Simion Stoilow

Institute of Mathematics
of the Romanian Academy

Magnetic Coherent States J

Marius Mantoiu, Radu Purice & SergeRichard
XXXII Workshop on Geometric Methods in Physics

Biatowieza, July, 2013

Radu Purice (IMAR) Magnetic coherent states Biatowieza, July, 2013 1/54



Quantization in a magnetic field

Together with Marius Mantoiu we have considered quantum hamiltonians
with magnetic fields and replaced the usual translations with magnetic

translations, generalizing some former results from constant magnetic
fields to bounded smooth magnetic fields.
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Quantization in a magnetic field

Together with Marius Mantoiu we have considered quantum hamiltonians
with magnetic fields and replaced the usual translations with magnetic
translations, generalizing some former results from constant magnetic
fields to bounded smooth magnetic fields.

This approach allowed us to obtain a pseudodifferential Weyl calculus,
twisted by a 2-cocycle associated to the flux of the magnetic field and we
developped this calculus in colaboration with V. Iftimie.
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Quantization in a magnetic field

Together with Marius Mantoiu we have considered quantum hamiltonians
with magnetic fields and replaced the usual translations with magnetic
translations, generalizing some former results from constant magnetic
fields to bounded smooth magnetic fields.

This approach allowed us to obtain a pseudodifferential Weyl calculus,
twisted by a 2-cocycle associated to the flux of the magnetic field and we
developped this calculus in colaboration with V. Iftimie.

An interesting fact that we pointed out is that the algebra of observables
is defined only in terms of the magnetic field without the need of a vector
potential.
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Quantization in a magnetic field

Together with Marius Mantoiu we have considered quantum hamiltonians
with magnetic fields and replaced the usual translations with magnetic
translations, generalizing some former results from constant magnetic
fields to bounded smooth magnetic fields.

This approach allowed us to obtain a pseudodifferential Weyl calculus,
twisted by a 2-cocycle associated to the flux of the magnetic field and we
developped this calculus in colaboration with V. Iftimie.

An interesting fact that we pointed out is that the algebra of observables
is defined only in terms of the magnetic field without the need of a vector
potential.

Together with M. Mantoiu and S. Richard we have defined some families
of 'magnetic’ coherent states and a Berezin magnetic quantization.
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Plan of the talk

@ Introduction
© The Projective Space

© Magnetic Coherent States
@ The Perelomov type magnetic coherent states
@ The pure state quantization
@ The Landsman type magnetic coherent states
@ Comments on the classical limit
@ Magnetic Coherent States - Symbols
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Introduction |
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States and Observables

The system S
e the family of pure states: 53(S)
o the family of observables: O(S)
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States and Observables

The system S
e the family of pure states: 53(S)
o the family of observables: O(S)

Mathematical description:

Classical Quantum
B(S) a symplectic manifold the projective space
(Z.0) P(2)
o(s) the Poisson algebra the self adjoint operators
C>*(ZR) S(2)
on some complex Hilbert space 77
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Introduction

Quantization in a magnetic field

Our aim will be to study the relation between the classical and the
quantum descriptions for a Hamiltonian system in a smooth magnetic field
constant in time, focussing on the so-called pure state quantization.
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Quantization in a magnetic field

Our aim will be to study the relation between the classical and the
quantum descriptions for a Hamiltonian system in a smooth magnetic field
constant in time, focussing on the so-called pure state quantization.

The mathematical formulation of the above mentioned relation is focussed
on the understanding of the limit of considering the Planck’s constant 7
approaching O.
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Quantization in a magnetic field

Our aim will be to study the relation between the classical and the
quantum descriptions for a Hamiltonian system in a smooth magnetic field
constant in time, focussing on the so-called pure state quantization.

The mathematical formulation of the above mentioned relation is focussed
on the understanding of the limit of considering the Planck’s constant 7
approaching O.

Thus, a basic element will be a parameter i € Iy where
lo C Ry, 0 ¢ h,

but 0 is an accumulation point for fy.
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Quantization in a magnetic field

Our aim will be to study the relation between the classical and the
quantum descriptions for a Hamiltonian system in a smooth magnetic field
constant in time, focussing on the so-called pure state quantization.

The mathematical formulation of the above mentioned relation is focussed
on the understanding of the limit of considering the Planck’s constant 7
approaching O.

Thus, a basic element will be a parameter i € Iy where
lo C Ry, 0 ¢ h,

but 0 is an accumulation point for fy.
We shall always denote by / := Iy U {0}.
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Introduction

Quantization in a magnetic field

We shall study a classical Hamiltonian system that can be described on

the phase space (E, 00) associated to a configuration space of the type
X =~ R for some d > 2.
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Introduction

Quantization in a magnetic field

We shall study a classical Hamiltonian system that can be described on

the phase space (E, 0'0) associated to a configuration space of the type
X =~ R for some d > 2.

