0)}(T^∗M \ {0}), d). Then ψ(r)α ∈ Λ^∗_{SZ}(T^∗M) maps to α through the surjection p in (A.4), and

δ[α] = [d(ψ(r)α)] = [ψ^′(r)dr ∧ α]. (A.6)

Hence, using the isomorphism (A.5), δ vanishes on H^{k−1}(S^∗M) ⊗ r^{−1}dr.

Lemma A.2.2 On H^k(S^∗M), δ coincides with the boundary map in the cohomology sequence of the pair (B^∗M, S^∗M).

Proof: First, notice that there exists a natural isomorphism H^k_S (T^∗M) ∼= H^k(B^∗M, S^∗M). Then note that the boundary map in the cohomology sequence of the pair is given exactly by the same formula as (A.6). □ By dimension reasons, the only map H^k(B^∗M, S^∗M) −→ H^k(B^∗M) ∼= H^k(M) in the cohomology sequence of the pair which can be non-zero is that for k = n. In this case, the map takes a generator of H^n(B^∗M, S^∗M), the Thom class of the bundle, to its restriction to the 0 section, i.e. the Euler class. This vanishes if and only if χ(M) = 0.

Thus, when χ(M) ≠ 0, the Thom class generates the cokernel of δ in H^∗_S (T^∗M). Also in that case, it follows that the image of the fundamental class of M under the pull-back map to H^n_S (T^∗M) is non-zero and a generator of ker p. □

Proposition A.2.3 If χ(M) = 0, then

dim_L E_2(S^∂_a (M)) = dim_L E_2(A^∂ (M)) + dim_L E_2(I_a(M)). (A.7)

If χ(M) ≠ 0, then

dim_L E_2(S^∂_a (M)) = dim_L E_2(A^∂ (M)) + dim_L E_2(I_a(M)) − 4. (A.8)

Proof: The E_2 terms of the spectral sequences for the Hochschild complexes of the algebras in the sequence (4.1) have a natural structure of L-vector spaces. We have seen that, after conjugation by ∗_ϕ + t^{−1}dt ∧ ı_M∗_ϕ, the short exact sequence of E_1 terms is the direct sum of two copies of the sequence of complexes (A.2), tensored with L. The result follows from Proposition A.2.1. Note that if χ(M) ≠ 0, the difference between (A.7) and (A.8) arises from the four one-dimensional spaces H^n(M), dt ⊗ H^n(M), H^n_S (^aT^∗M_{|t=0}) and dt ⊗ H^n_S (^aT^∗M_{|t=0}). □

A.3 The case χ(M) = 0

In this section, assume that the Euler characteristic of the base M vanishes.

Proposition A.3.1 ∑ k dim_L HH_k(S^∂_a (M)) ≤ ∑ k dim_L HH_k(A^∂ (M)) + ∑ k dim_L HH_k(I_a(M)). (A.9)

Proof: By the result of [18], the short exact sequence (4.1) induces a long exact sequence in homology. Indeed, we have proved in Proposition 6.2.1 that I_a(M) is H-unital. Then (A.9) is true for any fixed k. □

Theorem A.3.2 Assuming χ(M) = 0, the spectral sequences for I_a(M) and A^∂ (M) collapse at E_2 and are convergent.

Proof: Use formulas (A.7) and (A.9) and Proposition A.1.2:

dim_L E_2(S^∂_a (M)) = dim_L E_∞(S^∂_a (M)) = dim_L HH(S^∂_a (M)) ≤ dim_L HH(A^∂ (M)) + dim_L HH(I_a(M)) ≤ dim_L E_∞(A^∂ (M)) + dim_L E_∞(I_a(M)) ≤ dim_L E_2(A^∂ (M)) + dim_L E_2(I_a(M)) = dim_L E_2(S^∂_a (M))

Hence, all inequalities must, in fact, be equalities. The assertions follow. □

A.4 Two distinguished elements in homology

In this section, assume that χ(M) ≠ 0. This implies that M is orientable. Let (U, (x_i)_{i=1,...,n}) be a local coordinate system on M. Let ϕ ∈ C^∞_c (U) be a positive test function supported in U, such that ∫ U ϕ(x)dx_1 ∧ . . . ∧ dx_n = 1. (A.10)

Let ψ ∈ C^∞_c (U) be a cut-off function, so that ψ ≡ 1 on supp(ϕ). For i = 1, . . . , n, define ϕ_i(x) = ψ(x)x_i. Then ϕ_i ∈ C^∞(M).

