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Abstract

In this paper the problem of Hs-control of a discrete-time linear system subject to
Markovian jumping and independent random perturbations is considered. Several kinds of
H, types of performance criteria (often calls Ho-norms) are introduced and characterized
via solutions of some suitable linear equations on the spaces of symmetric matrices. The
purpose of such performance criteria is to provide a measure of the effect of additive white
noise perturbations over an output of the controlled system. Different aspects specific to
the discrete-time framework are revealed. The problem of optimization of Hs-norms is
solved under the assumption that full state vector is available for measurements. One
shows that among all stabilizing controllers of higher dimension, the best performance
is achieved by a zero order controller. The corresponding feedback gain of the optimal
controller is constructed based on the stabilizing solution of a system of discrete-time
generalized Riccati equations. The case of discrete-time linear stochastic systems with
coefficients depending upon the states both at time ¢ and at time ¢ — 1 of the Markov
chain, is also considered.
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1 Introduction

The problem of optimal control associated to a deterministic or stochastic controlled system
subject to some white noise perturbations has a long history. For the stochastic framework we
refer to [1]-[11], [23],[25])-[35]. A natural performance index for a such optimization problem is
provide by the limit for ¢ tends to infinity of the mean square (second moment) of a suitable
output of the closed-loop system. The value of a such performance criteria is expressed in terms
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of observability Gramian of the closed-loop system. In [13] was observed that the same formula
based on the observability Gramian corresponds to the state space setting of the Hs-norm
of a linear time invariant deterministic system. So, in the literature by Hs-control problems
associated to a deterministic or stochastic time invariant or time varying controlled system one
understands any control problem asking the minimization of a quadratic cost functional over
the trajectories of the closed-loop system subject to additive white noise.

In the case of time-varying linear stochastic systems described by Ito differential equations
the H, optimization problem was solved in [14] for the finite dimensional case and in [11] for
the infinite dimensional case. In the case of continuous-time linear stochastic systems subject
to Markovian jumping the Hs-optimization problem was considered in [7] and [22]. In [17, 18]
the Hs-optimization problem was investigated in the case of continuous time linear stochastic
systems subject to both multiplicative and additive white noise and Markovian switching.

For the discrete-time framework the Hs optimization problem was considered in [24] and
[25] for systems with independent random perturbations and in [6, 9] and [10] for the systems
affected by Markovian jumping. In [10] a convincing motivation for the applicability of Hs-
optimization problem for discrete-time systems with Markovian jumping is given.

In the present paper we consider the problem of H, optimal control for a wide class of discrete
time linear stochastic systems. We refer to linear stochastic systems subject to Markovian
jumping and independent random perturbations. Our goal is to provide an unified approach of
this optimization problem and to reveal the aspects specific to the discrete time as well to the
presence of a Markov chain in the coefficients of the system. For a such discrete time linear
stochastic system we introduce 3 types of Hy performances (Hs- norms). We prove that under
some additional assumptions these performance criteria can be expressed using the solutions of
some linear equations on certain space of symmetric matrices. Since the usual Hy performances
associated to a discrete time linear stochastic system with Markovian jumping are strongly
dependent upon the initial distribution of the Markov chain we proposed a new performance
criteria not depending upon the initial distributions of the Markov chain. Concerning the
problem of optimal control with respect to the H, performances we restrict our attention
to the case of full state measurements. This is due to the length limitation of the paper.
For the considered optimization problem we show that among all stabilizing controllers of
higher dimension, the best performance is achieved by a zero order controller. That is a state
feedback. It is the same state feedback which solves the linear quadratic optimization problem
(the standard regulator problem) for this class of discrete time linear stochastic systems (see
[20]. In the paper, special attention is paid to the case of discrete-time controlled systems with
coefficients depending upon the state both at time t and a time t-1 of the Markov chain. We
consider that a such class of systems provides a good mathematical model in the case when
some delays in the transmission of the data can arise either on the channel from sensors to
controller or from controllers to actuators.

The outline of the paper is:

Section 2 contains a detailed description of the mathematical model of the controlled systems
under consideration in the paper. Also the definitions of three H, norms are introduced and the
optimization problems which we want to solve are stated. In section 3 we give formulae of the
those three Hs norms defined in section 2. The obtained formulae are based on solutions of some
suitable linear equations on the certain spaces of symmetric matrices. In the last part of this
section several robustness issues concerning the Hy-norms of discrete time linear systems with
Markovian jumping are discussed. We feel that such issues were less discussed in the existing
papers in the field. Section 4 contains the solution of the H,; optimization problem under



the assumption that the full state vector is available for measurements. The proofs of several
auxiliary results involved in Section 3 are collected in a Appendix. Also a brief discussion of
the problem of the existence of the stabilizing solution of a discrete time stochastic generalized
Riccati equation can be found in the last part of the Appendix.

2 H, norms of discrete-time linear stochastic systems

2.1 Model setting
Consider the discrete-time linear system (G) described by:

@) - 2t +1) = (Ao(m) + XZJ wi (1) A (ne))x(t) + Bo(ne)v(t) (1)

where z(t) € R™ is the state vector, z(t) € R" a controlled output, {wg(t)}+>0,1 < k <7, are
sequences of random variables and {v(t)};>¢ is a sequence of m,-dimensional random vectors
on a given probability space (2, F,P), while {n;}:>o is a homogenous Markov chain with the
set of the states D = {1, 2, ..., N} and the transition probability matrix P. This means that for
each ¢ > 0 we have

P{ner1 = 3lGie} = P{ner = jlne} = p(ne, J) (2)

for all j € D, where p(i,j) are the elements of the N x N stochastic matrix P and G, =
o(no, M, -..,m¢) (the smallest o-algebra generated by the random variables 7, 0 < s < t). For
more details concerning Markov chains we refer to [12].

n (1), Ax(i) € R B,(i) € R™™ C(i) € R"*" are given matrices.

7, stands for the set of nonnegative integers.

Throughout this paper the following assumptions are made:

H,) If w(t) = (wi(t), wa(t), ..., w,(t))" then {w(t)};>0 is a sequence of independent random
vectors with the following properties:

Elw(t)] =0, Efw(t)w” (t)] = I.,t > 0,
I, being the identity matrix of size r.

H,) The stochastic processes {w(t)}+>0 and {n(t)}+>0 are independent.

H;) {v(t)}+>0 is a sequence of independent random vectors with the properties:
E[v(t)] = 0, Eu(t)v" ()] = In,,t = 0
and {v(t)}s+>0 is independent of stochastic processes {w(t)}i>0 and {n}i>o0-

Throughout the paper, the superscript 7' stands for the transpose of a matrix or a vector,
while F[-] stands for the expectation.



Related to the Markov chain 7, we define m(i) = P(np, = i),i € D,t > 0 and
m = (m (1), m(2), ..., m(N)) is known as the distribution of the random variable ;.
The sequence {m;}:>o solves the forward linear equation

For each ¢ > 0 we introduce the following subset of D:
D, ={i € D,m(i) > 0}. (4)

From (3), one obtains that for a Markov chain is possible to have D\ D, # ¢ for some t > 1,
even if Dy = D.
Let A(t) = Ao(n:) + > wi(t)Ax(me), t > 0.
k=1

[ At —1)A(E—2)..A(s), if t>s+1
Set ©(t,5) = { I, it tes.
If z(t,ty, zo) is the solution of (1) with the initial value x(¢,ty,zo) = x¢ then we have the

following representation formula:

t—1

x(t, to, 20) = B(t,t)z0 + Y B(t, 1+ 1)B,(m)v(l) (5)
I=tg
forall t >ty + 1.
We have
ZE(t,tQ,.T()) = (I)(t,t())ﬂf() + l'o(t, to) (6)

t—1
with zo(t,t0) = x(t, t0,0) = > ®(¢, 1+ 1)B,(m)v(l).
l=tg
The corresponding output is

2(t, to, x0) = C(n,)P(t, to)x0 + 20(t, to) (7)

where zy(t,t9) = C(n)xo(t, to)-
In (7) C(n)®(t,t9)xo is the transitory component of the output signal while zy(¢, o) is the
answer of the system determined by the exogenous noise v(t).

2.2 H, type norms

The linear system obtained from (1) is:

ot +1) = (Ao(m) + Y wi(t) Ax(m))(t). (8)

k=1

We recall that the zero state equilibrium of (8) is exponentially stable in mean square (ESMS)
for shortness, if there exist 3 > 1,q € (0, 1) such that

E[|®(t,0)x0l*] < Bg'[xof*,t >0 (9)

for all xy € R™ and for every initial distribution 7y of the Markov chain.
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For other equivalent definitions of (ESMS) related to linear systems of type (8) we refer to
[16].

Under the assumption that the zero state equilibrium of (8) is (ESMS) we introduce the
following performance criteria associated to the system (1):

l
1 1
1Gll2 = 7; [|2(¢,0, z0)[])2 (10)

ﬂ |~2 (lim ZZZE 2(t,0,20)|? /1o —z])% (11)

l—>oo
t=0 i€Dgy

N

N1GI[l2 = (Jim E[|z(t, s, 20)[*])2. (12)
Since in the deterministic framework (i.e. D = {1} and Ax(1) = 0,1 < k < r), the right
hand side of (10)-(12) provides the state space characterization of the Hy norm of a linear
time invariant deterministic system, we shall preserve the same terminology in this general
framework of stochastic systems (1). That is why we shall call Hy-norms the cost functionals
introduced by (10)-(12).

