EQUATIONS OF MOTION GENERATED BY LINEAR
HAMILTONIANS ASSOCIATED TO THE JACOBI GROUP

STEFAN BERCEANU

ABSTRACT. Using the coherent states attached to the complex Jacobi group G =
H,, xSp(n, R), based on the manifold D; = C x D,,, we study some of the properties of
coherent states based on the manifold X = C" x 3(,,, where D,, (3(,,) is the Siegel ball
(respectively the generalized Siegel upper half plane). Starting with the resolution of
unity on D proved for Perelomov’s coherent states attached to the Jacobi group G,
we obtain the resolution of unity on X and the Kéhler two-form w/, on the manifold
X;. This /!, is a “n”-dimensional generalization of Kihler-Berndt’s two-form w} on
X1. The motion associated to a Hamiltonian linear in the generators of the Jacobi
group G is described by a Matrix Riccati equation on D.
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1. INTRODUCTION

The coherent states offer a useful connection between classical and quantum mechan-
ics. On the other side, Perelomov’s [36] group-theoretic generalization of coherent states
can be used as a tool in the study of the geometry of manifolds on which the coherent
states are based [9]. It is well known that the symplectic methods have a large field of
applications in Physics, in particular in classical and quantum mechanics, but also in
Gaussian and Linear Optics [23, 22].

In this paper we continue the investigation of the so called Jacobi group started in
[10, 11] using Perelomov’s coherent states. The Jacobi group — the semidirect product
of the Heisenberg-Weyl group and the symplectic group — is an important object in
connection with Quantum Mechanics, Geometric Quantization, Optics [23, 22, 44, 4,
43, 32, 33, 41].

In [10] we have constructed generalized coherent states (CS) attached to the Jacobi
group, G{ = H; x SU(1, 1), based on the homogeneous Kihler manifold DY = H, /R x
SU(1,1)/U(1) = C' x D,. Here D; denotes the unit disk D; = {w € C||lw| < 1},
and H, is the (2n + 1)-dimensional real Heisenberg-Weyl group with Lie algebra b,.
Using this construction, we have obtained a holomorphic discrete series representation
of the Jacobi algebra g{ = h; x su(1, 1) by holomorphic first-order differential operators
with polynomial coefficients on Dy. In fact, this construction is nothing more that
an explicate realization of a well known holomorphic representation [37, 34] of the so
called coherent state-type groups [30, 34]. In [10] we have also emphasized that, when
expressed in appropriate coordinates on the manifold X{, which, as set, is X{ = C x Hj,
where H; is the Siegel upper half plane H; = {v € C|(v) > 0}, the Kahler two-form
wy derived from the Kéhler potential obtained from the scalar product of Perelomov’s
coherent state vectors based on D7y, is identical with the one considered by Kihler-
Berndt [14, 16, 24, 25, 26], here denoted w|. In the present paper we also give more
details about this identification.

In [11] we have considered coherent states attached to the Jacobi group GY = H,, x
Sp(n,R), based on the manifold D7 = C" x D,,, where D,, is the Siegel ball. In the
present paper we give the Kahler two-form w! on the manifold X] = C* x 3, where
H,, is the Siegel upper half plane obtained by the Cayley transform of the Siegel ball
D,,. This /! is a “n”-dimensional generalization of Kéhler-Berndt’s two-form w} on X/
to the corresponding one on X.

Let us recall several facts which were only emphasized in [10, 11]. Firstly, let me
mention that the Jacobi group is in fact a realization of the squeezed states in Quan-
tum Optics [47, 42, 18], a subject largely studied starting in the sixties, which has large
applications in detection of gravitational waves, spectroscopy with two and three-level
atoms in squeezed fields, quantum communications, Einstein-Podolsky-Rosen correla-
tions, entanglement, quantum cryptography, teleportation, .... [19].

Let us also remained that the squeezed states are a particular class of “minimum un-
certainty states” (MUS) — states which saturates the Heisenberg uncertainty relation.
The “Gaussian pure states” (“Gaussons”) [40] are more general MUSs; MUSs can be
considered as CSs indexed by points of manifold X, cf. §10.1 in [1]. The geometry of
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the semidirect product in §10.2 in [1] is based on the technique developed in [23], using
a definition of coherent states larger that used by Perelomov [36].

The connection of our construction of coherent states based on D7 and the Gaussons
is a subtle one. We have shown in [10] that the clue of this connection in the case n = 1
is offered by the Kéhler-Berndt’s construction.

