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1 Introduction

The evolution of a piecewise continuous process {(y(t),A(t)) | ¢ > 0} is
analyzed in connection with the stochastic rule of derivation by the use of
polynomial solutions for some (possibly degenerate) elliptic equations. In our
setting, the continuous process {y(t) € R™ | t > 0} is generated as a solution
of a stochastic differential system depending on a piecewise constant process
{A\t) € S CR™ |t >0}. The set of test functions ¢ € P,(y; A) is consisting
in all polynomial functions with respect to the state variables y = (y1, ..., yn),
whose coefficients are continuous and bounded functions of A € S.

It agrees with the elliptic operators L) depending on the parameter A € .S
which determine the “drift part” when a pondered functional {exp(yt)p(y(t), A(t)) |
t > 0} is considered and the decomposition formula

exp(7t)e(y(t), A1) = Py (), A()) + /0 exp(7s) [y + La(©)] (y(s), A(s)) ds
+Mi(y(-), A(), £ =0



is valid. Here, Ly : Py(y; A) — Pp(y; A) is an elliptic operator, { M;(y(-), A(+)) |
t > 0} is a continuous martingale and {¢;(y(-),A(-)) | ¢ = 0} is a piecewise
constant process.

The above decomposition formula is meaningfull when describing the
asymptotic behaviour of the augmented process {exp(vt)|ly(¢)||* | t > 0},
provided the nontrivial solution ¢., € Py(y; ) of the elliptic equation

Yo,y N) + lyll? + La(p,)(y,\) =0, Yy e R*, A € S C R”

satisfies the nonsingularity condition
1

6 2< 7)\ g 2’
Myll® < oy(y, A) CmHyH

for some positive constants §(y), C(7).

The same decomposition formula is the main tool for the construction
of admissible strategies in a “feedback shape”, when a portofolio problem
associated with an American Option is analyzed.

The paper contains four sections and the last two parts are dedicated to
applications encompassing asymptotic behaviour of linear stochastic differ-
ential systems depending on a parameter A € S C R" and the construction
of admissible strategies in a “feedback shape”, when the portofolio problem
depends on a nontrivial solution ¢, € Py(y; A) satisfying an elliptic inequal-
ity.

The first two parts are concerned with the resolution of some elliptic equa-
tions (with singularities), without involving the basic probability field and
this is achieved by using developments in series of polynomials of second de-
gree. The solutions ., of elliptic equations are significant when describing the
stochastic integral equation fulfilled by the process {exp(vt)e,(y(t, z), A(t)) |
t > 0}, which leads us to a corresponding asymptotic behaviour when
{exp(yt)||y(t, z)||* | t = 0} is considered.

2 Definitions, setting of the problems and aux-
iliary results

Let W(t,wy) : [0,00) x 3 — R™ be a standard Wiener process over the
complete filtered probability space {Q, F' D {F} }i>0, P1}. Let also A(¢,ws) :



[0,00) x Q9 — S C R™ be a piecewise constant process given on a complete
probability field {Qq, 72 D {F,*}1>0, P2}, such that

)\(Zf,(x)g) = )\(tk(u)g>,WQ> = )\k(WQ) for t € [tk(w2),tk+1(WQ>>, k= O, ]_, ey

where 0 = to(w2) < t1(w2) < -+ < tp(ws) < tgr1(we) < 00 is an increasing
sequence of random variables, satisfying t;(wy) — o0, a.e. wy and A is a
random vector, for each £ > 0.

For the sake of simplicity, we shall not mention anymore the argument
wi € (1 and write W( ) for the standard m—dimensional Wiener process. Set
A(t) = Mt,wa), t = 0 and &y = t(w,), k > 0, for an arbitrarily fixed w, € Q.

We are next given a finite set of vector fields g;(z; \) € R™ of the following
form

gi(zA) = a;(A\) + A;(N)z, i =0,1,...,m, A€ S, z € R", (1)

where the (n x n)-matrices A;(\) and the n—dimensional vectors a;(\) are as-
sumed continuous and bounded. For each x € R™ define a piecewise continu-
ous process {Z(t,z);t > 0}, as the unique solution of the following dynamical
system

dz(t) = go( +Zgg t)) AW;(t), t € [ir, tira),

. 2
2(t) = 2.(E) + O (Er), for any k > 1, § € [0,1], @)

2(0) = x + 5A(0),
where we denoted 2_(f) = lim 2(¢).

Tty
By definition, the unique solution of the system (2) is a piecewise contin-

uous and {F}}- —adapted process {(t,z);t > 0}, such that at each determin-
istic instant ¢ = £, the jump 2(t, ) — 2 (g, 2) = dA(t) will occur.

Definition 1. Denote by P,(z; \) the set consisting in the polynomial func-
tions of p degree with respect to the variables (21, 22,...,2,) = 2, whose
coefficients are continuous and bounded functions of A € S; P,(2) C P,(2; A)
consists of constant coefficients polynomials.

Consider the following piecewise continuous scalar process
t
V2(t,) = explrt)ol(t. ) M) + [ explys)fE(s.)ds, 20, (3)
0

3



where 7 is a constant, f € P,(z) and ¢ € P,(z;A). We provide a stochastic
rule of differentiation involving the piecewise continuous process { V](t, x),t >
0} which contains both a continuous component, and a piecewise constant
process defined as

S exp(rinla(, ) = Dk, 2), @)

0<ip<t

where

~ ~ ~

Uk(2(,2)) = e(2(E, 2); MEr)) — o(2. (B, 2); A1)

and 2_(t,z) = lim 2(¢, z), for any k > 1.
tTty

Lemma 1. Let f € P,(2), ¢ € Py(z;\) define the piecewise continuous

process {V)(t,z),t > 0} as in (3), corresponding to the unique solution
{2(t,x),t = 0} of the system (2). Then V] (t,x) satisfies the following inte-
gral equation

V2 (1, 2) =p(2(0, 2);: A(0)) + / exp(18)[1e + £ + L)) (3(s, 2); Als)) ds

" Z/ exp(5) {00 (2(5,2); A(s)), g5 (25, 2): A(s))) dWj(s) + D2 (¢,

(5)
for anyt > 0 and x € R™, where the piecewise constant process {DZ(t, x),t >
0} is defined in (4) and the elliptic operator L : Py(z; A) — Pp(z; A) is given
by

m

L(9)(2:A) = {00l 0), 00(z: M) + 5 D (0%0(2 Ny (2 X), 452 V), (6)

j=1
for any z € R" and A € S.

Proof. The stochastic rule of differentiation stated in (5) can be obtained
by applying the standard rule of stochastic differentiation associated with

the continuous process {V(t,z),t € [{x,fx1)}, for each k. To this respect,
rewrite

A

VJ“? ZE) = ‘A/ny(fk’ x)+[Uk(tv 2<t’ x))_Uk(fkv 2(£k7 x))]+/t eXp(’}/S)f(é(S, ‘r)) ds
’“ (7)



for t € [fg, tp+1), where
Up(t, 2) = exp(vt)p(z, A(fy)) and 2 = 2(t, x),t € [ty, tr1)
fulfill the usual conditions of the stochastic rule of differentiation. We get

~

Uk(t,é(t,w))—Uk(fk,i(fk,x))=/ exp(ys) [y + L(9)](2(s, 2);: A(fy)) ds

tg

m t
37 [ explrs)Dup(3(5,2) A0, 95 (Lo 2 A W),
j=1""
for every t € [ty,t,11). It follows, using also (7)

~

V2t ) = V2 (E ) + / exp(18) e + f + L(@)](3(5,2); (i) ds

~

+ Z /tk exp(75)(8.0(2(s, 2); AME)), g5 (3(s, 2); A(Ex))) AW (s),
(8)

for t € [ty t3.1), where, by definition,

A ~ A A~ tk ~
V2 (B, ) = Ul 500 2)) + / exp(75)f(2(s, 7)) ds. (9)
0
On the other hand, we notice that

Uy (tr, 2(tr, ) = Up—1(E, 2.(k, ) + exp(vr) i (2(-, 2)),
for k > 1. Up_1(ty, 2.(11, x)) is computed as

~

Up—1(tx, 2(k, )) :Ukl(fklaf(fkhx))ﬂL/k exp(75)[ve + L)) (2(s, 2); A(fr-1)) ds

te—1

~

+ Z /ﬁ:1 exp(75)(D:0(2(s, ); Afr-1)), g5 (2(s, 2); M(Ey_r))) AW(s),



Inserting now the last two formulas into (9), we get

~

V2 (b, ) =V (B, ) + / k exp(vs)[ve + f + L(@))(2(s, 2); A(fx-1)) ds

tk—1

~

+ Zl /ikk1 exp(vs)(D.0(2(s, 2); MEr_1)), g;(3(s, 2); A1) dW;(s)

+exp(vtr) i (2(, ).
(10)
[terating now the last formula, we rewrite the equation (8) in the same way
it appears in the statement (5). O

Problem A. For a fixed f € P,(z), find a nonzero constant vy and ¢, €

P,(z; \), such that the piecewise continuous process {V'(t,z),t > 0} defined
in (3) is a quasimartingale, i.e.

