I multi-layer environment: specific motivation to the model
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I the model: age + diffusion

Diffusion + Gurtin-MacCamy in each layer (j = 1,...,n)

e pila,y.t); ye (y_1,y;) ac(0,a)

Op;  Op, 0%p.
— 4+ — 4 pola)p; + pj(a, S;(t)p; — K;(a )@y

Ot oa
p(t,0,y) = / 8,(a, S;(0))p; (£, a, y)da
0

p](07 a, y) — ij(a7 y)?

Z/ / (a, 2)pr(t, a, z)dzda, |

=1

where
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p;(a,y,t)




I the model: age + diffusion

Continuity conditions at the interface between two layers

density pj(aayj_v ) — pj+1<a7y]+7t) (] =1,... 7n)

op;(a,y.: , 0 a,y. ,t
fox K (a) pf(@f ) Kjta) pj“gyy] ) =1 m)
KJ+|( )ap|+l
y, ———— oY |
J pl /M Kj (a)a—p'




I the model: age + diffusion

Null flux conditions at the boundary of the multi-layer
(aty = yo and y = yy)

Opn(a, Yn, t)
Yy

Op1(a, yo,t)

— 0
0y

Ki(a) =0 and K,(a)

[ |



I the model: .assumptions

5p;
- pola)p; + py(a, Si(t))p; — Kj(a) 8; = f

ﬁpj ﬁpj
ot da

p;(,0,y) / 8(a, S;(t))p; (¢, a, y)da

Yk
Z/ / vi(a, 2)pi(t, a, z)dzda,

Yk—1

p;(0, ,y) = pjo(a,y),

—
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I the model: .assumptions

po(a)

po(+) € Lige([0, at)), B
po(a) > 0a. e in [0, a4, /0 to(a) da = 4o00.

In particular these conditions guarantee that the survival
probability
[o(a) = e~ i wolo)do

vanishes at the maximum age a;.

—
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I the model: .assumptions

Bi(a,x) — Bj(a, )| < Lg(R) |z — x|, for || < Rand |Z| <R

0 S @j(@,f) S 5+

i, 2) — (0, 7)| < Lu(R) e — 2|, for |¢| < Rand |2| <R

—

0 < pj(a,x) with p(a,0) =0



I the model: .assumptions

5p;
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I the model: .assumptions

Op; , Opy |
atj 8; - pola)p; + wpila, Si(t))p; — K (a) — f

p;(,0,y) / 8(a, S;(t))p; (¢, a, y)da

Yk
Z/ / vi(a, 2)pi(t, a, z)dzda,

Yk—1

p;(0, ,y) = pjo(a,y),

—



I the model: assumptions




I Functional framework

Slight technical simplification to get rid of ug(a)

. ;
Change variable from p;(a,y,t) to p;(a,y,t) = pjf(auoy C)l
0 o
Opj  Op; 0%p.
@tj + 8; + po(a )pj —|—,uj(a S-( ))p D, _Kj(@WQJ = f,

p;(t,0,y) = / Bj(a, S;(t))p;(t, a,y)da

Yk
Z/ / i(a, 2)pk(t, a, z)dzda,

ykl

](07 a, y) — ij(CL, y),

B



I Functional framework

Slight technical simplification to get rid of ug(a)

p;(a Y, 1)

Change variable from p,(a,y,t) to p;(a,y,t) = [ ho(o)d
0 o

82;0]'

Op; . Opj -
+ 5

ot da

+ pjla, S;(t)p; — Kj(a)

at

Yk
Z/ / i(a, 2)pk(t, a, z)dzda,

ykl

](07 a, y) — ij(CL, y),



I Functional framework

Put together all the layers in one single domain
glueing the functions from the different layers

p1<t7aay)7 Y < (y()vyl)v
p(t,a,y) =
pn(ta a, y)a (S <yn—17 yn)a

(tvaay) S (OvT) X (OvaT) X (y()ayn)

—



I Functional framework

y

Sl<t7y)7 Y - (y()vyl)a
S(ty) =<

. Sn(tvy)v (A= (yn—layn)7
( Bl(awx)v Yy E (y07y1)7
Bla,y,z) =

. ﬁn(aax)7 yc (yn—lvyn)7
(

Ml(a7x)7 (A= (y07y1)7
pla, y, r) =

\ Mn(aax)7 y S (yn—lyyn)7



I Functional framework

note that with the definitions above

Ay Yn
S(t,y) = / / (a9, 2)p(t, a, 2)d=da.
0 Yo

and

Bla,y,S(t,y)) = Bi(a,S;(t)) for y € (yj-1,9;)

etc......... |
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I Functional framework

First we consider H = L*(yo,yn) , V = HYyo,y,) , itsdual V’
and define the operator