Having in mind (7) and (9) one can see that the transitory component of the output z(¢, s, o)
do not influence the performances (10)-(12). Explicit formulae for the performances (10)-(12)
will be derived in section 3.

2.3 H, optimization
Consider the discrete time controlled stochastic system (G) described by:

r

z(t+1) = [Ao(me) + 24y wi(t) Ax ()] () + [Bo(ne) + > wi(t) Br(m)]u(t) + By (me)v(t)

@9 yt) = 2t (13)

2(t) = Co(ne)2(t) + D= (1e)ut)

where z(t) € R™ is the state vector, u(t) € R™ is the control input, y(¢) € R™ is the vector of the
measurements, z(t) € R" is the controlled output and {wg(¢) }+>0,1 < k <7, {m }+>0, {v(t) }+>0
are as before and verify Hy) — Hj). It is assumed that the whole state vector is available for the
measurements. The coefficients Ay (1), Bi(i),0 < k < r, B,(i),C.(i), D,(i),7 € D are constant
matrices of appropriate dimensions.

To control the systems of type (13) we consider dynamic controllers of the form:

zo(t +1) = [Aco(me) + k; Wi (t) Acre (1) ]2 (t) + (Beo(ne) + 34—y e () Bex (me) Jue(t) (14)
Ye(t) = Ce(ne)ze(t) + Fe(ne)ue(t),
t > 0, where z. € R" is the vector of the states of the controller, u.(f) € R™ is the vector

of the inputs of the controller and y.(t) € R™ is the output of the controller. The integer n.
often known as the order of the controller is not prefixed. It will be determined together with

(GC) :



the matrices Ak (7), Bex(7), Ce(i), Fe(i). If n. = 0 the controller (G,) reduces to a feedback gain
Ye(t) = Fe(ne)ue(t).

Coupling a controller (G.) of type (14) to a system (G) of type (13) taking w.(t) =
y(t),u(t) = y.(t) one obtains the following closed loop system:

r

Ta(t+1) = [Aou(m) + 2 w(t) Agar(m) e (t) + Bue(m)v(t)

(Gcl) . k=
2a(t) = Ca(ne)zalt),t >0

(15)

where z4(t) = (27 (t) «I(t) )T’

_ ( Ax(@) + Bi(i) Fe(i) Bk( )Ce(i) [ Bu(i)
Apal(i) = ( B (i) A (i) ) LO0<k<r, Byli)= < )

Cu(i) = ( C.(1) + D.())F.(i) D.(1)C.(i) ). (16)

Definition 2.1. We say that a controller (G..) of type (14) is a stabilizing controller for the
system G of type (13) if the zero state equilibrium of the linear system

T

$cl(t + 1) = (AOCI (nt) + Zwk(t)Akcl(nt))xcl(t)

k=1

is exponentially stable in mean square.

In the sequel we shall denote KC4(G) the class of stabilizing controllers for a given system
(G) of type (13). Now we are in position to state the optimization problems associated to a
system (13):

OP;. Find an admissible controller éc such that the corresponding closed-loop system écl

satisfy 3
|Gallz = min IIGczII2
Gcek

OP;. Find an admissible controller G. such that the corresponding closed-loop system G
satisty [[Gall, = min (|Gl

OPs. Find an admissible controller éc such that the corresponding closed-loop system écl
satisty |Gl = min_[[1Gil|

[ S

Since in the case N = 1 the norm (10)-(11) coincide it follows that for the system subject
to independent random perturbations we have only two Hs-optimization problems OP; and
OPj3, respectively.

2.4 Systems with coefficients depending upon 7; and 7, 4

The explicit formulae of the Hy-norms (10)-(12) will be derived as special cases of some cor-
responding Hy norms defined for a more general class of discrete-time stochastic systems with
coefficients depending upon 7, and n;_;.



Let us consider the discrete-time controlled systems (G) described by:
w(t+1) = [Aolm, mer) + 2 i (8) Ak mn)lz(t)+
+[Bo (e, me-1) + Z ) Br(0e; 1) [u(t) + By (1, me-1)v(t)

Wt
y(t) = [Colm 1) + z W) Cen me1)]2(E) + Dy, me)0(2)
L 2(t) = [Co(ne, me—1)2(t) + Da(ne, ne—1)u(t), t > 1

where x(t),u(t),y(t), z(t) have the same meaning as in the case of the system (13), while
{wi () }e>0, {mt }1>0, {v(t) }+>0 are stochastic processes which satisfy assumptions H;) — Hj).
A(i,j) € R™" By(i,j) € R™™ Cy(i,5) € R0 < k < r, B,(i,j) € R™™ D, (i,j) €
R™*™e O, (i,7) € R"*" D,(i,j) € R"*™ i) € D are given matrices.

The above systems can be obtained in a natural way from systems of type (13) if a delay in
the transmission of the measurements is possible between the sensors and controller. Consider
that in (13) an output

(

§(t) = (Colme) + Y wi(t)Cr())(t) + Dy (me)o(t) (17)
k=1
instead of y(t) = z(t).
Let us assume that at instance ¢, in the system (13), the measurement §(t) = g(t — 1) is
introduced in the controller instead of (t).
Setting Z(t) = ( z7(t) 2T(t—1) )T one obtains the following system derived from (13)with
measurement output (17)

Ft+1) = (Ao(mmi—1) +Zwk k(s 1)) () +
0 (T -1 +Zwk k(s M=) () + Bu(1e, 101 0(1).
yt) = [Colne, m- +Zwk k(1 e-1)JE(E) + Dy (e, 1) () (18)
A1) = Culgy )7 ()+D (e, Me—1)u(t)

where
< (A 0N s [ A@) 0
AO(Zvj)_< In O)aAk<Z7]>_( 0 0 71§k§Ta
A, §) =0, 1+ 1<k <2r,Coi,§) = (0 Co(§) ),Culi,j) =0,1<k <,
Ce(i,j) = (0 Crr(j) ), r+1<k<2n

By(i, ) = ( B’B(’) ),OSkST,Bk(i,j):O r+1<k<2r (19)

o O

B = (T3 0 ) e R DI) = (0 D)) Culid) = (€0 0),
Dz(l,]) = Dz(z),u?k(t) = wk(t), 1 S k S T, U~1k(t) = wk_r(t - 1),7" +1 S k S 27“,

5(t) = (oT(t) WT(t—1))"



To redefine the Hy norms of type (10)-(12) in the case of systems with coefficients depending
upon 7; and 7;_; we consider the uncontrolled system:

r

(G) . $(t + ) (Aﬁ(nta h— 1) + Z wk(t>Ak(nta nt—l))x<t) + Bv(ntv nt—1>v(t> (20)

2(t) = C(ne, me—1)x(t), t > 1

As in the case of system (1), x(t,to,z0),t > to > 1,29 € R" stands for the trajectory of (20)
with the initial value z(to, to, o) = xo and z(t, to, zo) = C (1, mi—1)x(t, to, To) is a corresponding
output.

The analogous of norms (10)-(12) defined for the system (20) are:

ol

NI

l
1
1G> = [lim iz 2(t, 1, 20) ] (21)

1G], = [lim = z ZZE|Z t,1,20)2mo = ]2 (22)

l—»oo
t=1 i€Dy

G2 = [lim ElJ=(t, 5, z0) )%

N =

(23)

In the next section we shall show how we can express the right hand side of (21)-(23) in terms
of solution of some suitable linear equations. Such linear equations extend to this framework
the well known equations of observability Gramian and controllability Gramian from the de-
terministic framework.

3 The computation of H, type norms

3.1 Some preliminaries

Let S, € R™" be the linear subspace of n x n real symmetric matrices and S = S, & S,, @
. ®S,. We have X € S, iff X = (X (1), X(2),..., X(N)), X (i) € S,. S is a real Hilbert space
with the inner product:

< XY >= iTr[X(i)Y(i)] (24)

=1

for arbitrary X,Y € S¥. Tr[] is the trace operator. Moreover, the Hilbert space SY is an
ordered linear space with respect to the order relation ” <” induced by the convex cone

SNt = (X e SV|X =(X(1),...,X(N)),X(i) >0,1<i <N}

Here X (i) > 0 means that X (i) is positive semidefinite. Together with the norm |- |5 induced
by the inner product (24) we consider the norm |- |; defined as | X|; = max max{|A(2)||\(7) €
1€

o(X(i))}, where (X (7)) stands for the set of the eigenvalues of the matrix X (7).
Consider the discrete-time linear system

2t + 1) = [Ao(e 1) + Y wi(t) A, 1-1) ] (8) (25)

k=1

8



obtained from (20) taking B,(i,j) = 0.
Using the matrices A(7, j) and the transition probability matrix P we construct the linear
operator T : S — 8N as TH = (YH(1),YH(2),..., TH(N)) with

YH(i) =YY p(j,)Axli, j) H(5) AL (G, 5) (26)

k=0 j=1

i € D,H € 8. The linear operator T defined above will be called the Lyapunov type operator
associated to the discrete-time linear system (25).

By direct computation one obtains that the adjoint operator T* with respect to the inner
product (24) is given by Y*H = (Y*H (1), Y*H(2),..., T*H(N)),

Y H@) =Y > pli, )AL G i) H(j)Ak(j,4), i €D (27)

k=0 j=1

H € 8Y. We recall that the zero state equilibrium of (25) is exponentially stable in mean square
(ESMS) if there exist 5 > 1,q € (0,1) such that E[|z(t,1,z0)*] < B¢ '|xo|? for all solutions
x(t, o) of (25). Different equivalent definitions and details concerning the characterization of
the concept of ESMS for systems of type (25) can be found in [19].