V2 (t,2) =, (2(0,2); A0)) + D(t,2)
+ / exp(75) (D0 (205, 7): A(5)). 95 (5, 2); A(9))) AW (s), £ > 0,

(11)

where DY(t,2) = 3 exp(vip)ve(2(-,2)), for any k > 1. and
0<£k<t

~ ~ ~ ~

Ur(2(,2) = 9y (Bt 2); ME)) — oy (2 (Fk, 2); AEin))-

Problem B. For afixed f € P,(2), find a nonzero constant v and ¢, € Pp(z; )
solution of the following elliptic equation

Yoo (23 A) + f(2) + L(py)(2;A) =0, for any z € R", X € S, (12)
where the linear operator L : P,(z;\) — P,(2; A) is defined as in (6).

Remark 1. Notice that each solution (v, ¢,) of Problem B is a solution for
Problem A. To this respect, the scalar process {V (¢, z),t > 0} defined in (3)
is a quasimartingale expressed as in (11), provided that the stochastic rule
of differentiation contained in the Lemma 1 is used for the given solution of

Problem B.



Lemma 2. Let f € Py(z) and the vector fields g;(z;\), i = 0,1,...,m, be
given as in (1). Let v < 0 be such that

1 m
71> 4(lgoll + 5 3 llgs1?), (13)
j=1

where ||g;]| = sup(fla; (M| + [[A;(M)]])-
AeS

Then there exists @, € Pa(2; N) satisfying the elliptic equation (12). In
addition, @~ stands for the sum of the following convergent series

Ivl ZLM ), (2,0) €R" x S, (14)

where Ly (f)(2: A) = ‘}y‘ (F)(z ).

Proof. The estimates of the polynomials L| |(f)(z; A) € Pa(z;AN), k > 1, are

obtained by an induction argument. Each ¢ € Py(z; ) is written as
p(z;A) = C(A) + (ho(A), 2) + (H(N)z, 2),

where H(A) = (hi(A\), ha(A),..., hy(A) and C(N) € R, hi(\) € R", i

0,1,...,n are continuous and bounded functions with respect to A € S.

Denote |[¢f = [IC + E\Ih I, where [[C[ = sup[C(A)] and [[h| =
S

1=0

sup ||h;(A)]], using ||h;(N)] = Z IW(N)|, i = 0,1,...,n. It is easily seen
AES j=1
that

(25 M) < ICIL A+ [[201%) + R (L + [1211%) Z 1R (MDY +1121%)

and

(2 M) < llell (1 + [[2]%), ¥ (2,4) € R x 8.

An elementary computation shows that

() I (D)1 < [||go||2 ZH%H]II@OH
(15)

(b) Ly (9)(z: )] < ||90|||—[||90||2 Z||g]||}1+||zn2>,



for any (2, A) € R"xS. Here we use ||g:|| = sup([|a;(M)[[+[[Ai(M)]]), lai(M)]| =
AeS

z ], AN = z IR it as() = col(ak(A), a2(A), ..., a"(})) and

Using an induction argument, we easily prove that

|[ZE () (0] < [‘ |(Ilgoll2 ZHQJIIQ)] LA+ 120, (16)

for any (z,A) € R*" x S and & > 0. To this respect, recall that Lml ;
Pa(z;\) — Pa(z; ) can be written as

LI (F)(2.A) = Ly (L () (2. V),

for k > 0 and assume that L‘kw(f) € Pa(z; A) and

2kl < [%(go%%igﬁ)rﬂ,

for some fixed k > 1. Then, using the estimates (15) for ¢ = L|,y|(f), we get

IZEF N = L)l < ﬁ [HgoH? + %Z ng||2] el
4 1 e
< [m(ugor\2+§;\|gjr|2)] 151 = /151
and

[ZEF (N & ] < AN+ 1202,

4 1
for any (2,3) € R" xS, where p = [l + 5 3 o]
j:

It shows that the estimate (16) is satisfied for any k£ > 0 and assuming
that p < 1 (see (13)), we easily get that the series in (14) is convergent. In
addition, using (16) we obtain that

1 - k 2
a2 )] < m(;p )HfH(l S

8



for any (z,A) € R" x S, where

1 1
Tt =y = = 4l + anju] > 0.

vl = /1L = p)

By definition, ¢., € Ps(z; A) and using (14) we get that ¢., satisfies the elliptic
equation (12), as the following simple computation shows

L(0y) (2 A) = Ly D LE(F)(2,0) = D LE(£)(2,0) = —y,(250) — f(2),

for any (z,A) € R" x S. The proof is complete. Il

Remark 2. The functional ¢, € Ps(z;\) constructed in the Lemma 2 is
meaningfull for the asymptotic analysis of the piecewise continuous process
{V(t,x),t > 0}, provided ¢,(z; A) is a quadratic positive form satisfying

1211,

1
SMNI2I” < @23 A) <
MN2]" < @y(22) 0
for any A € S. Here §(y) and C(v) are positive constants.

It can be accomplished by imposing the following additional conditions
on the vector fields ¢;(z;A), i =0,1,...,m given in (1)

{@%@m:&umizayum,

(b) A, () AN) = AN AN, k=01, m res, 1D

where the A;(\) are continuous and bounded (symmetric) matrices defined

on S.

Lemma 3. Assume that the vector fields g;(z;\) given in (1) satisfy the
asumptions (17). Let f(z) = ||z||* and the constant ~y fulfilling

1 m
v <0, 1> |l + 5 X sl (18)
j=1

where ||g;|| = sup [A;(M)], 7 = 0,1,...,m
AeS



Then there exists p, € Pa(z; N) fulfilling the following equations

{ (2) ¥ (23 A) + 12[* + L) (25 A) = 0, ¥(2,4) €R" x S,

(5) 2 (253) = ()3, 2), SOIEIP € (30 < a1, (19)

where
L) (2 ) = (0-p(z, V), Ao(X %Z (5 0) 4102 45(0)2),

C(v), 8(v) are positive constants, R,(\) = [|7|I, — BO\)]™" and B(\) =
240(N) + 22 A3(N).
j=1

Proof. The conditions of the Lemma 2 are satisfied and let ¢., € Py(z; \) be
the solution of the elliptic equation (12), given by the series

= [ZLVI ] (z,\) € R" x S,

1
where f(z) = ||z||* and the linear operator L}, = — L satisfies

17l

[\:Jlr—l

(0002, Aol

L|’Y\(90)(Zv >‘) = h/|

3 20 A A3
By definition,

L) 0) = QKMO+2M ﬂzﬁwmm»

It is obvious that the symmetric matrix B(\) is commuting with each A;()),
1=20,1,...,m. Therefore,

e ={(4)')

10



Here, the matrix B()\) satisfies
BV < 2[[ Ao + Z 1A VI < 2llgoll + > llgs 11 = v,
j=1
for any A € S. Define ||B|| = sup || B(A\)|| and using (18) we get
AeS

Bl v _

1
T ST <2 (20)

and the following matrix series is convergent

for any A € 9, 21
ol mz( ) o 2

if || > 2v. As a consequence, we obtain

0y (23 ) = ! <Z (M> z,z> = (R,(N\)z,z), for any A € S,

] il

provided |y| > 2v. Recall that the symmetric matrix R, () fulfills

1

11, BW
ol

B0 = o

(22)

The conclusion (19) is a direct application of the following argument. Let
z = T(\)y be an orthogonal mapping, i.e. T*(\) = [T'(\)]7!, such that

THNBNT(A) = D(A) = diag(11(A),- -, (M)
and write o (T(N)y; A) = (T"H AR, (A)T(N)y, y) as follows

ey (T(N)y; A) = : <Z (%) y7y> = (Q+(N)y,y), y € R",

17l kel

where Q,(A) = diag[(|7] =71 (V)7L ..., (7] = (X)) 7!]. Using B(A)er(A) =
Ye(Ner(N), kE=1,2,... 3¢ where T'(\) = |le1(A), e2(N), ..., en(N)], it is eas-

ily seen that || B(A)[| > E M) = 13V and [¥(A)] < [|B]], for any A € 5.

