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Abstract

In this paper the problem of the optimization of a quadratic cost functional along the trajec-
tories of a discrete-time affine stochastic system affected by jumping Markov perturbations and
independent random perturbations is investigated. Both the case of finite time horizon as well
as the infinite time horizon are considered. The optimal control is constructed using a suitable
solution for a system of discrete-time Riccati type equations. A set of sufficient conditions assuring
the existence of the desired solutions of the discrete-time Riccati equations is provided. A tracking
problem is also solved.

Keywords: linear quadratic problems, tracking problems, discrete time stochastic systems, Markov
chains, independent random perturbations.

1 Introduction

The state space approach for the problem of minimization of a quadratic cost functional along the
trajectories of a linear (affine) controlled system has a long history. Such an optimization problem is
usually known as linear quadratic optimization problem (LQOP). Starting with the pioneer work of
Kalman [32] the solution of such an optimization problem is closely related to the existence of some
suitable solutions of a matrix differential (difference) equations of Riccati type.

In the continuous time stochastic framework different aspects of the LQOP were investigated in [2,
16, 30, 43, 44] for the case of controlled systems described by Ito differential equations and [9, 29, 35,
37, 42, 44] in the case of controlled systems described by differential equations with Markov jumping.
In [45] the linear quadratic optimization problem for stochastic systems and cost functionals with
indefinite sign was considered and solved.

In [18, 22] it was shown that the solution of the linear quadratic optimization problem strongly depends
upon the class of admissible controls. It was proved that for a given cost functional and for different
sets of admissible controls the solution of the optimization problem is constructed either using the
maximal solution or the minimal solution of the corresponding Riccati differential equation.

In the discrete-time stochastic framework the linear quadratic optimization problem was separately
investigated for systems with independent random perturbations and systems with Markov perturba-
tions, respectively. Thus, for the case of discrete-time stochastic systems with independent random
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perturbations we refer to [40, 38, 46|, while for discrete-time systems with Markovian switching we
mention [1, 3, 5, 6, 7, 8,9, 10, 11, 13, 14, 12, 27, 28, 29, 31, 35, 36, 37, 39, 42].

In the present paper we consider an optimization problem asking the minimization of a quadratic
cost functional along the trajectories of a discrete-time affine stochastic system subject to Markovian
switching and independent random perturbations. Both the case of finite time horizon and the case
of infinite time horizon are studied. Sufficient conditions ensuring the existence of the solutions for
a corresponding system of a discrete-time Riccati type equations involved in the construction of the
optimal control are given. As an application we give the solution of a tracking problem.

Lately there is an increasing interest in the investigation of different control problems related to
discrete-time linear stochastic systems corrupted by independent random perturbations and Markovian
switching. For the readers convenience we refer to a recent paper [15] where several optimization
problems having the cost functional given by the terminal value of the expectation or of the variance
of an output are studied.

The outline of our paper is as follows: Section 2 contains the description of the mathematical model
under consideration as well as the setting of the optimization problem under investigation. The main
results are in section 3. Thus, after some auxiliary results given in subsection 3.1 the solution of LQOP
in the finite time horizon is given in subsection 3.2. Subsection 3.3 contains a detailed investigation
of the problem of the existence of the stabilizing solution for the system of discrete-time Riccati type
equations associated to the considered optimization problem. Finally, in subsection 3.4 we provide
the solution of LQOP in the infinite time horizon case. Section 4 contains the solution of a tracking
problem for a given reference signal. In section 5 we collect the proofs of several results used in the
previous sections but also interesting in themselves.

2 Problem formulation

Let us consider the discrete-time controlled stochastic linear system described by:

z(t+1) = Ao(t,ne)z(t) + Bo(t, m)u(t) + fo(t,m) +

r

+ Z[Ak(t,nt):c(t) + Bi(t,ne)u(t) + fr(t,ne)|we(t), t>0,teZ, (2.1)
k=1

where z(t) € R", is the state vector and u(t) € R™ is the vector of control inputs, {n:}+>0 is
a Markov chain defined on a given probability space (2, F,P) with the state space the finite set
D = {1,2,...,N} and the sequence of transition probability matrices {P;}¢>0. This means that for
t > 0, P; are stochastic matrices of size N, with the property:

Pim+1 =7 |Gt} = pe(me, 5) (2.2)

forallj € D, t >0, t € Z,, where Gy = o[no 11, ... ,n] is the o-algebra generated by the random vari-
ables 15,0 < s < t, {w(t) }+>0 is a sequence of independent random vectors w(t) = (wq(t), ..., w,(¢))T.

It can be seen that if P{n; =i} > 0 then

Pim+1 =7 | =1} =pu(i, ) (2.3)
pe(i,7) being the entries of the transition probability matrix P,. For more details regarding the
properties of Markov chains and sequences {P;}+>o of stochastic matrices we refer to [17].

If P, = P for all t > 0 then the Markov chain is known as a homogeneous Markov chain.
For each t € Z, Ak(t,7) € R™", By(t,i) € R™"™ and fi(t,i) € R™ are known.

Different properties of the sequences {Ag(t,7)}t>0, {Br(t,7)}e>0, {fu(t, i)} >0, 0 < k < r, will be
emphasized later.



Together with the o-algebras G; we introduce the following new o-algebras 7 = ofw(s),0 < s < ],
H: =G VvV Fy, Hy :Ht—l\/g[nt] ift>1and H; =Ggif t = 0.

We recall that if 7 and G are two o-algebras then F VG stands for the smallest o-algebra containing F
and G. Throughout the paper the following assumptions regarding the processes {7: }+>oand {w(t) }+>0
are made:

H;) The processes {n:}+>0 and {w(t)}+>0 are independent stochastic processes.
H,) E[w(t)] =0,t >0, Elw(t)w’ (t)] = I, t > 0, I, being the identity matrix of size r.

Hj3) For each ¢t > 0, P, is a nondegenerate stochastic matrix. We recall that a stochastic matrix P; is
a nondegenerate stochastic matrix if for every j € D, there exists i € D such that p(i,j) > 0.

In terms of g-algebras the assumption Hj asserts that for each t € Z,, F; is independent of G;.
The following two classes of admissible controls will be involved in the paper.

a) If 0 <tg <ty € Z, Uy, consists of the stochastic processes u = {u(t),to <t < ty}, where u(?) is
a m-dimensional random vector with finite second moments and 7:(t— measurable.
b) If t; = co and zg € R"™, Uy, (o) consists of all stochastic processes u = u(t),to <t < oo where

for each ¢, u(t) is a m-dimensional random vector which is H;-measurable having the following two
additional properties:

@) Elut)]?] <oco, t>tg
B) f;ltI)Equ(t,to,xo)]Q] < o0 (2.4)

2y (-, to, o) being the solution of (2.1) determined by the control w and starting from xg at t = .

It must be remarked that in the case t; < +o0 the initial value zg does not play any role in the definition
of the admissible controls Uy,:,. On the other hand in the infinite time horizon case (t; = +o0) it
is expected that the set of admissible controls be dependent upon the initial state xg. This could
happened due to condition (2.4).

That is why the dependence with respect to the initial state zg is emphasized writing Uy, (o).

We associate the following two cost functionals to the system (2.1): J(to,tr, zo,") : Uz, — R and
J(t()? 0, 2o, ) : ut(),OO(xO) —R by

tp—1
JI(to, ty, wo,u) = Bl (tr) K (e, )a(ty) + _Z ly(t)?) (2.5)
1 L
T(to, 00 0,u) = Jim 7= " Elly(1) (26)
where
y(t) = C(t,n)u(t, to, xo) + D(t, ne)u(t) (2.7)

and x,(t,to, o) is as before.
Now we are in position to formulate the two optimization problems which are solved in this paper.