From Theorem 3.7 in [19] we have:

Proposition 3.1.Under the assumptions Hy)-Hy) the following are equivalent:

(i) The zero state equilibrium of the system (25) is (ESMS).

(11) p(Y) < 1, p(-) being the spectral radius.

The above Proposition together with Theorem 3.5 in [15] lead to:

Proposition 3.2. Assume:

a) Assumptions Hy)-Hy) are fulfilled.

b) The zero state equilibrium of (25) is ESMS.

Then the following hold:

(i) The algebraic equation on SN: Y =YY + H has a unique solution which is given by

Y =5 T'H.
=0
(ii) The algebraic equation on 8Y : X = Y*X + H has a unique solution which is given by
X =>(T*)'H.
=0

Moreover, if H € SN* then the solution X andY of the above equations belong to SN+.
Concerning the stochastic matrices we recall the following result proved in [12]:

l
Proposition 3.3. If P € RV*Y is a stochastic matriz then the Cesaro limit lim % S Plis

=00 " 4=0
well defined. If

1
Q= lim ) P! (28)
then @ is also a stochastic matriz and we have QP = PQ = Q.

Definition 3.1. We say that the stochastic matrix P is a non-degenerate stochastic
matrix if for each j € D there exists ¢ € D such that p(i,j) > 0.

9



Based on (3) one can see that m(i) > 0 foreacht > 1 and 1 <i < N, if my(j) > 0,1 < j <
N.
At the end of this subsection we introduce several o-algebras generated by the stochastic

processes {w(t) b0, {m}>0, {v(t) }1>0-
Thus we denote

Fi=o(w(0),w(1),...,w(t))
G = (0o, Ny -+ 7t)

Fi = a(v(0),v(1), .., vo(t))
Hi=F VG
Hy=F VGV F
He = Hi1 V (1)

We recall that if 77 and F, C F are two o-algebras then F; VvV F, C F stands for the smallest
o-algebra containing F; and F.

3.2 The computations of the norm (21) and the norm (22)

We start with the following auxiliary result:
Lemma 3.1.Under the assumptions Hy)-Hz) we have E[xT(t + 1)H (ny)z(t + 1)|ns_1] =

N
El"(t)(CH) (e-1)2(t) ns—1]+ 32 BITr[H(§) By (5, m-1) By (4, me-1)Ip(e—1, ) [nsa], VE = s 2 1,
j=1
H € S8, where x(t) = x(t, s,70) is a trajectory of the system (20) starting from zo at t = s.

Proof. (see Appendix A;).

Let A(t) = Ao(ne, mi—1) + kz_:l wi(t) A (e, mi—1). We define O(t,s) = A(t — 1)A(t — 2)...A(s)

ift >s>1and O(t,s) =1, if ¢ = s. O(t, s) will be called the fundamental matrix solution of
the system (25).
The solutions of the affine system (20) have the representation

t—1

$(t, S, 370) = @(tv S)xO + Z @(tv ! + 1)Bv(77l7 771—1)"0(1) (29)

l=s

forallt > s+ 1,5 > 1,29 € R". Often we shall write (¢, s) instead of z(¢, s,0).
Lemma 3.2.Under the assumptions Hy)-Hg) the following hold:

(i) E[Io(ta S)Ig(t> S)] = I;_Zl E[@(t7 [+ 1)Bv(771, 771_1)33(771; nl—l)@T<t7 I+ 1)];

t—1
(i) Elxo(t, s)x{ (t, $)X{,_1=j}] = ZZ E[O(t, 14+1)By (i, m—1) By (i, m—1)O" (£, 1+ 1) X (ne_1=5}]

for allt > s > 1, where as usual x s is the indicator function of the set M € F.
Proof. Using (29) for 2o = 0 one compute firstly the conditional expectations

Elzo(t, s)xg(t, $) | Hi—1]
and

E[xo (t7 S)xg<t7 S)X{m71=j} |Ht71] .

10



To this end one takes into account that ©(t,l + 1), B,(n;, m—1) are H,_1; measurable while v(l)
are independent of H;_;. Details are omitted.

Remark 3.1. If together with assumptions H;)-Hj3) we assume that the zero state equi-
librium of (25) is ESMS then from Lemma 3.2 one obtains that:

sup E[|xo(t, s)]’] <7 < . (30)
t>s>1

On the other hand from the representation formula (29) one deduces that

Ellz(t, s,20) — wo(t, 5)"] < Bg'~*|a|” (31)

forallt >s> 1,20 € R",0>1,q€(0,1).
Combining (30) and (31) we may conclude that
sup El|z(t, s, 20)*] < 71(1+ |20]*) (32)
t>s>1
for all xg € R™.
Lemma 3.3.Assume:
a) The assumptions Hy)-Hs) are fulfilled.

b) The zero state equilibrium of (25) is ESMS.
Under these conditions we have:

! N

1 . S o N

zlggof E E(|C Oy 1)z (t, 1, 20)[*|no = 1] = ‘ E ITT[B (i1, 2) X (i1) By (i1, i2)|p(i2, i1)q (i, i2)
t=1 11,22=

for all zy € R",i € Dy, x(t,1,20) is the trajectory of (20) starting from xy at t = 1, X =
(X(1),X(2),..., X(N)) is the unique solution of the affine equation on S~

X=TX+C (33)
where C = (C(1),C(2), ..., C(N)) with

C(i)

Zp(z',ﬁOT(j,z')O(j, i) (34)

and q(i,i2) are the entries of the matriz Q) introduced by (28).

Proof. see Appendix As.

Now we are in position to prove result which provide explicit formula of the Hs norms
(21)-(22).

Theorem 3.1. Assume:

a) The assumptions Hy)-Hs) are fulfilled.

b) The zero state equilibrium of (25) is ESMS.

Then: (i)

(IGl12)> = > q™(i2)pliz, i1)Tr[X (i1) By (i1, i2) By (i1, i2)]

i1,42=1

N
Z p Zl, 22 TT (227 Z.I)YWO (21)0(22, Zl)]

11



(i)

N

(IG[1)° = Y ¢™(i2)p(iz, it)Tr[X (i1) By (i1, i2) By (iv, i2)]

i1,i9=1
N

= 37 plir, ia)Tr[Clin, i)Y (1) i, in)]

11,i9=1

where X € SNt is the wunique solution of the linear equation (33)-(34) while
Y™ = (Y™(1),Y™(2),...,Y™(N)) € S¥* and YPo = (YPo(1),YP0(2),...,YPo(N)) € SN+
respectively are the unique solutions of the linear equations:

Y =TY +B™ (35)
and
Y =YY + B™ (36)
respectively, with B™ = (B™(1), B™(2), ..., B™(M)),
N
B (i) = Y q™()p(. ) B0 ) By (i) (37)
j=1

and BP° = (BP0(1), BP0(2), ..., BPo(N)),

BP(@) =3 ™ (G)p(G ) Bu(i, ) B (1,5),1 < i < N (38)
0) = 5 7o) and ¢™0) = ¥ alii)1<i< N

Proof. We start with the proof of (ii). Directly from the equalities in Lemma 3.3 one
obtains that

(I1Gll,) _hleZE 2(t, 1, 20) [P0 = 1] =

[=e0 t=1 i€Dgy
N ~
DY aliia)plis, in)Tr[X (1) By (i, i2) BY (i1, 1)) = (39)
11,22=11€Dg
N
> P (i2)p(in, in)Tr[X (i) By(ir, i2) By (in, i2)]
i1,i2=1

which confirms the validity of the first equality of (ii).
Further (24) and (38) allow us to write

N
Z qDO(ig)p(iQ,il)TT[X<i1)By(i1;Z2 11,12 ZTT (i1)] =< X’B'DO > .
11,02=1 11=1

12



Using the equation verified by Y?° and equality (39) we have:

( ‘G||2)2 =< X,YDO > =< X,TYDO S—< X — T*X,YDO S—< é”YDO S
Taking into account (24) and (34) we may write finally

N

1G[1,)? = Y plir,i2)Tr[C7 (i, i1)C(in, i1)Y ™0 (iy)]

i1,i9=1

which confirms the second equality of (ii).
To prove (i) we take into account that E[|z(t,1,20)?] = . mo(i)E[|z(t, 1, 20)*n0 = 1.
i€Dg
Thus, multiplying by mo(7) the equalities proved in Lemma 3.3 and proceeding as in the first
part of the proof one obtains that (i) holds and the proof ends.

Using Lemma 3.1 for H = X one can prove:
Proposition 3.4. Assume:

a) Assumptions Hy)-Hz3) are fulfilled.

b) The zero state equilibrium of (25) is ESMS.
c) P is a non-degenerate stochastic matriz.

d) mo(i) > 0,1 <i<N.

Under these conditions, the following hold:
sH—1 N

(i) lim T 2 S E[Cn,me—1)x(t, s, x0)[*ns—1 = 1]
—0o0 t=s i=1

N ~

= > (ia)pliz, i) T7[X (i1) By (i1, 12) By (i1, 42)
i1,i2=1
s+1—1 N »

(i) llirn% S E[C(me—1)x(t, s, 20))%] = D0 q™(i2)p(in, i1)Tr[X (i1) By (i1, i2) B (i1, i2),

—0o0 t=s

i1 ia=1
for every solution x(t,s,xq) of the system (20) starting from xo at t = s,q™ (i) is defined as

N
in Theorem 3.1 while q(ia) =Y q(i,12).
i=1

N
To prove the equality in (ii) one uses the fact that m, (i) = > mo(j)p*~1(4,7), where
j=1

p*~1(j,4) are the entries of P*~1. The details are omitted.