Definition A.4.1

a_1 = ϕ ⊗ (ϕ_1 ∧ . . . ∧ ϕ_n) ∈ C_n(A^∂ (M)); a_2 = ϕ ⊗ (t ∧ ϕ_1 ∧ . . . ∧ ϕ_n) ∈ C_{n+1}(A^∂ (M)).

Proposition A.4.2 The chains a_1, a_2 are cycles and are non-zero at E_2.

Proof: Since C^∞(M) ⊗ L is a commutative subalgebra of A^∂ (M), we know that a_1, a_2 are b-closed, where b is the Hochschild boundary map. Their representatives at E_1 are [a_1] = ϕdϕ_1 ∧ . . . dϕ_n = ϕdx_1 ∧ . . . dx_n, and [a_2] = ϕdt ∧ dϕ_1 ∧ . . . dϕ_n = ϕdt ∧ dx_1 ∧ . . . dx_n. From (A.10), it follows that [a_1], [a_2] have volume 1, respectively dt, hence are representatives for H^n(M) and dt ⊗ H^n(M). As noted at the end of the proof of Proposition A.2.3, in the case where χ(M) ≠ 0, H^n(M) and dt ⊗ H^n(M) inject canonically into E_2(A^∂ (M)). □

Proposition A.4.3 The homology classes [a_1], [a_2] map to 0 under p.

Proof: Since a_1, a_2 are already purely homogeneous, we will write a_1, a_2 instead of p(a_1), p(a_2). We want to prove that a_1, a_2 are exact in C_•(S^∂_a (M), b). We have seen above that a_1, a_2 are representatives at E_2 for generators of H^n(M) and dt ⊗ H^n(M). In the case where χ(M) ≠ 0, these two spaces span the kernel of the map

E_2(A^∂ (M))^p−→ E_2(S^∂_a (M)).

So, at least, [a_1]_E0,n_{2 (S∂a (M))} = 0 and [a_2]_E1,n+1_{2 (S∂a (M))} = 0. Combining with (A.1) and with Proposition A.1.2, we see that a_2 = 0 in homology.

To prove that a_1 is exact, note that a_1 is a well-defined element of C_•(S_a(M)). Using Remark 2.1.8, view a_1 as a chain in the algebra of time-dependent symbols on M. But a_1 does not depend on t, so it is, in fact, a chain on the subalgebra Ψ(M)/Ψ^{−∞}(M) of constant families of symbols. As above, [a_1] represents the zero class in E^{0,n}_2 (Ψ(M)/Ψ^{−∞}(M)). By the result of [2], it follows that [a_1] also represents the zero class in HH_n(Ψ(M)/Ψ^{−∞}(M)). Now reverse the process: let γ ∈ C_{n+1}(Ψ(M)/Ψ^{−∞}(M)) be a primitive. View γ as a time dependent family of symbols, and localize it in t. It follows that for t > 0, the class of a_1 in HH_n(S_a(M)) is locally zero. By continuity, it is zero for all t. Using the surjection τ from Proposition A.1.1, we conclude that a_1 is zero in HH_n(S^∂_a (M)). □

A.5 The case χ(M) ≠ 0

Theorem A.5.1 Assuming that χ(M) ≠ 0, the spectral sequence for I_a(M) collapses at E_2. Both spectral sequences for A^∂ (M) and for I_a(M) are convergent. Proof: By assumption, we can use the results of Section A.4. By Proposition A.4.2, we know that a_1, a_2 define homology classes. Let q ∈ {0, 1, 2} be the number of these classes which are nonzero at E_∞. For each of the 2 − q classes that vanish, there must exist an element in E_2 mapping to it under some differential d_s. This implies dim_L E_2(A^∂ (M)) ≥ dim_L E_∞(A^∂ (M)) + 2(2 − q). (A.11) By Proposition A.4.3, dim_L ker(HH(A^∂ (M))^p−→ HH(S^∂_a (M))) ≥ q, (A.12) which implies by exactness dim_L coker(HH(S^∂_a (M))^δ−→ HH(I_a(M)) ≥ q. (A.13) Combining (A.12) and (A.13), we get an inequality similar to (A.9): dim_L HH(S^∂_a (M)) ≤ dim_L HH(A^∂ (M)) + dim_L HH(I_a(M)) − 2q. (A.14) Using (A.11) and (A.14), we get:

dim_L E_2(S^∂_a (M)) = dim_L E_∞(S^∂_a (M)) = dim_L HH(S^∂_a (M)) ≤ dim_L HH(A^∂ (M)) + dim_L HH(I_a(M)) − 2q ≤ dim_L E_∞(A^∂ (M)) + dim_L E_∞(I_a(M)) − 2q ≤ dim_L E_2(A^∂ (M)) + dim_L E_2(I_a(M)) + 4 = dim_L E_2(S^∂_a (M)).