OP 1. Given 0 < tg < ty € Z and g € R", find an admissible control u € Uto,tf which satisfies
J(to, ty,xo,u) < J(to,ty, o, u) for all u € Ut ty-

OP 2. Given ty > 0,29 € R" find a control & € Uy (o) such that J(tg,o00,z9,0) < oo and
J(to, 00,0, 0) < J(to, 00, z0,u) for all u € Uty, co(xo).



In the case of the cost functional (2.6) it is not known that there exists u € Uy, oo (o) such that

J(to, 00, xo,u) < +00. (2.8)

That is why it is natural to introduce the following definition:
Definition 2.1

We say that the optimization problem OP 2 is well posed if for every o € R™ and ty € Z, there
exists u € Uy, oo (o) such that (2.8) is fulfilled.

In the construction of the optimal control % in the above optimization problems a crucial role is
played by the solutions of the following system of discrete time stochastic generalized Riccati equations
(DTSGRE):

ZAT (¢, (¢, X (t 4+ 1)) Ag(t,3) + CT(t,4)C(t,4) —
ZAT t,)IL;(t, X (t + 1)) By(t, i) + CT(t, i) D(t,4)][DT (t,1)D(t,7) +

ZBk t, i) (t, X (t + 1)) By(t, 1) ZBk £, )IL (8 X (t 4 1) AR(t, i) + DT (t,9)C(t, )] (2.9)
where
N
Y) =Y pili, )Y () (2.10)
j=1

forall Y = (Y(1),..., Y(N)).

For the problem OP 1 we need the solution of (2.9) with the terminal condition X (t¢,i) = Kf(i),
while in the case of problem OP 2 a global solution of (2.9), called stabilizing solution, is involved.

Later we will provide a set of conditions which guarantee the existence of the above mentioned solutions
of (2.9). Finally we mention that (2.9) contains different types of discrete-time Riccati equations
involved in the solution of the linear quadratic optimization problems, as particular cases, and Ho-
control problems both in deterministic framework and stochastic framework [1, 4, 27, 28, 29, 30, 38,
39, 43, 44, 46].

3 The solution of the optimization problems

3.1 Some preliminaries:

Let V : Z, x R" x D — R be a quadratic function in x of the form V (¢, x,i) = 27 X (¢,4)z + 22T k(t, 1)
where X (t,4) = X7 (t,i) € R™" and k(t,i) € R" are given. For the readers convenience we recall the
following result (see [21]):

Lemma 3.1 Under the assumption H; and Ha we have

EX (ep1=33 | He) = pe(ne, 5) (3.1)
a.s. forallt € Z, and j € D.
We remark that (3.1) is the extension of (2.2) to the joint process {w(t), n:}¢>0-
Now we prove:
Lemma 3.2 Let 0 < to <ty and u € Upyr,. If 2(t), to <t <ty is a trajectory of the system (2.1)
2

determined by the input u with x(tg) Hy,-measurable and E|x(ty)|? < oo, then we have:

EV(t+ Lt + 1), ne1)ne] = EIW(E, 2(8), w(t), ne) e, ] (3.2)



forallty <t <tp—1, where W(t,z,u,i) = ]é:o{xTA;f(t, DL (8, X (t41)) Ag(t, i)z+u? BE (¢, )11 (¢, X (t+

1) By (t,d)u+ £ (¢, )L (t, X (t+1)) fr(t,4) +22T AL (¢, )¢, X (¢+1)) By (¢, 3)u+22T AL (¢, 4)I1(¢, X (t+
D) fe(t, i) + 20T BE (¢, i)II(t, X (t + 1)) fe(t, )} + 2[Ao(t, i)z + Bo(t,i)u + fo(t, i) TIL(¢t, x(t + 1)) with
IL;(t, X (t + 1)) and IL;(¢t,k(t + 1)) are defined as in (2.10) with X (t + 1,i) and k(t + 1,i) instead of
Y (4).

Proof. Taking into-account that x(t 4 1) is H;- measurable we have via Lemma 3.1: E[V(t +1,z(t+
D) )X nesa=p | Hel = V(E+ 1L, 2(t 4+ 1), ) Elx gy, =53 [He] = V(E+ 1, 2(t + 1), 5)pe(mr, ) a

Since 7:(15 C H; and n; is ﬂt—measurable, we get

EV({t+ 1,2+ 1), 5)X{n. ]}\Ht] pe(e, HEV (E+ 1, z(t + 1), ) [Hia.s. (3.3)

On the other hand from the assumption H; and Hz one obtains that: Efwy(t)[Hs] = E[wk(t)] = 0
and Elwg(t)w;(t)|H:] = Elwg(t)w(t)] = g where diy = 1 if k = [ and 0y = 0 if k # . Thus from
(2.1), (3.3) and the equality

N
V(it+ 1zt +1),n41) = Z V(t+ 1,2+ 1), 5)X{nes1=5} (3.4)
j=1
we obtain:
E[V (¢ + 1,2t + 1), me0) [He] = W (t (), u(t), ne)- (3.5)

Since o[ny,] C Hy the conclusion follows taking the conditional expectation with respect to 7, in (3.5).
Thus the proof is complete.

From the above lemma we obtain:

Corollary 3.3 Under the assumptions of Lemma 3.2 we have the following equality:

tr—1
EV (g x(te)ne)lne] + :Zt: E[|C(t,ne)z(t) + D¢, me)ult) |11, =
tr—1
= E[V (to, z(to), o) o] + :Xt: El(" (), 1, 1,a" (O]W (¢, 1) (&7 (£), 1,1, 0" ()" | (3.6)
where
VHCD e iR e
W= Rl i o Was(t. 1) (37)
Grt, X(t+1)) Wit,i) Wht,i) Ri(t,X(t+1))
with
Wi (t,i) = Sh_o AL (2, )i (t, X (¢ + 1)) Ag(t, i) — X (t,i) + CT(t,4)C(t, 1)
Wia(t,4) = Yoo AF (6, )TLi(t, X (¢ + 1) fi(t, 1)
Whs(t,i) = AL (t, )Lt k(t + 1)) — k(t, 1)
Gi(t, X(t+1)) = CT(t,i)D(t,i) + Yoo AF (¢, )L (¢, X (t + 1)) By(t,9)
Waa(t,i) = Sj—o fil (£, )L (t, X (¢ + 1)) fu(t,4)
Was(t,i) = fo (t,0)1L;(t, w(t + 1))
Waa(t, i) = Yjo fif (6, )TLi(t, X (¢ + 1)) Bg(t,9)
Way(t,3) = I (¢, k(t + 1)) Bo(t, 1)



Ri(t, X (t+ 1)) = DT (t,9)D(t,i) + X j_o B (t,9)IL;(t, X (t + 1)) Bi(t, ).
If X(t) = (X(t,1),..., X(t,N)), to <t <ty are such that R;(t, X (¢,4)) are invertible then we define:
FX(t,0) = —R; Y (t, X (t +1))GL(t, X (t + 1)), i€ D. (3.8)

For each sequence {X (t)}i>4,, X(t) = (X(¢,1),..., X (¢, N)) such that R;(t, X (t + 1)) is invertible, we
associate the following backward affine equation:

k(t, 1) = (Ag(t,3) + Bo(t, ) F~ (t,1)) TLi(t, k(t + 1)) + g(t, 1) (3.9)

where g(tai) = ZZZO(Ak(t’i) + Bk(t7i)FX(t7i))THi(t7X(t + 1))fk(ta 7;)77; €Dty <t< tf - L

