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Serre Fibrations

A Serre fibration in Topology is a continuous map p: Y — X
whch satisfies the HLP
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Serre Fibrations

A Serre fibration in Topology is a continuous map p: Y — X
whch satisfies the HLP

h
Z x {0} . Y
7
/
/
L //~ P
s H
N )
Z % [0,1] . X
H
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Serre Fibrations

A Serre fibration in Topology is a continuous map p: Y — X
whch satisfies the HLP

h
Z x {0} ., Y
7
/
/
L //~ P
s H
N )
Z % [0,1] . X
H

If p:Y — X is a fibration with X path connected, then all fibres
Y, = p~1({z}) are homotopy equivalent, and the fibration
behaves as a “locally trivial fibre bundle” up to homotopy.
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C*-Algebra bundles (or Cy(X)-algebras)

A C*-algebra bundle over X is a C*-algebra A = A(X) together
with a nondegenerate *-homomorphism

S :Co(X)— ZM(A)
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C*-Algebra bundles (or Cy(X)-algebras)

A C*-algebra bundle over X is a C*-algebra A = A(X) together
with a nondegenerate *-homomorphism

d:Co(X) — ZM(A)
If I := ®(Co(X \ {z})) A4, then
A=A/l
Isthe fibreof Aatx € X. If a € A, then
r— |ag|, ar:=a+ 1, € A,

IS always upper semi continuous and vanishes at ~c.
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C*-Algebra bundles (or Cy(X)-algebras)

A C*-algebra bundle over X is a C*-algebra A = A(X) together
with a nondegenerate *-homomorphism

d:Co(X) — ZM(A)
If I := ®(Co(X \ {z})) A4, then
A=A/l
IS the fiboreof Aatx € X. If a € A, then
r— |azl|, az:=a+1I,€ A,
IS always upper semi continuous and vanishes at co. We say

that A(X) is continuous, if this map is continuous.
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Examples of C*-algebra bundles

°* If f:Y — X is a continuous map, then Cp(Y') is a
C*-algebra bundle over X with fibre Cy(Y,) via
S :Co(X)— Cp(Y)=M(Cu(Y));®(g9) =go f.
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Examples of C*-algebra bundles

°* If f:Y — X is a continuous map, then Cp(Y') is a
C*-algebra bundle over X with fibre Cy(Y,) via
S :Co(X)— Cp(Y)=M(Cu(Y));®(g9) =go f.

* Trivial bundles A(X) = Cy(X, B)
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Examples of C*-algebra bundles

°* If f:Y — X is a continuous map, then Cp(Y') is a
C*-algebra bundle over X with fibre Cy(Y,) via
S :Co(X)— Cp(Y)=M(Cu(Y));®(g9) =go f.

* Trivial bundles A(X) = Cy(X, B)

* Locally trivial bundles: every x € X has an open
neighbourhood U such that A(U) := &(Cy(U))A = Cy(U, B)
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Examples of C*-algebra bundles

°* If f:Y — X is a continuous map, then Cp(Y') is a
C*-algebra bundle over X with fibre Cy(Y,) via
S :Co(X)— Cp(Y)=M(Cu(Y));®(g9) =go f.

* Trivial bundles A(X) = Cy(X, B)

* Locally trivial bundles: every x € X has an open
neighbourhood U such that A(U) := &(Cy(U))A = Cy(U, B)

* Continuous trace algebras (the case B = K).
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Examples of C*-algebra bundles

°* If f:Y — X is a continuous map, then Cp(Y') is a
C*-algebra bundle over X with fibre Cy(Y,) via
®: Co(X) — Cp(Y) = M(Co(Y)); 2(9) =go f.

* Trivial bundles A(X) = Cy(X, B)

* Locally trivial bundles: every x € X has an open
neighbourhood U such that A(U) := &(Cy(U))A = Cy(U, B)

* Continuous trace algebras (the case B = K).
* Let A(]0,1]) be given as

{f:10,1] — My(C); f continuous and f(0) = (fllo(o) f220(0))}

Then A; = M5(C) fort # 0 and Ag = C=.
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Examples of C*-algebra bundles

* Heisenberg group algebra: C*(Hsy) = C*(U,V, W) where
U,V,W are unitaries with relations

ov=wvu, UW=WU, VW=WYV.
Functional calculus: ® : C(T) = C*(W) C C*(U,V, W).

