K-Theory of suspended pseudo-differential operators

Sergiu Moroianu (moroianu@alum.mit.edu)^∗

Institutul de Matematică al Academiei Române P.O. Box 1-764 RO-70700 Bucharest, Romania

December 9, 2002

Abstract. We compute the K-Theory groups of Melrose’s algebra of 1-suspended pseudo-differential operators. The boundary map in the six-term long exact sequence turns out to be related to both the eta invariant of Melrose and to the index of elliptic operators. The proof is based on a new identity between the formal trace and the Wodzicki residue trace on the suspended algebra.

Keywords: Index of elliptic operators, eta-invariant, Wodzicki residue, parameterdependent pseudo-differential operators.

AMS 2000 classification: 19K56, 58J40.

1. Introduction

The algebra Ψ^Z_{sus}(M, E) of 1-suspended pseudo-differential operators was introduced by Richard Melrose in [9]. This algebra and its higher dimensional cousins play a pervasive role in the analysis of algebras of pseudo-differential operators constructed in the framework of Melrose’s program [10], as they are the natural receptacles of the operatorvalued symbol maps describing the behavior near the boundary. See for instance our recent work [5].

In fact, the algebra Ψ^Z_{sus}(M, E) is quite interesting in its own right. In sharp contrast to the usual algebra of pseudo-differential operators Ψ^Z(M, E), the suspended algebra possesses a trace functional extending by regularization the trace from operators of order −∞. This trace allows one to define an invariant of invertible suspended operators which extends the eta invariant of Atiyah, Patodi and Singer [1] for Dirac operators. Moreover, a symbolic version of this trace functional, called the formal trace, gives an interpretation of the spectral flow as a Z-valued 1-cocycle on the space of elliptic suspended operators.

The first result of this paper (Corollary 4) is a description of the relationship between the regularized trace, the formal trace, and the analog of the Wodzicki residue trace that exists for very general pseudodifferential operator algebras.

∗ Partially supported by the European Commission RTN HPRN-CT-1999-00118 Geometric Analysis.

© 2002 Kluwer Academic Publishers. Printed in the Netherlands.

kso.tex; 9/12/2002; 10:49; p.1

The eta invariant is known to be an odd-dimensional analog of the index of elliptic operators. By looking at the K-Theory of the algebra of 1-suspended operators of order 0 we have found that in the suspended setting the analogy holds beyond a formal resemblance. Our second result (Theorem 8) describes the boundary map

δ : K_0(C(S^∗_{sus}M) → K_{−1}(C_0(R, k))

both in terms of the eta-invariant of suspended operators, and of the index of some un-suspended operators. To explain this result in the simplest case, let D be the chiral Dirac operator on the closed evendimensional spin manifold M. Then the Dirac operator on R × M

A := [ −i^∂_{∂x} D^∗ D i^∂_{∂x} ]

is an elliptic self-adjoint suspended operator. We construct from this operator a projector inside the suspended symbol algebra and show that its image through the boundary map δ equals the index of D.

The idea of the proof of Theorem 8 is to describe the boundary map in terms of the suspended residue trace, which is symbolic (Lemma 1). To do this we use Corollary 4 to go from eta invariants and the formal trace of Melrose [9] to the residue trace. On the other hand, the residue trace is by definition the residue at s = 0 of the trace of a certain entire family of suspended operators, and we can compute explicitly this residue as an index by expanding the trace over the eigensections of D^∗D.

As a corollary the boundary map is surjective, and this determines completely the K-Theory groups of Ψ^0_{sus}(M, E). In Section 6 we discuss an alternate way of proving Theorem 8 based on the results of [11].

The K-Theory of algebras of pseudo-differential operators has been computed in several other instances; see [11, 8, 2].

Acknowledgements

I am indebted to Robert Lauter, Victor Nistor and two anonymous referees for the careful lecture of this manuscript and for detecting several mistakes. Their remarks greatly improved the presentation. I also wish to thank Christian Bär and the Schwerpunkt Analysis und Differentialgeometrie for their warm hospitality at the University of Hamburg where this work was completed.

kso.tex; 9/12/2002; 10:49; p.2

2. Basics of the suspended algebra

We recall the definitions and basic results of [9]. Let M be a closed smooth manifold of dimension n and E → M a vector bundle. Then Ψ^s_{us}(M, E) is defined as the space of those classical pseudo-differential operators P of order s ∈ C on sections of the pull-back of E to R × M with the following properties:

− P is translation-invariant with respect to R; this is equivalent to the fact that the Schwartz kernel p(x_1, x_2, y_1, y_2) of P depends only on (x_1 − x_2, y_1, y_2). Thus we write p(x_1 − x_2, y_1, y_2) instead.

− The kernel p(x, y_1, y_2) decays rapidly as |x| tends to infinity. This distributional kernel has singular support concentrated at {x = 0, y_1 = y_2}, thus it is smooth as |x| → ∞.

These two conditions ensure that Ψ^Z_{sus}(M, E) is an algebra with product given by composition of operators. When E = C we will write simply Ψ^Z_{sus}(M).