Now we recall the following straightforward fact:

Lemma 3.4 Let F(£,u) = (€TuT) ( ﬂ% //\\;112 ) ( i ) be a quadratic form where detM3 /0.
2 3

Then
F(&u) = (M1 — MaM5 ME)E+ (u+ M3 MO My(u+ M3 MFE). (3.10)

Combining Corollary 3.3 and Lemma 3.4 one obtains:

Proposition 3.5 Let X (t) = (X(¢,1), ..., X (¢, N)) be a solution of the system of Riccati type equations
(2.9). Let k(t) = (k(t,1),...,5(t,N)), k(t,i) € R™ be a solution of the corresponding backward affine
equation (3.9). We have:

ty—1 tp—1
E[V(tf’ $(tf)7 TItf)|77to] + _Z E[’y(t)|2|77t0] = E[V(t(]v :L'(to), nt0)|77t0] + _Z E[:U’(tv Ut)’ﬁto]
ty—1
+ Z El(u(t) — FX(t,n0)2(t) = (8, m0))" R, (8, X (¢ 4 1)) (u(t) = FX (t,me)x () — 9 (t,me)) e )

for all u € Z/{to,tf, with
p(t, i) = fF (Tt X (8 + 1)) filt, ) — (I (¢, 5t + 1)) Bo(t,4) +
k=0
zrj P DL (E, X (¢4 1)) By(t, )Ry (8, X (¢4 1) (BE (¢, i)TL(¢, st 4 1)) +
k=0

z’“: BE(t, ) (t, X (t + 1)) fr(t,4)) + 258 (t,9) i (t, k(t, 7)) (3.11)
k=0

Yt i) = =Ryt X (¢ + 1)[BE (¢, i), w(t + 1)) + Z BF(t,)IL(t, X (t 4+ 1)) fu(t, )] (3.12)
k=0

and FX(t,4) is as in (3.8), z(t) being the solution with the properties as in Lemma 3.2 .

The proof follows immediately applying Lemma 3.4 with M3z =R, (¢, X (t+1)). It must be remarked
that if X (¢) is a solution of (2.9) then it is tacitly assumed that R;(t, X (¢ + 1)) is invertible.

3.2 Solution of the problem OP1

With regards to the optimization problem OP1, we prove:

Theorem 3.6 Assume that in the cost functional (2.5) we have:



a) K¢(i) >0, i€D.
b) DT(t,i)D(t,i) >0, to <t <t;—1,i€D.

Let XA( ) = (X(t,1),..., X (t,N)) be the solution of the system (2.9) which verifies the terminal condi-
tion X (t¢,i) = K¢ (i), i € D.

Let &(t) = (k(t,1),....,k(t,N)) be the solution of the corresponding backward affine equation (3.9),
with the terminal condition K(ty,i) = 0, i € D. Under these conditions the optimal control in the
optimization problem OP1 is given by

a(t) = F(t,n)&(t) + P(tm) (3.13)
where F(t,1) = FX(t,1) and D(t,4) is as in (3.12) with (X (t,4), #(t,4)) instead of (X (t,4),k(t, 1)) and
Z(t) is a solution of the problem with given initial values:

2(t + 1) = [Ao(t, ne) + Bo(t, ) E(t,me)|2(t) + folt,me) +

+ Z wi(8) [(Ak(t,me) + Br(t, ) P (t,me)2(t) + fi(t,mi))] (3.14)

x(to) = xo and fi(t,i) = By(t, i) (t,7) + fu(t,i),0 < k <r.

The optimal value is

tr—1 N
J(t(],tf,l'(), Z’rrto {1’0 thl)xO + 2.’E0 H(t(}, + Z Zp l .] (t ])} (315)
t=tg j=1

where (1) = P{n, =} is the distribution of the Markov chain and p'(l,j) are the elements of the
matriz Pt = Py, Pry41..-Pi—1, fi(t, i) being as in (3.11).

Proof. First we show that under assumptions a) and b) the solution X (t) is well defined for tg <t <
ty —1 and X(t,i) > 0.

To this end we remark that for every ¢ € D the right hand side of (2.9) is the Schur complement of
the 2 x 2 block of the matrix

At X(t+1) G X(t+1))
Ai(t, X(t+1)) = < g?(taX(t+ 1) R, X(t+1)) )
where
Ay(t, X (t ZAT (t, ) (t, X (t + 1)) Ag(t,3) + CT(t,4)C(t, 1)

Gi(t,X(t+1)),Ri(t,X(t+ 1)) are as before.
It is easy to check that

At X(E 1) =3 ( g%g >H¢(t,X(t+1))( Alti) Bylt.i) )
+ ( gigi; ) (Ctti) D). ) (3.16)

From (3.16) it follows that A;(t, X(t+ 1)) > 0if X(¢+1,5) > 0 for all j € D.
From the assumptions a) and b) in the statement one obtains that R;(t; — 1, X (t;)) > 0.

Based on the Schur complement technique one obtains that

X(ty— 1) = Agilty — 1, X(tg)) — Gilty — L X(t))R; Mty — 1, X(t4))G] (tf — 1, X (tg)) > 0,

7



Further, by induction, one proves that

X(t,i) = Ayi(t, X(t+1)) — Gi(t, Xt + 1))R;L(t, X (£ +1))GL (¢, X (t+1)) > 0.

Since R;(t, X (t + 1)) > 0 X(t,4) is well defined and X (t,i) > 0 for all tg < t < t;.
On the other hand £(t,4) is well defined as solution of (3.9). Applying Proposition 3.5 for the pair

~

(X (t,i),/(t,7)) and taking the expectation one gets:

tr—1
J(t07 tf’ Zo, u) = E[ng(tOv nto)J:O + 2$gﬁ(t07 nto)] + Z E[ﬂ(t’ Ut)] + (317)
tp—1
_Z E(u(t) — ()" Ry, (8, X (¢ + 1)) (u(t) — a(t))]-

where 4(t) is given by (3.13).
The fact that @ € Uy, ¢, follows from its formula. From (3.17) we deduce that

ty—1

J(to, ty, wo,u) = J(to, ty,x0, ) = E[V(to,z0,m)] + > Elfu(t, ne)].
t=to

The fact that R,, (t, X(t +1)) > 0if X(t,4) > 0 was used. (3.17) also shows that @ is the unique
optimal control. To obtain the optimal value of the cost functional, we write:

ty—1 ty—1 N
t=to t=tp j=1

where m(j) = P{n: = j}.
Set mp = (m(1), ..., m(N)). It is known that w11 = m Py, for all £ > 0.

Hence m; = w4y Py Pigt1..-Pi1, or T = 7 P!, P being as in the statement. This leads to

N
m(j) = Y o (P (L, 7). (3.19)
=1
Substituting (3.19) in (3.18) one obtains (3.15) and thus the proof ends.

3.3 Special global solutions of DTSGRE

In this subsection we investigate the problem of the existence of some special global solutions of
(DTSGRE) (2.9) as: the minimal solution and the stabilizing solution.

With regards to the matrix coefficients of the system (2.9) we make the following assumption:

Hy): (4) {Ak(t,9)} >0, {Br(t, i) >0, 0 <k <7, {C(t,9)}t>0, {D(t,7)}+>0 are bounded sequences.
(ii) a) there exists dp > 0 not depending upon ¢ such that R(t,i) := DT (t,4)D(t,i) > oI,

V(t,i) € Zy x D.

b) CT(t,i)D(t,i) = 0,Y(t,i) € Z, x D.