11



The hypothesis |y| > 2v (see (18)) leads us to the conclusion that the matrix
Q4 (A) is positively defined, uniformly with respect to A € S and
1
SNyl < e (TNy: A) < = llyll*,
Yl < e (T(N)y; A) CmH I

with some positive constants 6(y), C(y). Take now y = T~'(\)z and using
ly|I> = [|z]|*, we obtain

1
C(v)

1212 = 0, (2;0) = (Ry2,2) = 8(7)|2||%, Vz € R™

]

Remark 3. The stochastic rule of differentiation given in Lemma 1 and the
result stated in Lemma 3 are relevant for the piecewise continuous process
{2(t,x);t > 0}, defined as the unique solution of system (2). To this respect,
we use the following decomposition

2(t,x) = Zo(t,2) 4+ OA(t), t >0, (23)

where ¢ € [0, 1] is fixed and the continuous component {Z.(¢,z);t > 0} stands
for the unique solution of the linear stochastic system

{ dzo(t) = Ao(A(E)Z(t)dt + Yo7, A;(N(0))2e(H)dW(1), t > 0,

50) = (24)

The stochastic rule of differentiation written for Z.(¢,z) (which equals Z(¢, x)
when ¢ = 0) reads

V2 (¢ 2) = (2:A(0)) + D (t,2) + / exp(v8) yon + f

+ L)) (el @); Als) ) ds

+ Z/o exp(75) (0.4 (2c(s, x); A(s)), Aj(s, z); A(5))2e(s, x))dW;(s),
" (25)
where .
D] (t,z) = Z eXp('Yfk) Vi(Ze(+, 7))
and \

~

Un(Ze(, @) = 0y (Felt, 2); M) — @y (Zelf, 2); AErr)) b > 1.

12



Lemma 4. Let the hypotheses of Lemma 3 be in force and denote
U, (t,x) = exp(1t) oy (Zelt, 2); (1)), t > 0,2 € R™,

for f(z) = ||z||* and p,(z;\) = (R,z,z). Then the piecewise continuous
process U, (t,x) fulfills the following integral equation

U (t.2) = (20,2):50) + DL (1) + [ [ = COly(s.0)+
+ exp(7s)By(2c(s, z); 5\(3))] ds

+Z/ exp(75)(D:0y (Ze(s, 1); A(5)), A5 (A(5)) Ze(s, ) AW (s),
(26)
where

Ba(zA) = C(1ey(zA) = I2* < 0, ¥(z,A) € R x5, )
ch(t7 :L’) = ZO<£kgt eXp(ka) [907(26(51“ x)§ /\(fk‘)) - 907(20(51&‘7 x)§ )‘(sz—l)) .

Proof. By hypothesis, the stochastic rule of differentiation given in
Lemma 1 is fulfilled for the continuous process {Z.(t,r);t > 0} and if we
apply it for {V(¢,z)} we get the equation (25). Using the elliptic equation

Yor (2 A) + 2] + L) (2:X) =0,V (2,A) € R" x S

and the integral equation (25), we obtain that the piecewise continuous pro-
cess {U,(t,z); t > 0} satisfies

A~ ~ ~

Uy(t, ) =y (2; A(0)) + D (¢, ) —/0 exp(7s) [|2e(s, )|[*ds

Z / exp(78) (0.0, (2(5,2); A(5)), A;j(A(5))2e(5, 2))dW;(s).
B @
The conclusion (19) of Lemma 3 shows that the following equation is satisfied
=[l2l1* = =C(Mer (25 A) + B, (2 A),

where (3,(z;A) <0, for any (z,A) € R" x S.
Rewrite now (27) using the last formula and we thus get fulfilled the
conclusion (26). O

13



Remark 4. Assuming that the set S C R" is chosen such that
R, (A(t)) = R,(A(0)), for any t = iy, k > 0 (see A(fy,) € S),

then the piecewise constant process {ch (t,x);t > 0} is vanishing and the
integral equation (26) can be written accordingly. In addition, the same
equation can be reduced to the following one

UL (£, %) =g (23 A(0)) — /0 CO (s, 2)ds +2 Y /0 0L (s, 7)1 (5) AW (s)

+/o exp(75) B, (2e(s, 2); A(s))ds,
(28)

where p;j(A) : S — R,j =1,...,m are given such that A;(\) = p;(\)I, and

‘~

fi(t) = 11 (A(2)).

If it is the case, then define an exponential martingale

(1) = oxp lzi ( / us)aw(s) - / t(/lj(S)de)] 20, (29)

which fulfills the equation

d§(t) = 26(t) > 70, i (H)dW(t),t > 0;
Ve 1 0

Lemma 5. Let the hypothesis (17), (18) and (19) be in force. In addi-
tion, assume that A;(N) = puj(N)1,, j =1,2,...,m and the matriz B(\) =
240(N)+32T0, AZ(N) ds constant. Denote hy(t,x) = exp(yt)||2:(t, =)||*, t = 0.
Then

0 < (1,2) < . (53 A(0)) exp(—CINE) 31)
0<hu(tia) < 2D wp-crng, (32)

for any t >0, x € R™ where the process {{(t);t = 0} is defined in (29).

14



Proof. By hypothesis, the conclusions of the Lemma 4 are satisfied and using
the Remark 4 we rewrite the integral equation (26) as it is given in (28). Set
P, (t) = exp(—C(7)t)é(t), t > 0. Represent the solution U, (¢, x) of equation
(26) as

U (t,) = B(0) [0 (2:A(0)) + / 71 (s) exp(ys)3, (2u(s,2); Als)) ds] . (33)

Recall that 3,(z;A) < 0, for any (z,\) € R™ x S. Thus the conclusion (31)
follows. Notice that h.(t,z) < ﬁuy(t,x) and we easily get (32). ]

Remark 5. A relaxation of the used assumptions consists in admitting a
common eigen subspace generated by the constant vectors {q1,q2,...,q:} C
R™ d < m. To this respect, the real symmetric (d x d)-matrices B;()\),
i€{0,1,...,m}, will exist such that

Q*AZ<)\)Z = Bz<)\)y7 1€ {O, 1, Ce ,m}, A € S,Z € Rn7

where Q = [q1,q2 - -, qa], y = col(¢;2, ¢, ..., q;2) € R% The original vector
fields g;(z, A\) = az( )+ Z(/\)z will be replaced by

hi(y, A) = bi(A) + Bi(N)y, bi(A) = Q" a;i(}),
where b;(\) € R? and the (d x d)-matrices B;()) are continuous and bounded.

For each x € R", define a piecewise continuous process {§(t,z);t > 0} as
the unique solution of the following dynamic system

dgi(t) = ho(g(t dt+Zh £)) AW, (t), t € [tr, tesa),

y(tk) = 1. (tk) +Q" )\(tk) for any k > (34)

9(0) = Q"[x + A(0)].

The analysis contained in Lemmas 1-5 has an adequate version for the piece-
wise continuous process {g(t,z);t > 0} and, in particular, the following de-
composition can be used

~

y(t,x) = g.(t,x) + Q*A(t).

15



Here, the continuous argument 7.(¢, x) stands for the unique solution of the
linear stochastic system

diie(t) = ho(Ge(t): A(D) dt + D by (Ge(t): A()) AW;(H), t >0, )
j=1
7:.(0) = Q.
Denote by E; the expectation with respect to the probability measure P;.

Problem C. Prove that under suitable conditions imposed on the matrices
B;()\), we get the asymptotic behaviour of the continuous process {y(¢, x);t >
0}, described as

(a) exp(vt)Eq]|g(t, x)||* — 0, as t — oo, for each x € R", provided v < 0
and 7] > [[Boll + 5 X2 |1BylI*, where hi(y;\) = Bi(A)y and ||Bil| =
=1

j:
sup [| Bi(A)]|-
AES

(b) For any v as above, lle exp(vt)||4(t, z)||? = 0, a.s. Py.