We have:
@ X* the dual of X with the duality < &, x >:={(x), V(x,§) € X x X*.
0 Z:=T'X =X xX* 0o((x,8),(y,m) =< &y >—<nx>
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The magnetic field

@ The magnetic field is described by a closed 2-form B on X:

B(X) = Z Bjk(X)de A dxy, Bjk(X) = *Bkj(X), dB = 0.
1<j,k<d
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The magnetic field

@ The magnetic field is described by a closed 2-form B on X:

= > Bu(x)dxj Adxi, Bi(x) = —By(x), dB=0.
1<j,k<d

@ On X := R" the equations B = dA have always a solution, definig a
vector potential A for B.

= Y Ax)dg,  Bu(x) = (9;Ac) (x) — (8kA;) (x).

1<j<d
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The magnetic field

@ The magnetic field is described by a closed 2-form B on X:

Z Bjk(x)dx; A dxi, Bj(x) = —Byj(x), dB =0.
1<j,k<d

@ On X := R" the equations B = dA have always a solution, definig a
vector potential A for B.

= Y Ax)dg,  Bu(x) = (9;Ac) (x) — (8kA;) (x).

1<j<d
e Gauge transformations. B = dA = dA’ is equivalent to the
existence of ® such that A’ = A+ do.
These equations can be considered either in D’ or on smaller spaces like
C® or ngl
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The gauge invariant formalism
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The gauge invariant formalism

o Let 7:= — X, (x,£) — x, be the canonical projection.
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The gauge invariant formalism

o Let 7:= — X, (x,£) — x, be the canonical projection.
o Let 08 := 0o +7*[B].

o2 ((x,8).(y.n) = 0o((x,£),(y,n) + B(z)(x,y), VzeX
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The gauge invariant formalism

o Let 7:= — X, (x,£) — x, be the canonical projection.
o Let 08 := 0o +7*[B].

o2 ((x,8).(y.n) = 0o((x,£),(y,n) + B(z)(x,y), VzeX

This o8 defines a new symplectic form on =.
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The gauge invariant formalism

o Let 7:= — X, (x,£) — x, be the canonical projection.
o Let 08 := 0o +7*[B].

o2 ((x,8).(y.n) = 0o((x,£),(y,n) + B(z)(x,y), VzeX

This o8 defines a new symplectic form on =.

We associate to o8 a new Poisson bracket:

{f.g}": g (df).ig'(dg))
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The gauge invariant formalism

o Let 7:= — X, (x,£) — x, be the canonical projection.
o Let 08 := 0o +7*[B].

o2 ((x,8).(y.n) = 0o((x,£),(y,n) + B(z)(x,y), VzeX

This o8 defines a new symplectic form on =.

We associate to o8 a new Poisson bracket:

{f.g}": g (df).ig'(dg))

where jg is the canonical isomorphism

ig = == <ig(%),9 >=5%9).
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The gauge invariant formalism

Using the canonical global coordinates we have:

(f,g}0(x.€) =

= [(9,F)(x,€)(08) (x, €) — (0 F) (x,£) (9g,8) (x,£)] +

j=1

Z X) (9, F) (x.€) (9g,8) (x.€)

j,k=1
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The quantum dynamics

The main point in passing to a quantic description

consists in introducing a non-commutativity
between positions (in X') and momenta (in X'™).

The canonical commutation relations between
the position observables {q1,...,qn}

and the momenta {p1,...,pn}

must be of the form:

[gi,q;] =0, [pi,pil =0, [pi,q;] = —ihdj;, ihj=1,...,n.
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The quantum dynamics

The main point in passing to a quantic description

consists in introducing a non-commutativity
between positions (in X') and momenta (in X'™).

The canonical commutation relations between
the position observables {q1,...,qn}

and the momenta {p1,...,pn}

must be of the form:

[gi,q;] =0, [pi,pil =0, [pi,q;] = —ihdj;, ihj=1,...,n.