One can see that if the assumption (i¢) a) is fulfilled then (i7) b) takes place without any loss of

generality. This may be obtained if in the system (2.1) as well as in the output (2.7) one makes the
following change of the control parameters: u(t) = —(DT(¢t,n;)D(t,n:)) DT (t,m:)C(t,m¢) s + v(t)



where v(t) is the vector of new control parameters. For details regarding the continuous time case,
one can see [18] or [22] chapter 5. Under the assumption Hy(i7) the feedback gain (3.8) becomes:

FX(t,i) = —(R(t,i) + XT:B;{(t,i)Hi(t,X(t+ 1)) By (t, 1) ZBk (t,))TL;(t, X (t + 1)) Ap(t,4))(3.20)
k=0

The following results will be repeatedly used in the next developments:

Lemma 3.7 Let {X(t)}to<t<t, be a  solution of (DTSGRE) (2.9) and
W(t) = (W(t,1),....,W(t,N)),W(t,i) € R™™ be given. Then {X(t)},<t<t, verifies the following

modified system of discrete time equations:

r

X(ti) = (Ag(t, i) + By(t, i)W (t,0))TLi(t, X (t 4+ 1)) (Ag(t, i) + Bi(t, )W (¢, 1)) + CT(t,9)C(t, )
k=0

+WT(t, ) R(t, )W (t,i) — (W (t, i) — FX(t,9)TR:(t, X (t + 1)) (W (t, 1) — FX(t,9)).

Proof follows by direct calculations. It is omitted for shortness.

We mention that any time we refer to a solution of (DTSGRE) (2.9) we assume tacitly that R; (¢, X (t+
1)) is invertible.

Based on the previous Lemma one easily obtains the following comparison result:

Proposition 3.8 Let X;(t) = (X;(t,1), X;(¢,2), ..., X;(¢t, N)),l € {1,2},to <t < t1 be two solutions of
(DTSGRE) (2.9) with the properties:

a) Ri(t, X1(t+1)) >0, to<t<t1—1;
b) Xg(tl, )>X1(7f1, ) Vi e D.
Under these conditions we have Xo(t,1) > Xy (t,i) for alltg <t <t,i € D.

Proof. Let Fy(t) = (F(t,1), Fi(t,2), ..., Fi(t, N)) be defined by Fj(t,i) = FXi(t,i),l =1,2,i € D,tg <
t < t;. Applying successively the previous Lemma to the system (2.9) verified by X;(¢) and Xa(¢)
respectively and for W (t) = F»(t), we obtain:

Xo(t,i) — X1(t,i) = i(Ak(m i) + By(t, ) Fo(t,9)) TL((¢, Xo(t + 1) — X1(t + 1)) (Ag(t,9)
k=0
+By(t, 1) Fa(t,i)) + M(t, 1) (3.21)

where M(t, 1) = (Fa(t,i) — Fy(t,0)TRi(t, X1(t + 1)) (Fa(t, ) — Fi(t,4)).

Based on assumption a) one deduces that M (¢,i) > 0 for all tg <t <t; — 1,7 € D. The conclusion
follows now inductively from (3.21) and thus the proof ends.

Consider the following system associated to (2.1) for fi(¢,i) = 0:

x(t+1) = (Ao(t,m)x(t) + Bo(t,n)u(t) + Zwk V(AR )z (t) + Bi(t,ne)u(t)), t > 0. (3.22)

Definition 3.1. We say that the system (3.22) is stochastic stabilizable if there exist bounded
sequences {F'(t,7)}+>0, © € D, such that the trajectories of the closed-loop system

x(t +1) = [Ao(t,m) + Bo(t, ) F(t,m) + Zwk (Ax(t,me) + Br(t,me) F(t,me))]z(t) (3.23)

satisfy

E[|$(ta tO’ x0)|2|77t0 — 7/] < /Bqt_to|550|2 (324)



for all t > to, i € D with m, (i) > 0, where § > 1, ¢ € (0,1) are independent upon ¢, ¢y, zo.

The sequences {F(t,)}+>0, involved in the above definition will be called stabilizing feedback gains.
If the coefficients of the system (3.22) are periodic, with period 6 > 1, the definition of the stochastic
stabilizability will be restricted to the class of #-periodic stabilizing feedback gains.

According to the terminology introduced in [21] the definition of stochastic stabilizability could be
restated as follows: the system (3.22) is stochastic stabilizable if there exist bounded sequences
{F(t,1)}+>0 such that the zero state equilibrium of the system (3.23) is exponentially stable in mean
square with conditioning of type I (ESMS-CI).

Let us consider the following linear system obtained from (2.1) and the output (2.7), for fi(¢t,7) =0
and u(t) = 0:

2t + 1) = (Aolts) + 3 (At () (3.25)
k=1

y(t) = C(t,m)x(t).

Definition 3.2. We say that the system (3.25) is stochastic detectable if there exist bounded sequences
{Kk(t,i) }+>0, i € D,0 < k < r such that the zero state equilibrium of the system

z(t+1) = (Ao(t,me) + Ko(t,ne)C(t, ms) + Zwk (Ap(t,m0) + K (t,m:)C(t,m0)))z(t)

is (ESMS-CI).

Different aspects regarding the concepts of stochastic stability, stochastic stabilizability and stochastic
detectability can be found in [13, 19, 20, 21, 24, 25, 26, 34, 38, 39, 41].

Now we prove:
Theorem 3.9 Assume: a) The assumptions Hy — Hy are fulfilled.
b) The system (3.22) is stochastic stabilizable.

Under these assumptions (DTSGRE) (2.9) has a bounded solution X (t) = (X (t,1), X (t,2), ..., X (¢, N))
such that X(t,i) > 0,(t,i) € Zy x D. The solution X(t) is minimal in the class of global bounded
and positive semidefinite solutions of (2.9). Moreover if there exists an integer 8 > 1 such that
Ap(t + 0,i) = Ay(t, i), Br(t+ 0,i) = By(t,i), 0 < k < r, C(t+0,i) = C(t,i), D(t + 0,i) = D(t,4),
te€Zy,Pyg=DP,icD, then X(t+0,i) = X(t,i), for allt € Z,, i € D.

Proof. For each 7 > 1,7 € Z let X, (t) = (X-(t,1),..., X;(t, N)) be the solution of (2.9) with the
terminal condition X,(7,i) = 0,7 € D. Proceeding as in the proof of Theorem 3.6 one obtains that
X (-) are well defined and X (¢t,i) > 0 for 0 < ¢ < 7. If 1 <7 < 79 we have X, (11,7) > 0 =
Xr (11,1),7 € D. Applying Proposition 3.8 for X;(t) = X, (t),l = 1,2, we conclude that

Xy, (t,0) < Xy (L,0) (3.26)

for all 0 < ¢t < 7,7 € D. On the other hand, the assumption b) in the statement together with
Theorem 3.8 [21] guarantee the existence of the bounded sequences {Fy(t, i) }+>0,¢ € D, such that the
following system of coupled Lyapunov type equations

Xo(t,1) = i[Ak(ta i) + B(t, i) Fo(t,4)] TLi(t, Xo(t + 1))[Ax(t,9) + Be(t, i) Fo(t, )]
k=0
+CT(t,4)C(t,i) + FL (t,i)R(t,9)Fo(t,i),i € D (3.27)

has a bounded solution X¢(t) = (Xo(t, 1), ..., Xo(t, N)), Xo(t,2) > 0,7 € D,t € Z.
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Applying Lemma 3.7 with W (¢t,i) = Fy(t,7) to (2.9) verified by X,(¢) one obtains that Xo(t) —
X-(t),0 <t <7, solves the following equation