We get A, = C*(U,, V) with relation U,V, = zV,U,. Thus
A, = Ay if z = 2™,
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Examples of C*-algebra bundles

* Heisenberg group algebra: C*(Hsy) = C*(U,V, W) where
U,V,W are unitaries with relations

uv =wvu, UW=WU, VW =WV.

Functional calculus: ® : C(T) 5 cC*(W) CC*(U,V,W).
We get A, = C*(U,, V,) with relation U,V, = zV,U,. Thus
A, = Ay if z = 2™,

* Ifl - Z— H — G — 11is a central group extension, then

C*(H) is a C*-algebra bundle over Z via

AN

Co(Z)=C"(Z) — ZM(C*(H))

where g € C*(Z) acts on C*(H) via convolution. The fibre
C*(H),, for x € Z is a twisted group algebra C*(G, wy) of G.
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Examples of C*-algebra bundles

* Crossed products A(X) x G by fibre-wise actions.
We then have (A x G), = A, x G.
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K-theory, KK-theory and R K K-theory

KK-theory:

with E a Hilbert B-module, ¢ — Lp(F) a *-homomorphism and
T a “generalized” Fredholm operator.
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K-theory, KK-theory and R K K-theory

KK-theory:

with E a Hilbert B-module, ¢ — Lp(F) a *-homomorphism and
T a “generalized” Fredholm operator.

KKi(A,B) = KK(Co(R) ® A, B) = KKo(A, Co(R) ® B)

Ki(A)=KK,(C,A) K*(A)=KK.(A,C) (K-homology).
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K-theory, KK-theory and R K K-theory

KK-theory:

with E a Hilbert B-module, ¢ — Lp(F) a *-homomorphism and
T a “generalized” Fredholm operator.

KKi(A,B) = KK(Co(R) ® A, B) = KKo(A, Co(R) ® B)

Ki(A)=KK,(C,A) K*(A)=KK.(A,C) (K-homology).

If p: A — Bisa*homomom., then |p| = [B,,0] € KK (A, B).
Composition: KKZ(A, B) X KKJ(B, C) — KKH_](A, C)
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K-theory, KK-theory and R K K-theory

KK-theory:

with E a Hilbert B-module, ¢ — Lp(F) a *-homomorphism and
T a “generalized” Fredholm operator.

KK1(A,B) = KKo(Cy(R) ® A, B) = KKy(A,Co(R) ® B)
Ki(A)=KK,(C,A) K*(A)=KK.(A,C) (K-homology).
If p: A — Bisa*homomom., then |p| = [B,,0] € KK (A, B).
Composition: KKZ(A, B) X KK](B, C) — KKH_Q(A, C)
A and B are KK-equivalent if 32 € KK(A,B), y € KK(B, A)

such that r®y=|ida] and y ® z = [idp|.
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K-theory, KK-theory and R K K-theory

KK-theory:

with E a Hilbert B-module, ¢ — Lp(F) a *-homomorphism and
T a “generalized” Fredholm operator.

RKK-Theory: Suppose A(X) and B(X) are C*-algebra
bundles over X. Then

REKK(X;A(X),B(X)) = {(E,¢,T)}/ ~

such that the left and right actions of Cy(X) on E coincide.
Kasparov product over X

REK(X;A(X), B(X))xRKK(X;B(X),D(X)) — REKK(X; A(X),D(X)
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K -fibrations

Let A(X) be a C*-algebra bundle over X andlet f: 7 — X be a
continuous map. Then we define the pull-back f*A(Z) of A(X)
along f as

fTA(Z) = Co(Z) ®c,(x) A(X)
f*A(Z) is a C*-algebra bundle over Z with fibres f*A, = Ag,.
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K -fibrations

Let A(X) be a C*-algebra bundle over X andlet f: 7 — X be a
continuous map. Then we define the pull-back f*A(Z) of A(X)
along f as

fTA(Z) = Co(Z) ®c,(x) A(X)

f*A(Z) is a C*-algebra bundle over Z with fibres f*A, = Ag,.

Definition
A(X) is a K-fibration if for every compact contractible space A

the evaluation map ev, : f*A(A) — Ay, induces an
isomorphism K. (f*A(A)) £ K«(Afw))-

K -fibrations and non-commutative Torus bundles joint with Ryszard Nest, Herve Oyono-Oyono — p.9/??