A way to introduce these commutation relations in a mathematical precise
form is the Weyl system.
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The quantum dynamics

The Weyl system
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The quantum dynamics

The Weyl system

@ Consists in a complex Hilbert space H
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The quantum dynamics

The Weyl system
@ Consists in a complex Hilbert space H

@ and two strongly continuous unitary representations:

X 2 x = Up(x) e U(H)
X* 3¢ V() €UH)
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The quantum dynamics

The Weyl system
@ Consists in a complex Hilbert space H

@ and two strongly continuous unitary representations:

X 2 x = Up(x) e U(H)
X* 3¢ V() €UH)

@ satisfying the Weyl commutation relations:

Un(x)V(€) = "> V() Un(x), xe X, £~
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The quantum dynamics

We may put the definition of the Weyl system in the following form
involving the symplectic form on =:
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Introduction

The quantum dynamics

We may put the definition of the Weyl system in the following form
involving the symplectic form on =:

The Weyl system - symplectic form
@ Is given by a complex Hilbert space H

@ and a strongly continuous map

=X = Wy(X) eUU(H),

@ satisfying the relations

Wi(X)Wi(Y) = exp {’?a(x, y)} Wi(X +Y), W;(0) = 1.

(just take Wi(x,§) := elh/2<Ex> () (—x)V/(€))
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The quantum dynamics

The quantum observables
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The quantum dynamics

The quantum observables

e For any test function ¢ € S(2)
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The quantum dynamics

The quantum observables
e For any test function ¢ € S(=)

@ we can define the associated quantum observable
Op(e) = (2r) [ 71600 W00 X € B()

where F~1 is the inverse Fourier transform on S(=).
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The Schrodinger representation
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The Schrodinger representation

o H:=L%(X),
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The Schrodinger representation

o H:=L%(X),
o [Un(x)f(y) := f(y — hx),
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The Schrodinger representation

o H:=L%(X),
o [Un(x)f](y) = f(y — hx),
o [V(O)fl(y) = e <" f(y),

Radu Purice (IMAR) Magnetic coherent states Biatowieza, July, 2013

17 / 54



The Schrodinger representation

o H:=L%(X),
o [Un(x)f](y) := f(y — hx),
o [V(FI(y) := e <> f(y),

Then we have
o [Wi(x,&)f](y) = e S+ f(y 4 hx),
o [Dp,(0)f(y) = (2rh)~? [ dz [y, d¢ el/Mb=2)g (XE2 () f(2),
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Introduction

The Schrodinger representation

o H = LX),

o [Us(x)fl(y) := f(y — hx),

o [V(OfI(y) = e =¥ f(y),
Then we have

o [Wi(x,&)f](y) = e U+ (y 4 hx),

o [Op(9)fl(y) = (2mh) ™9 [y dz [, d¢ eli/MV=2)g (Y32 ¢) f(2),
and we can extend Op; to a map

Opy,: 8(2) = B(S(X); S(X))

that is an isomorphism of linear topological spaces.
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The magnetic Schrodinger representation

@ Suppose chosen a gauge A for the magnetic field B.
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The magnetic Schrodinger representation

@ Suppose chosen a gauge A for the magnetic field B.

@ We have to define a functional calculus for the family of
non-commuting operators

Q... Qu Nt :=D1 —iA,...,N% =D, —iA,

[Q, @l =0, [N, Q] =—ihdu, [NF,N7]=inBy(Q).

representing the canonical variables in the magnetic field.
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The magnetic Schrodinger representation

@ Suppose chosen a gauge A for the magnetic field B.

@ We have to define a functional calculus for the family of
non-commuting operators

Q... Qu Nt :=D1 —iA,...,N% =D, —iA,

[Q, @l =0, [N, Q] =—ihdu, [NF,N7]=inBy(Q).

representing the canonical variables in the magnetic field.

@ We shall use the unitary groups associated to the above 2n
self-adjoint operators and define the Magnetic Weyl system:

WA((x, €)) = e <6(QH(1/29> o=/ g guna A ginx P>
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The magnetic algebra of quantum observables (1)

@ For any test function f : = — C we define the associated magnetic
Weyl operator:

OpA(F) = (2m) ¢ /_ dXF(X)WA(X) € B[]
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The magnetic algebra of quantum observables (1)

@ For any test function f : = — C we define the associated magnetic
Weyl operator:

OpA(F) = (2m) ¢ /_ dXF(X)WA(X) € B[]

@ In fact for any tempered distribution F € §'(Z) we can define the
linear operator:

OpA(F) == (2m) ¢ /_ dXF(X)WA(X) € B[S(X); S'(X)]
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The magnetic algebra of quantum observables (1)

@ For any test function f : = — C we define the associated magnetic
Weyl operator:

OpA(F) = (2m) ¢ /_ dXF(X)WA(X) € B[]

@ In fact for any tempered distribution F € §'(Z) we can define the
linear operator:

OpA(F) == (2m) ¢ /_ dXF(X)WA(X) € B[S(X); S'(X)]

o It defines a linear bijection [M.P., J. Math. Phys. 04].
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The magnetic algebra of quantum observables (1)

@ For any test function f : = — C we define the associated magnetic
Weyl operator:

OpA(F) = (2m) ¢ /_ dXF(X)WA(X) € B[]

@ In fact for any tempered distribution F € §'(Z) we can define the
linear operator:

OpA(F) == (2m) ¢ /_ dXF(X)WA(X) € B[S(X); S'(X)]

o It defines a linear bijection [M.P., J. Math. Phys. 04].