From Theorem 3.1 one sees that the Hy-norms introduced by (21)-(22) do not depend upon
the initial values x of the solutions x(t, 1, x¢) of the system (20).

The result stated in the Proposition 3.4 shows that under some additional assumptions the
norms (21)-(22) do not depend upon the initial time ¢t = s, too.

3.3 The computation of the norm (23)

We start by:
Lemma 3.4.Assume:
a) the assumptions Hy)-Hg) are fulfilled.

b) the transition probability matriz P is a non-degenerate stochastic matriz
c) mo(i) > 0,1 <i < N.

13



Under these conditions we have:

t—1
Elxo(t, 3)‘730 (t,s X{nt 1—]} Z T 1Hl
l=s

where Hl = (Hl(l),Hl(Q),,Hl(N)),Hl(Z> = % Wo(il)plil(il,i2>p<’i2,i1>Bv(i1,i2)Bg(i17i2),

i1,ia=1
with p'=Y(iy,i2) as in Proposition 3.4.
Proof. see Appendix A.4.
Before to state the next result we introduce an additional assumption:

H,) The transition probability matrix P has the following property: llim P! exists.

Remark 3.2. Under the assumption Hy) if Q = llim P! then the matrix @ is the same as
that in (28).

Lemma 3.5.Assume:

a) the assumptions Hy)-Hy) are fulfilled.

b) the zero state equilibrium of the system (25) is ESMS.

c) the transition probability matriz P is a non-degenerate stochastic matriz.

d) mo(i) > 0,7 € D.

Under these conditions we have:

tlirgg E[]?(t, S, .%‘O)I‘T(t, S, x())X{ntfl:j}] =Y (])

forallj € D, where Y™ = (Y™ (1),Y™(2),...,Y™(N)) € SN is a unique solution of the linear
equation (35), (37).

Proof. see Appendix As.

The main result of this subsection is:

Theorem 3.2. Under the assumptions of Lemma 3.5 we have the following formula for the
Hy-norm (23):

(IIGll2* = Z Tr[C(i1,i9) Y™ (i) CT (i1, a)p(ia, 11) =

i1,i2=1
N ~
> ™ (i2)p(in, i) Tr[BY (i, i2) X (i1) By (i1, i2)]
i1,40=1

where X = (X(1), X(2),..., X(N)) € SNt is the unique solution of the linear equation (33)-
(34) and Y™ = (Y™ (1),Y™(2),...,Y™(N)) € SN+ is the unique solution of the linear equation
(35)-(37) and q™ is defined as in Theorem 3.1.

~ Proof. Set z(t) = z(t,s,70) and 2(t) = 2(t,s,20),t > s > 1,79 € R". Since z(t) is
‘H;_1-measurable we may write successively

El|2(t)P[Hia] = E[Tr(Cle, )2 ()2 ()CT (e, m-1)) [ Hen] =

N
> E[Tr(Cliy, i)z (t)a” (£)C7 (i1, 12)) X fnemin} Xy =in} Hi1 ] =

i1,i0=1
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N
> Tr[Cliy, i) x(t)a” () CT (i, i) X s =in) E X (me=iny 1.

i1 ia=1
Using Corollary A; from below with H,_; instead of H, we obtain E[X{m:il}n'zt—l] =

p(77t—17 il)-
Thus we have

N

Elz()P[Hia] = Y plia, i) Tr[C i, dz)a(t)a” (O (iv, 2)] X s =ia)-

11,02=1
Taking the expectation in the last equality one gets:

Elz(t)) = Y pliasin)Tr{C(ir, ia) Ele(t)2” (£)X (1 =iay)CT (i1, i)}t = 5 > 1,2 € R

i1,09=1

Based on Lemma 3.5 we may conclude

N
thm EHZ(t, S,l’o)‘2] = Z p(ig,i1>TT[C(i1,ig)YﬂO(’il)CT@l,ig)], s> 1,.730 € R".
i1,i2=1

This confirms the validity of the first equality in the statement. The second equality may be
proved in the same way as in Theorem 3.1. Thus the proof ends.

3.4 The computation of the Hs-norms for the system of type (1)

The systems described by (1) can be regarded as systems of type (20) in two ways.
First we may transform the system (1) as:

(t+1) = (Ao, m—1) + éwk(t)/lk(m, Nt-1))Z(t) + By (e, me—1))v (1) (40)
Z(t) = C’(m,nm)i(t)

S

(G):

t > 1, where

. Ak(2,~j) = Ak(z),O S k S T,
By(i,j) = B,(1),C(i, j) = C(i),i,j € D. (41)

Also, (1) could be view as system of type (20) as follows:

A ~

. 2(t+1) = [Ao(ne, 1) + kZ:Il Wy (1) A (N6, Ne—1)]2 () + By (0, me—1)0(1)
t>1

(G): ) (42)
(t) = C(ne,me—1)2(t),

N>

where

A~

i,j) =C(j),i,j €D (43)
)



For each s > 1,2y € R", let Z(t,s,x0), Z(t, s, 20), x(t, s, 20) be the solutions of (40), (42), (1)
respectively, starting from g, at t = s. It is easy to see that:

Z(t,s,x0) = x(t,8,20),t > s> 1,20 € R" (44)

T(t,s,m0) =x(t — 1,8 — 1,x9),t > s> 1,29 € R". (45)

Further if Z(¢,s,z9) = C’(nt,nt_l):i(t,s,xo), Z(t,s,m9) = C’(nt,nt_l)i(t,s,xo), 2(t,s,m9) =
C(n)x(t, s, xo),t > s > 1, then from (41), (43), (44), (45) we have

Z(t,s,x0) = 2(t, s,20),t > s> 1,20 € R" (46)

Z(t,s,x0) =2(t—1,s — 1,20),t > s > 1,290 € R". (47)

IfY:SYN — SN T:8Y - SV are the Lyapunov operators associated to system (40), (42),
respectively then from (26), (41) and (43) we have:

(TH)(i) =) Zp(j, i) Ag (i) H (j) A (i) = (AH) (i) (48)
(TH)(i) =) Zp(j, D) Av()H (7) A% () = (LH)(D) (49)

for all i € D, H € SV where A and £ are the Lyapunov type operators associated to the linear
system (8) (see [16]).

These two operators play an important role in characterization of the exponential stability
in mean square for discrete-time linear systems with independent random perturbations and
Markovian jumping.

Using equality (47) and Theorem 3.1 specialized to system (G) we obtain:

Theorem 3.3. Assume:

a) the assumptions Hy) — Hg) are fulfilled.

b) the zero state equilibrium of the system (8) is ESMS.

Under these conditions the Hy-norms of the system (1) defined by (10) and (11) are given

W IGIE= S ¢ (ia)plis i) Tr (i) Bolis) BT ()] = 52 TrC() Y™ (i)C7 (1)

i1,i2=1 i=1

(ii) |Gl = ié_l g (ia)p(ia, 01)Tr[X (i1) B, (ia) BY (is)] = : Tr[C@HYPH)CT ()]
where X = (X (1), X(2), ..., X(N)) € SN+ is the unique solution of the algebraic equation
X=L'X+C (50)
where C = (C(1),C(2), ...,C(N)),
C(i) = CT(i)C(i),i € D (51)

16



Yo = (Y™ (1), Y™(2),...,Y™(N)) € S¥* and YPo = (YPo(1),YP0(2),..., YP(N)) inSNT are
the unique solutions of the algebraic equations

Y=LY+B™ (52)

Y =LY+ B (53)
where B™ =)(B™ (1), B™(2),...,B™(N)),

B@i) =Y q™()p(, 1) Bu(7) BY (j) (54)

and BPo = (BPo(1), BP(2), ..., BP(N)),

BP (i) = 3 ™ () BB, € D (55)
) = i o(Dali.J) and ) = ¥ a(i )

It must be remarked that if Dy = D then the Hy-norm defined by (11) does not depend
upon the initial distribution of the Markov chain.

From Theorem 3.2 we obtain:

Theorem 3.4. Assume:

a) Assumptions Hy) — Hy) are fulfilled.

b) The zero state equilibrium of the system (8) is (ESMS).

c¢) The transition probability matriz P is a non-degenerate stochastic matriz.

d) mo(i) > 0,1 <i<N.

Under these conditions the Hy-norm of the system (1) defined by (12) is given by

N

|||G|||2—ZT7“ DYCGHCTGD) = Y a™(iz)plia, i) Tr[X (1) B, (i2) By (ia)]

i1,i9=1

where Y™ is the unique solution of the equation (52)-(54) while X is the unique solution of the
equation (50)-(51) and q™ is defined as before.

Remark 3.3.

a) In the special case Ax(i) = 0,1 < k < r,i € D the equality proved in Theorem 3.4
reduces to the one proved in [10]

b)The Hy-norms defined by (10)-(12) in the discrete-time context have analogous in the
continuous time framework for linear stochastic systems with multiplicative and additive white
noise and Markovian jumping (see [18, 17]).