After a partial Fourier transform in the variable x, a suspended operator becomes a family of classical pseudo-differential operators on M with real parameter τ. In this description, composition of suspended operators corresponds to pointwise multiplication of families. Note however that τ is a symbolic variable, thus the inclusion Ψ^Z_{sus}(M, E) → C^∞(R, Ψ^Z(M, E)) is far from being an equality. Namely, an operator A(τ) belongs to Ψ^Z_{sus}(M, E) if and only if its symbol a(y, μ, τ) is a classical symbol in the joint variable (τ, μ), i.e. on the bundle T^∗M ⊕ R. In the sequel we view suspended operators as families of classical operators on M with this property (the so-called associated indicial family in the terminology from [9]). Similar algebras of pseudodifferential operators have been considered by other authors under the name parameter-dependent pseudo-differential operators [13, 15].

3. Definition of the traces

3.1. The regularized trace

There exist quite a few trace functionals on the ideal Ψ^{−∞}_{sus} (M, E) (although the trace as operators on C^∞_c (R × M) is always infinite). One distinguished choice is the trace at x = 0. After Fourier transform and renormalization, this is just A → Tr(A) := 1 2π ∫ R Tr(A(τ))dτ. (1)

kso.tex; 9/12/2002; 10:49; p.3

It is not surprising that (1) extends by the same formula to A ∈ Ψ^s_{us}(M, E) for any s ∈ C with Re(s) < −n−1. One striking result of [9] is that this trace extends canonically to a trace functional on the full suspended algebra Ψ^Z_{sus}(M, E). For comparison, the analogous statement for pseudo-differential operators is false: there exists no extension of the trace functional from smoothing operators to a trace functional on Ψ^Z(M, E).

The extension depends on the symbolic nature of the parameter τ. Let A(τ) ∈ Ψ^k_{sus}(M, E). Denote by ∂_τ the partial derivative operator with respect to τ. Then ∂^j_τ A(τ) ∈ Ψ^{k−j}_{sus} (M, E). For k − j < −n, this implies that ∂^j_τ A(τ) is of trace class for every fixed τ. Moreover Tr ( ∂^j_τ A(τ) ) is a classical symbol of order k−j+n on R [9, Lemma 1]. To see this, let a(y, μ, τ) ∈ S^k(T^∗M ⊕ R) be the full symbol of A in a fixed quantization, i.e. the Fourier transform in the normal direction of a cut-off of the Schwartz kernel of A near the diagonal. The quantization commutes with the derivative with respect to τ, so the symbol of ∂^j_τ A(τ) is ∂^j_τ a(y, μ, τ), which is a symbol of order k −j. Now Tr ( ∂^j_τ A(τ) ) equals the integral of the pointwise trace of the Schwartz kernel of A over the diagonal in M^2, or in terms of Fourier transforms, Tr ( ∂^j_τ A(τ) ) = 1 (2π)^n ∫ T^∗M ∂^j_τ tr(a(y, μ, τ))dμdy. (2) The integral is convergent for k − j < −n. The claim now follows from the fact that the integral with respect to n of the symbolic variables of a classical symbol of order k − j is a classical symbol of order k − j + n in the remaining variable(s).

Let I_τ be the operator of integration, f → I_τ (f) : (τ → ∫_τ 0 f(ν)dν). Then for f ∈ C^∞(R) we have I_τ ∂_τ (f) ≡ f modulo constant functions, and ∂_τ I_τ (f) = f.

For k ∈ Z denote by S^k_{log}(R) the space of those smooth functions f admitting an asymptotic expansion at ±∞ of the form f(τ) ∼_{τ →±∞} k∑ j=−∞ α^±_j |τ|^j + k∑ j=0 β^±_j |τ|^j log |τ|. We call such functions log-polyhomogeneous symbols, although they may differ from other objects with the same name in the literature. We have

I_τ (S^k_{log}(R)) ⊂ S^{k+1}_{log} (R), ∂_τ (S^k_{log}(R)) ⊂ S^{k−1}_{log} (R).

For A ∈ Ψ^k_{sus}(M, E) and j > k + n, define

H_j(A) := I^j_τ Tr ( ∂^j_τ A ) .

kso.tex; 9/12/2002; 10:49; p.4

Clearly H_j(A) − H_{j+1}(A) is a polynomial in τ. It follows that for any j > k + n, I_τ H_j(A) is a log-polyhomogeneous symbol on R and is independent of j up to a polynomial function. Thus

(I_τ H_j(A))(τ) − (I_τ H_j(A))(−τ)

has a log-polyhomogeneous asymptotic expansion as τ → +∞ which is independent of j up to an odd polynomial. One defines Tr(A) as (2π)^{−1} times the constant term α^+_0 −α^−_0 of this asymptotic expansion, which is independent of j altogether. It is easy to see (for instance taking j = 0) that Tr extends the trace (1) for suspended operators of order −∞. Moreover, it is a trace, in the sense that it vanishes on commutators in the suspended algebra. This follows from the fact that the L^2 trace on operators of sufficiently small order on M has this property: if A ∈ Ψ^a(M), B ∈ Ψ^b(M) and a + b < −n then Tr([A, B]) = 0.