K -fibrations

Let A(X) be a C*-algebra bundle over X andlet f: Z — X be a
continuous map. Then we define the pull-back f*A(Z) of A(X)
along f as

fTA(Z) = Co(Z) ®c,(x) A(X)

f*A(Z) is a C*-algebra bundle over Z with fibres f*A, = Ag,.
Definition

A(X) is a K-fibration if for every compact contractible space A
the evaluation map ev, : f*A(A) — Ay, induces an

isomorphism K. (f*A(A)) £ K«(Afw))-

A(X) is a K K-fibration if ev, : f*A(A) — Ay, Is a KK-equiv.
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K -fibrations

Let A(X) be a C*-algebra bundle over X andlet f: Z — X be a
continuous map. Then we define the pull-back f*A(Z) of A(X)
along f as

fTA(Z) = Co(Z) ®c,(x) A(X)

f*A(Z) is a C*-algebra bundle over Z with fibres f*A, = Ag,.

Definition
A(X) is a K-fibration if for every compact contractible space A
the evaluation map ev, : f*A(A) — Ay, induces an

isomorphism K. (f*A(A)) £ K«(Afw))-

A(X) is a K K-fibration if ev, : f*A(A) — Ay, Is a KK-equiv.

A(X) is an RK K-fibration, if f*A(A) ~rxx C(A, Afw))-
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K -fibrations

We have: R K K -fibration = K K-fibration = K -fibration.
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K -fibrations

We have: R K K -fibration = K K -fibration = K -fibration.

We also have the following theorem, which follows from some
deep result of Dadarlat:

Theorem
If A(X) is a continuous and nuclear C*-algebra bundle. Then

A(X) is a K K-fibration «<— A(X) is an RK K-fibration.
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K -fibrations

We have: R K K -fibration = K K -fibration = K -fibration.

We also have the following theorem, which follows from some
deep result of Dadarlat:

Theorem
If A(X) is a continuous and nuclear C*-algebra bundle. Then

A(X) is a K K-fibration «<— A(X) is an RK K-fibration.

ldea: Let X = A and consider

KK(A, AA) °Y REK(A;C(A, 4,),C(A, A(A))

— REKK(A;C(A, Ay), A(A)),

where the last map is given by restriction on the diagonal.
|
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Examples of K -fibrations and (R) K K -fibrations

* Locally trivial bundles are ‘R K K -fibrations.
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Examples of K -fibrations and (R) K K -fibrations

* Locally trivial bundles are ‘R K K -fibrations.

* Theorem. (E-Oyono-Nest)
Suppose G is an amenable group which acts fibre-wise on
the C*-algebra bundle A(X). Then:
If A(X) x K is a K-fibration (resp. K K-fibration) for all
compact subgroups K of G, then A(X) x G is a K-fibration
(resp. K K -fibration).
(The proof uses the Baum-Connes conjecture for G.)
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Examples of K -fibrations and (R) K K -fibrations

* Locally trivial bundles are ‘R K K -fibrations.

* Theorem. (E-Oyono-Nest)
Suppose G is an amenable group which acts fibre-wise on
the C*-algebra bundle A(X). Then:
If A(X) x K is a K-fibration (resp. K K-fibration) for all
compact subgroups K of G, then A(X) x G is a K-fibration
(resp. K K -fibration).
(The proof uses the Baum-Connes conjecture for G.)

* Corollary. If A(X) is a K-fibration (resp. K K-fibration) then
the same is true for A(X) x Z™ or A(X) x R” for every
fibre-wise action a : Z™",R™ — Aut(A(X)).
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Examples of K -fibrations and (R) K K -fibrations

* Locally trivial bundles are ‘R K K -fibrations.

* Theorem. (E-Oyono-Nest)
Suppose G is an amenable group which acts fibre-wise on
the C*-algebra bundle A(X). Then:
If A(X) x K is a K-fibration (resp. K K-fibration) for all
compact subgroups K of G, then A(X) x G is a K-fibration
(resp. K K -fibration).
(The proof uses the Baum-Connes conjecture for G.)

* Corollary. If A(X) is a K-fibration (resp. K K-fibration) then

the same is true for A(X) x Z™ or A(X) x R” for every
fibre-wise action a : Z™",R™ — Aut(A(X)).