In the afore mentioned works was shown that the continuous time counterpart of Ho-norms
(10) and (12) are well defined under the same assumptions and they coincide. Unlike the
continuous time case, in the discrete-time case we proved the well definiteness of Hs-norm
defined by (12) under some stronger assumptions than the norm defined by (10). It remains as
a challenge for further research to prove the well-possedness of the Hy-norm (12) under weaker
assumptions than the ones in Theorem 3.4 from above.
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At the end of this subsection we remark that the equality (46) together with Theorem 3.1
and Theorem 3.2 lead to some expressions of the Ho-norms (10)-(12) which do not have a
correspondent in the continuous time framework. Thus we have:

Theorem 3.5. Under the assumptions of Theorem 3.4 the following hold:

N —_—
(i) (1G]12)* = (NIG112)* = 32 q™(i2)p(iz, i) Tr[By (i) X (i1) By (ir)] =

i1,42=1

5 plin ) TrC) 20 ()0 )

(i) (IG1],)* = gzlqpo(iz)P(iQ,il)TT[Bf(il)T(il)Bv(il)] =
i g:le(il,ig)TT[C(ig)ZDO (i1)CT (is)]

where X = (X (1), X(2),..., X(N)) € SN+ is the unique solution of the algebraic equation
X=ANX+C (56)
where C = (C(1),C(2),...,C(N)),

Q
—
~.
N—
I

> p(i,/)CT()C),i € D (57)

j=1

while Z™ = (Z2™(1),Z2™(2),...,Z™(N)) and ZP> = (ZPo(1),Z%0(2),...,ZP°(N)) are the
unique solutions of the algebraic equations

7 = NZ + B™ (58)

7 = ANZ + B (59)

respectively, with B™ and B are given by (54)-(55).

Remark 3.4 The result stated in Theorem 3.5 confirms the importance of the consideration
of the class of systems with the coefficients depending upon both n; and 7;_;. The study of the
Hs norms for such systems performed in subsection 3.2 and subsection 3.3 allows us to derive
new formulae for Hy norms of system (1). The formulae of Hy norms derived in Theorem 3.5
are specific to the discrete-time framework; they have not analogous in the continuous time
case.

3.5 Some robustness issues

As we can see from Theorem 3.1, Theorem 3.2, Theorem 3.3 and Theorem 3.4, respectively,
if N > 2 the Hy-norms associated to stochastic systems (20), (1) respectively, are strongly
dependent upon the initial distributions 7y of the Markov chain, or upon the subset Dy of the
states 7, such that P{ny =i} > 0. Unfortunately, the initial distributions of the Markov chain
are not known apriori. To avoid such inconvenient specific to the stochastic systems subject to
Markovian jumping, one could made the additional assumption: for each i € D, tlggo P{n =i}

exists and it does not depend upon the initial distribution P{ny = j},j € D.
One can check using (3) that the above assumption is equivalent to the fact that assumption
H,) is fulfilled and additionally the matrix @ = tlim P' has the property q(4,7) = q(j),i,7 € D.

18



Another idea to overcome the problems due to the presence of the initial distribution of the
Markov chain in the formula of the Hy-norms is to introduce a suitable upper-bound of these
normes.

Thus in the case of the system (20) we define

N

(1GI3 = > Gia)p(ia, i) Tr[BI (i1, i2) X (i2) By (i, )] (60)

i1,i2=1
where G(iy) = Zf\f:l q(i1,42). We have
G(i2)
q(i2) (61)

for every initial distribution my and for all subsets Dy C D. So, under the assumptions of
Theorem 3.1 we have:

q™ (i2)
q

IGll2 < |Gl |Gl < [[G]],. (62)
Under the assumptions of Theorem 3.2 also we have
NIGll2 < |G, (63)

Reasoning as in the proof of Theorem 3.1 we may obtain

(G, zjw2zwuww<mmimwmmm
i1,i0=1
N ~
= > plir, i) Tr[Cin, i)Y (i) C" (in, ir)] (64)
11,i2=1

where X is the solution of (33)-(34), while Y = (Y(1),Y(2),...,Y(N)) € SN* is the unique
solution of the algebraic equation

Y =TY +B (65)

with B = (B(1), B(2), ..., B(N)),
B(i) = q(j)p(j,i)By(i, j)BL (i, j)- (66)

Using Lemma 3.3 we may prove:
Proposition 3.5. Under the assumptions in Theorem 3.1

l N

1
(1G[1,)? = lim 757> BlJ=/(t,1,20) )

t=1 =1

where 2'(t, 1, z0) = C(ng,mi—1)x'(t, 1, 20).
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2(t,1,20),t > 1 being the solution of the system (20) corresponding to the Markov chain
with the initial distribution P{no =i} =1 and P{no =35} =0 if j #i.
In the case of system (1) the equality (64) becomes:

(1611,)? Z plia, i1)Tr[B] (i2) X (i1) By(i)] = ZTT[C(Z')?(Z')CT(@)] (67)

where X (22(1) X(2),...,X(N)) is the unique solution of the equation (50)-(51) and Y =
(V(1),Y(2),...,Y(N)) € SN+, is the unique solution of the algebraic equation

Y="LY+B (68)
where B = (B(1),B(2), ..., B(N)),

B(i) = > a()p(, 1) Bu()BL (j) (69)

G(j) being as before.

In the process of the designing of a Hy-optimal controller one may add to the list of Ho
performances criteria another one which is asking the minimization of || ||2 of the closed-loop
system.

4 Hs-optimal controllers

In this section we illustrate how the results proved in the previous section can be used to solve
the Hs-optimization problems stated before.

In the first part of this section we focus our attention in minimizing the Hs performance
criteria associated to system (13). The general case when only an output of type (17) is available
for measurements will be considered in a future paper.

To have an unified approach of the four optimization problems we want to solve we introduce
the notation || - |2, 1 € {1,2,3,4} as || - ||21 instead of || - ||2 defined by (10), || - ||22 instead
of || - |2, defined by (11), || - ||os instead of ||| - ||| defined by (12) and || - ||4 instead of || - ||,
defined by (67).

From Theorem 3.3, Theorem 3.4 and (67)-(69) applied to the closed-loop system (15) we
have

HGCng,u: Z Eu(i2)p(i2ail)TT[Bz:;Fcl(iZ)Xcl(il)Bvcl(i2)] (70)

i1,i2=1

where X, = (Xu(1), X4(2), ..., Xa(N)) € SN is the unique solution of the linear equation:

n+ne

T N

Xa()) =) > ol )AL () Xa(§) Arali) + CH()Cali),i € D (71)

k=0 j=1
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qﬂ()(i?)a fOTILL € {17 3}7
with £,(i2) = < ¢ (i2), forp = 2; Consider the system of nonlinear algebraic equations

G(iz), forp = 4.
which extends to this framework the well known discrete-time algebraic Riccati equations:

=) ALG)E(X)AR) + CT( Z AT(DE(X)By(i) + CT (1) D.(3))
k=0

(DI(i)D.(i) + Y BL(1)E(X)Bi(i)) ' (O BE()E(X)Ar(i) + DI (i)C.(i)),i €D (72)
k=0 k=0
where
E(X) =D _p(i1)X () (73)

for all X = (X(1), X(2),..., X(N)) € SV,

We shall refer to such systems as discrete-time systems of generalized Riccati equations
(DTSGRE). We recall that a solution Xy = (X4(1), X5(2),..., X5(N)) of DTSGRE (72) is
called stabilizing solution if the zero state equilibrium of the closed-loop system:

zs(t +1) = [Ao(m) + Bo(me) Fs(ne) + Zwk )(Ak(ne) + Bi(ne) Fs(me))]as(t), 6 > 0 (74)
is ESMS, where
Fy(i) = =(DI()D.()) + Y B ()E(X)Bi(@) ™ (Y BL (1)&i(X,) Ax(i) + DI(i)C.(i)), i € D.(75)

A set of sufficient conditions for the existence of a stabilizing solution of DTSGRE (72) were
provided in [20] and they are expressed in terms of stochastic stabilizability and stochastic
detectability.

In [21] a set of necessary and sufficient conditions for the existence of stabilizing solution of
(72) which satisfy

D, (i) + Z BE(i)&(Xs)By(i) > 0,i € D (76)

are given.
For each controller G.. of type (14) we introduce the following performances

Ju(Ge) = Z e, (ia)p(ia, 1) Tr[ Bl (i) X (i1) Bualiz)], 1 € {1,2,3,4}. (77)

i1,i9=1

To be sure that (77) is well defined we need only the fact that the controller G. is stabilizing.
Further under some additional assumptions which are as in Theorem 3.3 and Theorem 3.4,
respectively, J,(G.) will be just the Hyo-norm || - |5, of the corresponding closed-loop system.
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In the process of the designing of a Hs-optimal controller we try to minimize J,(G,.) for some
pe{1,2,3,4}.

Now we are in position to prove:

Theorem 4.1. Assume that (72) has a stabilizing solution X, = (Xs(1), Xs(2), ..., Xs(V))
which satisfies (76). Then

N
GCIEIIICiRG) JM(GC) = iiZ:1 €u(i2)p(z27ll)TT[B (22)X8(7;1>Bv(i2)]>ﬂ € {1’ 27 374}

. The optimal value is achieved for the zero order controller
G uy(t) = Fo(ne)s(t) (78)

where Fy(i),i € D are as in (75) and x4(t) is the solution of (74).
Proof. Let us remark that in the case of the zero order controller (78) the corresponding
closed-loop system is:

Ta(t +1) = [Ao(ne) + Bo(m) Fa(ny +Zwk )(Ak () + Bi () Fs(n)](t) + By (m)o(t) - (79)

za(t) = (C.(ne) + Do(ne) Fs(me))za(t), t > 0.