Let us point out that many of the mathematical formulas which appear in the context
of the Jacobi group have a direct physical interpretation. We just mention that the
linear fractional transformation is nothing else than the “ABCD” law for laser beams
[28, 29, 2] for a complex beam parameter; see also general results about the Gaussian
Optics - the ray transfer matrix, the eikonal approximation e.g. in [31, 3, 40].

Finally, let me recall that the denomination of “ Jacobi group” was firstly introduced
by mathematicians in [20]. The same group is known to physicists under other names,
as the Schrédinger group [35], see more references and a discussion of this remark in
the second reference [11]. Also the name of “Weyl-symplectic” group is used for the
same direct product of the Heisenberg-Weyl group and the symplectic group [45, 46].

The paper is laid out as follows. For self-contentedness, §2 recalls the basic facts
established in [10] about the algebra g and its holomorphic differential representa-
tion. §3 is devoted to comparison of our approach in [10] with that of Kéhler-Berndt.
We have included in Remark 5 the differential action of the generators of the Jacobi
algebra g/ expressed in the Kéhler-Berndt variables on X{. §4 recalls some facts es-
tablished in [11] about holomorphic representation of the Jacobi algebra g/. In §4.2 is
presented the Kihler two-form w on X/, a generalization of Kihler-Berndt construction
on X7. The last section §4.3 presents the equations of motion on D7 generated by linear
Hamiltonians in the generators of the group G?.

2. A HOLOMORPHIC REPRESENTATION OF THE JACOBI ALGEBRA gi

2.1. The algebra. The Heisenberg-Weyl group is the group with the 3-dimensional
real Lie algebra

(2.1) b1 = guw =< isl + za™ — Ta >er zec,

where a* (a) are the boson creation (respectively, annihilation) operators which verify
the CCR (2.4a).
Let us also consider the Lie algebra of the group SU(1,1):

(22) 511(1, 1) =< QIHKO + yK+ — ?jK_ >0eR,yeC,

where the generators Ky y _ verify the standard commutation relations (2.4b).
The Jacobi algebra is defined as the the semi-direct sum

(2.3) g7 = by 2 su(l, 1),
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where b, is an ideal in g7, i.e. [hy, 7] = b1, determined by the commutation relations:

(2.4a) [a,a™] =1,

(2.4b) (Ko, Ky = K4, [K_, Ky ] = 2K,
(2.4c) la, K] =a", [K_,a"] =a,

(2.4d) [Ki,a*] =[K_,a] =0,

(2.4e) [Ko, a*] = %aﬂ (Ko, a] = —%a.

2.2. The differential action. We suppose that we know the derived representation
dr of the Lie algebra gi (2.3) of the Jacobi group Gy. We associate to the generators
a,a’t of the HW-group and to the generators K 4 _ of the group SU(1, 1) the operators
a,a*, respectively Ko 4 _, where (a™)* =a, K = Ko, K = K+, and we impose to
the cyclic vector ey to verify simultaneously the conditions

(2.5a) aeg = 0,
(25b) K_€0 = 0,
(25C) Kpey = k’eo; k> 0,2]{3 =2, 3,

We have considered in (2.5¢) the positive discrete series representations D} of SU(1, 1)
[5].

Perelomov’s coherent state vectors associated to the group Gy with Lie algebra the
Jacobi algebra (2.3), based on the manifold M:

(2.6a) M = Hj/RxSU(1,1)/U(1),
(2.6b) M = D} :=CxD,

are defined as
(2.7) o i= el L wec, lw| < 1.

The general scheme associates to elements of the Lie algebra g differential operators:
X € g — Xe Dl-

Lemma 1. The differential action of the generators (2.4a)-(2.4e) of the Jacobi algebra
(2.3) is given by the formulas:

0
_ Y.+ _
(2.8a) a=--a z+wa
0 10 8
1 0 5 0
2. K 2 — —
(2.8¢) b= 22 + kw—l—zw8 + w? .

where z € C, |w| < 1.
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2.3. The reproducing kernel.
Lemma 2. Let K = K(z,w, z,w), where z € C, w € C, |w| < 1,
(2.9) K = (eo,ezaJ’mK*e'Zﬁﬂ”K*eo).
Then the reproducing kernel is

227 + 22w + 2w

2.10 K= (1—ww)*
(2.10) (1 —ww)” " exp 20— wi)
More generally, the kernel K : D{ x D{ — C is:
27/ 2,5/ =12
211)  K(zw 2, @) = (s emar) = (1 — wit')* exp o2t 2 W TZ7W

2(1 — ww')

2.4. Formulas for the Heisenberg-Weyl group H; and SU(1,1). Let us recall
some relations for the displacement operator:

(2.12) D(a) := exp(aat — aa) = exp(—%|a|2) exp(aa™) exp(—aa),

(213) D(Oég)D(Oél) = 6i6h(a2’a1)D(Oé2 + Oél), Qh(ag, Oél) = %(Oégdl).