3.2. The formal trace

The second trace introduced by Melrose uses the fact that ∂_τ is an exterior derivation on the algebra Ψ^Z_{sus}(M, E). Thus ~Tr := Tr ∘ ∂_τ is again a trace. This functional vanishes on the ideal Ψ^{−∞}_{sus} (M, E) by (1); it actually vanishes on Ψ^{−n−1}_{sus} (M, E) so it only depends on a finite number of symbol asymptotic terms. From the definition we see immediately that (2π)~Tr(A) is the constant term in the asymptotic expansion as τ → ∞ of H_j(A)(τ) − H_j(A)(−τ), for j sufficiently large.

3.3. The Wodzicki residue

The third important trace functional on Ψ^Z_{sus}(M, E) (first analyzed in [12]) is an analog of the Wodzicki residue trace. Fix a Riemannian metric on M and a metric in E. Let Q be any elliptic self-adjoint and positive suspended operator of order 1. Then the complex powers Q^s form an analytic family of suspended operators of order s; moreover, for any A ∈ Ψ^k_{sus}(M, E), the function s → Tr(Q^{−s}A) is analytic for Re(s) > k + n + 1 and extends to a meromorphic function on C with possible simple poles at k + n + 1, k + n, k + n − 1, . . .. We denote the analytic extension by the same symbol. Note that this brings a clash of notations: Tr(Q^{−s}A) is defined when Re(s) > k + n + 1 or when k − s is integer; the values at these integer points might be different from those of the analytic extension of Tr(Q^{−s}A), which in fact typically has poles there. We define now

Tr_w(A) := Res_{s=0}Tr(Q^{−s}A).

Clearly Tr_w(A) = 0 unless A is of integer order. Let S^∗_{sus}M be the sphere bundle in the vector bundle T^∗_{sus}M := T^∗M ⊕ R. The volume

kso.tex; 9/12/2002; 10:49; p.5

form on S^∗_{sus}M is the contraction of ω^n ∧ dτ by the radial vector field R of the bundle T^∗_{sus}M, where ω is the canonical symplectic form on T^∗M (recall that on the total space of any vector bundle there exists a canonical vector field R tangent to the fibers defined by R_v := v). Let a(y, μ, τ) ∼ ∑_∞ i=0 a_{k−i}(y, μ, τ) be the asymptotic expansion of the full symbol of A in some fixed quantization.

LEMMA 1.

Tr_w(A) = 1 (2π)^{n+1} ∫ S^∗_{sus}M tr(a_{−n−1})R⌟ω^n ∧ dτ. (3) Proof. Completely analogous to the corresponding statement in the un-suspended case.

As the notation suggests, Tr_w is therefore independent of the choice of Q.

We close this section with two useful properties of the operations H_j.

LEMMA 2. For A ∈ Ψ^k_{sus}(M, E) and j > k + n + 1, we have

H_j(τA) = τH_j(A) + C [τ], H_j(∂_τ A) = ∂_τ H_j(A) + C [τ].

Proof. The second identity follows readily from the commutation rule of I_τ and ∂_τ . We note that for any g ∈ C^∞(R) and i ≥ 1, l ∈ Z we have

I^i_τ (τ∂_τ g + lg) = I^i_τ (∂_τ (τg) + (l − 1)g) = I^{i−1}_τ (τg + (l − 1)I_τ g) + C [τ].

Let f(τ) := Tr ( ∂^{j−1}_τ A(τ) ) . Applying the above remark inductively with l = i, g = I^{j−i}_τ f and i running from j to 1 we obtain

H_j(τA) = I^j_τ (τ∂_τ f + jf) = τI^{j−1}_τ f + C [τ] = τH_{j−1}(A) + C [τ]. Use now the fact that H_j(A) − H_{j−1}(A) is a polynomial.

kso.tex; 9/12/2002; 10:49; p.6

4. Relations between traces on Ψ^Z_{sus}(M, E)

PROPOSITION 3. Let A ∈ Ψ^k_{sus}(M, E). Then

~Tr(A) = 1 (2π)^{n+1} lim_{r→∞} (∫ B_r (T^∗M)×{1} tr(a_{−n}) ω^n − ∫ B_r (T^∗M)×{−1} tr(a_{−n})ω^n ) (4) Tr_w(A) = 1 (2π)^{n+1} (∫ T^∗M×{1} tr(a_{−n−1})ω^n + ∫ T^∗M×{−1} tr(a_{−n−1})ω^n ) (5) Proof. The first statement was proved in [9, Proposition 6]. It is enough to assume that the full symbol a(y, μ, τ) of A is homogeneous of homogeneity l outside the unit ball, with −n ≤ l ≤ k. For l = −n it is noted in [9, Proposition 6] that each individual limit in the right-hand side diverges logarithmically and the divergences cancel each-other. We give here another proof of the case l ≠ −n, since we cannot follow the proof from [9] in that case.