Xo(t,i) — X (t,1) = i(Ak(t, i) + By(t, i) Fo(t,9)) T (¢, Xo(t + 1) — X7 (¢ + 1)) (Ag(t,9)
k=0
+By(t, i) Fo(t, 1)) + M(t,1) (3.28)

where M(t,i) = (Fy(t, i) — Fr(t,4))TRi(t, X-(t + 1)) (Fo(t, i) — Fr(t,i)), Fr(t,i) = FXr(t,i). It can
be seen that M(¢,i) > 0,0 <t <7 —1,i € D. Since Xo(7,7) — X;(7,7) = Xo(7,7) > 0 one obtains
inductively from (3.28) that Xo(t,7) — X, (¢,7) > 0,¥0 < ¢ < 7,7 € D. This allows us to conclude that

0 < X, (t,i) < Xo(t,4) < cl,, (3.29)

forall 0 <t < 7,7 > 1,1 € D where ¢ > 0 is independent of 7 and ¢. From (3.26) and (3.29) one
obtains that the sequences {X;(t,i)},>1,4 € D are convergent. Let X(t,7) = limy—oo Xy (t,4). Tt
follows that 0 < X (t,4) < el,,. Moreover X (t) = (X(t,1), X(t,2), ..., X(t, N)) is a global solution of
(2.9). If X(t) = (X(t,1),X(t,2),..., X(t,N)) is another bounded solution of (DTSGRE) (2.9) with
X(t,i) > 0 for all t,i € Z, x D then X(7,i) > 0 = X,(,i),V 7 > 1. Applying Proposition 3.8 we
deduce that X (t,i) > X, (t,i) for all 0 < t < 7,i € D. Taking the limit for 7 — oo we deduce that
X (t,i) > X(t,i) for arbitrary (¢,i) € Z4 x D and thus we obtain that X (¢) is the minimal solution.

If the coefficients of DTSGRE (2.9) are periodic sequences with period § > 1 we define X, (t) =
(X (t,1), X (t,2), ..., X+ (t, N)) by X,(t,i) = X, 1(t +0,i), 0 <t < 7,i € D. It is easy to check that
X, (t) is also a solution of DTSGRE (2.9) and X, (7,i) = 0 = X,(7,4). Therefore X,(t,i) = X,(t,1)
for all 0 < t < 7,4 € D. This leads to lim, oo X, (t,4) = lim, .o X, (t,i) = X(t,7). On the
other hand lim, . X;(t,7) = lim; oo Xy49(t + 6,7) = X(t + 6,7). This allows us to conclude that
X(t,i) = X(t + 60,i) and thus the proof ends.

Definition 3.3. We say that X(t) = (X(t,1),...X(¢t,N)), t € Z, is a stabilizing solution of the
system (2.9) if the zero state equilibrium of the closed-loop system

w(t+1) = [Ao(t, i) + Bo(t,ne) F(t,me) + Z wi(t) (Ak(t,me) + Br(t,ne ) F(t,me))]x(t) (3.30)
k=1

is (ESMS-CI), where

F(t,i) = —(R(t,7) + iB,{(t,i)Hi(t,X(H ))By(t,1) ZBk (t, ) (t, X (t + 1)) Ag(t,4)). (3.31)
k=1

With respect to the stabilizing solution of (2.9) we first prove:

Theorem 3.10 (uniqueness): Under the assumption Hy — Hy the (DTSGRE) (2.9) has at most one
bounded and stabilizing solution X (t) satisfying the additional condition R;(t, X (t+1)) > 0,t € Z ,i €
D.

Proof. Let us assume that (2.9) has at least two bounded and stabilizing solutions
Xi(t) = (Xi(t,1),..., X;(t,N)),l = 1,2, which verify the additional condition R;(t, X;(t + 1)) > 0.
Set Fy(t,i) = FXi(t,4),l = 1,2. Applying Lemma 3.7 with W (t,i) = Fy(t,i) to the equation (2.9)
verified by Xs(t,7) and X (t,i) respectively, one obtains that the sequence {Xa(t) — Xi(¢) }+>0 is a
bounded solution of the linear equation on S2':

r

Z(t,7) = 3 (Ag(t, i) + By(t, ) Fa(t,0)) "TLi(t, Z(t + 1)) (Ak(t,7) + By(t, i) Fa(t, i) + Ma(t,i) (3.32)
k=0

where Ms(t,i) = (Fy(t,i) — F1(t,1))TR

i
statement it follows that Mas(t,i) > 0, (¢,

(t, X1(t+ 1)) (Fa(t,i) — Fi(t,7)). From the assumption in the
) € Z4 x D. Since X3(t) is a stabilizing solution of (2.9)
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one obtains via Theorem 3.5 in [20] that the equation (3.32) has a unique bounded solution and that
solution is positive semindefinite. This allows us to conclude that Xo(t,i) — X;(¢,7) > 0. Applying
again Lemma 3.7 with W (¢,4) = Fi(t, ) we obtain in the same way that X;(¢,7) — Xa2(¢,7) > 0. Hence
X1(t,i) = X5(t,4) and thus the proof is complete.

Lemma 3.11 Assume:
a) The assumptions Hy — Hy are fulfilled.
b) The system (3.25) is stochastic detectable.

Under these assumptions any bounded solution X(t) = (X(t,1),...,X(t,N)) of DTSGRE (2.9) with
X(t,i) >0 for allt > 0,i € D is a stabilizing solution.

Proof. Let X(t) = (X( 1), X(t,2),..., X(t,N)) be a bounded and positive semi-definite solution of
(2.9). Set F(f,z) = FX(t i), (t,i) € Zy x calD. Applying Lemma 3.7 with W (t,i) = F(t,i) one
obtains that X (t) solves:

r

X(t,4) = > (A(t, i) + By(t, i) F(t,4) T, X (t+ 1)) (Ax(t, 1)
k=0

+By(t,9)F(t,i)) + CT(t,9)C(t,1) (3.33)

S C(t, z)
where C(t,i) = < Rz(t DE (1) >

Now we show that under assumption b) the system (3.33) is stochastic detectable. To this end we
take Kp(t,1) € R™WHm) K (t,i) = (Ki(t,i) — B(t, i)R_Tl(t, i)) where Kj(t,4) are provided by the
assumption b).

One obtains that the corresponding closed-loop system z(t + 1) = [Ao(¢,n:) + Ko(t,n:)C(t,m) +
+ > h g wr(6) (Ag(t,me) + K (t,n:)C(t,me))]x(t) coincides with

w(t+1) = (Ao(t,me) + Ko(t,m)C(t,ne) + Zwk )(Ak(t,me) + Ki(t,m)C(t,me)))2(t)

which is ESMS-CI.

Thus we conclude that the system (3.33) is stochastic detectable. Applying a slightly modified version
of the Theorem 4.8 in [20] to equation (3.33) we conclude that the zero state equilibrium of the system
(3.30) is ESMS-CI and thus the proof ends.

At the end of this subsection we prove:

Theorem 3.12. Assume: a) The hypotesis H; — Hy are fulfilled. b) The system (3.22) is stochastic
stabilizable. ¢) The system (3.25) is stochastic detectable.

Under these conditions DTSGRE (2.9) has a bounded and stabilizing solution
X(t) = (X(t,1),X(t,2), ..., X(t,N)), X (t,i) > 0 for all (t,i) € Z, x D.

Moreover if the coefficients of the DTSGRE (2.9) are periodic sequences with period 6 > 1 then X (¢)
is a periodic solution with the same period 6.

Proof. It follows immediately form Theorem 3.9, Lemma 3.11 and Theorem 3.10.