Let us denote by S, the unitary squeezed operator, the D_’i representation of the group
SU(1,1) and let us introduce the notation S(z) = S(w), where w and z, w € C, |w| < 1,
z € C, are related by (2.14c), (2.14d). We have the relations:

(2.14a) S(z) = exp(zK,—zZK_), z€C;
(2.14Db) S(w) = exp(wK,)exp(nKy)exp(—wK_);
(2.14c) w zzddzfﬁwMM%weCMM<h
z
1
(2.144) z = z(w)= ﬂarctanh(|w|) S log i \w|;
|w 2wl 71— |w|
(2.14e) n = log(l —ww)= —2log(cosh (|z])).
Let us consider an element g € SU(1,1),
_(ad 2_ p2 =
(2.15) g= ( b a ) , where |a|” — |b]* = 1.

Lemma 3. The (squeezed coherent state) vector
U, = D(a)S(w)ey;
and (Perelomov’s coherent state) vector
e, = exp(za” +w' K )eg

are related by the relation

2.16 Uow = (1—ww)*exp -~z €zws
’ 2 ’

where z = a — wa.
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2.5. The representation. From the following proposition we can see the holomorphic
action of the group Jacobi

(2.17) G{ = Hy; x SU(1,1),

on the manifold Dy (2.6b):

Proposition 1. Let us consider the action S(g)D(a)e, ., where g € SU(1,1) has the

form (2.15), D(«) is given by (2.12), and Perelomov’s coherent state vector is defined
in (2.7). Then we have the formula (2.18) and the relations (2.19), (2.20)-(2.22) below:

2.18 S(g)D(a)e, ., = Aesy oy, A= A9, a; 2z, w),
’ 1, W1
a—aw+ 2z aw +b

(2.19) T wra T T
(2.20) A= (a+bw) exp(%do — %dg) exp iy, (o, o),

Z + zZw
2.21 =
(2.21) W " ww’
(222) Qg = (Oé + Oé())a + (07 + @Q)b.

Corollary 1. The action of the 6-dimensional Jacobi group (2.17) on the 4-dimensional
manifold (2.6b), where Dy = SU(1,1)/U(1), is given by equations (2.18), (2.19). The

composition law in GY is
(2.23) (91,01, t1) © (g2, 02, t2) = (g1 0 g2, g5+ G + 2, ty + 2 + (g5 - 1)),
where g - & == ay 18 given by
(2.24) a,=aa+ba.
If g has the form given by (2.15), then g~' - & = ay-1 = ac — ba.

Remark 1. Combining the expressions (2.19)-(2.22), the factor A in (2.18) can be
written down as

(2.25) A= (a4 bw) exp(=\),
where
-
(2.26) N = bz® + (aa_+ bgu)(Qz + 20)7 o= Gw,
2(a + bw)
or
B(Z + 20)2 _ 20
2.27 A = AZTZ0) 20y
(2:27) Y=y TR

Note that the expression (2.25)-(2.27) is identical with the expression given in Theorem
1.4 in [20] of the Jacobi forms, under the the identification of c¢,d, T, z, u, A in [20] with,
respectively, b, @, w, z, «, —a in our notation. Note also that the composition law (2.23)
of the Jacobi group G and the action of the Jacobi group on the base manifold (2.6b)
is similar with that in the paper [15]. See also §3 and the Corollary 3.4.4 in [16]. [ |
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Note that the second relation in (2.19) giving the fractional linear action of the group
SU(1,1) on the homogeneous manifold D; = SU(1,1)/U(1) is the famous “ABCD”-law
in Optics [28, 29, 2].

2.6. The symmetric Fock space. The scalar product of functions from the space Fx
corresponding to the kernel defined by (2.11) on the manifold (2.6b) is:
(2.28)

3 2 2w+ 22w
A | — i) exp -V O ZW
@)= [ Rl v ep U e~ 25 T,
where the value of the GY-invariant measure dv,
C\
(2.29) dv, = Md%zd%z
(1 —ww)?
is given in (2.36) and
4k — 3
2. Al =——.
(2.30) 1 52

We consider now the variables: z = x +iy; w = u+iv. With the change of variables

I1+u v
2.31 X = —_— —
(2.31a) Vl—uz—v2(z+1+uy)’

(2.31b) y = 2
14w

we have
drdy = V1 — u? —v2dXdY,
dudv
(1—u2 — v2)/2

dl/l =
and (2.28) becomes:
(2.32)  (p,0) =My / fofoexp[—(X? +YH]dXdY (1 — u® — v?) 2% dudv.
1—u2—v2>0

2.7. The geometry of the manifold C x D;. We calculate the Kéhler potential as
the logarithm of the reproducing kernel (2.11), f :=log K, i.e.