On the other hand, by direct calculation one obtains that DTSGRE (72) verified by X can be
rewritten as:

ZZP i, ) (Ar(d) + Br(i) Fo(i))" X (7) (Ar(i) + Br(i) Fy(i)) +

k=0 j=1

(C.(i) + D.(4)Fi(i))"(C.(i) + D. (i) Fy(3)), i € D. (80)

One sees that the linear equation (71) corresponding to the closed-loop system (79) is just (80).
Therefore the value of the corresponding performance is

N

Ju(Ge) = Y eulia)plin, in)Tr[BY (in) X, (i1) By (i2)). (81)

i1,d9=1

Let G, be an arbitrary admissible controller of type (14). Let X (i) = < XlTl (2) XlQ(Z.) ) be
Xia(1)  Xoo(i)

a partition of the solution of (71) according to the partition of the coefficients of the closed-loop
system.
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Using (16) we obtain the following partition of (71):

Xu(i ZZP (4, 7)[(A(0) + Br(i) F.(0))" X11(5)(Ar(d) + Br(i) Fu(d)) +

Bl (i )X1T2( ) (AR(i) + Bi(i) Fu(i)) + (Ax(@) + Br(i) Fo(i))" X12(j) Ber (i) +
Bl (1) X ')B ()] + [C.(i) + D.(i) F.(i)]"[C. (i) + D. (i) F.(i)] (82)

X (i ZZPZJ (AL(0) + Bul)F(i) X0 () Bli) Culi) +

Bi(i)Xng(j)Bk(i)Cc(i) + (Ak(@) + Bu() Fo(i)" Xaa(5) Aer (i) +
B (1) X (7) Acr(0)] + (C2(4) + Da(i) Fel(i))" D () Ce(d)

Xooi ZZpu )[C2 () B (1) X11(5) Br(6)Ce(i) + AL (1) X 15(5) Br(§)Cel(i)

+C§F() & (D) X12(7) Ao (i) + Agy () Xo2(j) Ak (0)] + CZ (6) D (8) D= () Ced).

On the other hand the DTSGRE (72) verified by the stabilizing solution X can be rewritten
as:

ZZP i, ARG + Br(i) Fe(i)]" X (7)[Ax (i) + Bi(i) Fe(i)]

k=0 j=1

+H[C.(0) + Do () Fo(0)]T[C.(6) + Do () Fo(i)] — [Fu(i) — FL(0)]" A0 [Fi(i) — Fu()] (83)

where

Set Xy (i) = Xy(i) — ( XSO(Z) 8 ) ,i € D. Subtracting (83) from (82) and taking into account

(75) and (84) one obtains that X, = (X (1), Xu(2), ..., X4(N)) is the solution of the following
equation:

Xa(i) =Y > w0, ) A () X () Agar (i) + U () AG)W(i),i € D (85)

k=0 j=1
where U (i) = ( Fy(i) — F.(i) —C.(i) ). Since G, is a stabilizing controller and A(i) > 0, it
follows that the unique solution of (85) satisfies
Xa(i) > 0,i € D. (86)
The value of the performance J,(G.) from (77) can be rewritten as:

Ju(Ge) = Y eulin)plia, i0)Tr[By(i2) Xo(i1) By (iz)] +

i1,i9=1
N

> eulio)plis, i) TrBly(ia) X (in) Bua(iz))- (87)

i1,i2=1
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Based on (81), (86), (87) one obtains that J,(G.) > J,(G.) and thus the proof is complete.

Remark 4.1. The result proved in the above theorem shows that in the case of full access to
the measurements of the states, the best performance with respect to all four Hs-performance
criteria, is provided by the same zero order controller. In fact it is the same state feedback
which provides the optimal control in the linear quadratic optimization problem.

In the second part of this section we briefly show how can be solved Hs-optimal control
problems for the systems with coefficients depending upon 7, 7;_1.

Let us consider the controlled system:

( r

w(t+ 1) = (Aol ) + 2 we(®) A (s 1)) 2(®) + (Bolms mea )+

(@) - 5w (8) B o) () + By, -1 )o(0) (8)

y(t) = 2(t)
| 2(1) = Cu mi)a(t) + D me ) £ > 1

The class of admissible controllers consist of the family of dynamic compensators of the form:

;

zo(t + 1) = (Aco(ne, 1) + kZ; W (t) Acke (N, Ne—1)) () + (Beo (e, e—1)+

wk(t)Bck(nta Me—1 UC(t) (89)

>
k=1
yc(t) = Ccmt—l)*TC(t) + FC(nt—l)UC(t)
| T € R, u. € R", y. € R™

The fact that the output of the admissible controller depends only upon 7;_; is a constraint
impose by our technique of the proof of the main result.

It remains an open problem the extension of the family of the admissible controllers to the
case of those with the output depending both upon 7, and 7,_;.

Coupling (89) with (88), taking u.(t) = y(t), u(t) = y.(t) one obtains the following closed-
loop system:

Ta(t+ 1) = (Aoa(me, ne—1) + D wi(t) Ager (M, e—1)) Tt () + Buoar(ne, mi—1)v(t)
k=1
za(t) = Ca(ne, ne—1)xa(t),t > 1

where x(t) = ( l’T(t) JUZ(t) )T e R Apu(i,j) = ( Ak(z’j)gcff’(;;j)ﬂ(]) Bkggkizic)(]) )7
B'U(/I'7.]>

0< k< n Bulid) = (P07, Cutid) = (C0D+DGDEG) DGICG) ),
i,j €D.

Let us remark if we consider system (13) with a controller of type (14) and a delay occurs on
the channel between controllers and actuators (i.e. y.(t — 1) is used instead of y.(t)), then the
closed-loop system is of the form (90). Hence it is natural to consider a Hs-control problem for
system with coefficients depending upon 7;,7;,_1. A such problem is specific to the discrete-time
framework. It has not an analogous in the continuous time case.

As in the first part of this section we denote ||Gg|2,, ¢ € {1,2,3,4} the four type of Hs-
norms defined for the closed-loop system by (21), (22), (23) and (64). Based on Theorem 3.1,

(Ga) : (90)
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Theorem 3.2 and equality (64) one deduces that

N
||Gcl||2u = Z €M(i2)p(i2, il)Tr[BZ::l(ilv iQ)Xcl(il)Bvcl(ila i2)7 JAS {17 2’ 3’ 4} (91)

i1,i0=1

where ¢,(i5) are defined as before and Xy = (Xa(1), Xu(2), ..., Xa(N)) € SN, is the unique
solution of:
N

() =YY (i DAL ) Xa(i) Ara(G6) + Y i, 5)CH (G, ))Caljoi),i €D (92)

k=0 j=1 j=1
As before we introduce the performances of an admissible controller (89) by

Ju(Ge) = Y eulin)p(in, i) Tr[BLy (i1, ia) Xa i) Bua(i, i) (93)

i1,d0=1

It must be remarked that to be sure that (93) is well defined we need to know that the assump-
tions H;) — Hj) are fulfilled and the zero state equilibrium of the linear closed-loop system:

To(t+1) = [Aoa(ne, m—1) + Zwk(t)Akcl(nta M—1)]xa(t)
k=1

is ESMS. As we proceed in the first part of this section we will minimize H,(G) in order to
obtain the solution of Hs-optimization problem for systems of type (88).

Let us consider the following discrete time system of generalized Riccati equations DTSGRE
associated to (88):

=3 0 HALG DX G) A, 6) + > p(i, 5)CF(4,)C (4, 1)

k=0 j=1 j:l

—[2_p(i ) (CI () D (5 +ZAT 4, 1) X () Be(j, i) sz )DL (G, )D-(j, )

k=0 Jj=1 k=0

A solution X = (X,(1), Xs(2), ..., Xs(N)) of DTSGRE (94) is called stabilizing solution if the

zero state equilibrium of the corresponding closed-loop system

xs(t + 1) = [Ao(ne, me—1) + Bo(nes me—1) Fs(my—1) +

Zwk ) (AR, 1) + Bre (16, 1he-1) Fs(ne-1)) 2 (2) (95)
is ESMS where
Fy(i) = =[D_p(i )DL, D: G 0) + Y B G )X () Byl )]
J=1 k=0
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A set of conditions which are equivalent with the existence of a stabilizing solution of DTSGRE
(94) with the additional property:

>l DI D50 + 3 BE () Xs(7)Br(i,1) > 0,0 € D (97)

can be found in [21]. Those conditions are expressed in terms of solvability of some suitable
systems of LMI (see Appendix A6 from below).

Remark 4.2 One can sees that if system (88) is in the special case of (42)-(43) then
DTSGRE (94) reduces to (72) and the corresponding stabilizing feedback gain (96) reduces to
(75).

The next result provides the solution of the Hs-optimal control problems associated to the
systems (88).

Theorem 4.2. Assume  that DTSGRE (94) has a stabilizing solution
Xs = (Xs(1), Xs(2), ..., Xs(N)) which satisfy the condition (97). Then

N

Gfer}cif%g) Ju(Ge) = Y eulia)plin, i) Tr(B (i, i) X, (i1) By (ir, 2)).
e i1,i2=1

The optimal value is achieved by the zero order controller

G.: us(t) = Fs(ne—1)zs(t)

where Fy(i),i € D are constructed in (96) and xs(t) is the solution of the closed loop system
(95).