In local coordinates (y, μ, τ) the radial vector field R takes the form R = ∑_n i=1 μ_i∂_{μi} + τ∂_τ . The assumption on a implies that Rtr(a) = ltr(a) + C^∞_c (T^∗M ⊕ R). Note that

H_j(A) = I^j_τ Tr ( ∂^j_τ A ) = 1 (2π)^n

I^j_τ ∫ T^∗M ∂^j_τ tr(a(y, μ, τ))dμdy where the integral is well-defined for j > l + n. By Lemma 2 τ∂_τ H_j(A) = H_j(τ∂_τ A) + C [τ] = 1 (2π)^n

I^j_τ ∫ T^∗M ∂^j_τ (R(tr(a(y, μ, τ)))dμdy − 1 (2π)^n

I^j_τ ∫ T^∗M ∂^j_τ n∑ i=1 μ_i∂_{μi} tr(a(y, μ, τ))dμdy + C [τ] = (l + n)H_j(A) + C [τ] + C^∞_c (R). (6) In the last equality we have integrated by parts with respect to μ_i, or more sophisticatedly we used the fact that the adjoint of the differential operator R−τ∂_τ on T^∗M with respect to the volume form ω^n is −(R− τ∂_τ ) − n. Now H_j(A) is a log-polyhomogeneous symbol: H_j(A) ∼_{τ →±∞} l+n∑ i=−∞ α^±_i |τ|^i + l+n∑ i=0 β^±_i |τ|^i log |τ|

kso.tex; 9/12/2002; 10:49; p.7

so τ∂_τ H_j(A) ∼_{τ →±∞} l+n∑ i=−∞ (iα^±_i + β^±_i )|τ|^i + l+n∑ i=0 iβ^±_i |τ|^i log |τ|. Substituting in (6) and identifying coefficients we get iβ^±_i = (l + n)β^±_i , and for even i,

i(α^+_i − α^−_i ) + (β^+_i − β^−_i ) = (l + n)(α^+_i − α^−_i )

(we anti-symmetrized in τ to kill in even degrees the unknown polynomial term from (6)) . In particular if l ≠ −n the first identity gives β^±_0 = 0 and so from the second we get α^+_0 − α^−_0 = 0.

The second statement follows from Lemma 1. For r > 1, let

V_r := B_r(T^∗M) × [−1, 1] \ B^∗_{sus}M

where B^∗_{sus}M is the unit ball in the vector bundle T^∗_{sus}M. Note that

∂V_r = S^∗_{sus}M ⋃ S_r(T^∗M) × [−1, 1] ⋃ B_r(T^∗M) × {±1}. The form tr(a_{−n−1})ω^n ∧ dτ is homogeneous of order 0 on V_r, or equivalently L_R(tr(a_{−n−1})ω^n∧dτ) = 0. By Stokes’ formula, (3) can be written as the integral of tr(a_{−n−1})R⌟ω^n ∧ dτ on the complement of S^∗_{sus}M in the boundary of V_r, with the induced orientation. First examine the component S_r(T^∗M) × [−1, 1]. By homogeneity, ∫ S_r (T^∗M)×[−1,1] tr(a_{−n−1})R⌟ω^n ∧ dτ = ∫ S_1(T^∗M)×[−1/r,1/r] tr(a_{−n−1})R⌟ω^n ∧ dτ. This shrinks towards 0 as r tends to ∞. The remaining part of the boundary is B_r(T^∗M)×{±1}, with orientation ±1. On B_r(T^∗M)×{τ}, the form R⌟ω^n ∧ dτ equals τω^n. Thus

Tr_w(A) = 1 (2π)^{n+1} lim_{r→∞} (∫ B_r (T^∗M)×{1} tr(a_{−n−1})ω^n + ∫ B_r (T^∗M)×{−1} tr(a_{−n−1})ω^n ) . Now (5) follows from this, since tr(a_{−n−1})ω^n is absolutely integrable on T^∗M × {±1} (notice that |a_{−n−1}(y, μ, τ)| < C(1 + |μ|^2 + |τ|^2)^{− n+12} < C|τ|^{−n−1}).

kso.tex; 9/12/2002; 10:49; p.8

COROLLARY 4. Tr_w = ~Tr ∘ μ_τ ,

where μ_τ is the multiplication operator by the suspended operator τ ∈ Ψ^1_{sus}(M, E).

Proof. On T^∗M × {τ} we have (τa)_{−n} = τa_{−n−1}. The result follows from Proposition 3.

We claim now that Tr_w(∂_τ A) = 0 for all A ∈ Ψ_{sus}(M, E). Indeed,

Tr_w(∂_τ A) = Res_{s=0} ∫ R ( ∂_τ (Tr(Q^{−s}A)) − Tr(∂_τ (Q^{−s})A) ) dτ. Now ∫ R ∂_τ (Tr(Q^{−s}A)) vanishes for Re(s) >> 0, so it vanishes identically on C , in particular its residue at s = 0 is null. On the other hand, ∂_τ (Q^{−s}) = sB(s) for some entire family B(s) of suspended operators of order s. It is routine to see that ∫ R Tr(B(s)A)dτ has an analytic extension to C with at most simple poles, so the extra factor of s will kill the residue at s = 0.