227 + 22w + 2w

(2.33) f= T 2klog(1 — ww).

The Kahler two-form w; is given by the formula:

(2.34) —iw) = fozdz NdZ + f.gdz A dw — f5,dZ N\ dw + fuedw A dw.

We can write down the two-form w; (2.34) as

(235) —iws = ﬁdw A dib + 1A_Aw‘;, A = dz + agdw, ag = fjj;

For the volume form we find:

(2.36) w1 Awy = 4k(1 — ww) 24RzFeRwIw.
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It can be checked up that indeed, the measure dvy; and the fundamental two-form wq
are group-invariant at the action (2.19) of the Jacobi group G{ (2.17).

3. KAHLER-BERNDT’S APPROACH

3.1. An outline. Rolf Berndt -alone or in collaboration - has studied the real Jacobi
group G’(R) in several references, from which I mention [14, 15, 16, 17]. The Jacobi
group appears (see explanation in [27]) in the context of the so called Poincaré group or
The New Poincaré group - the double cover of the de Sitter group SOg(4, 1) - investigated
by Erich Kihler as the 10-dimensional group G¥ which invariates a hyperbolic metric
[24, 25, 26]. Kéhler and Berndt have investigated the Jacobi group G (R) := SLy(RR) x
R? acting on the manifold X/ := H; x C, where H; is the upper half plane H; := {v €
CIS(v) > 0}.

For self-contentedness, in Remarks 2 and 3 below, we briefly proof two results from
[16], which we need in order two express the two-form w; in the coordinates used by
Kéhler and Berndt. The main ingredient in the proof of Remark 2 below is the Iwasawa
decomposition. Let us also mention that Iwasawa decomposition was largely used in
applications in Optics, see e.g. [39, 41].

Remark 2. The action of GJ(R) on X{ is given by (g, (v, 2)) — (v1,21), g = (M,1),
where

(3.1) Ul_av—l—b 2zt hv+ly :<a Z

- - Ly(R), (14,1 R2.
CU‘I‘d,Zl CU+d ’ )ES 2( )7(17 2>€

Proof. Let us use the notation of [16]. We denote G’(R) := SLy(R) x H(R), where
here H(R) denotes the real HW group with the composition law:
= det < ))((, ) .

| %

If g = (M, X,k) € G/(R), where M € SLy(R), X = (A, p), (X,k) € R3, then the
composition law in the real Jacobi group is

/ !/ / / !/ / X
B2 R = O N il o 4| 5

/
(3.3) 99 = (MM' XM+ X' k+ K + X)?{ ).
The action of G’(R) over the H(R) is
(3.4) M(X, k)M = (XM k).
Let us consider the Iwasawa decomposition for a matrix M € SLy(R):
(1 z y'/2 0 cosf sind
(35) M= < 0 1 ) < 0 y /2 —sinf cosf )’ y=>0.
If

(3.6) M

I
VR
o
Q>

)



EQUATIONS OF MOTIONS 9

then we find for x,y, 6 in (3.5)

(3.7) _ac+bd 1 sind = — c s — d
' Tere ey T T are " T Vear e

For g = (M, X, k) € G/(R), the EZ-coordinates (Eichler-Zagier, cf. the definition at p.
12 and p. 51 in [16]) are (z,y,0, A\, p, k). Let 7 = o +iy € Hy, 2z = £ +in = pT + ¢,
where

(3.8) (p,q) = XM~' = (A — pc, =Ab + pa)
If we attache a “,” to the results of elements of the composition rule (3.3), we have
AC+ BD 1
(39) Ty = D2—|—C2 7y*_ D2—|—C2’
where
A B a b a v
(3.10) (0 D):<cd><c’ d/>'
We find out:
D? +C? = (d? +0?) + d*(* + d?) + 2cd(a'd +V'd),
le.
d? '
D? 4+ C? = A(d”? + V%) + — + 2cd~.
) Y
Similarly,
¥ bd
AC + BD = ac(a” +V*) + (ad + bc)? + 7

We find for 7, = x, + iy,
ac(a” +0?)y' + (ad + be)r’ + iy’ + bd
2(a? + b))y + 2cdx’ + d? '