3.4 The solution of OP2

In this subsection we solve the problem OP2 under the following additional assumption:
Hs {fi(t,7)}+>0,0 < k <r,i € D are bounded sequences.

Let us consider the system of backward affine equations

k(t, i) = (Ao(t, 1) + Bo(t, i) F(t,4)TI;(t, k(t + 1)) + §(t, 1), (3.34)
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i € D, where

T

G(t,1) = (Ap(t, i) + Bi(t, i) F(t,0) T, X (t + 1)) fu(t, 1)
k=0

F(t,i) being the stabilizing feedback gain determined by the stabilizing solution of (2.9).

Lemma 3.13 Under the assumptions of Theorem 3.12 together with Hy, the system of backward
affine equations (3.34) has a unique bounded solution on Z., k(t) = (£(¢,1), ..., k(t, N)).

Proof-see subsection 5.2.
Based on the stabilizing solution X (¢) of (2.9) and the unique bounded solution &(t) of (3.34) we
construct the following control law:

a(t) = F(t,n)(t) 4+ (t,m) (3.35)

where F(t,4) is defined as in (3.31),

Yt i) = =R (t, X (¢4 1) [BL (¢, )TL(¢, At 4+ 1)) + Z BE(t,)I;(t, X (t + 1)) fr(t, )] (3.36)
k=0

and Z(t) is the solution of the closed-loop system

E(t+1) = [Ao(t,me) + Bo(t, ) F(t, n)]2(t) + fo(t,ne) +

Zwk V(AR (t,me) + B(t,me) F(t, ) E(E) + fr(t, me)] (3.37)
f)(to) = X0

where fi(t, i) = By(t, )i(t, 1) + fu(t,1),0 < k <, (t,i) € Zy x D.
We have:
Lemma 3.14 Under the assumptions of Lemma 3.13 the following hold:
(i) For each xo € R"™, U € Upyoo(0);
(i1) J(to, 00, o, %) < +00.
Proof-see subsection 5.3.

For each (tg,z0) € Z4+ x R™ we introduce the sets

Z;Itooo(xo) = {u € Uryoo(0)|J (to, 00, T0, u) < +00}.

Under the conditions of the above lemma it follows that @ € Us,eo(20).

Moreover based on Corollary 5.4 (i) below one obtains that if the linear system (3.22) is stochastic
stabilizable and if the assumptions Hy — Hjy are fulfilled then each (tg, z¢) € Z4+ x R™ the set Uy,oo(0)
contains the controls of the form

u(t) = F(t,m)&(t) + h(t)

for arbitrary stabilizing feedback gain {F'(¢,7) }+>0,% € D and for arbitrary stochastic process {h(t)}+>0
with the properties:

a) for each t € Z, h(t) is Hs-stabilizable;
b) sup>o E[[A(t)[?] < oo;

Z(t) is the solution of

w(t+1) = [Ao(t, ne) + Bo(t, ne) F' (¢, )] Zwk )[(Ar(t, 1) + Br(t, n) F (¢, me))(t) + fu(t)]
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where
Thus we obtain:

Corollary 3.15 If the assumptions in Theorem 3.12 and the assumption Hy are fulfilled, the problem
OP2 is well possed.

The main result of this section is:

Theorem 3.16 Assume that:

a) The hypotheses Hy — Hy are fulfilled.

b) The system (3.22) is stochastic stabilizable.

c) The system (3.25) is stochastic detectable.

Under these conditions the optimal control problem OP2 is given by (3.35)-(3.57).
The optimal value of the cost functional is given by

T N N

J(to, 00, o, 0) = hm —ZZZHO Va(t, 5) (3.38)

tOlljl

where [i(t,7) is defined as in (3.11) based on X (t) and p(l,j) are as in Theorem 3.6.

Proof. It follows immediately by combining Proposition 3.5, Lemma 3.13 and Lemma 3.14.
Remark 3.1. If the condition (2.4) from the definition of the set of admissible controls U,eo (o) is
replaced by

Jlim Bl (1, to, z0)[*] =0 (3.39)

one obtains a new class of admissible controls L?tooo(xo).
It is obvious that LA{tOoo(xo) C Upyoo(T0)-

Thus we may consider a new optimization problem asking the minimization of the cost functional
(2.6) over the set of admissible controls Uy,oo(xg). To be sure that condition (3.39) is satisfied, the
assumption Hs must be replaced with a stronger one:

Hg : limy_,o fx(t,i) =0,i € D,0< k <.

One proves that under the assumptions Hy — Hy, Hg the unique bounded solution of (3.34) satisfies
limy .~ £(t) = 0.

Furthermore if 1(t,4) is defined by (3.36) we have lim; o, ¥(t,i) = 0,i € D. Applying Corollary 5.4
(ii) below, one obtains that the solution of (3.37) will satisfy lim; .. E[|Z(t)[?] = 0. This shows that
the control u(t) defined by (3.35)-(3.37) belongs to the new class of admissible controls U, oo (20)-

Reasoning as in the proof of Theorem 3.16 one obtains that if the assumption Hjy is replaced by Hg
the control u(t) defined by (3.35)-(3.37) achieves the optimal value of the cost functional (2.6) with
respect to both classes of admissible controls Uz oo (z0) as well as Uy,oo (o).

4 Applications to tracking problems

Consider the discrete time controlled system described by

(t + 1) = Ao(t,ne)2(t) + Bo(t, ne)ult) + Z [Ak(t, ne)a(t) + Br(t, ne)u(t)we(t), (4.1)
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t > to, x(ty) = xo.

Let {r(t)}+>0, r(t) € R™ be a given signal called reference signal. The control problem we want to
solve is to find a control @(¢) which minimizes the deviation x(t) — r(¢).

For a more rigorous setting of this problem let us introduce the following cost functionals:

J(to,tr, wo,u) = B{(a(ty) = r(tp) kp(ne)(x(ty) = r(ty)) +
ty—1
D[ (t) = r()T Mt me) (w(t) = r(1) + u” (R, ne)u(t)]} (4.2)

t=to

in the case of finite time horizon and
- I
J(to, 00, o, u) = hmT—m)@ﬂ El(a(t) — r(£)" M (8, ) (x(t) = r(8)) + u () R(t, me)u(t)] (4.3)
t=to
in the case of infinite time horizon, where M(t,i) = M7 (t,i) > 0, K(i) = Kf(z) >0, R(t,i) =
RT(t,i) > 0 and x(t) = 24(t, o, z0).

The tracking problems considered in this section ask for finding a control law wept € Uy, ¢, (Uopt €
Uy 00(0) Tespectively) in order to minimize the cost (4.2) (the cost (4.3) respectively). If we set

§(t) = x(t) —r(t) then we obtain £(t+1) = Ao(t,m:)&(t) + Bo(t, me)u(t) + fo(t, ne) + X 5—1 [Aw(t, )& (8) +
By(t,ne)u(t) + fi(t,m¢)]wi(t) and the cost functionals

J(to, tg,wo,u) = EIET (t5) K(ne)é(ts)+

ty—1
Z (€T ()M (t,m)&(t) + ul (OR(E, ne)ult))]
and .
J(t()a Z.nft:% zo, u) = mT—’OOT: i to Z E[fT(t)M(t, Wt)f(t) + u(t)TR(tv nt)U’(t)]
where

fo(t,i) = Ao(t,i)r(t) —r(t+1)
fu(t, i) = Ag(t,i)r(t), 1<k<rt>0, (4.4)

Let us consider the following system of Riccati type equations:
ZAT (t,i)TL; (t, X (t + 1)) Ap(t, ) ZAT (t,))IL;(t, X (t + 1)) By(t,4)][R(t, )
+ZBk (t, )L (t, X (t + 1)) By(t,4)]” ZBk (t, )L (t, X (t + 1) Ap(t, )] + M(t,3)  (4.5)

F
It is easy to see that (4.5) is the special case of (2.9) with C(¢,7) = ( M2(§t,z) ) , D(t,i) =

(et
(R(t,i))? )

The solution of the tracking problems are derived directly from Theorem 3.6 and Theorem 3.11.