Using Corollary 4 we see that ~Tr ∘ μ_τ ∘ ∂_τ = 0, or again Tr ∘ ∂_τ ∘ μ_τ ∘ ∂_τ = 0. The first identity means exactly that ~Tr is translation-invariant.

5. K-Theory of suspended operators

The eta invariant of invertible suspended pseudo-differential operators was defined by Melrose [9] as

η(A) := 2 i Tr(A^{−1}∂_τ A). (7)

Although we will not use this fact, recall that for any first-order invertible differential operator D on M, η(iτ + D) coincides with the Atiyah-Patodi-Singer eta invariant of D. This was proved in [9] for admissible Dirac operators and extended to the general case in [7]. We claim that the Melrose eta invariant and the three traces on Ψ^Z_{sus}(M) analyzed in the previous sections are intimately related to the K- Theory of the suspended algebra. We look at the principal symbol short exact sequence

0 → Ψ^{−1}_{sus}(M) → Ψ^0_{sus}(M) → C^∞(S^∗_{sus}M) → 0 (8)

and complete it with respect to the norm topology of bounded operators on L^2(M ⊗ R). The result is the short exact sequence of C^∗-algebras

0 → C_0(R, k) → Ψ^0_{sus}(M) → C(S^∗_{sus}M) → 0. (9)

kso.tex; 9/12/2002; 10:49; p.9

Here k denotes the ideal of compact operators on L^2(M), and C_0 are the continuous functions vanishing at infinity with values in k, i.e. a function f ∈ C_0(R, k) satisfies lim_{|τ |→∞} ‖f(τ)‖_{L(L}2_{(M))} = 0.

The algebra Ψ^0_{sus}(M) is a Fréchet Ψ^∗-algebra in the sense of Gramsch [3]. Indeed, the only nontrivial condition to be checked is spectral invariance, in other words that suspended operators which are invertible inside bounded operators are in fact invertible as suspended operators; this follows by a standard argument as in [4, Theorem 5.4] for instance, see also [14]. Since Ψ^0_{sus}(M) is a Ψ^∗-algebra it follows that it is closed under holomorphic functional calculus hence the K-Theory of the algebras in (8) and of their closure (9) inside L(L^2(M ⊗ R)) coincide.

It is the K-Theory of these completed algebras that we compute effectively. In fact, it is already clear that we will compute K_∗(Ψ^0_{sus}(M)) using the six-term long exact sequence in K-Theory associated to (9), since we see immediately what the K-Theory groups of the first and the third algebras are. Namely

K_0(C_0(R, k)) ∼= 0 K_{−1}(C_0(R, k)) ∼= Z K_∗(C(S^∗_{sus}M)) ∼= K^∗(S^∗_{sus}M),

where the second isomorphism is given by the winding number viewed as a map from π_1((1 + M(k))^{−1}) into Z (here M(k) denotes the space of infinite matrices with entries in k, all but a finite number of which are 0, and is not related to the manifold M). Thus the only element to determine in this long exact sequence is the boundary map

δ : K_0(C(S^∗_{sus}M)) → K_{−1}(C_0(R, k)). (10)

REMARK 5. For the analogous question in the setting of the algebra Ψ^0(M), the only interesting map is the boundary

d : K^1(S^∗M) → K_0(k) ∼= Z,

which is just the index (of a pseudo-differential operator on M with principal symbol homotopic to a given invertible matrix-coefficient function on S^∗M).

Let D : C^∞(M, E^+) → C^∞(M, E^−) be an elliptic differential operator of order 1. Note that for any non-negative Schwartz function ϕ such that ϕ(0) > 0, we have ϕ(τ)P_{ker(D)} ∈ Ψ^{−∞}_{sus} (M, E^+, E^−) where P_{ker(D)} denotes the orthogonal projection on ker(D) in L^2(M, E^+). Let j ∈ Z be such that E^+ ⊕ E^− is a direct summand inside the trivial

kso.tex; 9/12/2002; 10:49; p.10

bundle C^j . We associate to D a projector in M_j(Ψ^0_{sus}(M)/Ψ^{−∞}_{sus} (M)) as follows: first construct the suspended operator

A := [ −τ D^∗ D τ ] . (11)

Notice that A is elliptic, symmetric and ~A2 := [ τ^2 + D^∗D + ϕ(τ)P_{ker(D)} 0 0 τ^2 + DD^∗ + ϕ(τ)P_{ker(D}∗_) ]

is a positive invertible suspended operator and ~A^2 −A^2 ∈ Ψ^{−∞}_{sus} (M). Let Q := ( ~A^2)^{1/2}. Clearly Q commutes with A modulo Ψ^{−∞}_{sus} (M, E^+ ⊕ E^−) so (Q^{−1}A)^2 ≃ 1 modulo Ψ^{−∞}_{sus} (M, E^+ ⊕ E^−). Therefore

P := 1 − Q^{−1}A 2 is a projector modulo Ψ^{−∞}_{sus} (M, E^+ ⊕ E^−). Add to P the identity I_E⊥ of a complement of E^+ ⊕ E^− inside C^j and define the projector [P ] as

the class of P̃ := [ P 0 0 I_E⊥ ] modulo Ψ^{−∞}_{sus} (M, C^j ).