We conclude that all the inequalities above must be equalities. The theorem follows. □ Remark A.5.2 The main difference from Theorem A.3.2 is that we do could not prove that the classes [a_1], [a_2] are non-zero in homology. Of course, by Theorem 5.4.10 and Corollary 4.0.16, they are non-zero.

Appendix B

A Čech complex adapted to Hochschild homology

Let M be a C^∞ manifold and A a sheaf of algebras over M. Let A be a L-filtered algebra such that GA ∼= A ⊗ L, e.g. a star algebra on a Poisson manifold. Let U be a good cover of M.

The Hochschild-Čech complex Cˇ_H (A, U) is the following second quadrant homology double complex:

Definition B.0.3 C^{i,k}_Ȟ (A, U) = Č^{−i}(C_k(A), U). The augmented complex C̄ˇ_H (A, U) is obtained from Cˇ_H (A, U) by adding the bar resolution of A as the 1-column. We shall denote by T oT (C̄ˇ_H (A, U)) the total complex of this double complex, defined as the direct product rather than the direct sum, of the diagonals of C̄ˇ_H (A, U).

Theorem B.0.4 Assume that the following conditions hold:

1. There is an acyclic sheaf F and a sheaf isomorphism HH(A) ∼= F;

2. A and GA ∼= A ⊗ L are H-unital. 3. ⋂ F_iA = ∅, ⋃ F_iA = A and

lim_{−→} i→−∞ lim_{←−} j→∞ F_iA/F_jA ∼= A;

Then h(T oT (C̄ˇ_H (A, U))) ∼= 0. Proof: Filter the complex C̄ˇ_H (A, U) by the total t-degree. This filtration is compatible with the Čech and Hochschild boundary maps, so we can form a spectral sequence, denoted^TE(A).

Lemma B.0.5^TE_1(A) ∼= 0.

Proof: By the assumption on the associated graded algebra of A, we have an isomorphism of complexes

(^TE_0(A), d_0) ∼= (C̄ˇ_H (A ⊗ L, U), b + (−1)^iď).

Hence we want to show that the second complex is acyclic. Consider the filtration by columns of this double complex. It induces a spectral sequence abutting at the homology of T oT (C̄ˇ_H (A ⊗ L, U)).

Lemma B.0.6 The E_2 term of this new spectral sequence vanishes.

Proof: Use the Künneth formula of [12]. By assumption,

E_1((Cˇ_H (A ⊗ L, U), b + (−1)^iď) ∼= Č^{aug}(HH(A ⊗ L)) ∼= Č^{aug}(F) ⊗ HH(L). We see that d_1 is just the Čech differential, because all the above isomorphisms are compatible with restrictions. By assumption, F is acyclic, hence E_2 vanishes. □

Lemma B.0.7 The spectral sequence from Lemma B.0.6 converges.

Proof: Let a be an element in^TE_1(A). There exists a standard way of constructing a formal sum c such that a = d_0(c), that we will omit. By the definition of the T oT complex as a direct product, this c is automatically sumable. □ This finishes the proof of Lemma B.0.5. □ We want c from the proof of Lemma B.0.7 to be of degree bounded below. This is indeed possible: if γ is 0 at E_2, then ∃μ such that d_1[μ] = [γ] and deg(μ) ≥ min(deg(γ), 0). If γ is 0 at E_1, then there exists μ such that d_0[μ] = [γ] and deg(μ) ≥ deg(γ). Now, for every a ∈^TE_1(A), the same diagram chasing process will produce some formal sum c such that deg(c) ≥ min(deg(a), 0) and (b + (−1)^iď)(c) = a. Again using the fact that T oT is defined as a direct sum and condition 3 of the theorem, we see that c is sumable, hence [a] = 0. This proves that^TE(A) converges. By Lemma B.0.5, the theorem follows. □

Corollary B.0.8 The boundary map in the augmentation complex, C_•(A) → T oT_{•−1}(Cˇ_H (A, U)), a −→ b(a) + (−1)^•ď(a) is a quasi-isomorphism. □ B.1 The Čech complex of the adiabatic algebras

Choose a good cover U of M. By Propositions 5.4.9, 3.1.1 and 6.2.1, the algebras S_a(X) and I_a(X) satisfy the hypothesis of theorem B.0.4, . It follows that we can compute their Hochschild homology by using the Hochschild-Čech complex.