Corollary 4.1 Under the considered assumptions, the optimal control of the tracking problem de-
scribed by the system (4.1) and the cost (4.2) is given by

opt (1) = F(t, 1) (£(1) — 7(1)) + (¢, mi) (4.6)
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where F(t,i) = FX(t i) is constructed as in (3.8) based on the solution Z(t, i) of the system (4.5) with
the terminal condition X(tf, i) = Ky(i), i € D, (t,4) is constructed as in (3.12) based on X (¢,4) and
R(t) with (A(t) = (k(t, 1), ..., k(t, N)) is the solution of the system of backward affine equations

K(t,i) = (Ao(t,i) + Bo(t, i) B (t, i) 'TL(E At + 1)) + (¢, i)(ty, i) = 0, (4.7)

i € D where §(t,1) = Yh_o(Ax(t, 1) + Bi(t, i) F () TTL(E X (¢ + 1) fu(t,3), fu(t, ) given by (4.4), &(¢)
is the solution of the closed loop system:

2(t+ 1) = [Ao(t,me) + Bo(t, me) F(t,me) + Y (Ar(t,me) + Br(t, ) F(t,me) )w + k(1)) (1),
k=1

t> t(), i’(to) = Xy.
The optimal cost is given by J(to, ¢, xo, tiopt) = Soteq [mo(1)[(x0 — 7(t0))" X (to, 1) (z0 — r(to)) +
+ 2(xg — r(to)) T k(to, 1) + Zi’:ol Zj-v:l p'(l, ) fi(t, 7)] where fi(t,5) and p'(l,j) are as in Theorem 3.6.

Consider the linear system:

r

w(t +1) = (Ao(t;ne) + ) At me)wi (1)) ()
k=

1
y(t) = M3t m)x(t). (4.8)
We have:
Corollary 4.2 Assume:
a) The hypotheses Hy, Ha, Hg(i), Hy are fulfilled.
b) The system (4.1) is stochastic stabilizable.
c) The system (4.8) is stochastic detectable.
d) R(t,i) > 61, > 0 and the sequence {r(t)}+>0 is bounded.

Under these conditions the optimal control of the tracking problem described by system (4.1) and cost
(4.3) is:

Tope(t) = F(t,me) (#(t) — 7(1)) + P(t. ) (4.9)

where F(t i) = F X (t,i) is constructed as in (3.8) based on the stabilizing solution
X(t) = ((X(t,1),...,X(t,N)) of the system (4.5), ¥(t,7) is given by

O(t,1) = —(R(t,i) + Z By (t, )ILi(t, X (t 4+ 1)) By (t, 1))~ 1[BY (¢, 1)L;(t, &(t + 1))
k=0

+ZBk t, )L (¢, X (t 4 1)) f(t, 1)

where k(t) = (k(t,1),...,k(t,N)) is the unique bounded solution of the system of backward affine
equations B
k(t,7) = (Ao(t,3) + Bo(t, i) P (£, ) " TLi(t, (t + 1)) + §(t,4)

with

r

G(t,1) =3 (Ap(t, i) + Bi(t, i) F(t,0) T (6, X (¢ + 1)) fu(t, 1)
k=0

fr(t,i) be given by (4.4); Z(t) is the solution of the closed-loop system
&(t +1) = [Ao(t, me) + Bo(t, me) F'(t 1)+

r

Z(Ak(t7 nt) =+ Bk (ta nt)F(ta nt))wk(t)]i&)
k=1

t Z 0, l’(to) = Zo.-
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5 Proofs

In this section we provide the proofs of Lemma 3.13 and Lemma 3.14 above. To prove these lemmata
we need several auxiliary results.

5.1 Some auxiliary results

Let RN = R" @ R" @ ... ® R*(N times). If z € R™" then z = (2(1),...,2(N)) with x(i) € R",
2(i) = (21(4), 22(7), ..., 2, (i))T. R™V is a Hilbert space with the inner product

N
(@,y) =D ot (1)y(i) (5.1)
=1

for all 2,y € R™N. Together with the norm | - |5 induced on R™M by the inner product (5.1) we
consider also the norm

2|1 = maziep(xT (i)x(i))2. (5.2)

If L: R"Y — R™¥ is a linear operator then ||L|, is the operator norm induced by |- [, k € {1,2}.

Based on the sequences {Ag(t,1)}:>0, { P }t>0 we construct the linear operators A; : R*Y — R by
Az = (A)(1), .. () (V) with

N
(Aex)(i) = Y pe(d,9) Ao(t, 1) (5)- (5.3)
j=1

It is easy to see that the adjoint operator of 4; with respect to the inner product (5.1) is given by
Afz = ((Af2)(1), ... (Afz)(N)) with

(Afz)(i) = AJ (£, D)IL;(t, ) (5.4)

where II; (¢, z) is defined as in (2.10) with z(7) instead of Y (). In the sequel Z(¢,s) stands for the

i >
linear evolution operator on R™" defined by A;; that is Z(t,s) = { Ai-t--As ?f t>s=0 where
Igny it t=s
Ign-~ the identity operator on R™¥.
Consider the linear system derived from (2.1)
x(t+1) = [A(t,m) + Z w (t) Ag (6, me)]x(t), ¢ > 0. (5.5)
k=1
We denote A(t) = Ag(t,n:) + > =1 wr(t)Ar(t,n:) and define
At -1A(t—-2)..A(s) if t>5>0
O(t,s) = { I, if t—s (5.6)
We have
O(t+1,s) =A(t)P(t,s) (5.7)

®(t,s) is the fundamental matrix solution of (5.5). For each s > 0 we define the following subset
Ds = {i € D|P{ns =i} > 0}. It must be remarked that under the assumption Hy we have Dy = D
for all s > 1if Dy =1D.

Lemma 5.1 Under the assumptions Hy, Hy we have
(E*(t, s)a) (i) = B[®" (t, 8)z () ns = 4] (5.8)
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foralli € Ds, t > 5> 0, 2= (z(1),...,z(N)) € R"¥.,
Proof. We define the linear operators U(t,s) : R*Y — R"YN ¢ > 5> 0 by

<U<t,s>x><é>={ e ()E(?w)h)_(i; y ieile)l—)sps >

Taking successively the conditional expectation with respect to Hy, H; and o(ns) and taking into
account Lemma 3.1 one obtains via (5.7) that

E[®T(t + 1, s)a(ne1)ns] = ZE‘PT (t, ) AG (8, 0e)x(7)pe (e, ) [11s]- (5.10)
j=1

We also used the fact that E[wy(t)|H] = E[wg(t)] =0, 1 < k <r. If i € D, (5.10) leads to :

EI(t 4 1 )alm)lne = i = 57 BT (1, 8) AT ()G (e )l = 1.
7j=1

Using the definition of A; one gets:
E[@"(t+ 1, s)x(ms1)|ns = i] = E[@7 (. 5)(Afz) (me) s = 1] (5.11)
Based on (5.8), the equality (5.11) may be written:
U+ 1,8)z)(i) = (UL, s)A ) (i) (5.12)

i € Ds. By direct calculation one obtains that (5.12) still holds for ¢ € D. Therefore (5.12) leads
to U(t + 1,s) = U(t,s)Af. This shows that the sequence {U(t,s)}s>s solves the same equation as
Z*(t,s). Also we have U(s,s)r = x = Z(s,s)x for all z € R™YN. This allows us to conclude that
U(t,s) =Z*(t,s) for all £ > s > 0 and thus the proof ends.