PROPOSITION 6. The image of the K-Theory class of the projector [P ] through the boundary map (10) is δ([P ]) = index(D).

Proof. The image of the projector [P ] through the boundary map δ is by definition the class of exp(2iπP̃ ) (i.e. its winding number) inside π_1(1+M_j (k)). But in fact exp(2iπP̃ ) belongs to 1+Ψ^{−∞}_{sus} (M, C^j ) since P̃ is a projector modulo Ψ^{−∞}_{sus} (M, C^j ). For such loops the winding number is identified to half the eta-invariant (7) by [9, Proposition 8, (5.3) and (9.1)] and is given by the formula w ( e^{2iπP̃} ) = 1 2 η(e^{2iπP̃} ) = 1 i Tr(e^{−2iπP̃} ∂_τ ( e^{2iπP̃} ) ) = 1 i Tr(e^{−2iπP} ∂_τ ( e^{2iπP} ) ). Since Tr is a trace on Ψ_{sus}(M) and t → exp(itP ) is a group morphism, it follows that Tr(e^{−2iπP} ∂_τ ( e^{2iπP} ) ) = 2πiTr(∂_τ (P ))

and so

δ([P ]) = 2πTr(∂_τ (P )) = −πTr(∂_τ (Q^{−1}A)) = −π~Tr(Q^{−1}A).

kso.tex; 9/12/2002; 10:49; p.11

Let Q_1 := (τ^2 + D^∗D + ϕ(τ)P_{ker(D)})^{1/2} Q_2 := (τ^2 + DD^∗ + ϕ(τ)P_{ker(D}∗_))^{1/2}.

Now ~Tr(Q^{−1}A) = ~Tr((Q^{−1}A)_{11} + (Q^{−1}A)_{22}) (in terms of the writing of Q^{−1}A as a 2 × 2 matrix of operators) so 1 π δ([P ]) = ~Tr(Q^{−1}_1 τ) − ~Tr(Q^{−1}_2 τ).

Applying now Corollary 4 we write this as Tr_w(Q^{−1}_1 ) − Tr_w(Q^{−1}_2 ). In other words we proved

2δ([P ]) = Res_{s=0}Tr(Q^{−s−1}_1 ) − Res_{s=0}Tr(Q^{−s−1}_2 ) = Res_{s=0} ∫ R (Tr(Q^{−s−1}_1 ) − Tr(Q^{−s−1}_2 ))dτ.

For each fixed τ we expand the traces in terms of eigensections of D^∗D and DD^∗:

Tr(Q^{−s−1}_1 ) = ∑ λ∈Spec(D^∗D)\{0} (τ^2 + λ)^{− s+12} + ∑ λ∈ker(D) (τ^2 + ϕ(τ))^{− s+12}

Tr(Q^{−s−1}_2 ) = ∑ λ∈Spec(DD^∗)\{0} (τ^2 + λ)^{− s+12} + ∑ λ∈ker(D^∗)

(τ^2 + ϕ(τ))^{− s+12}

where multiplicities are taken into account. It is well-known that Spec(D^∗D) \ {0} = Spec(DD^∗) \ {0} so the terms corresponding to non-zero eigenvalues cancel each-other. Thus

Tr(Q_1(τ)^{−s−1}) − Tr(Q_2(τ)^{−s−1}) = index(D)(τ^2 + ϕ(τ))^{− s+12} . (12) We are left with

2δ([P ]) = index(D) · Res_{s=0} ∫ R (τ^2 + ϕ(τ))^{− s+12} dτ.

The proposition follows from the next lemma.

LEMMA 7. For all non-negative Schwartz functions ϕ with ϕ(0) > 0 we have Res_{s=0} ∫ R (τ^2 + ϕ(τ))^{− s+12} dτ = 2.

kso.tex; 9/12/2002; 10:49; p.12

Proof. (τ^2 + ϕ(τ))^{− s+1}2 is a classical symbol of order −s − 1, with asymptotic expansion |τ|^{−s−1} + |τ|^{−s}S^{−2}(R) where S^{−2}(R) denotes the space of classical symbols of order −2 on R. Let ψ be a smooth function such that ψ(τ) = 0 for |τ| < 1/2 and ψ(τ) = 1 for |τ| ≥ 1. Then (τ^2 + ϕ(τ))^{− s+12} = ψ(τ)|τ|^{−s−1} + |τ|^{−s}r(τ), for some r(τ) ∈ S^{−2}(R). First, ∫ R |τ|^{−s}r(τ)dτ is absolutely integrable, hence holomorphic in s, for Re(s) > −1. We decompose then the remaining term ∫ R ψ(τ)|τ|^{−s−1}dτ in the integral on the interval [−1, 1] (which is entire in s) and the integral on R \ [−1, 1], which is computed explicitly and gives^2_s .