Proposition B.1.1 HH(Ψ_a(X)/Ψ̇^{−∞}_a (X)) can be computed by using the Hochschild- Čech complex.

Proof: The short exact sequence 4.1 induces maps of augmented Hochschild-Čech complexes. This can be thought of as a double complex with three columns, each of them being itself a double complex. Take the filtration induced by the columns of the three (augmented) double complexes. H-unitality of I_a(X)) implies that E_1 of the induced spectral sequence vanishes. This means that the T oT homology of the triple complex vanishes. Theorem 6.4.1 shows that there exists a long exact sequence relating the homologies of the three augmented Hochschild-Čech complexes. The result follows by Theorem B.0.4. □

Appendix C

Cyclic homology of the adiabatic algebras

The periodic cyclic homology of the various algebras discussed above can be computed without any technical difficulty. It seems that in the symbol algebra case, the particular ∗-product structure is completely irrelevant in the computation. The same is true for the smoothing part, where the only part that matters is the (mod t), i.e. commutative, multiplication.

Proposition C.0.2 HC^{per}_• (S_a(X)) ∼= ⨁ k∈Z H^{•+2k}(T^∗X × S^1) ⊕ ⨁ k∈Z H^{•+2k−1}(T^∗X × S^1) ⊗ dt t . (C.1)

Proof: Compute HC^{per}(S_a(X)) as the homology of a double (b, B) complex, by using the order filtration. The E_1 term of the resulting spectral sequence is just the homology of the cyclic bi-complex of the graded associated algebra S(^aT^∗X)[t^{−1}] defined in Proposition 2.2.7. This turns out to be the deRham cohomology of the algebra S(^aT^∗X)[t^{−1}], i.e. the right-hand side of (C.1). This cohomology only lives in homogeneity 0, as in Lemma 3.1.11. Hence the spectral sequence degenerates at E_1. The convergence of this spectral sequence for the T oT complex is automatic. □

75

Bibliography

[1] J.-L. Brylinski. A differential complex for Poisson manifolds. J. Differential Geometry, 28:93–114, 1988.

[2] J.-L. Brylinski and E. Getzler. The homology of algebras of pseudodifferential operators and the noncommutative residue. K-Theory, 1(4):385–403, 1987.

[3] J.-L. Brylinski and V. Nistor. Cyclic cohomology of étale groupoids. K-Theory, 8:341–365, 1994.

[4] A. Connes. Non-commutative differential geometry. Lectures Notes in Math., 1111, 1985.

[5] X. Dai and R.B. Melrose. The adiabatic limit of analytic torsion. J. Differential Geometry, 31(1):183–213, 1990.

[6] V. Guillemin. A new proof of Weyl’s formula on the asymptotic distribution of eigenvalues. Adv. in Math., 55:131–160, 1985.

[7] B. Hochschild, G. Kostant and A. Rosenberg. Differential forms on regular affine algebras. Trans. AMS, 102:383–408, 1962.

[8] J.-L. Loday. Cyclic Homology. Springer-Verlag, 1992.

[9] R.R. Mazzeo and R.B. Melrose. The adiabatic limit, Hodge cohomology and Leray’s spectral sequence for a fibration. J. Differential Geometry, 31(1):183– 213, 1990.

[10] R.B. Melrose. Differential analysis on manifolds with corners. in preparation, 1999.

[11] R.B. Melrose. Introduction to microlocal analysis. in preparation, 1999. [12] R.B. Melrose and V. Nistor. Higher index and eta invariants for suspended algebras of pseudo-differential operators. preprint.

[13] R.B. Melrose and V. Nistor. Homology of pseudodifferential operators I. Manifolds with boundary. To appear in Amer. J. Math.

[14] G. Rinehart. Differential forms on general commutative algebras. Trans. AMS, 108:194–222, 1963. 77

[15] R.T. Seeley. Complex powers of an elliptic operator. In Singular integrals, Proc.

Sympos. Pure Math., Chicago, Ill., 1966, pages 288–307, Providence, R.I., 167. Amer. Math. Soc.

[16] M. Wodzicki. Noncommutative residue. I. Fundamentals, volume 1289 of Lecture Notes in Math. Springer, Berlin-New York, 1987.

[17] M. Wodzicki. Cyclic homology of pseudodifferential operators and noncommutative Euler class. C.R.Acad.Sci.Paris Sér. I Math, 306(6):321–325, 1988.

[18] M. Wodzicki. The long exact sequence in cyclic homology associated with an extension of algebras. C.R.Acad.Sci.Paris Sér. I Math, 306(9):399–403, 1988.