3 Solutions of the Problem C and main re-
sults

Assume that there exist ¢1,¢qs,...,qs € R", d < n and the symmetric d x d-
matrices B;()), such that

Q%gi(z;\) = BNy, i €{0,1,...,m}, A€ S, ze R",

where ¢;(z; \) = a;(N)+4;(N)z, Q = [q1,q2, - - -, qa) and y = col(qf z, ¢z, . . ., 2).
Associate the linear stochastic system

dg(t) = Bo(A(1))(t) dt + Z B;(A(1))5(1)dW(t), t =0, (36)
9(0) = Q*z, x € R".

Moreover, the matrices B;(\) are assumed bounded, continuous and mutually
commuting, i.e.

(a) Bi(A\)Bj(A) = Bj(A)Bi(\), for any A € S,
() B(A) = 2Bo(A) + 3771, Bi()) is a constant matrix.
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Theorem 1. Let §(t) be the unique solution of the system (36) and v < 0
such that |y| > 4 [||BO|| iy ||Bj||2]. Then

tim exp(y) B [t )] =0, for any o € R, (37)

Proof. Let ¢, € P2(z;A) be the positively defined quadratic functional
0 (y; A) = (Ry(N)y, y), such that the conclusions in the Lemma 3 are fulfilled.
Here z € R" is replaced by y € R? and the mentioned equations are replaced
by

(@ 20) LI LN =0 D e 15 gy
(©) SMIYI* < s M) < &5 HyH2
where

L) (5 0) = @y 0. BoWy) + 5 > (@000 0) BNy BN,

C(v),8(7) are positive constants, R,(\) = [[y|I;— B(\)]™" and B(\) =
2By(N) + 2255 BI(A).

Set U, (t, ) = exp(vt)o, (§(t, 2); A(t)),t > 0,2 € R". Then the piecewise
continuous process {LA{«Y(t,m);t > 0} fulfills all the necessary conditions in
order to to apply Lemma 4. As a consequence, LA{V(t, x) is a solution of the
following integral equation

~ ~

U (t.2) =, (3(0.):M0) + D) + [ [ = CONl (s,

+ exp(78) 3, (s, 2); A(s)) | ds

37 [ expl15) (0, 3.2 M) By, 2) Wi ).
- (39)

where

By A) = CNeay: A) = lyl* <0, ¥(y, A) € R" x5, )
Dy(t,x) =Y cs, < exD(vir) [%(?3@@% A(tr)) = o5 (9(te, 2); Atr-1)) | -
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Notice that the last term in (39) is a martingale on the filtered probability
space {1, ', {F/ }iz0, P1}. Taking now the expectation in the equation (39)
and setting v(t, z) = E\U, (¢, z), we get

v(t,x) = v(0,2) + D(t, ) +/0 [=C(7) v(s, ) + exp(ys) B(s, x)] ds, (40)

where
D(t.x) = 3 exp(yin)Br {([By (A1) — By (Adim)] o, ). 901 2)) |
and

B(s,x) = E[B,(9
Notice that the matrix R,

(s,2); A(s))] <0, for any s > 0, z € R™.
A (

)
A) is expressed as

ol IVIZ( W) » where B(3) = 25,(2 +ZB2

1]

In addition, as far as B(\) is a constant matrix, we easily get that R, (\) is
also constant, for any A € S and v < 0. Therefore, the piecewise constant
component {D(t,z);t > 0} is vanishing and by the application of a standard
integral representation formula we obtain

0 < vlt,) = expl—C(7)] (v<o, 0+ [ exp(C)s) explns) s os)ds)

< exp(—C(7)t) v(0,z), for any t > 0,z € R".
(41)

Notice that 1
exp(YH)E:[|5(t, @) |]* € ——v(t, @)

6(v)

and using (41) we get the conclusion fulfilled. O

Theorem 2. Let the assumptions of Theorem 1 be in force. Moreover, let
B;(A) = puj(MN1g, 7=1,....,m, and pu;(\) is continuous and bounded.
Define the exponential martingale

) = exp lzi ([ wsam- [ t(ﬂj(S))QdS)] is0 (1)
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where fi;(t) = p;(A(t)). Then

exp(t) [|i(t, 2)||* < exp[~C ()] £(t) (W)

and {y(t,z);t > 0} is the unique solution of the system (37).

Proof. By hypothesis, the integral equation (27) is fulfilled for 4, (t, z)
defined in Theorem 1. Using the fact that the matrix R, (\) is constant, we
get that D) (t,x) = 0, for any t > 0,7 € R". As a consequence, (27) becomes

Z/A{y(t,x) =, (9(0, z); 5\(0)) —1—/0 [— C’(W)LA{W(S, z) + exp(vs) 6, (y(s, z); 5\(8))] ds

mo ot
23 [t s (o))
j=1"0
(43)
A standard integral representation formula allows us to write
0 < U (1) < expl=CONI EWL) [o5(3(0,2), A0)] ¥t =0, (44)

Notice that

X 1 .
exp(yt) [[§(t, 2)|* < 50 U,(t,z), t>0, 2 €R

and the estimate (44) leads us to the conclusion. O

4 Applications

4.1 Piecewise continuous processes and elliptic equa-
tions associated with Financial Mathematics

We are given a piecewise constant process A(t,ws) : [0,00) x Qs — S C R"
on a complete probability field {2y, F?, Py}, such that

)\(lf,tdg) = )\k<WQ), fort € [tk(WQ),tk+1(u}2)), k> 0, wy € QQ,
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where 0 = to(wa) < ti(w2) < ... < tg(w2) < trp1(w2) < ... < o0 is an
increasing sequence of random variables, satisfying tx(ws) — o0, a.e. wy and
i is a random vector, for each k£ > 0.

For each &, € Q arbitrarily fixed, denote A(t) = A(t,ds),t > 0 and
f, = te(@2),k > 0. By definition, A(f) : [0,00) — S is a deterministic
piecewise constant function, satisfying A(t) = Mg, for t € [tg, fyr1), where

For every x € R? let {§(¢,7);t > 0} be the unique solution of the follow-
ing stochastic differential system

{ dy(t) = go(y(); A()dt + 37 g;(y(1); A1) dWi(t), t >0, y € RT DR,

(45)
where the vector fields

gi(y; N) =a;(N) + ANy, i=1,....m, A€ S, y € R?, (46)

are assumed continuous and bounded with respect to A € S. The linear
shape of go(y; A) is not required and a global Lipschitz condition with respect
to y € R? is equally suitable. Here W (t,w;) : [0,00) x ; — R™ stands
for a standard Wiener process over the complete filtered probability space
{Q1, F*,{F! }+>0,P1} and a solution of the equation (45) is constructed using
the It0’s stochastic calculus.

A portofolio problem (American Option) and its admissible strategies can
be described by a value function of the following form

V(t,z) = 0o(t, x)yo(t) + (0(t,z),9(t,z)), t >0, 2 € RY, (47)

where yo(t) = exp(—9t) and 0y(t, ) € R,0(t,x) € R? are some F}-adapted
processes, for each fixed z € R%.

Denote by P,(y; A) the set consisting of p degree polynomials with re-
spect to the variables (y1,...,yq4) = y, whose coefficients are continuous and
bounded functions of A € S. P,(y) C P,(y; A) will be the set of constant
coefficients polynomials.

An admissible strategy (0o(¢,),0(¢,x)) € R4 corresponding to the
value function V(t,z) depends on a fixed ¢ € P,(y;\) and has to fulfil
the following constraints

V(t,z) = exp(yt)V (t,x) = exp(t) p(§(t, ), A(t), t =0,  (48)
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V(t,z) = V(ty, x) +/ exp(ys)(0(s,x),ds §(s, ), t € [ty tryr),  (49)

tr

for each k > 0 and = € R?, where the abbreviation
(0(s, ), ds §(s,x)) = (0(s, z), go(i(s, ), A(s)))ds

+ > {00s,2), 9;(3(s,2), A(s)))dW; (s)

is used.
In order to find such strategies, we need to emphasize those conditions
which allow to get them in a “feedback shape”

0(t,z) = ,0(4(t, x); A1), ¥t >0, z € RY (50)

and

Oo(tr, ©) = exp(vix) ©(0, Ap). (51)

Remark 6. For the sake of simplicity, in computing admissible strategies
we shall include the “feedback shape” (50) and (51) in the definition of such
strategies and we look for appropriate (7, ), ¢, € Pa(y; A), such that the
equations (48) and (49) are fulfilled. We emphasize that this approach will
lead us to an admissible (6y(t,z),0(t,z)) € R4 provided

(a) ¢, € Po(y; \) is a convex function with respect to y € R

(b) (7, ¥4) is a nontrivial solution of the following elliptic inequality

+Z (0704 (y; N) 95 (N, 95 (: A) <0, (y,A) € R x S (52)

The “feedback shape” (50) agrees with the constraints (48) and (49) with-
out involving the convexity property (a) and the analysis can be reduced to
the elliptic inequality (52).