We want to conclude that the boundary map δ is surjective. Indeed, if there existed a first-order differential operator on M of index 1 then surjectivity would be a consequence of Proposition 6. However such an operator does not always exist, for instance if dim(M) is odd. Thus we must extend Proposition 6 to pseudo-differential operators.

Let D ∈ Ψ^1_{sus}(M, E^+, E^−) be a suspended operator of order 1 which restricts to an elliptic operator on M for τ = 0. It is fairly obvious (see [9, (3.2)]) that σ_1(D(τ))(x, ξ) = σ_1(D)(x, ξ, 0) for all x, ξ ∈ T^∗M, τ ∈ R, in other words the principal symbol of D(τ) is independent of τ. Thus D(τ) is also elliptic for all τ ∈ R. Assume moreover that for |τ| < ϵ the null-space of D(τ) as an operator on C^∞(M, E^+, E^−) is of constant dimension. Then the null-space of D^∗(τ) is also of constant dimension for |τ| < ϵ by the homotopy invariance of the index. Choose ϕ to be a non-negative smooth function on R supported in [−ϵ, ϵ]. It follows that ϕ(τ)P_{ker(D(τ ))}, ϕ(τ)P_{ker(D}∗_{(τ ))} are suspended operators of order −∞. Let A be defined by (11) on E^+ ⊕ E^−. Set ~A2 := [ τ^2 + D^∗D + ϕ(τ)P_{ker(D(τ ))} 0 0 τ^2 + DD^∗ + ϕ(τ)P_{ker(D}∗_{(τ ))} ] . Thus ~A^2 is an invertible operator in Ψ^2_{sus}(M, E^+ ⊕ E^−). Let

Q := ( ~A^2)^{1/2}, P := 1 − Q^{−1}A 2 .

kso.tex; 9/12/2002; 10:49; p.13

Then P is a projector modulo Ψ^{−∞}_{sus} (M, E^+ ⊕ E^−) as before, and we add to it the identity of a complement bundle to make it into a matrixvalued projector [P ].

THEOREM 8. Let [P ] be the above projector. Then the image of its class in K_0(S^∗_{sus}M) through the boundary map (10) is

δ([P ]) = index(D).

Proof. Basically unchanged from the proof of Proposition 6 in the particular case of differential operators. Write as before

2δ([P ]) = Res_{s=0} ∫ R (Tr(Q^{−s−1}_1 ) − Tr(Q^{−s−1}_2 ))dτ

where

Q_1 := (τ^2 + D^∗(τ)D(τ) + ϕ(τ)P_{ker(D(τ ))})^{1/2}

Q_2 := (τ^2 + D(τ)D^∗(τ) + ϕ(τ)P_{ker(D}∗_{(τ ))})^{1/2}.

The difference is that now we must decompose the traces of Q^{−s−1}_1 , Q^{−s−1}_2 over the spectrum of D(τ)^∗D(τ), resp. D(τ)D(τ)^∗ which varies with τ ∈ R. However, this does not affect the validity of the crucial identity (12) by the homotopy invariance of the index. Lemma 7 finishes the proof.

Note the similarity of Theorem 8 with [6, Proposition 3], which holds however only for differential operators. It would be interesting to investigate whether our results have an extension to the more general framework of differentiable groupoids.

COROLLARY 9. The map δ : K_0(C(S^∗_{sus}M)) → K_{−1}(C_0(R, k)) is surjective.

Proof. Choose a matrix-valued elliptic pseudo-differential operator in Ψ^1(M, C^N ) of index 1. Such an operator always exists as a consequence of Fedosov’s formula (see [4, Theorem 5.18]). We can extend its symbol σ(y, μ) to a smooth 1-symbol σ̃(y, μ, τ) on T^∗_{sus}M simply by extending σ(y, μ)|_S∗_M to S^∗_{sus}M arbitrarily and then extending by homogeneity 1 to T^∗_{sus}M \ {0}. Choose a suspended operator D ∈ Ψ^1_{sus}(M, C^N ) with symbol σ̃. From the discussion preceding Theorem 8 it follows that D(τ) ∈ Ψ^1(M, C^N ) is elliptic for all fixed τ. By homotopy invariance, the index of D(τ) is 1 for all τ ∈ R. By adding a perturbation in Ψ^{−∞}_{sus} (M) we can moreover make ker(D(τ)) of constant dimension 1 for |τ| < ϵ. Applying Theorem 8 to this perturbed D implies the result.

kso.tex; 9/12/2002; 10:49; p.14

In conclusion K_0(Ψ^0_{sus}(M)) = ker(δ), K_1(Ψ^0_{sus}(M)) = K^1(S^∗_{sus}M).

6. An alternate approach to Theorem 8

Corollary 9 implies the computation in [11, Corollary 6] of the K- Theory of Ψ^0_{sus}(M). In fact, Theorem 8 is equivalent to [11, Theorem 8] which states that for all a ∈ K^0(S^∗_{sus}M)

δ(a) = (−1)^n ∫ S^∗_{sus}M

Ch(a)p^∗T (M), (13)

where Ch is the Chern character, T (M) is the Todd genus of T M ⊗ C and p : S^∗_{sus}M → M is the projection. Indeed, the Atiyah-Singer index formula suggests a strong link between (13) and Theorem 8.