* Corollary. If A(X) is a continuous-trace algebra over X
and if G is an amenable group acting fibre-wise on A(X),
then A(X) x G is an RK K-fibration.
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Examples of K -fibrations and (R) K K -fibrations

* The Heisenberg group algebra C*(H5)(T) = C*(U, V, W)(T)
Is an R K K-fibration:
There is a fibre-wise action of T2 on C*(Hs) given by

Oé(z’w)(U) — ZU, O‘(z,w) (V) — wV, Oé(z’w)(W) = W.

With crossed-product C*(Hs) x T? = C(T, K). It follows
then from Takesaki-Takai duality that

C*(Hs) ® K =2 O(T, K) x Z2

1
K -fibrations and non-commutative Torus bundles joint with Ryszard Nest, Herve Oyono-Oyono —p.12/2?



Examples of K -fibrations and (R) K K -fibrations

* The Heisenberg group algebra C*(H5)(T) = C*(U, V, W)(T)
Is an R K K-fibration:
There is a fibre-wise action of T? on C*(H>) given by

Oé(z’w)(U) — ZU, O‘(z,w) (V) — wV, Oé(z’w)(W) = W.

With crossed-product C*(Hs) x T? = C(T, K). It follows
then from Takesaki-Takai duality that

C*(Hy) @ K= CO(T,K) x Z?
° Ifl1 - 7 —- H— (G — 1is acentral extension with ¢

AN

amenable, then C*(H)(Z) is an RK K-fibration.

(Since C*(H) @ K =2 Cy(Z,K) x G for some fibre-wise
action of G)
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Examples of K -fibrations and (R) K K -fibrations

* The C*-algebra bundle

A([0,1]) = {£ : [0,1] = M(C) : £(0) = (" . 50 )}

IS NOT a K -fibration.
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The K -theory group bundle

Suppose A(X) is a K-fibration. Then the K-theory group bundle
consists of the collection

Ko (AX)) i= {K.(Ay) : z € X)

together with isomorphisms ¢, : K.(A;) — K.(A,) for every
continuous path v : [0,1] — X from x to y given by the
composition

—1
eVl,*

ey Ku(Ar) =5 Ku(v* A0, 1) ™5 Ko (4,).

We then have c,.,, = ¢y o c,» and ¢, only depends on the
homotopy class of ~.
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The K -theory group bundle

Suppose A(X) is a K-fibration. Then the K-theory group bundle
consists of the collection

Ko (AX)) i= {K.(Ay) : z € X)

together with isomorphisms ¢, : K.(A;) — K.(A,) for every

continuous path v : [0,1] — X from x to y given by the
composition

—1

¢y Ku(As) = Ku(y"AJ0,1])

€V «

—>K(A)

We then have c,.,, = ¢y o c,» and ¢, only depends on the
homotopy class of ~.

Proof. If T" : [0,1]? — X is a homotopy for v and +/, then show
that both maps coincide with

—1

K.(A,) "2 K (T A([o 1]2)) % K*<Ay>.

evl ,1x
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The K -theory group bundle

Observations.

* If X is simply connected and path connected, and if A(X) is
a K-fibration, then K,.(A(X)) is the trivial bundle
X x K4(Az). The trivialization map is given by

(y, K« (Ay)) — (v, K (Az)); (Y, 1) = (Y, cyz(p2))

where ¢, , = c for any chosen path ~ from z to y.
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The K -theory group bundle

Observations.

* If X is simply connected and path connected, and if A(X) is
a K-fibration, then K,.(A(X)) is the trivial bundle
X x K4(Az). The trivialization map is given by

(y, K« (Ay)) — (v, K (Az)); (Y, 1) = (Y, cyz(p2))

where ¢, , = c for any chosen path ~ from z to y.

* |In general, if X Is path connected, there is an action of
m1(X) on K.(A,), and K.(A(X)) is the trivial bundle if and
only if this action is trivial.
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The Leray-Serre Spectral sequence

Let X C X7 C --- C X,, = X be the sceleton of a finite
simplicial complex X. Put A, := A(X,), App—1 = A(Xp \ Xp—1).
We then have short exact sequences

0= App, = Ap = Ap 1 =0
which gives the long exact sequences

L ' 0
Kq(App-1) = Kq(A4p) = Kq(Ap—1) = Kgp1(App-1) —
Now put A?? = K,(A,) and E}"Y = K (A, ,—1). Then we get the
exact couple .
Dp,g A d . @ AP

@Ef’q |
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The Leray-Serre Spectral sequence

Let {EP?, dr : EPY — EFTM91) be the spectral sequence
derived from the above exact couple. We have

L 0 1,g+1
d : Ezqu — Kq(Ap,p—l) — Kq(Ap) — q+1(Ap+1,p) — Ezth ol

The higher terms are derived from this iterative by

EPd = (kernel dr/ image dr)p,q.