On the other hand, it induces a piecewise continuous component process

{0o(t,z);t > 0}, which is measured as a random variable at each instant
t =t, k > 1, such that

Oo(tr, ) + exp(vix) (D0 (Gt ); M), 9t 2)) > exp(vir) @ (G, 2); M)

It can be simplified by choosing the “feedback shape” (51) provided the
statement (a) in the Remark 6 takes place.
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Problem A;. For a convex f € Ps(y), find a nonzero constant v and a
convex function ¢, € Pa(y; A) of y € R, such that

Ejl(t,x) = exp(yt) o, (3¢, 2); A) +/£ exp(s) f(§(s, x))ds, t € [f, Trs1)

(53)
can be represented as

t
F(t,x) = F} (i, x) +/ exp(75) Oy (4(s, 2); Ak), dsg(s, x)), k 20, (54)
tg

where the abbreviation

(On(s,x),ds §(s,x)) = <9k(5 ), 90§ (s, ), A(s)))ds
+Z O(s, %), 9;(0(s, ), A(s)))dW;(s)
is used.
Problem B;. For a convex f € Py(y), find a nonzero constant v and a

convex function ¢, € Pa(y; A) with respect to y € R?, such that the following
elliptic equation is satisfied

v o,y A) + f(y) + L(gy(y; N) =0, for any (y,\) e R x S, (55)

where L : P(y; \) — Pa(y; A) stands for the linear operator defined as

Remark 7. Each nontrivial solution (f,v,¢,) of the Problem B solves
the Problem A;. To this respect, applying the standard rule of stochastic
differentiation, for each F)(t,z), t € [fg,trs1) defined in (53) we get the
integral representation given in (54).

A) gi (s N), gi (g3 M) - (56)

[\DI»—t

Consider the test function U(t, y) = exp(7t)p, (y; Ae); t € [r,trs1) asso-
ciated with the continuous process {ij(t,z);t € [ty, trs1)} satisfying (45).

22



Let (f,7v,¢,) be a solution of the Problem Bj. Then, for each £ > 0 we
rewrite U(t,y(t, x)) as

~ ~

Ut y(t,r)) ZeXp(vfk)%(@(fmw);Ak)+/ exp(ys) [V%JFL(%)( (s,2); M) | ds

ty

57)
+Z [ x0T ),

for any t € [ty, 1) and k > 0, where L : Py(y; ) — Pao(y; \) is the linear
operator defined as

L(g(y; X)) = (9ye(y, A), 90(y; ) < 2oy A) 95 (03 ), 95 (y3 M) -
L may be rewritten as

L(o(y; V) = (0y0(y, N, 9o (y; M) + L(so(y; M),

where the operator L is given in the formula (56). Then

Fy(t, ) ZU(t,?J(t,x)H/{ exp(ys)f((s, ))ds, t € [{r, {r11)

or equivalently

~

F(t, x) =exp(7t) %(z)(fk,x);kkH/E exp(ys) (0yr (i1(s, 2); Ar), dsii(s, @)
(58)

+/£ exp(v8) [y, + f + L)) (U(s, x); A )ds.

Notice that if (f, v, ¢,) is a solution of the Problem By, then the last integral
term in (58) is vanishing and the integral equation (54) is established.
When defining admissible strategies (0y(¢,z),0(t,z)) € R such that
the constraints (48), (49) and (50) are satisfied, we may use the integral rep-
resentation given in the Problem A; without imposing a convexity property
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for the function ¢, € Pa(y; A). In order to get a sequence of deterministic
values {0y (tx,z); k > 0}, such that

V (ty, ) =00 (fr, ) + exp(vE) Oy (9(E, )5 M), 9(Er, ) (59)
> exp(vie) o, (G, 2); M) = Fy (5, 2),

we need to assume that ¢, is a convex function with respect to y € R? and
that

~

Ho(fk, x) = exp(’yfkypw(O; Ak) (60)
satisfies (59).

Lemma 6. Let (f,v,¢y) be a nontrivial solution of the Problem B; and
assume f(y) =0, for any y € R Define

0(t,x) = Dy, ((t, 2); M(t)), t >0, x € RY (61)

and let {0y(t, x);t = 0} be the piecewise continuous process satisfying the inte-
gral equation (49), where Oq(ty, ) is defined in (60). Then (0o(t,x),0(t,x)) €
R s an admissible strategy (see the formulas (48) and (49)) satisfying the
“feedback shape” (50) and (51).

Proof. By hypothesis, the conditions of the Remark 7 are fulfilled and
(f,7,¢) is a nontrivial solution of the Problem A;. We get

~ ~

exp () @y (§(t, 2); M) =exp(vEx) o, (5 (Er, )5 Ar) (62)

+/ exp(7s) <6y907(?j(3737)§;\k),dsﬂ(s,x»

173

—/ exp(ys) f(4(s, z))ds,

tr

for every t € [ty txe1) and k > 0.
On the other hand, the value function

V(t,x) = 0p(t, z) + exp(vt) Dy~ (4(t, ); M), 9t ), t € [Eps tosr)

satisfies B )
V(t,&?) > eXp(’ﬂ)@’Y(Q(t: :IZ'); )‘k)a te [tkvtk+1>'
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Setting 0o (£, ) = exp(vir)(0; Ai), for every k > 0, we get the constraints
(59) fulfilled, by virtue of the fact that the gradient 0,¢,(y; A) of a convex
function satisfies

(0404 (y2: \) = Oy (Y15 A), y2 — y1) = 0, for any y1,5 € R? and X € S.
(63)
Define now {6y(t,x); t € [tx,fxs1)} as the solution of the integral equation
(49), where )
Oo(tk, ©) = exp(Vtr)py(0; Ax)
is fixed. As a consequence, using the equation (62) we get the remaining
conclusion of the Lemma. m

Remark 8. The analysis contained in the Lemma 6 shows that an admissi-
ble strategy with a “feedback shape” can be constructed using a nontrivial
solution (f,v,¢,) of the Problem B;. For a fixed f € Pa(y), a solution
(7, ) of the elliptic equation (55) is constructed using the following series

0 (75 A =0 [ZL7 ] for v < 0, (64)

where IA/M = ﬁ[: and L Pa(y; A) — Pa(y; ) stands for the linear operator
defined in the Problem Bj;.

As far as the linear operator I:|7| is acting on Py(y; \), for the sake of
simplicity we shall assume that f(y) = ((q,y))z, where ¢ # 0 is a common
eigen vector of the matrices A;(\), such that A%(\)g = pj(M)gand yi; : S — R
is continuous and bounded, for any 1 < 7 < m.

Lemma 7. Let f € Pa(y) and g;(y; A) = A;(Ny+aj(N), j=1,...,m, be
given as above. Let v < 0 such that ”|“|” 1, where p(X) = Y77, 3 (N) and
llpell = supyeg p(X). Then the function

Z L|’Y| ] (65)

_—1 b\ ) a
R0 [“y” T+ ] periaes

is a solution of the elliptic equation (55), where b(A) =23 7", 11;(A)(q, a;(N))
and a(\) = Z;n:l(@, a;(N)))>.

@ (
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Proof. By hypothesis, we easily see that

A

LAY A) = > 1A Ny + a5 (V)" ¢ a7 [4;(\)y + a;(N)] (67)
=~ (@ ANy + a;(0)* = B F () + N (2 9) +a(h).
Honce )b o)
. Ly A b(\) a(})
Ly (f)(y; ) = m (y) + w (q,y) + R (68)

An induction argument leads us to

B (P 0) = (”W)kf(y) ¥ (““))kl Han] o)

7] 17| 17|

n (“(A))“ {a(k)} for any k> 1.