From the representation formula (5.8) one obtains:

Corollary 5.2 If the zero solution of (5.5) is exponentially stable in mean square with conditioning
of type I (ESMS-CI) then the zero solution of the discrete time linear equation on R™:

Ti41 = Ay

is exponentially stable.

Lemma 5.3 Consider the discrete-time affine equation:

z(t+ 1) = Ao(t,m)z(t) + go(t) + Zwk V(Ag(t,me)x(t) + gr(t)). (5.13)
Assume: a) H1 — Hg hold and the zero solution of (5.5) is strongly exponentially stable in mean square
(SESMS).
b) {9x(t)}+>0 are stochastic processes with the properties:
) for each t € Zy, gi(t) is Hy- measurable.

B) Ellgr(t)]?] <00, 0< k<7, t€Z.
Under these conditions the trajectories of the system (5.13) satisfy:

t—1
Ellz(t,to, z0)*|nee] < c1q" P|wo* + 2 Y ¢t ZE |9k (5) [ |17t ]
s=to k=0

forallt >ty >0, xg € R", where ¢c; >0, ca >0, q € (0,1) are independent of t,to, xo.
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Proof. Based on Theorem 3.13 in [21] it follows that if the assumption a) holds the backward affine
equation:

ZAT (t, )L (t, X (t + 1)) Ag(t,i) + I,

has a bounded solution X (t) = (X(¢,1),..., X(t, N)) that is
I, < X(t,1) < cl, (5.14)
t>0,i €D, c>0 independent of t.
Applying Lemma 3.2 to the function V (¢, x,i) = 27 X (¢,4)z one obtains
E[V(t + La(t+ 1), 1) o] — BV (8 2(8),m0) neg) = —Ell(t)*[1eo] +

2 Z E[a™ (£) AL (1) X (t, 1) gk (8 me) [t ] + ET: Elgp (t,00) X (£,7¢) g (£ me) 1t (5.15)
k=0

for allt > tp > 0, and arbitrary solution x(t) of the system (5.13) with the initial value x(t9) = g € R™.

Denoting ¢(t,%0) the right hand side of (5.15) we may write:

o(t,to) = —*E [l(£)* 1] — Z E|| a(t) — 2v/r + TAL (£, 00) X (£, 0¢) g (£) e ]

\/7

+ZEgk )My (,1t) g () 111,

where My,(t,i) = X (¢,4) + 4(r + 1) X (t,4) Ag(t, 1) AL (t,7) X (t,4). Hence

p(t,to) < —*E[\fc( )27, +ZE9k )M (L, 71 gk (8) 1o - (5.16)
k=0

Setting V' (t) = E[V (t,z(t), nt)|nt,] we deduce from (5.15) and (5.16) that

V(t+1) = V(D) <~ EleOF ] +7 Y Ellge(®)m (5.17)
k=0

where v = supi>o| My (t,7)],0 < k <r,ieD.

The fact that 7 < 400 follows from (5.14) and the assumption a) which implies (see[21]) the boundness
of the sequences {Ak(t,i)}tzo,o < k < r,i € D. Invoking again (5.14) we have further V (¢t + 1) <
gV (t) + g(t) with ¢ = (1 — &) € (0,1) and §(t) = v X o Ellg(t)|*|m,). Let V (t) be the solution of
the problem V (t + 1) = ¢V (t) 4 §(t),t > to, V(to) = V(to).

We have V(t + 1) — V(t+1) < q(V(t) = V(t),t > to. This allows us to obtain inductively that
V(t) — V(t) < 0,t > tp. On the other hand, from (5.18) one obtains that V(t) = ¢~V (¢y) +
L d T lg(s), t >t + 1.

Using again (5.14) one gets

r t—1

V(t) <cg el + Y Y a"  Ellgr(s)? (- (5.18)
k=0 s=tgo

Conclusion follows combining (5.19) and the first inequality from (5.14) and the proof is complete.
Corollary 5.4 Assume that:
a) Hy — Hy are fulfilled.
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b) The system (5.5) is ESMS-CIL
Under these conditions the following holds:
(i) If

supi>0E||gr(t)]?] < 00,0 <k <7 (5.19)
then the trajectories of the system (5.13) satisfy: supy>¢, E[|x(t, to, z0)|?] < oo for all t > ty > 0,
zg € R™.
(ii) If limy oo E[|gr(t)]?] = 0, 0 < k < r then limy_.oo E[|2(t, to, 20)|?] = 0,Vtg > 0,2 € R™.

Proof. (i) Taking the expectation in the inequality proved in Lemma 5.3 we obtain:

r t—1
E[|x(t, to, z0)|*] < c1¢"™ P lzol* + 2 Y D> ¢ T Ellgr(s) ). (5.20)
k=0 s=to
From (5.20) and (5.21) one gets E[|z(t, to, z0)[*] < c1]@o|? + 27 71 with y1 = 35— sup>0E[|gk(s)]?]-
Thus (i) is proved.
From (5.21) it follows that we have to prove
t—1
limi—oo »_ 4" ' Ellqi(s)]*] =0 (5.21)
t=to
0 < k < r. To this end we shall use Stolz-Cesaro criteria for the convergence of a sequence of real
numbers.

Denoting & (t) = S0 ¢! =5 E[|gr(s)|],t > to > 0 one sees that &,(t) = (1) with &(t) =

s=to L i gt
L T Ellgr(s)[?). We have )=S0 — a4 plg, (1)[2]. Hence limg—o M = 0. This
implies that lim—.o&;(t) = 0 and thus the proof is complete.

1

5.2 Proof of Lemma 3.13

Let X(t) = (X(t,1),..., X(t,N)) be the stabilizing solution of (2.9), and F(t) = (F(t,1),...,F(t,N))
be the corresponding stabilizing feedback gain. Let A, : R*Y — R™¥ defined by

(Agz) (i Zpt 7,8)(Ao(t, §) + Bo(t, j)F(t, )z (j)

for all x = (z(1),...,z(N)) € RN, It is easy to see that the backward affine equation (3.34) may be
written as

r(t) = Afk(t + 1) + §(t) (5.22)

with g(t) = (g(t,1),...,g(t, N)). Under the considered assumptions it follows that |§(¢)|1 < p, where
@ > 0 is independent of t.

From Corollary 5.2 it follows that the sequence {./th}tzo defines an exponentially stable evolution. The
conclusion of Lemma 3.8 follows now applying Theorem 3.5 in [20] to the equation (5.19).

5.3 The proof of Lemma 3.14

It is easy to see that if fi(t,i) =0,0<k <r, i€ D, t € Z, then &(t,i) = 0; this leads to 1)(t,i) = 0,
t >0, i € D. In this case the control (3.35) reduces to @(t) = F(t,n;)(t), Z(t) being the solution of
(3.30). Therefore conditions (2.4) is fulfilled. If fy(¢,7) # O then, based on Corollary 5.4 (i) applied
to the system (3.37) one obtains that the sequence {Z(t)}+>0 is bounded in mean square.

From (3.35) one obtains that () is bounded in mean square too. These guarantee the fact that 4 is
an admissible control and that J(tg, 00, zg, %) < +o0c and thus the proof is complete.
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