Let us verify the first relation (3.1), in the present notation

(3.11) T, =

at’ +b
3.12 x — ;
( ) T e’ +d
where
) ad+bd +i
(313) '7-, = l’l ‘l— ly, = W

Combining (3.12), (3.13), we find out

(3.14) . (ax’ + b)(cx’ + d) + acy™ + iy”
(ca’ 4+ d)? + 2y
and we have to verify the identify (3.11) and (3.14).
In order to prove the second equation (3.1), we calculate firstly

(P.,Q.) = (LD — MC,—LB + MA),

where
(L, M) = (XN +Xa" + pc, p' + N + pd'),
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and we find
(3.15a) P, = N(cb' +dd) — p/(cd' +dc') + \d — puc;
(3.15Db) Q. = —N(ab +bd)+ p/(ad +bc') — \b+ pa.
Then we obtain
(Pia+ Q.o)T' + Pb+ Q.a
e’ +d '
The nominator E of the last expression of 7* should be identified with £ = p'v’ + ¢’ +
AT+ p, i.e. it remains to verify that

Pa+Q.b = p + X\
Pb+Q.d = ¢+ .

In conclusion, using the multiplication law (3.3), the Iwasawa decomposition (3.5) and
the equations (3.7), (3.8), we have obtained the action of G’(R) on the base Xy

at +b z+ AT+ p

Zx ::P*T*‘I’Q*:

(316> g(T7 Z) = (CT_'_d7 CT"—d )7

and Remark 2 is proved. [ |
Let us now recall that

(3.17) C7'SLy(R)C = SU(1,1), where C = ( o ) .

If M € SLy(R) is the matrix (3.6), then, under the transformation (3.17)

(3.18) M,=C"'MC = (% g) a,BeC,la*— 8> =1,

where

(3.19) 2a=a+d+ilb—c); 26=a—d—i(b+c).

Now we pass to the complex group GZ = C7'G/(R)C. We recall that the Jacobi
group G{ is a group of Harish-Chandra type, (cf. e.g. p. 514 in [34]; see the defi-
nition in Ch. III §5 in [37] and Ch. XIL.1 in [34]). Moreover, it is well known that
the Jacobi algebra (2.3) is a CS-Lie algebra (cf. e.g. Theorem 5.2 in [30]). The cor-
respondence between our notation and that of Berndt-Schmidt at p. 12 in [16] is as
follows: at,a, K., K_,1, Ky corresponds, respectively to: Y., Y_, X, , —X_, —Z, %Z.
We see that under the transformation (3.17), ¢ = (M, X,k) € SLy(R) x H(R) is
twisted to g. = (M., X, k), where M, is given by (3.18), while, due to action (3.4),
X, = XC = (i\ — i\ + ).

Also the map (3.17) induces a transformation of the bounded domain D; into the
upper half plane H; and

T—1
(3.20) TeEH =1, =C1r)= P € D;.
The action C~'GY(R)C descends on the basis to the biholomorphic map: C~1: X{ :=
Hy x C — DJ := Dy x C: (1,2) — (7, 2.). Here 7, is given by (3.20), while z, =
PuTe 4+ G- S0, (p,q) = (A, )M, and (ps, ¢.) = (A, )M, . But M, = C~'MC, and
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(P, q«) = (p,q)C = (—q +ip,q + ip), and we get z, = f%fl Note that at p. 53 in [16]
the factor 2i in this formula is missing.
In a different notation, we have shown that

Remark 3. The action C~'G{(R)C, descends on the basis to the biholomorphic map:

C1:X{ =%, xC— D} =D, xC:
v—1 2iu

= Ty A= :
U +1 v +1

(3.21) w ,we Dy, veH,zeCl.

The G (R)-invariant closed two-form considered by Kihler-Berndt is:

dv N\ dv 1 _ — U

(3.22) W=« Y _U—i-ﬂ _B/\B,B:du—u 7:Ldv,v,ueC, S(v) > 0,
(v—10)2 v—7 v—7

cf.§36 in [26]; see also §3.2 in [14], where the first term is misprinted as o240,

Under the mapping (3.21), the two-form w; (2.35) reads

2
ﬁdv/\dv“_i

i.e. (3.22). In fact, we have proved that

(3.23) ) =— BA B,

i(v —v)

Remark 4. When expressed in the coordinates (v,u) € X{ which are related to the
coordinates (w,z) € D{ by the map (3.21) given by Remark 3, the Kihler two-form
(2.35) is identical with the one (3.23) considered by Kdhler-Berndt.