1] kel

Denote p,(\) = % and

where p,(A\) < 1, for any A € S is used (see % < 1). Inserting the formula
(69) in (65), we obtain

1 1 b(\) 1 a(X)
Pr(y:A) = =SS (Y) + SN 77 {a ) + SN
! ] el b
and substituting S(\) = % we get the conclusion fulfilled. O

Remark 9. The solution of the Problem B; constructed in the Lemma 7
makes use of a special convex function f(y) = ({(¢,y))?, with ¢ € R? as a

common eigen vector of the matrices A;(A), j =1,...,m.
Assuming that there exist several eigen vectors Q = (qi,...,¢s), s < d,
such that
Q*AJ()‘> - M](A)Q*7 :uj<>‘) S Ra .] - 17 <o, M, (7())
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then f(y) = (Q*y, Q*y) agrees with the conclusion of the Lemma 7 and the
computation of the convex function ., € Ps(y) follows the same procedure.

In addition, for an arbitrarily fixed y, € R?, we may consider a convex
function

fy) ={(Q (Y — v0), Q" (y — %)), (71)
where 2(t,z) = y(t,x) — yo, t > 0, satisfies the following linear system
{ dz(t) = ho(z(t); Ndt + D770 hyi(z(t); N)dWj(t), t =0 (72)
z2(0) =z —yo.
Here hi(z;\) = Ai(N)z + di(N), di(N) = a;i(N) + Ai(MN)yo, @ = 0,1,....m
replaces the original vector fields g;(y; A of the system (45) and the function
f(z) =(Q*z, Q*z) satisfies (70).
We conclude the above given analysis by the following
Theorem 3. Let g;j(y; \) = A;(N)y + a;j(N) be given such that the (d x d)
matriz A;(\) and the vector a;j(\) € R? are continuous and bounded with
respect to A € S C R", for any 7 = 1,....m and d < n. Consider a
continuous vector field go(y; \) € R which is globally Lipschitz continuous

with respect to y € R, uniformly in A € S.
Define a convex function f € Py(y) by

f) =(Q (v —v),Q" (v — %)), (73)

where yy € RY is arbitrarily fized and Q = (q1,...,qs), ¢ € RY, s < d stand
for some common eigen vectors satisfying

Q" A;(N) =1, NQ", pi(N) eR, j=1,...,m. (74)
Let v < 0 be such that ”“” < 1, where p(X) = Y70 p5(N) and [|i] =
SUPg>0 N()\k)-
Then

1
BN [Z Llf ] BT (%)

X [f(y)Jr(%,Q*(y—yo»Jr%} L yeRY, NeScs,
is a solution of the elliptic equation (55), where b(\) =23 7" | uj AN)Q*d;(N),
a(N) = L QN7 di(N) = a;(0) + Aj(Nyo, j = 1,....m, and § =

{A;k >0} C8S.
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Proof. Using the linear mapping z = y — yy, we rewrite

~

fy) = F(2) = (Q"2,Q"2)

and the solution {y(¢,z);t > 0} satisfying (45) is shifted into 2(t,z) =
y(t,x) — yo, which satisfies the system (72). Here h;(z; ) = A;j(z;\)z +
di(A), j=1,...,mand ho(z;\) = go(z + yo; ).

The procedure employed in the proof of the Lemma 7 is applicable here
and the convex function ¢, € Ps(y; A) given in (75) satisfies the equation
(55). O

Theorem 4. Assume that the vector fields g;(y;\),i = 1,...,m and v <
0 satisfy the hypothesis of the Theorem 1. Let (f,7,p~) be the nontrivial
solution of the Problem B.1, such that the formulas (73), (74), (75) are
fulfilled. Define

0(t,x) = Dy, ((t, x); A1), t >0, x € RY (76)

and let {0o(t,x);t > 0} be the piecewise continuous process satisfying the
integral equations (49), where

0o (tx, 2) = exp(vir) Dy (yo; Ai), k =0, z € R (77)

and yo comes from the formula (73) Then (0y(t,z),0(t,z)) € R is an
admissible strategy corresponding to the value function

V(t,x) = Op(t, x)yo(t) + (O(t, ), 9(t,2) —yo), t =0, x € R

Proof. By hypothesis, the nontrivial solution (f,~,y,) of the Prob-
lem B.1 constructed in the Theorem 4 fulfills the conditions assumed in the
Lemma 6. The “feedback shape” recommended by the equations (60) and
(61) uses the deterministic values 6o(f, z) = exp(yix)p-(0; \y), for k > 0,
which are not correlated with the special form that we obtain here for the
convex functions f € Pa(y), ¢, € Paly; A).

According to the expression of ¢, given in the formula (75), the simplest
values are obtained for y = yy € R, i.e.

1 A a(j\k)’ =0
v = () 1l

SO’Y(yOa j‘k) =
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This is a slight changing in the definition of the “feedback shape” (see the
formulas (50) and (51)) and it agrees with the linear mapping z = y — 1y, used
in the proof of the Theorem 3, for which z = 0 corresponds to the special
“feedback shape” given in (60) and (61).

As a consequence, (0y(t,z),0(t,x)) € R defined in (76) and (77) is an
admissible strategy corresponding to the value function

V(t,z) = 0(t, x)yo(t) + (0(t, ), §(t, ) —yo), t = 0, x € R?

and 2(t,z) = y(t,x) — yo, t = 0, is the solution of the system (72). O

4.2 Application I1

The dynamical systems we are going to analyze are described by the following
linear stochastic differential equations

{90 = Boa0) st + T B 0 A0, ¢ 0,y € B B
y(0) = o,
(78)

where {W(t),t > 0} is a standard m-dimensional Wiener process over a
complete filtered probability space {2y, F', {F}}i=0,P1} and the coefficients
of the matrices B;(A\), A € S C R", i = 0,1,...,m are continuous and
bounded functions.

Here {\(t) € S;t > 0} is a piecewise constant process defined on another
complete probability space {2y, F2 Py}, such that

)\(t,WQ) = /\(tk,WQ), t e [tk,tk+1), k=0,1,..., wy € Qo,

where 0 = 1y < t; < ... < 1 < tp11 < 00 is an increasing sequence with
limy_, o t, = 00. The piecewise constant process {A(t); t > 0} may represent
a sequence of measurements produced on a piecewise continuous process.

The stochastic differential system (78) and its continuous solution
{y(t;y0); t = 0} are viewed as perturbations acting on the projected piece-
wise constant process

{)\d(t) = Pg)\(t); t> O} = {)\d(t,wQ) =Pr At,wa); 20, wy € Qg} :
R R
To this respect, the piecewise continuous process {z(t,vo);t > 0}, defined as
Z(t7 yO) = y(t7 yO) + )\d(t)’ (79)
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has the same asymptotic behaviour in the mean square E; (with respect to
the probability P;) as {\4(t); t = 0}, provided lim;_, E||y(t,40)|* = 0.

A standard rule of stochastic differentiation applied to the continuous
process {y(t,yo); t = 0} leads us to the following equation

(=

t
E, [|y(t, vo)||” = ||yo||2+/ E,

2BO<>‘(3)) + Z B?(A(S))] y(S, yO)a y(57 y0)> dS,

for any ¢t > 0.

A decreasing property for the smooth deterministic function E ||y(t, yo)
t > 0 is valid if we impose the condition (B(\)y,y) < 0, for any y € R? and
A€ S, where B(A) = 2By(\) + 371, B (M).

Such a nice behaviour of an unknown perturbation can hardly be ac-
cepted, even if we assume

[

where {1;(A\); A € S} is a continuous and bounded function and A is a sym-
metric matrix.

The hypothesis (80) allows to define some scalar components of the matrix
B(A) = 2By(A) + 311, BF(A) as

B(\) = T"'D(N)T, where D(\) = diag(pi(N), ..., pa()))
peN) = 20N + [ S7 4V af, k=1,....d,

and T : RY — R? is an orthogonal mapping (7* = T~ 1), such that TAT 1 =
diag(ay, ..., aq).

The main results obtained for the Problem C (see Theorems 1 and 2) are
restricted to the case when the scalar components pi(A), k = 1,...,d, are
constants functions with respect to A € S.