This process stabilizes eventually with
ERP~1:= Fl/F] ,, for F! := kernel (Kq(A(X)) — Kq(4p))
Since X,, = X we obtain a filtration

{0} = F§ CFL, C - CFY) = K,(A(X)).

|
K -fibrations and non-commutative Torus bundles joint with Ryszard Nest, Herve Oyono-Oyono —p.17/2?



The Leray-Serre Spectral sequence

Theorem (E-Nest-Oyono) Suppose A(X) is a K-fibration over
the finite simplicial complex X. Then the Es-term of the above
described spectral sequence is given by E5S? = HP (X, K,(A)),
the cohomology of X with coefficients in the K-theory group
bundle I, (A(X)).
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The Leray-Serre Spectral sequence

Theorem (E-Nest-Oyono) Suppose A(X) is a K-fibration over
the finite simplicial complex X. Then the Es-term of the above
described spectral sequence is given by E5S? = HP (X, K,(A)),
the cohomology of X with coefficients in the K-theory group
bundle I, (A(X)).

* The case A(X) = C(X) is the classical Atiyah-Hirzebruch
spectral sequence for the K-theory of X.

1
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The Leray-Serre Spectral sequence

Theorem (E-Nest-Oyono) Suppose A(X) is a K-fibration over
the finite simplicial complex X. Then the Es-term of the above
described spectral sequence is given by E5S? = HP (X, K,(A)),
the cohomology of X with coefficients in the K-theory group
bundle I, (A(X)).

* The case A(X) = C(X) is the classical Atiyah-Hirzebruch
spectral sequence for the K-theory of X.

° If A(X) is a K K-fibration, then a similar result holds for the
K-homology of A(X).
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The Leray-Serre Spectral sequence

Theorem (E-Nest-Oyono) Suppose A(X) is a K-fibration over
the finite simplicial complex X. Then the Es-term of the above
described spectral sequence is given by E5S? = HP (X, K,(A)),
the cohomology of X with coefficients in the K-theory group
bundle I, (A(X)).

* The case A(X) = C(X) is the classical Atiyah-Hirzebruch
spectral sequence for the K-theory of X.

° If A(X) is a K K-fibration, then a similar result holds for the
K-homology of A(X).

° If A(X) ~rrx B(X), then the spectral sequences of A(X)
and B(X) coincide, i.e., the spectral sequence is an
invariant for R K K -equivalence.
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Non-commutative principle torus bundles

Letp: Y — X be a principal T"-bundle. Then by Phil Green:

Co(Y) x T™ =2 Cy(X, K) K= K(L*(T™))
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Non-commutative principle torus bundles

Letp: Y — X be a principal T"-bundle. Then by Phil Green:
Co(Y)xT" =2 Cy(X,K) K :=K(L*(T"))

Definition. A C*-algebra bundle A(X) is a non-commutative
principal T™-bundle (or NCP T"-bundle), if it is equipped with a
fibore-wise action o : T™ — Aut(A(X)) such that

A(X) 3o T ~p C(X,K).
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Non-commutative principle torus bundles

Letp: Y — X be a principal T"-bundle. Then by Phil Green:
Co(Y) xT" = Co(X,K) K :=K(L*(T"))

Definition. A C*-algebra bundle A(X) is a non-commutative
principal T™-bundle (or NCP T"-bundle), if it is equipped with a
fibore-wise action o : T™ — Aut(A(X)) such that

A(X) 3o T ~p C(X,K).

Example. The Heisenberg-algebra C*(Hs)(T) = C*(U, V, W)
with respect to the canonical T?-action.

|
K -fibrations and non-commutative Torus bundles joint with Ryszard Nest, Herve Oyono-Oyono —p.19/2?



Non-commutative principle torus bundles

Letp: Y — X be a principal T"-bundle. Then by Phil Green:
Co(Y) xT" = Co(X,K) K :=K(L*(T"))

Definition. A C*-algebra bundle A(X) is a non-commutative
principal T™-bundle (or NCP T"-bundle), if it is equipped with a
fibore-wise action o : T™ — Aut(A(X)) such that

A(X) 3o T ~p C(X,K).