The proof is similar to the one of Theorem 4.1. It is omitted for shortness.

Remark 4.3. Due to the important role played by the stabilizing solutions of DTSGREs
(72) and (94), respectively, in construction of the optimal controller in the Hy-control problems
it follows that it is important to have efficient numerical procedures for computation of the sta-
bilizing solutions. In Theorem 4.2 in [21] an iterative procedure based on Newton-Kantorovich
algorithm was proposed to prove existence of the maximal solution and consequently of the
stabilizing solution. That iterative procedure could be used in order to compute the stabilizing
solution of (72) and (94), respectively. However, a procedure based on Newton-Kantorovich
method consists in solving linear systems of high dimension at each iteration.

Therefore, it is useful to obtain numerical procedures based on solutions of some Stein
equations as it happens in Kleiman procedure known in the deterministic framework. A such
procedure will be provided in a future paper.

5 Appendix

For each (t,s) € Z, x Z,, we denote
Hyis = o[, 0(v);0 < u<t,0<v < 4]

where either w(v) = w(v) or w(v) = (w(v),v(v)),v > 0.

In the special case t = s we write H, instead of Hy,. It is obvious that H; = H, if w(v) = w(v)
and H, = M, if w(v) = (w(v),v(v)),r > 0. the next result can be proved following step by
step the proof of Lemma 7.1 in [16].
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Lemma Al. Under the assumptions Hy) — Hgz) if U : Q — R is an integrable random
variable which is measurable with respect to o[n,, w(v); u > t,v > s+ 1| then

E[V|Hy] = B[]y, a.s.

From the previous lemma one obtains directly:
Corollary Al.Under the assumptions Hy) — H3) the following equality holds:

E[X{Utﬂ:j}lﬁt] - E[X{Ut+1:j}|77t] - p<nt7j> a.s.

forall j € D,t >0, where 7—2,5 ="H; or 7'u(t = 7:{t.
It must be remarked that equality in the previous Corollary extends (2) to the joint process

{06, w(t) Heso or {ne, w(t), v(t) beso-

Al. Proof of Lemma 3.1.
First we write

ot (t 4+ 1) H (n)a(t + 1) = 2 () Ag (e, me—1) H (1) Ao (e, 1) (8) +

Z wy(t T AR (s 10e—1) H (10) Ay (e, 1e—1)(t) + 0" (8) By (e, 0—1) H (1) Bo (1, me—1 )0 (t)

T

+2 ) wi(t)a” (£)Ag (e, 1) H (0e) Ax (e, e—1) () + 227 (6) AG (01, m—1) H (1) Bo (e, me-1)v (t)

+22wk & (16, e—1) H (n¢) By (1, -1 ) (1), (98)

If we take into account that x(t) is H,_i-measurable, H;_; C Hy and wy,(t), v(t) are independent
of H; one obtains

E[z" (¢) AL (e, me—1) H () Ao (e, -1 )z (8) [ Hy] =
a () AG (1, -1 ) H (1) Ao (ne, 1e—1 ) (2) (99)

E[Z wi()wi ()" () AL (e, -2 ) H (1) At (s e )2 (8) [ He) =

k=1

r

T

Z $T(t)A;}F(77ta Me—1) H () Ai(ne, nt—l)x<t)E[wk(t)wl(t)‘ﬂt] =

k=1

Z T ()AL (e ) H () Au(ne, me—1 ) (8) Elwg () wi ()]
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Based on H;) one obtains:

T

E[Y  wi(tywn(t)a" (6) AL (e, mie—r ) H (1) Ar(e, me—1)(8)|He] =

r

Z IT(t)Az(m, 77t—1)H(77t)Ak(77t7 nt—l)x(t)

k=1
r

EDY - wi(t)a" (8)AG (e 1) H (1) A, e (8| Hy] =

> (OAG (0 11 ) H (1) Ag (1 -1 )2 (8) Eleon ()| Hy] =

Zx o (s M—1) H (1) A (ne, 1) (8) B wi (1))

Invoking again the assumption H;) we conclude:

Zwk 7715 Te— 1)H(77t)z4k(m,m_l)x(t)lﬂt] =0

Zwk F (e, 1) H (1) By (1, -1 )0 (8) | He) =

T

Z xT(t)Ak (e, ne—1) H (1) By (1t Ut—l)E[wk(t)U(t)W:lt] =

Zx t) AL (01 1) H (1) By (1, 1) E[wi ()0 (1))

Based on the assumptions Hy) — H3) we deduce:

Zwk TIt Tt— 1>H(77t)Bv(77t77]t-1)U(t)|7:(t] = 0.

Similarly

E[z" (t) A§ (e, mi—1) H (1) By (1, m—1)v () [Hy] = 0.

Invoking again Hj) we write:

E[UT<t)BqJT(77t,77t—1)H(77 ) By (e, me—1)v(t
E[Tr(By (ney 1) H (1) By (e, -1 )o ()0 (1)
Tr[By (ne, ne—1) H () Bo(ne, ne—1) E[v(t)o” (¢)| He

Tr[By (0, 1e—1) H (1) By (e, 11e-1) E[o ()0 (1)

TT[B (M Me—1) H (0e) Bo (M, e

t

(
t

Hi]
M)
l

I

)|
)l
|

\_/II Il

1]
Combining (98)-(104) one obtains

Elz"(t + D)H(n)x(t + 1

Z x & (s et ) H (1) A (s 1) (t) + T7By (06, 196-1) H (0e) Bo (0, 11-1))
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Further taking the conditional expectation with respect to H,_; in (105) one obtains:

Bl (t + V) H (n)x(t + 1)[Hyy] =

ZZA Gy m-10) H(5) A, 1) (8) EX =iy | He 1] +
k=0 j=1
N

TT[Z H(j)B.(j, 77t—1)B»UT(j, Ut—l)E[X{m:j} |7%t—1]]~ (106)

j=1
Applying Corollary A1l one obtains

Elxtn=|Hi-1] = ElXtn=pp 1] = p(1e-1,5)  a.s. (107)
Combining (106)-(107) and taking the conditional expectation with respect to o[n,_1] C Hy_1
we obtain the equality in the statement and thus the proof is complete.

A2. Proof of Lemma 3.3.

_ Under the considered assumptions the linear equation (33)-(34) has a unique solution )g' =
(X(1),X(2),..., X(N)) € SN (see also Proposition 3.2). Applying Lemma 3.1 for H (i) = X (i)
one obtains for ¢ € D,

E["(t + )X () (t + Dlno = i) = El2" () (T*X) (ne-1)z(t) 0 = 0)]

+ZE [Tr[X (5)By(d, 1) Be (G, me—1)1p(m—1, 5) 110 = 1]

Va(t) = x(t, 1, x0) solutlon of (20) with the initial value zy at t = 1.
Based on (33) we deduce
Bl (t + )X (n)(t + Dl = i] — Ela” (6)X (ni—1)z(t) o = 1] =

N

—E[z" (0)C (ne—)x(t)mo = 1] + > E[Tr[X () By, ne—1) By (j, me—1)Ip (11, ) |mo = ]

where C(i) is defined in (34).
Further we have
Ela"(t +1)X (n)z (t + Do = i = Ele" ()X (n—1)z(t)|no = i) =
—Elz"(1)C (1) (t)|no = i] + Z Tr[X(j)B.(j,i2) By (7. i2)lp(iz, ))p' " (i,d2)  (108)

where p'~1(i, i) is an element of P'=!. On the other hand,

E(|C (ne, )2 (8)[*[Hia] ZE |C Gy me—1) () X =iy | Hi1]
7j=1

N

Z (. m—1)z(t)[? I EX (ni= j}|Ht 1] (109)
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Using again Corollary A1 one deduces that
ElXm=p|Hia] = plna, ). (110)
Combining (109)-(110) together with (34) we may write
E[|C (-2 () P[Hima] = 2" (£)C (1) (D).

Taking the conditional expectation with respect to the event {ny =i} in the last equality and
replacing the obtained result in (108) we have

E(|C(ne, ne—1)x(8)]*|no = ] = Z Tr[X(§)By(j,i2) By (4, i2)]p(iz, 5)p"" (i, i2)+

Jyi2=1

Elz"(0)X (1) (t)[no = i) — Elz"(t + 1) X (n)2(t + 1)|no = i].
Thus

l
1 .
7 Z 1C (e, 1) (8P |mo = ] =

N l

S AR G)Bulin, i) B i)t i) 3 947 2) (111)
gl X (0w — Bt (1 + D)X e+ Do = ]

Based on Remark 3.1 we obtain E[z7(I+ 1)X (n)z(l 4 1)|ny = i] < &Woli) (1+ |xo|?). Therefore

lim %[xg)?(i)a;o ~ BT+ DX )2+ Do = 1] = 0. (112)

l—o00

On the other hand from Proposition 3.3 we obtain
1
lim Z (i,d9) = q(i, is). (113)

Taking the limit for [ — oo in (111) and taking into account (112)-(113) one obtains the equal-
ity in the statement and thus the proof is complete.

A3. Some representation formulae

The next result is a special version of the Theorem 2.2 in [19].
Proposition Al. Under the assumptions Hy) — Hy) the following equality holds:

(T H)(i) = E[©"(t, s)H (11:-1)O(t, 8)|ns-1 = 1]

for all H= (H(1),H(2),...,H(N)) € S t >s>1,i € Dy_;.