Here the analysis will be focussed considering that the assumption (80)
is satisfied and the scalar components defined in (81) fulfil the decreasing

property

(81)

Ps(A(te+1)) < ps(A(tg)), for any s =1,...,dand k > 0. (82)

Problem C Find a constant v < 0, such that the unique solution {y, (¢, yo);t >
0} satisfying the augmented system

{ d%/(l)ﬁ) = [579(t) + Bo(A(1)y(t)] dt + 370, Bi(A(#))y(t)dW(t), t >0
y(0) = yo
(83)
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fulfills limy oo Eq ]|y~ (¢, v0)||*> = 0, for any yo € RY.

Lemma 8. Let the matrices B;(A\), A€ S, i=0,1,...,m and the piecewise
constant process {\(t);t = 0} are given such that the hypothesis (80) and
(82) are fulfilled. Let v < 0 satisfying

1 — .
[y] > 2 (Hgol! +3 ) ||ng|2) , where ||gi|| = [| Al Sup (N[, 2 =0,1,...,m.
j=1

(84)
Then

Yim Ex |, (£ o) = 0, for any yo € R, (85)

where {y,(t,y0);t = 0} stands for the unique solution of the system (83).
In addition,

Eilly, (0)|1> < C(yo,7) exp(—c(y)t), t =0,

with some positive constants C(yo,7), c(y)-

t
Proof. We notice that vy, (¢, yy) = exp <%) y(t,yo), t = 0. In addition,

(8, 90)I* = exp(yt) |y (t, yol*, t >0

and the conclusion (84) can be rewritten as
Jim exp() Bally(t, yo)|I* = 0,

for any yo € R?, where the constant v < 0 and the matrices B;()\), i =
0,1,...,m (see (80)) satisfy the assumptions in the Lemma 4. Denote

U(t, yO) = exp(,yt)SO’Y(y(ta y())’ )\(t))7 t 2 07 Yo S Rd7
where ¢ (y; A) = (R, (\)y, y) fulfills

1
C(v)

and some positive constants §(7y), C(7).

SIYIIP < @q(y; A) < |y||?, for any A € S, y € R? (86)
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Applying the result given in the Lemma 1, we get the following integral
equation

u(t, yo) =@~ (yo; M0)) + ¥ (t; yo)

+/O [—C'(y)u(s,yo) + exp(vs)B(y(s,yo); A(s))]ds

’ Z/ exp(75) (yor (5, 90); A(s): By (A(s))y(s: yo)) AW (s).
(87)

for any t > 0, where the piecewise constant process {1 (t; yo);t > 0} is defined
as

Ytiyo) = Y exp(vh) [oy (Yt 90)s At)) — 05 (y(ts 0); Ati—1))] (88)

0<tr<t

In addition,
By; A) = C(Ney(y; A) = lyll? <0, for any (y,A) € R? x S
and as a consequence exp(ys) G(y(s,yo); A(s)) = a(s;yo) satisfies
a(s;yo) <0, for any s > 0, yo € R

Notice that the last term in (87) is a martingale with respect to the probabil-
ity P;. Taking the mean value E; in the equation (87), we obtain an integral
equation for the unknown wuy (¢, yo) = Equ(t, yo),

¢
uy(t, yo) = co + U1(t, vo) +/ [—=C(y)ui(s,y0) + (s, y0)lds, t =0, (89)
0
where ¢y = ¢, (yo; A(0)) =0, ¥1(t,y0) = E19(t, yo) and
al(sayO) = ]E’la(svyﬂ) < Oa fOI' any s 2 07 Yo S Rd'
We are going to prove that
U(t, o) <0 (U1t y0) = Ertp(t, o) < 0) (90)

for any t > 0, yo € R? provided the hypothesis (82) is assumed. Even more,
assuming that the conditions (82) are satisfied, we get

Oy (Y (e, ¥0): AMtk)) — 04 (Y (th, 40); AM(te—1)) < 0, for any k > 1 (91)
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and yo € R?, where ¢, (y; A) = (R,(N)y, y).
Here the matrix R, () is constructed as a value of a convergent series

< [2 A+ (T ) 42]

_ L (B L
RMW!;(M) P> B /

where B(\) = 2By(\) + >, B3()) and the hypothesis (80) is used.
To this respect, let T : R? — R? be an orthogonal mapping (T = T1),
such that

TAT' = diag (ay,...,aq), a; € R (see A is symmetric).

%i( il )k

Using the conditions (80), we rewrite

B(\) =T 'D(\)T and R,()\)

where D(\) = diag (p1(A), ..., pa(A)) and

ps(A) = 2u( N (Z,uj > s=1,...,d.

Therefore, the matrix R, (\) satisfies
Ry(\) = T M, (T,

where
M,(\) = diag [(|7| =) (= pa(W) T

with 7| > |ps(A)], for any s = dand A € S.

The sequence of diagonal matrlces {M,(A(tx))}k>0 is decreasing and the
inequalities (91) hold for any k& > 1. Using (91) we easily see that both the
inequality (90) and

exp(tr) [y (¥ (e, yo); Alte)) =25 (¥ (te, yo); Alte-1))] = wlty, yo)—u(ti—, yo) <0

hold for any k > 1, where u(t,—, yo) = limey, u(t, yo).
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As a consequence, the piecewise smooth function wui(¢,y0) = Equ(t, yo)
has a sequence of jumps satisfying

ul<tk7y0) - ul(tk_ay(]) g Oa fOI' any k 2 17 Yo € Rd'

As far as {u(t;yo);t € (g, txsr)} fulfills

t

uy(t, yo) = ur(tr, Yo) +/ [=C(7)ui(s, vo)] d8+/ a1(s,yo)ds,

tr tr

where a1 (s, o) <0, for any s > 0, yo € R%, we easily get that

0 < ui(t,yo) < ur(th, yo) expl—c(y)(t — tx)],

for any t € [tg, 1) and k > 0.
An induction argument allows to get

0 < uilt, 1) < Coexp(—C()1), for any £ > 0, yo € RY,  (92)

where Cy = ¢, (y0; A(0)) > 0.

The inequality (92) shows that the conclusion (85) follows in a stronger
sense and it holds an exponential stability in the mean square.

To this respect, using (86) and (92) we get

exp()E[ly(t o) < W})exp(vt)&w(y(t,yo>;A<t>>
< mul(tayo) < mexp(—o(wt%

for any t > 0, yo € R which shows that

C
E 24 0 _ > 0.

]

Remark 10. The result in the above Lemma describes the asymptotic be-
haviour of the continuous process {y,(t;yo);t > 0} using ”"the mean square
norme” |||-|||* = Ey||-]|?, which is difficult to be measured. In a real situation
we are measuring the functional ||y, (¢;vo)||?, t = 0, for some fixed trajecto-
ries of the continuous process {y.(¢;yo);t = 0} and a pathwise description of
the asymptotic behaviour is necessary.
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To this respect, we are using the integral equation (87), by imposing
adequate conditions on the matrices B;(\), 1 =0,1,...,m,

Bo(A) = (WA, B;(N) = (N Iasj = L., m, (93)

where A is a symmetric matrix, I; stands for the (d x d) unity matrix and
each 1;(A), A € S is continuous and bounded.

Let T : R — R be an orthogonal mapping, such that
TAT™! = diag (ay,...,aq), where a; € R

and define the following scalar components of the matrix B(\) = 2po(A\)A +
(7 12 0) L,

ps(N) = 2u(Nas + Y _p3(N),s=1,...,d, A€ S.
Jj=1

Assume that p,(\) satisfy a decreasing property
Ps(A(tre1)) < ps(A(tg)), for any s =1,...,dand k > 0, (94)

where the piecewise constant process {A(t);t > 0} is entering the system
(78).

Lemma 9. Let the matrices B;(\), A € S, i =0,1,...,m and the piecewise
constant process {\(t);t = 0} be given such that the hypothesis (93) and (94)
are satisfied. Let v < 0 be such that

1 m
vl > 2 (IIgoll + 52 ||9j||2> :
Jj=1

where ||goll = [ All supes [1o(N)] and ||g;|| = supres (M), 5 =1,...,m.
Define the exponential martingale {£(t);t > 0} as

g(t):exp{z [Z /0 15 (A () AW (s) — /0 [,uj()\(s))]stl},

where p1; € R and \(t) are given in (93).
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Then there ezist some positive constants §(7y) and C(v) such that

exp(—C()t)E(L), for anyt >0, yo € RY, (95)

[ACRTI S

where Cy(yo) is a continuous function taking positive values and {y(t),yo);t >
0} is the unique solution of the system (83).