Example. The Heisenberg-algebra C*(Hs)(T) = C*(U, V, W)
with respect to the canonical T?-action.

By Takesaki-Takai duality we get A(X) ~ur Co(X,K) x5 Z™ and
vice versa, so that NCP-bundles are up to Cy(X)-linear Morita
equivalence precisely the crossed products Cy( X, ) x Z™ for

fibre-wise actions of Z". |

|
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Classification of NCP-bundles

Let H,, be the group generated by {f1,..., fn, 9,1 <i <j <n}
with relations f; f; = g;; f; f: and g;; is central for all 4.
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Classification of NCP-bundles

Let H,, be the group generated by {f1,..., fn, 9,1 <i <j <n}
with relations f; f; = g;; f; f: and g;; is central for all 4.

Then C*(H,) = C*(U,... Uy, W;;), Wwhere U; = 6y, W;; = dg,.. It
has the centre

n(n—1)

C*({W231§z<3§n})%C(T 2 )
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Classification of NCP-bundles

Let H,, be the group generated by {f1,..., fn, 9,1 <i <j <n}
with relations f; f; = g;; f; f: and g;; is central for all 4.

Then C*(H,) = C*(U,... Uy, W;;), Wwhere U; = 6y, W;; = dg,.. It
has the centre

C*({Wij:1<i<j<n})=C(T % ).
Consider the action o : T" — Aut(C*(H,,)) given by

Uz, Ui) = 23Uz, gy o\ (Wig) = Wi
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Classification of NCP-bundles

Let H,, be the group generated by {f1,..., fn, 9,1 <i <j <n}
with relations f; f; = g;; f; f: and g;; is central for all 4.

Then C*(H,) = C*(U,... Uy, W;;), Wwhere U; = 6y, W;; = dg,.. It
has the centre

C*({Wij:1<i<j<n})=C(T % ).
Consider the action o : T" — Aut(C*(H,,)) given by

Uz, Ui) = 23Uz, gy o\ (Wig) = Wi

n(n—1)

One checks that C*(H,,) x, T" 2 C(T™ =z ,K).

K -fibrations and non-commutative Torus bundles joint with Ryszard Nest, Herve Oyono-Oyono — p.20/2?



Classification of NCP-bundles

Let H,, be the group generated by {f1,..., fn, 9,1 <i <j <n}

with relations f; f; = g;; f; f: and g;; is central for all 4.

Then C*(H,) = C* (U, ... Uy, W;;), where U; = éy,, W;; = dg,.. |
has the centre

n(n—1)

Consider the action o : T" — Aut(C*(H,,)) given by

Uz, Ui) = 23Uz, gy o\ (Wig) = Wi

One checks that C*(H,,) x, T™ = C(T%,K).

n(n—1)

Thus C*(H,,) is a NCP T™-bundle with base T~z .

f
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Classification of NCP-bundles

Let H,, be the group generated by {f1,..., fn, 9,1 <i <j <n}
with relations f; f; = g;; f; f: and g;; is central for all 4.

Then C*(H,) = C*(U,... Uy, W;;), Wwhere U; = 6y, W;; = dg,.. It
has the centre

n(n—1)

Consider the action o : T" — Aut(C*(H,,)) given by

Uz, Ui) = 23Uz, gy o\ (Wig) = Wi

n(n—1)

One checks that C*(H,,) x, T" 2 C(T™ =z ,K).

n(n—1)

Thus C*(H,,) is a NCP T™-bundle with base T~z .
Notice that C*(H>) is the Heisenberg group algebra.
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Classification of NCP-bundles

Theorem (E-Williams, 1996) Every NCP T™-bundle over a given
space X is stably isomorphic to one of the form

Yo« (f7C7(Hy))(X)

n(n—1)

where f: X — T~ = isacontinuousmapandp:Y — X isa
(commutative) principal bundle over X.
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Classification of NCP-bundles

Theorem (E-Williams, 1996) Every NCP T™-bundle over a given
space X is stably isomorphic to one of the form

Yo« (f7C7(Hy))(X)

n(n—1)

where f: X — T~ = isacontinuousmapandp:Y — X isa
(commutative) principal bundle over X.

If A(X) is any NCP T™-bundle, we can twist it by a commutative
bundle p : Y — X by defining

Y # A(X) = (Co(Y) ®cyx) AX)T

where T™ acts diagonally on the balanced tensor product.
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Problems

Question 1 When are two given NCP T™-bundles A(X) and
B(X) RK K-equivalent?
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Problems

Question 1 When are two given NCP T™-bundles A(X) and
B(X) RK K-equivalent?