If we use the EZ coordinates adapted to our notation
(3.24) v=a+iy; u=pv+q, 2,p,q,y € Ry >0,

the G (R)-invariant Kéhler metric on X7 corresponding to the Kihler-Berndt’s Kéhler
two-form w (3.23) reads

k 1
(3.25) ds* = ﬁ(d:cz +dy?) + ~[(z® + y*)dp® + dq* + 2zdpdq,
Y Y
i.e. the equation at p. 62 in [16] or the equation given at p. 30 in [14].
Equation (3.25) can be written in a form to show the positive-definiteness of the
metric

x2+y2

k

The Kahler two-form (3.22) of Kéahler-Berndt corresponds (cf. equation (9) in Ch.
36 of [24]) to the Kéhler potential

(3.26) ds® (dp + dq)?,

x?+y?

(3.27) f=—=log
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3.2. New results.

Remark 5. When expressed in the coordinates (v,u) € X{ = H, x C, related with the
coordinates (w,z) € D{ = Dy x C by (3.21), the differential action of the generators
(2.4a)-(2.4e) of the Jacobi algebra (2.3), given by Lemma 1, becomes

v+id +_21u v—1id

(3.28a) a= o1 81) =i + TR
(w4120 v+i 8_ B w d  v*+10
(3.28b) R U TR TR A R T M
20 2k(v — i) u(v —i) 9o (v—1)? 0
2 K, — — 9 9
(3.:28¢) N o O S R WL TR

We recall the expression (2.28) of the scalar product, where dv; is given by (2.29),
which gives the resolution of unit. We introduce the change of variables given by (3.21)
and we get the scalar product

(329) 00) = A [ Folo.)folv, ) K7 (0w

Here K;(v,u) is the value of the reproducing kernel (2.10) in the new variable (3.21),
while dv; represents the G (R)-invariant measure on Xj.
The reproducing kernel K = (ez 4, €5,4) in the new variables (3.21) is

v+ i]?

. K= |——— F
(3.30) | {2@(@—11) exp F,
where

0 — w)? + (@ — u)?

31 F ooyt il 2| o = 2= 0)
(3.1 ot 17 |l e
or

L S(uv)? + (Su)?

(3.32) F=2v+i|™ [|u|2+ 3

The Kahler potential is f; = log K.
It is obtained

(3:33) gué; - z(a2 )’
(3:34) Oaugv h %
(3.35) O*F _ 2(u — u)?

0vov i(0—wv)?"

So, it can be verified that formula (2.34) in the new variables u,v gives indeed the
Kihler-Berndt two-form wy (3.23). However, note that the Kdhler-Berndt potential
(3.27) is different of our fi.
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We introduce the variables

(3.36) v = z+iy,x,y € R,y >0,
(3.37) u = m+in,m,n R
We have to calculate

A B
(3.38) A = det C D H
where

ang agﬂ dz(y+1) 2—sc2+(y+1)2 4
det A = det gij gyw H = det _mgQ x L2 = 5>
Suw 88_y 9 +E(g+1)2 4 (Eyg—l) E2
C\
det B = det W S®) _ g
(m,n)
det D =d %\mzzade %_Q%H :
et D =det| 47 & || = det E = —,
where
E=2"+(y+1)>~
Also
1—ww= _y‘
E
We find:
1

(3.39) dvy = 4—y3d:cdydmdn.

It can be verified that the measure dvy is invariant under the action (3.1) of the real
Jacobi group G3(R). In fact, we have obtained the “resolution of unity” on the manifold
X7
Remark 6. Let us consider the Jacobi group Gy (R) with the composition rule (3.2) and
the action (3.1) on the manifold X{. The Kdhler two-form wy is given by (3.23), where
B si given in (3.22). The symmetric Fock space Fg, attached to the reproducing kernel
(3.30)-(3.31), K1 : X{ x X{ — C, is endowed with the scalar product (3.29), where the

normalization constant Ay is given in (2.30), and the Gy (R)-invariant measure dvy is
given by (3.39).

4. THE JACOBI GROUP G

4.1. The symmetric Fock space. The Heisenberg-Weyl group H,, is the nilpotent
group with the (2n + 1)-dimensional real Lie algebra isomorphic to the algebra

n
(41) f)n =< isl + Z(xla:’ — jiai) >s€R,xi€(C7
i=1
where a; (a;) are the boson creation (respectively, annihilation) operators which verify

the CCR
(4.2) lai, a)] = 6ij; [ai, a;] = [a],a]] = 0.
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The vacuum verifies the relations:
(4.3) ae,=0,i=1,--+,n.
The displacement operator
(4.4) D(a) := exp(aat — aa) = exp(—%|a\2) exp(aa™) exp(—aa),
verifies the composition rule:
(4.5) D(ag)D(ay) = 20 D(ay + ay), Oz, ar) := S(agdy).