The equality from the above proposition together with (24) and the definition of the adjoint
operator allows us to obtain:

Corollary A2.Assume that:
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a)Hy) — Hy) are fulfilled.

b) The transition probability matriz P is a non-degenerate stochastic matriz.
c) mo(i1) > 0,i € D.

Then the following representation formula hold:

N

(Y8)(j) = Y BlO(t, 5)S(0)O" (t, )X (a1 l11s—1 = i (114)

i=1

for all j € D, and S = (S(1),5(2),...,S(N)) € SV.
A4. Proof of Lemma 3.4.

Based on the assumptions Hy) — H3) we may write

E[@(tv l + 1)Bv(nl7 nl—1)BZ(nl7 nl—1)®T(t7l + ]‘>X{77t—1:j}|Hl] -
N

> Elm=iy X1y Ot L+ 1) By (ir,i2) By (i1, i2)0" (8,1 + 1) xgn,_,—py|Hi]  (115)

i1,d9=1

N
— Z Ximein} X{m_1=ist B[O, L+ 1) B, (ir, i2) Bl (i1,12)O" (¢, 1 4+ 1) X (1 =3 | Hi]

i1,d9=1

forall s <[ <t-—1.
Since O(t, 1+ 1), X{y,_,=;} are measurable with respect to o[n,,,w(s2); 51 > 1,50 > [+ 1], we
obtain from Lemma A1 that

E[O(t, 1+ 1)B,(i1,i9) Bl (i1,i2)0" (¢, 1 + 1) x (1= |Hi]) = (116)
EO(t, 1+ 1)By(i1,i2) Bl (i1,12)0" (t,1 + 1)X 5,1 =j3 I mi)-

Using (116)and (115) and taking into account the second equality in Lemma 3.2 we have

Elwo(t, s)7q (£ 8)Xn=p] = (117)

P{m-1 =iz} = ZW (4, i2) (118)

where p!~1(i,45),1 < i,i5 < N are the elements of P/, Using (118) in (117), one gets:

t—1 N
Elzo(t, 8)x5 (t, )X tnea=ip) = Y Y B[O 1+ 1) H(i1)0" (t,1+ 1)x(n,_,=j|m = ia] (119)

l=s i1,i2=1
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where H;(7;) is defined in the statement.
Now conclusion follows transforming the right hand side of (119) using the representation
formula (114) for S = H;. Thus the proof is complete.

A5. The proof of Lemma 3.5.

If the assumption Hy) is fulfilled it follows that llim H (i) = B™(iy), Vi, € D.

Using the equality proved in Lemma 3.4 we may write successively

t—1

Elaolt, )22 ()X vnp] = S LC 1 H) () =
l=s
ST BTG+ S0 (- BT)) () = (120)
l=s l=s
S (B G) + ST H - B ().
1=0 l=s

From the assumption b) in the statement we deduce firstly that

t—s—1 0o
: 7To 7"'0 O (4
lim T'B => (r'B = Y™(5). (121)

1=0 1=0
Also from assumption b) we deduce that there exists § > 1,¢ € (0,1) such that
1Tl < B¢, V1 >0 (122)

where || - ||; is the norm induced by | - |;.
If | M| is the spectral norm of a symmetric matrix then based on definition of | - |; in section
3.1 we deduce

t—1 t—1—1 t—1
S =BG < | S X - B < 3T oy~ B
l=s l=s l=s

Further (122) allows us to write

t—1
\Z (YN H, = BR)(G) <> Bg T H — By (123)

l=s

Since llirn |H, — B™|; = 0 and ¢ € (0, 1) one obtains from (123) that

t—1

Jim S0~ B)]G) = 0. (124)

Taking the limit for ¢ — oo in (120) and using (121), (124) one obtains

lim Elzo(t, )z (£, )X =) = Y™ () (125)

t—o0
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VjeD,s>1.
Further the representation formula (29) together with the assumption b) in the statement
allows us to write
El|x(t, 5,20) — zo(t, s)|"] < Bg"*|ao|*

fvt>s>1,29 € R", where § > 1,q € (0,1).
Hence

lim E[I(t, S, l’o)l’T(t, S, xO)X{m—lzj}] = tlggo E[:UO (tv S)x%(t, S)X{"h—lzj}] (126)

t—o00

for all t > s > 1,29 € R™ The equality in the statement follows now from (125), (126) and
thus the proof ends.

A6. Stabilizing solution of DTSGRE (94)

In this subsection we briefly show how we can use the result proved in [21] to obtain a set of
conditions which guarantee the existence of a stabilizing solution of DTSGRE (94). We remark
that in the special case of (43) the conclusions derived for (94) provide conditions which are
equivalent to the existence of the stabilizing solution of DTSGRE (72).

Consider the system

z(t+1) = [Ao(ne, me—1) + Z wi () A (0e, ne—1)]2(t) + [Bo(ne, me—1) + Zwk<t)Bk<77t: Ne—1)]u(t127)
k=1 k=1
obtained from (88) by taking B,(i,j) = 0.
Definition A1l. We say that the system (127) is stochastic stabilizable if there exist
F = (F(1),F(2),..,F(N)),F(i) € R™™, i € D such that the zero state equilibrium of the
closed loop system:

(t+ 1) = [Ao(m, ne-1) + Bo(ne, me-1)F(m—1) + > wie() (Ae(ne, 1) + Bi(e, m—1) F (1)) (10128)

t > 1 is ESMS.
Let Tr : S — SY be the Lyapunov type operator associated to (128). Using (26) we have
YrH =(YpH(1),YrH(2),...,TrH(N)),

YrH@i) =Y o, )AL 5) + Bl ))F(DIH () [A(i, §) + Be(i. /) FG)T (129)

k=0 j=1

for all H € SY,i e D.

Using Corollary 4.8 in [19] and some Schur complement techniques one obtains the following
criteria for stochastic stabilizablity:

Lemma A2. Under the assumptions Hy) — Ha) the following are equivalent:

(1) The system (127) is stochastic stabilizable.

(ii) There exist ' = (F'(1), F(2),..., F(N)),F(i) e R™"ie D, X = (X(1),X(2),..,X(N)) €
SN X (i) > 0,i € D which solve:

YTrX(i)— X(i) <0,i € D. (130)
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(iii) There exist X = (X(1),X(2),..,X(N)) € S¥.T = (['(1),1(2),...,I'(N)),T'(i) €
R™ ™ ¢ € D which solve the following system of LMIs:

—X(1) Mo(i) Mi@i) ... M, ()

MEGE)  -X 0O .. 0
MT@E) 0 -X .. 0 <0 (131)
MIG) 0 0 . -X

i € D where My (i) = (v/p(1, 1) (Ar(3, 1) X (1)+Bi (3, DI'(1))  /p(2,9)(Ax(7,2) X (2)+By(i,2)I'(2))
- /PN, ) (Ak(i, N)X (N)+Bi (i, N)I'(N))), 0<k<r, X=diag(X(1),X(2),..X(N)) e
R™N,
Moreover if (X, T) is a solution of (131) then F(i) =T'(:1)X '(:),i € D provide a stabilizing
feedback gain for (127).
The adjoint operator of T with respect to the inner product (24) is given by: ThH =
(TRH)(D), (TRH)(2), ... (YR H)(N)),

(YRH) (i) = > p(i, 5)(Aw(j.4) + Bi(4, 1) F ()" H(j)(Ar(j, i) + Be(j. 1) F ().  (132)

One sees that o
- () (e B0)(4) om
where
(1 H)(0) = Z jf;pu,jmzu DH()A4()
(ML H)(i) = Z ép@,j)AZ(j, H()Be(j, )
(1) (i) = Z ép@,jwz“(j,z’)H(j)Bku.z')

i € D,H € SY. Setting I, H = (11, H)(1), (IxH)(2), ..., 1 H)(N)) we may define the opera-
tor IT: S — SV by

n+m

ILH 1LH ) (134)

H = ( (I, H)T TI3H

here we use the convention of notation BT = (BT (1), BT (2), ..., BI(N))if B = (B(1), B(2), ..., B(N))
with B(i) € R"*™ i € D. Using the above operators the equation (94) can be rewritten in a
compact form as:

X =1LX +M — (II,X + L)(R + T3X) YT, X + L)" (135)
where M = (M (1), M(2),..., M(N)),



N

L(i) = D _p(i J)CF (5,3 D= (3 )
R= (R(l)v R(2)> ) R(N))7
R(i) = Zp(z‘,jw? (,4)D-(j,i),i € D.

Hence (135) is the time invariant version of the nonlinear equation investigated in [21]. Also
the equalities (133), (134) show that the system (127) is stochastic stabilizable iff the linear
positive operator II is stabilizable in the sense of Definition 2.3 in [21].

With the above notations we may introduce the so called dissipation operator associated to
(135): D: SY — SN by

n+m

0= ("6 o o (136)
i€D, X eSN.

The following is the time invariant version of Theorem 5.4 in [21].

Theorem A1l. Under the assumptions Hy) — Ha) the following are equivalent:

(i) The system (127) is stochastic stabilizable and there exist X = (X (1), X(2),..., X(N)) €
SN such that

(DX)(i) <0, ieD. (137)

(ii) The DTSGRE (94) has a stabilizing solution X which satisfies (96).

We remark that a set of conditions equivalent with the existence of a stabilizing solution
of (94) which verify condition (96) consist of the solvability of the systems of LMIs (131) and
(137).
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