Question2 When is a given NCP T"-bundles A(X) RK K-trivial
(i.e., RK K-equivalent to a trivial bundle)?
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Problems

Question 1 When are two given NCP T™-bundles A(X) and
B(X) RK K-equivalent?

Question2 When is a given NCP T"-bundles A(X) RK K-trivial
(i.e., RK K-equivalent to a trivial bundle)?

Question2 When is a given NCP T™-bundles A(X)
R K K-equivalent to a commutative principle bundle?

1
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The K -theory bundles of NCP-bundles

We can explicitly compute the action of 71 (X) on the fibre
K. (Az) 2 K. (C(T")) = AY(Z").

The key-result is the computation for the Heisenberg-bundle
over T. The fibre at 1 € T is C(T?) and we get

1
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The K -theory bundles of NCP-bundles

We can explicitly compute the action of 71 (X) on the fibre
K. (Az) 2 K. (C(T")) = AY(Z").

The key-result is the computation for the Heisenberg-bundle
over T. The fibre at 1 € T is C(T?) and we get

Lemma. (E-Nest-Oyono) Let v be the positive generator of
m1(T). Then ¢, : K1(C(T?)) — K1(C(T?)) is trivial and
cy : Ko(C(T?)) — Ko(C(T?)) is given by the matrix

b 7)

with respect to the generators {[1], 3} of Ko(C(T?)) = Z2.
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The K -theory group bundles of NCP-bundles

Scetch of proof. We have ~ : [0,1] — T;~(t) = ¢*™**. Recall that
V" (C*(Hy)) = C|0,1] ®, C*(Ha).

1
K -fibrations and non-commutative Torus bundles joint with Ryszard Nest, Herve Oyono-Oyono — p.24/2?



The K -theory group bundles of NCP-bundles

Scetch of proof. We have ~ : [0,1] — T;~(t) = ¢*™**. Recall that
Y (C*(Ha)) = C[0,1] ® C*(Hs,). Let

U'=1®,Uand V' =1®,V € C[0,1] ®, C*(H>)

Then [U'], [V'] are elements of K1(~*(C*(Hz))) which restrict to
the standard generators [u], [v] of K1(C(T?)) at 0 and 1.
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The K -theory group bundles of NCP-bundles

Scetch of proof. We have ~ : [0,1] — T;~(t) = ¢*™**. Recall that
Y (C*(Ha)) = C[0,1] ® C*(Hs,). Let

U'=1®,Uand V' =1®,V € C[0,1] ®, C*(H>)

Then [U'], [V'] are elements of K1(~*(C*(Hz))) which restrict to
the standard generators [u], [v] of K1(C(T?)) at 0 and 1.

This implies that ¢ (|u]) = [u] and cy([v]) = [v].

1
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The K -theory group bundles of NCP-bundles

Action on Ky(C(T?))

For each 6 € [0, 1] the generators of Ky(Ag) are given by [1] and
the projective module Ey which is a closure of C.(R) with
respect to a certain Ay-valued inner product and with right action
of Ay given by

(£-Ug)(z) =& +0+1), (£ Vo)la)=eT"E().

1
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The K -theory group bundles of NCP-bundles

Action on Ky(C(T?))

For each 6 € [0, 1] the generators of Kq(Ay) are given by [1] and
the projective module Ey which is a closure of C.(R) with

respect to a certain Ay-valued inner product and with right action
of Ay given by

(£-Ug)(z) =& +0+1), (£ Vo)la)=eT"E().

Rieffel computes 7(|Ey]) = 8 + 1, from which we conclude that
[Eg11] = [Eg] + [1] for all irrational 8, and hence for all §. Thus

¢y([Eo]) = [E1] = [Eo] + [1]

1
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The K -theory group bundles of NCP-bundles

Action on Ky(C(T?))

For each 6 € [0, 1] the generators of Kq(Ay) are given by [1] and
the projective module Ey which is a closure of C.(R) with

respect to a certain Ay-valued inner product and with right action
of Ay given by

(£-Ug)(z) =& +0+1), (£ Vo)la)=eT"E().