Here we have used the notation o = ), o;3;, where a = (;). The composition law
of the HW group H,, is:

(4.6) (g, ) o (a1, t1) = (ag + ag, ta + 11 + S(away)).
If we identify R?" with C", (p,q) — «:

(4.7) a=p+ig p,qg € R,

then

) 0 1
S(aaam) = (pr, ¢1)J < Z; ) , where J = ( ~1 0 ) '

The Jacobi algebra is the the semi-direct sum

(4.8) g, == b, 3 5p(n,R),
where b, is an ideal in g, i.e. [h,, g] = b,, determined by the commutation relations:
(4.92) la;, K51 = [a, K;] =0,

1
(4.9b) lai, K] = 25 ka; + 52]%7

_ 1 1

(49(3) [Kkj7 CL:_] = 2<5@kaj + §5ijak,

1
(4.9d) (K ai]l = 5omai

1
(4.9¢) lax, K] = §5ikaj-

The generators K%~ of sp(n,R) verify the commutation relations

(4.10a) (K, Kyl = [K;;,KJF] =0,
(4.10b) 2K, Kf] = Kou+ Ko + Koy + Kjo;,
(4.10c) 20K, K] = Kjbw+ K; 0w,
(4.10d) K K] = —Kij6j — K3,
(4.10e) 2K, K] = Kjow — Koy

Now we briefly fix the definition concerning the symplectic group. For g € GL(2n,R),
we have

(4.11) g €Sp(n,R) < ¢'Jg=J.
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If in (4.11) g € GL(2n,C), then g € Sp(n,C). We remind also that g € U(n,n) iff
gKg* = K, where K = (1) _01
Under the identification (4.7) of R?" with C", we have the correspondence

(4.12) A€ M(2n,R) — Ac € M(2n,R)¢, Ac = CTAC, C = ( ill 111 ) ;

where
M(2n,R)e = {( g % ) POe M(n,C)}.
We extract from [38], [6], [21]

Remark 7. To every g € Sp(n,R) as in (4.11), g — g. € Sp(n,R)c = Sp(n,C) N
U(n,n), or denoted just g

(4.13) g:<% 2)

where
(4.14a) aa* —bb* = 1; ab' = ba',
(4.14Db) a*a—b'b = 1; a'b=b*a.
If g € Sp(n,R) is given by (4.13), then
-1 __ a* —bt
(4.15) =50

Perelomov’s coherent state vectors associated to the group G with Lie algebra the

Jacobi algebra (4.8), based on the complex N-dimensional, N = w, manifold M:

(4.16a) M = H,/RxSp(n,R)/U(n),
(4.16b) M = D/:=C"xD,,
are defined as
(4.17) e.w = exp(X)ep, X := Zzia;r + Zwin;;, zeC", W e D,.
i ij
The vector e verify (4.18) and (4.19)
(4.18) aie,=0,1=1,---,n.
(4.19a) Kley # 0,
k
(419C) K?]B() = Z(Sijﬁ().
The scalar product of functions in the symmetric Fock space is [11]
(4.20) @) =N [ W)l W)QK W
zeC;1-WW>0
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Here the density of the volume form is
Q = det(1 — WW)~+2),
the reproducing kernel K is

1
(4.21) (s, esw) = det(M)? exp 2 <z Me> 4+ <Wz Mz>+ <z, MWz >],

and
M=(1-WWw)"
(422) dz = H %ZZ%ZZ, dW = H %wij%wij,
i=1 I<i<j<n

k=3 Y (52 —n+ i)k +i—2)
or™5 1 Dk +2(i—n—1)]

A, =

Comparatively with the case of the case of the symplectic group, a shift of p to p—1/2
in the normalization constant A, = 7~"J~!(p) is obtained [11].

4.2. The Kéhler two form on X/ = H, x R?". On the manifold D/, we have the
Kaéhler two-form [11]:

k _ o
(4.23) —lw, = §Tr(C' AC) + Tr(A'M A A),
where
A=dz+dWz,
C= MdW, M =(1-WW)™*
r=(1-WW) ' (z+Wz),W € D,,»cC"

Now we consider the real Jacobi group G (R) = Sp(n,R) x H,(R), where H,(R) is
the real Heisenberg-Weyl group of real dimension (2n + 1). Let g = (M, X, k),¢ =
(M', X' k') € GI(R), where X = (A, 1) € R?" and (X, k) € H,(R). Then the composi-
tion law in GJ(R) is
(4.24) 9¢ = (MM', XM + X',k + K + XM JX").