We sketch the proof below. Let a denote the class in K^0(S^∗_{sus}M) of the projector P from Theorem 8. Let U ∈ C^∞(S^∗_{sus}M, p^∗E^+, p^∗E^−) be the principal symbol of D. The class a is the class of the vector bundle F on S^∗_{sus}M defined by the span of eigenvectors of positive eigenvalue of the self-adjoint invertible endomorphism of E^+ ⊕ E^− [ −τ U^∗ U τ ] . The bundle F is the set of all vectors of the form (v, ( (τ^2 + UU^∗)^{1/2} − τ )_{−1} Uv) ∈ p^∗E^+ ⊕ p^∗E^− (14)

or equivalently ( (τ^2 + U^∗U)^{1/2} + τ )_{−1} U^∗w, w) ∈ p^∗E^+ ⊕ p^∗E^−. (15)

The projection onto the first, respectively onto the second factor is an isomorphism from F |_{{τ <1}} to p^∗E^+|_{{τ <1}}, respectively from F |_{{τ >−1}} to p^∗E^−|_{{τ >−1}}. Thus F is obtained by glueing p^∗E^+ and p^∗E^− over {τ = 0} via the composite isomorphism (UU^∗)^{−1/2}U. This isomorphism is homotopic to the symbol U, so F (hence the class a) is just the index bundle of D. Theorem 8 follows now from the classical index formula of Atiyah-Singer and (13). Going backwards along this argument proves (13) from Theorem 8 using the Atiyah-Singer formula and a bit of topological K-Theory.

This approach is quite unsatisfactory. Indeed, the Atiyah-Singer index theorem has been used twice in opposite directions, once to identify the analytic index with the right-hand side of (13), and a second time to

kso.tex; 9/12/2002; 10:49; p.15

16 Sergiu Moroianu

prove (13) (the starting point in the proof of [11, Theorem 8] is exactly the index theorem; the rest of the argument uses the algebra of bpseudodifferential operators and the K-Theory of its norm completion, computed in the body of [11]). It seems that for our limited purposes the approach of [11] is unnecessarily complicated and moreover it obscures the intrinsic properties of the algebra Ψ_{sus}(M). In light of our results the ”higher indices” from [11] become nothing else than usual indices of elliptic operators, at least when the dimension of the suspension is 1.

References

1. M.F. Atiyah, V.K. Patodi, and I.M. Singer, Spectral asymmetry and Riemannian geometry. III., Math. Proc. Cambridge Philos. Soc. 79 (1976), 71–79.

2. P.-Y. Gall and B. Monthubert, K-Theory of the indicial algebra of a manifold with corners, K-Theory 23 (2001), 105-113.

3. B. Gramsch, Relative Inversion in der Störungstheorie von Operatoren und Ψ- Algebren, Math. Annalen 269 (1984), 27–71.

4. R. Lauter and S. Moroianu, Fredholm Theory for degenerate pseudodifferential operators on manifolds with fibered boundaries, Comm. Partial Diff. Eq. 26 (2001), 233–285.

5. R. Lauter and S. Moroianu, Homology of pseudodifferential operators on manifolds with fibered cusps, University of Mainz preprint (2002).

6. R. Lauter, B. Monthubert and V. Nistor, Pseudodifferential analysis on continuous family groupoids, Doc. Math. 5 (2000), 625–655.

7. M. Lesch and M.J. Pflaum, Traces on algebras of parameter dependent pseudodifferential operators and the eta-invariant, Trans. Amer. Math. Soc. 352 (2000), 4911–4936.

8. S.T. Melo, R. Nest and E. Schrohe, C^∗-structure and K-Theory of Boutet de Monvel’s algebra, University of Potsdam preprint 33/2001.

9. R.B. Melrose, The eta invariant and families of pseudodifferential operators, Math. Res. Letters 2 (1995), 541–561.

10. R.B. Melrose, Pseudodifferential operators, corners and singular limits, Proceedings of the International Congress of Mathematicians (Kyoto,1990), Math. Soc. Japan, Tokyo (1991), 217–234.

11. R.B. Melrose and V. Nistor, K-Theory of C^∗-algebras of b-pseudodifferential operators, Geom. Funct. Anal. 8 (1998), 88–122.

12. V. Nistor, Asymptotics and index for families invariant with respect to a bundle of Lie groups , Rev. Roum. Math. Pures Appl., to appear.

13. S. Rempel and B.W. Schulze, Complete Mellin and Green symbolic calculus in spaces with conormal asymptotics, Ann. Global Anal. Geom. 4 (1986), 137–223.

14. E. Schrohe and B.W. Schultze, Boundary value problems in Boutet de Monvel’s algebra for manifolds with conical singularities. II, Math. Top. 8 (1995) Akademie-Verlag, Berlin, 70–205.

15. M.A. Shubin, Pseudodifferential operators and spectral theory, Springer Series in Soviet Mathematics. Springer-Verlag, Berlin, 1987.

kso.tex; 9/12/2002; 10:49; p.16