Rieffel computes 7(|Ey]) = 8 + 1, from which we conclude that
[Eg11] = [Eg] + [1] for all irrational 8, and hence for all §. Thus

¢y([Eo]) = [E1] = [Eo] + [1]
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The K -theory group bundles of NCP-bundles

Action on Ky(C(T?))

For each 6 € [0, 1] the generators of Kq(Ay) are given by [1] and
the projective module Ey which is a closure of C.(R) with

respect to a certain Ay-valued inner product and with right action
of Ay given by

(£-Ug)(z) =& +0+1), (£ Vo)la)=eT"E().

Rieffel computes 7(|Ey]) = 8 + 1, from which we conclude that
[Eg11] = [Eg] + [1] for all irrational 8, and hence for all §. Thus

¢y([Eo]) = [E1] = [Eo] + [1]

One can check that [Ey] = —|[8] + [1] and the result then follows
from the obvious fact ¢, ([1]) = [1].

1
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The K -theory group bundles of NCP-bundles

Lemma (E-Nest-Oyon) Let A(X) =Y x f*(C*(H2))(X) for some

function f : X — T and some principal T?-bundle p: ¥ — X.
Assume that x € X with f(x) = 1. Then the action of v € 71 (X)

on K;(C(T?)) is trivial and the action on Ky(C(T?)) is given on
the generators [1], [5] by the matrix

1 _<f7f7>
0 1 ’

where < f,~v > is the winding number of fo~: T — T.

K -fibrations and non-commutative Torus bundles joint with Ryszard Nest, Herve Oyono-Oy.

ono —p.26/??



The K -theory group bundles of NCP-bundles

Lemma (E-Nest-Oyon) Let A(X) =Y x f*(C*(H2))(X) for some
function f : X — T and some principal T?-bundle p: ¥ — X.
Assume that x € X with f(x) = 1. Then the action of v € 71 (X)

on K;(C(T?)) is trivial and the action on Ky(C(T?)) is given on
the generators [1], [5] by the matrix

1 _<f7f7>
0 1 ’

where < f,~v > is the winding number of fo~: T — T.

A similar (but more technical) result also holds for higher
dimensional NCP torus bundles.
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The K -theory group bundles of NCP-bundles

Lemma (E-Nest-Oyon) Let A(X) =Y x f*(C*(H2))(X) for some
function f : X — T and some principal T?-bundle p: ¥ — X.
Assume that x € X with f(x) = 1. Then the action of v € 71 (X)

on K;(C(T?)) is trivial and the action on Ky(C(T?)) is given on
the generators [1], [5] by the matrix

1 _<f7f7>
0 1 ’

where < f,~v > is the winding number of fo~: T — T.

A similar (but more technical) result also holds for higher
dimensional NCP torus bundles.

Corollary. The K-theory group bundle of A(X) is trivial if and
only if f is homotopic to a constant map.
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'R K K -triviality for NCP torus bundles

Theorem (E-Nest-Oyono) Let A(X) be any NCP T™-bundle.
Then A(X) is RK K-equivalent to a commutative bundle

p:Y — X (orrather Cy(Y)(X)) if and only if the K-theory
bundle of A(X) is trivial.
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'R K K -triviality for NCP torus bundles

Theorem (E-Nest-Oyono) Let A(X) be any NCP T™-bundle.
Then A(X) is RK K-equivalent to a commutative bundle
p:Y — X (orrather Cy(Y)(X)) if and only if the K-theory
bundle of A(X) is trivial.

Proof. If two maps fi, fo : X — T are homotopic, then one
can show directly that f{ (C*(Hp))(X) ~rxr f5(C*(Hy)).

The result then follows from the above and the classification of
NCP-bundles.
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'R K K -triviality for NCP torus bundles

Theorem (E-Nest-Oyono) Let A(X) be any NCP T™-bundle.
Then A(X) is RK K-equivalent to a commutative bundle
p:Y — X (orrather Cy(Y)(X)) if and only if the K-theory
bundle of A(X) is trivial.

Proof. If two maps fi, fo : X — T are homotopic, then one
can show directly that f{ (C*(Hp))(X) ~rxr f5(C*(Hy)).

The result then follows from the above and the classification of
NCP-bundles.

Theorem (E-Nest-Oyono) The NCP-bundle A(X) is
R K K-equivalent to the trivial bundle X x T" if and only if the
K-theory group bundle is trivial and the map

dy s HO(X, K1 (Ay)) — HA(X, Ko(Az))

in the Larey-Serre spectral sequence is the trivial map.
|
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