We shall also consider the restricted real Jacobi group G¢(R)g, consisting only of ele-

ments of the form above, but g = (M, X).
We consider also the manifold

X/ =3, x R*",
where H,, is Siegel upper half-plane
H, ={Ze€Mn,C)|Z=U+iV,U,V € M(n,R),V >0,U"' =U;V' =V}

Let us consider an element g = (M,1) in GZ(R)o, i.e.

(4.25) M= ( é v ) € Sp(n,R), 1 = (I, 1) € R?",
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and v € 3, z € C" = R?". Then the action of the group G (R), on the base manifold
X/ is given by the formula (M,1) x (v, z) — (vi,21) € X, where

(4.26a) v; = (Av+ B)(Cv+ D)™

(4.26Db) 2 = (z+oli +15)(Cv+D)N
Now we consider the transformation

(4.27a) w = (v—1i)(v+i)~h

(4.27b) z = 2i(v+i)tu

of X/ — DJ. Equation (4.27a) is nothing else than the linear fractional transformation
(4.26a) corresponding the a matrix M = C~! where C is given by (4.12) — the Cayley
transform of the Siegel half-plane H,, into the Siegel unit ball D,,. Under the same
transformation, C~1Sp(n,R)C' — Sp(n,R)c, and the linear fractional transformation
(4.26a) on H,, determined by a matrix (4.25) becomes linear fractional transformation
on D,, with the matrix C~'MC [38].
Under the transformation (4.27), the two-form (2.35) on D becomes on X/

(4.28)

k 2 _
—iw = §Tr(pt AD)+ ZTe(B'DAB),D = (v —v)"',p= Ddv, B = du— dvD(ti — u),
i
(4.28) is a “n”-dimensional generalization of Berndt-Kéahler two-form (3.23).

We want now to determine a “resolution of unity” on XJ. We apply the change of
coordinates (4.27) in (4.20). We get

(4.29) (9. 9) = A/x] Fo(v,u) fy (v, u) QK dvdu,

where dv and du are written down with the convention (4.22), i.e.

(4.30) dv= T[] dRvi;dSvy,du=]]dRudSu,.
1<i<j<n i=1

K, is the reproducing kernel (4.21) in the new variables:
12
(4.31) K (u,v;u,v) = det k/z% exp I,

1
(4.32) 5F = 20 A7 — [uf (v +1) "N o+ i) A + o], A=2i(v—v).

The expression (4.32) can be put into a form which generalizes the expression (3.31)-
(3.32) in the case n = 1:

(4.33) F=2[a'L " u+ (Su)'S(L™H(Sv) )] + R [(@L 00 — o' L7'0%)(Sv) ],
where L is hermitian and symmetric matrix L = (0 — i)(v + 1).

Q1, the G (R)o-invariant measure on X, is calculated as Q; = Q2

8((21:)) , applying the

Lemma at p. 398 in Berezin’s paper [12]. It is obtained
(4.34) Q= 27" [det(2i(7 — v))] "2,
We have also the
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Remark 8. Let us consider the real Jacobi group G (R)o acting on the base manifold
X7 by the formula (4.26). Then the symmetric Fock space attached to the reproducing
kernel K obtained from the kernel K (4.21) by the substitution (4.27) is given by square-
integrable functions with respect to the scalar product (4.29), where group-invariant
measure Q1 is given by (4.34) and the integration variables are defined in (4.30). The
manifold X7 is endowed with the Kdihler form (4.28), which generalize the corresponding
one (3.23) for n =1 used by Kdhler-Berndt.

4.3. Equations of motion. Passing on from the dynamical system problem in the
Hilbert space H to the corresponding one on M is called sometimes dequantization,
and the system on M is a classical one [7, 8]. Following Berezin [13], the motion on the
classical phase space can be described by the local equations of motion. We consider
an algebraic Hamiltonian linear in the generators of the group of symmetry

(4.35) H=) eX,

AEA
The classical motion and the quantum evolutions generated by the Hamiltonian are
given by the same equations of motion on M = G/H [7, 8]:

(4.36) iZa =Y &Qras
A

where the differential action corresponding to the operator X, in (4.35) can be ex-
pressed in a local system of coordinates as

Xy =P+ Z Qw&ﬁ.
I

Above X denotes a root, while 5 denotes a positive root.
The Hamiltonian

_ = T 0 0 — 17— + 7+
implies the Matrix Riccati equation on D
iz = e+We+ezW + 126,
iW = WetW +We +e .
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