Proof. By hypotheses, the following integral equation is valid

u(t,y0) = ©4(40; A(0)) + 1 (; o)
+ Jo [FCOn)u(s,90) + exp(s) Bly(s, yo)i A(s)] ds
70y exp(v) @y (05, 50)3 A(5)), Bi(A(s))y(s, w) AW (s),

(96)
for any ¢ > 0 and y, € R?, where
ey (Y A) = (B, (N)y, y)
and
Bly; A) = C(0)es(y; A) = llyll?
satisfy
2 . 1 2
{ SNNYI* < oy ) < gyl (07)
Bly;A) <0

and 6(vy), C(~) are some positive constants.
Here u(t, yo) = exp(7vt) v~ (y(t, yo); A(t)) and

V(tyo) = Y exp(yte) oy (u(ts, %0); At)) = 05 (W (tr yo); Mtx-—1))]-

0<tp<t

Set co(yo) = ¢4(yo; A(0)) and notice that the conclusion (95) is satisfied,
provided the piecewise continuous process {y(t;vo);t > 0} fulfills

u(t,yo) < Colyo) exp[—C(Y)t] £(t), for any t > 0, yo € RY. (98)

This last inequality will be proved using the following integral representation
of the solution in (96),

U(t, yO) = u<tk> yO) ¢(t7 tk) + ¢(t7 tk) /t (2571(57 tk)ﬁ(& yo)d57 (99>
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for any t € [tg,tg11), k = 0, where

(t,s) = exp[-C()(t = s)] &(t,5), t > 5 20, &(t,5) = &(t) §'(s)

and
B(s,90) = B(y(s,40); A(s)) exp(ys) < 0.

The piecewise continuous process {u(t;yo);t = 0} has a sequence of jumps

u(tr, Yo) — w(te-, vo) = (expyte) [ (Y(te; v0); Altr)) — o5 (y(tr, Yo); Atr—1))]

and in the same way as in the proof of the Lemma 8 it folows that each jump
satisfies
U(tk, yO) - u(tkfay()) < 07 for any k 2 17 Yo € Rdu (10())

provided the hypothesis (94) is assumed.
According to the hypothesis (93), we rewrite the coefficients from the
diffusion part of (96) as

exp(75) {9y~ (Y(s, 40); A(s)), Bi(A(s)) y(s,90)) = 2115(A(s)) uls,90)

and (96) becomes

u(t, yo) :u(tk,yo)—I—/ [—C’(V)u(s,yo)]ds—i—/t B(s,yo)ds (101)

tg

mo
+ Z/ 2u(s, yo) pi(A(s))dW;(s), for any t € [k, tyi1).
j=1 7t

It is easily seen that the solution u(t,yo), t € [tg, txy1) satisfying (101) can
be represented as in (99). Then, by virtue of (99), (100) and an induction
argument we get (98) fulfilled. O

5 Final comments
Generally, the asymptotic behaviour of a continuous solution {z(¢,z);t > 0}

of a stochastic differential system driven by the linear vector fields g;(z; \) =
a;(A) + A;(N)z, i = 1,...,m can be associated with the following stochastic
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integral equation
exp(7t) ¢y (2(t, 2); (1)) = ¢y (23 A(0)) + DI (¢, ) (102)

n / exp(75) [y, + L(,)] (2(s, 2); A(s))ds

+ 2_;/0 exp(7ys) <52907(Z(S,m); X(s)),gj(z(s,m); 5\(3))> dW;(s), t > 0,

where we applied the stochastic rule of differentiation given in the Lemma
1 and used the same notations as in the previous sections. The process
{z(t,x);t > 0} stands for the unique solution of the linear system

{ 0 = al MO+ S g, (=AW, 620 o
z(0 =x.

The piecewise constant process {D](t,z);t > 0} is defined as

DI(t.x) = Y exp(vix) [p(=(tr, 2); A(lr)) — p(z(tr 2): A(i))] - (104)

0<tr <t

and the elliptic operator L : Py(z; A) — Pa(z; A) is given by

L(p)(2;A) = (0:0(2,A), go(2; A)) Z 2o(2,A) 9525 A), 9;(2; ). (105)

l\DIr—t

Notice that the equations (102)—(105) are obtained from (2), (4), (5) and (6)
by choosing 0 = 0 in (2) and replacing P,(z; A) by Pa(z; A).

The aim of this comment is to point out that the drift part [y, + L(¢,)]
in equation (102) may be replaced by

[vey + L(p)](2,A) = ()9, (2, A) = f(2), (106)

where ¢ € (0,1) is arbitrarily fixed and f € Py(z; A) satisfies f(z) > 0, for
any z € R”, provided 7. = (1 — C)y < 0 and ¢, € Ps(z;A) is found such
that

s (5 )+ F(2) + L) (5,) = 0, ¥(2,\) € R” x 8.
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Denote U, (¢, z) = exp(yt)g,(z; A(t)) and using (106) we rewrite the integral
equation (102) as

Ut =t 7)) = U (0, 2) + DI(t7) + / () (5, (s, 7)) ds (107)
—/O exp(ys) f(z(s, x ds—{—Z/ 81/{ (s,2)), g;(2(s,x); 5\(5))>dVVj(s),

for any t > 0, x € R".

The integral equation (107) can be considered as a basis for any asymp-
totic evaluation of the process {U, (¢, z(t,z));t > 0}.

On the other hand, considering a stochastic dynamic system driven by
the linear vector fields

9i(y; A) = ANy +a;(N), i € {1,2,...,m},y e R" (108)

and depending on a parameter A € S C R?, we need to point out those condi-
tions insuring the weak convergence of the probabilities measures { P, (¢, z;-) :
t > 0} generated by a piecewise continuous solution {y,(¢,z) : t > 0} sat-
isfying a corresponding augmented system. In this respect, a continous and
bounded mapping yo(A) : S — R™ anihilating the action of the given vector
fields

9i(yo; A\) =0,i€{0,1,...,m}, A€ S (109)

plays a crucial role. For a fixed piecewise constant function A(t) : [0, 00) — S,
denote §o(t) = yo(A(t)), t = 0 the corresponding piecewise constant trajec-
tory containing only stationary points of the vector fields g;(y; A(t)), i €
{0,1,...,m},t > 0. Let {y,(t,x) : t > 0} be the piecewise continous process
satisfying the following augmented system

v,
=y — 90(t) + go(y; A dt+ZgJ v A(E)dW;(t), >0

dty = dtg()(t) + 9

y(0) =z € R", y e R"
(110)
where v < 0 is a constant.
By definition, the solution {y,(t,z) : ¢ > 0} can be decomposed into a
continuous component {z,(¢,z) : t > 0} and {go(t) : t > 0}

yy(t,z) = 2,(t,z) + 9o(t), t 20,2 € R" (111)
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such that z,(t,z) = y,(t,z) — 9o(t), t > 0 is the unique solution of the
following linear homogenous system

~

diz = Ao(A(t))2dt + > Aj(A()dW;(t) + %zdt, £>0,2 €R", o)
j=1

2(0) ==z

Using (111) and (112) we see easily that y.(¢,x) = z,(t,z) + §o(t) is the
solution of the system (113) provided {z,(t,z) : t > 0} fulfils (112).

In addition, the results given in the Lemmas 8 and 9 can be applied to
the linear system (112) and as far as the weak limits of the set { P, (¢, ;- }+100
are concerned we use Lemma 8 which says that for 7 < 0 and || sufficiently

large we get
lim Ei||z(t2)|> =0 (113)

exponentially. Denote M C P(R™) the set of the probabilities, measures
concentrated on the closure of the set G = {yo(\) : A € S},

M ={P e P(G)}. (114)
Then using (113) and [1] we get that any weak limit

lim P,(t,z;-) = P,(), for some sequence t, | co, (115)

tn—00

belongs to the fixed set M and, in addition, the set
M, ={P, € P(R") : P, is a weak limit point satisfying (8)} (116)
coincides with M, i.e. M, = M, where M = {P € P(GQ)} and G € R" is the
closure of the set {go(t) : t € [0,00)} = Go.
Finally, we notice that the “weak asymptotic behaviour” of some trajec-

tories {y,(t,z,@) : t > 0,w € Q, fixed} can be described using the decom-
position (4) and Lemma 9.
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