Ao : D(Ag) C L*(0,a4; V) — L*(0,a4; V'),

D(Ap) = {u € L*(0,a; V);uq € L*(0,a:+; V'),
O y / ﬁ CL y; (aay)da’}

< Aou, ¥ >= [, (et + pla,y, S(y))uy + K(a, y)uy,)dady,

Vw c L2(O,CLT;V) |



I Functional framework

Then we embed the problem in the space

Ho = L*((0,a+) X (Yo, yn))

defining
A:D(A) C Ho — Hg

on the domain

D(A) ={u € D(Ayp), Aou € Hq}

Au = Agu, Yu € D(A) |

by setting



I Functional framework

\ p(0) = po

an abstract Cauchy problem in H,

—



I Analysis of the Cauchy problem

two non-linearities

D(Ag) = {u € L2<076LT; V)iu, € L2<076LT; V7,
u(0,9) = [ Blay, S(y))u(a,y)da}

0

< A0 >= [ (uath + pla,y St + K(a.y)uyis,)dady,

9
Vi € L*(0,a4; V) |



I Analysis of the Cauchy problem

the functions
u +— E(U) — M(aa Y, S(y))u(a, y)

u— F(u) = Bla, y,5(y))ula, y)
are locally Lipschitz continuous from Hq to Hg

|E(u) = E() || g, < M(R)|lu—allg,

1 (u) = F(u)llg, < B(R)|lu—ulg,

B
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I Analysis of the Cauchy problem

the functions
u +— E(U) — M(aa Y, S(y))u(a, y)

u— F(u) = Bla,y, S(y))u(a, y)
are Lipschitz continuous from Hq to Hg

|E(u) = E()|lg, < M |lu—allg,

B

1F(u) = F(a)|l g, < Bllu—alg,



I Analysis of the Cauchy problem

Lipshitz continuity allows A ito be quasi accretive
(M + Au— (N + A)u,u—u)g, =
= Mlu — @, + / {(ta — @a)(u — ) + (E(u) — £())(u— u)}dyda

+/ K(a,y)(u, — u,)*dyda >
Q

> A= al, - [ [ - F(u))dardy +

/Q(E(u) — E(a))(u — a)dyda| + Ko |luy — )%, >




I Analysis of the Cauchy problem

Moreover A Is m-accretive
Range (M + A) = Hg

We need to solve the problem

o + u+ B(u) + K (a,y)uy, = f
u(0,y) = / F(w)(a, y)da
uy(a,yo) = uy(a,y,) =0

forany f € Hq,.



I Analysis of the Cauchy problem

Moreover A IS m-accretive
Range (M + A) = Hg

We need to solve the problem

ug + A\u+ E(w) + K(a,y)u,, = f
w0.9) = [ Flw)a,y)da
uy(a,yo) = uy(a, yn) =0

forany f € Hq,.



I Analysis of the Cauchy problem

o + M+ E(w) + K (a,y)uy, = f
u(0,y) = / | F(w)(a,y)da

uy(a, Yo) = uy(a,yn) =0

By the solution v = P(w) we get a mapping P : Hy, — Hg
which is a contraction. The fixed point

solves the problem.



I Analysis of the Cauchy problem

i+ 3+ E(w) + K(a,yhet, = f
Qa

u*(0,y) = / F(u*)(a, y)da
0

UZ(CL, yO) — UZ(CL, yn) =0

By the solution v = P(w) we get a mapping P : Hy, — Hg
which is a contraction. The fixed point

solves the problem.



I Existence, unigueness, estimates and all that

Under the assumption of Lipschitz continuity the abstract
Cauchy problem has a unique solution (non-negative if po and f
are non-negative) which satisfies the estimates

(0~ POl < (I~ sl + [ 1567) = T, dr) e,

1 T
2 2 2 B ¢
P 7, < K, (!PO\HQ +/O () 5, d7'> ePo

B
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I Existence, unigueness, estimates and all that

Under the assumption of Lipschitz continuity the abstract
Cauchy problem has a unique solution (non-negative if po and f
are non-negative) which satisfies the estimates

t
(0~ POl < (I~ sl + [ 1567) = T, dr) e,
Ip(0)]12 i(r 2 4 /T\fmr? dT) oo
p Hq > K Pollgg ; Ho

Qg = (BQCL]L + 2M + 1)

Bo = BLa; + 2 |



Morever, if
0<po<pyae (a,y)eNand0 < f< fiyae. (t,a,y) € (0,T) x Q
the solution p satisfies

0 < p(t) < par + fut, a.e.inQ, forany ¢t € [0, 7T7. (1)



I Existence, unigueness, estimates and all that

In order to treat the locally Lipschitz case we consider the
truncated functions (arbitrary N)

B(u) or Jlully, <N
En(u) = < N
() E “ for |ullgy, >N
P\ Tl
and
)
F(u) for ||ul|y <N
Fn(u) = < N
() F ¢ for ||u He > N
-\l




Existence, unigueness, estimates and all that

& These truncated functions are Lipschitz continuous on Hq, (for each N fixed).



Existence, unigueness, estimates and all that

& These truncated functions are Lipschitz continuous on Hq, (for each N fixed).

B Therefore, we consider the approximating problem

dpN
EN 4 _
m + ANpN = ]

pn(0) = po
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dpn
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o NPN = f

pn(0) = po
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lpn )3, <R for t €0,



Existence, unigueness, estimates and all that

L I

These truncated functions are Lipschitz continuous on H, (for each N fixed).

Therefore, we consider the approximating problem

dpn

9PN | Anpy =
0 NPN = f

pn(0) = po

whose solution has a bound independent of N
lpn )3, <R for t €0,

sothatfor N > R

Anpx(8) = Apx (), pn(£,0,y) = /O 7 Plon (8)(a,y)da,


G M



Existence, unigueness, estimates and all that

e

These truncated functions are Lipschitz continuous on H, (for each N fixed).

e

Therefore, we consider the approximating problem

dpN
EN 49 _
m +AnpN = f

pn(0) = po
& whose solution has a bound independent of N
lpn )3, <R for t €0,

B sothatfor N > R
at
0

B and py(t) is actually a solution to the original problem