Observation: Gauge covariance

The Schrodinger representations associated to any two gauge-equivglent
vector potentials are unitarily equivqlent:

I A _ (@ A —ip(Q
A=At+dp = Opp(f)=e?QDopp(fle ).
Magnetic coherent states Biatowieza, July, 2013 19 / 54




The magnetic algebra of quantum observables (2)

Hypothesis

The magnetic field B has components of class C5(X).
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The magnetic algebra of quantum observables (2)

Hypothesis
The magnetic field B has components of class C5(X).

The magnetic Moyal product
The above functional calculus induces a magnetic composition on the
complex linear space of test functions S(=):

Opp(Fifg) == Opp(f) - Opr(g)
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The magnetic algebra of quantum observables (2)

Hypothesis
The magnetic field B has components of class C5(X).

The magnetic Moyal product
The above functional calculus induces a magnetic composition on the
complex linear space of test functions S(=):

Opp(Fifg) == Opp(f) - Opr(g)

Explicitely we have:
(F8Pg)(X) := (nh) ™% / dy / dz e M Intr 2™ £(X — v) g(X - 2)

where Tx (Y, Z) is the triangle in = having vertices:
X-Y-Z X+Y-Z, X-Y+Z
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Introduction

The magnetic algebra of quantum observables (3)

By the Schwartz Kernel Theorem, any operator T € B(.(X); /(X)) is
an integral operator with a distribution kernel &(T) € /(X x X).
For F € /(X x X) let 3(F) € B((X);.%'(X)) be the associated

operator.

Radu Purice (IMAR) Magnetic coherent states Biatowieza, July, 2013 21 /54



Introduction

The magnetic algebra of quantum observables (3)

By the Schwartz Kernel Theorem, any operator T € B(.(X); /(X)) is
an integral operator with a distribution kernel &(T) € /(X x X).
For F € /(X x X) let 3(F) € B((X);.%'(X)) be the associated
operator.

@ We consider the change of variables:

my S(Z) = S(2), () (x,€) = F(x, RE),
0: S (XxX) = .S (XxX), (6(F))(x,y):=F (X_;y,y —x) .
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The magnetic algebra of quantum observables (3)

By the Schwartz Kernel Theorem, any operator T € B(.(X); /(X)) is
an integral operator with a distribution kernel &(T) € /(X x X).
For F € /(X x X) let 3(F) € B((X);.%'(X)) be the associated
operator.
@ We consider the change of variables:
my, : S(2) = S(3),  (m)(x,€) = F(x, kE),

0: S (XxX) = .S (XxX), (6(F))(x,y):=F (X;y,y —x) .

@ The inverse Fourier transform in the second variable:
F=1F : S'E)— S(X xX)
o and the operator ¢/ of multiplication on .%”(X x X) with the C*®

function e~ (/M JnA (we choose the components of A in C3).

Radu Purice (IMAR) Magnetic coherent states Biatowieza, July, 2013 21 / 54



The magnetic algebra of quantum observables (3)

By the Schwartz Kernel Theorem, any operator T € B(.(X); /(X)) is
an integral operator with a distribution kernel &(T) € /(X x X).
For F € /(X x X) let 3(F) € B((X);.%'(X)) be the associated
operator.
@ We consider the change of variables:
my, : S(2) = S(3),  (m)(x,€) = F(x, kE),

0: S (XxX) = .S (XxX), (6(F))(x,y):=F (X;y,y —x) .

@ The inverse Fourier transform in the second variable:
F=1F : S'E)— S(X xX)
o and the operator ¢/ of multiplication on .%”(X x X) with the C*®
function e~ (/M JnA (we choose the components of A in C3).

Then, for F € /(=) we have
OpA(F) = j(ef 0 © o Fomy(F)), all the applications being bijective.
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Strict deformation quantization

Let us recall:

Definition

A Poisson algebra is a triple (7,0, {-,-}), where <7 is a real vector
space, o, {-,-} are bilinear maps : &7 x o/ — o/ such that o is associative
and commutative, {-,-} is antisymmetric and for each ¢ € o/, {p,-} is a
derivation both with respect to o and to {,-}. Thus, aside bilinearity, the
two maps satisfy for all ¢, ), p € o:

()op=ypoth, (Pop)op=1vo(pop),

(i) {¥, o} = —{e, ¥},

(ii)) {p, v 0 p} = o{p, p} +{p, ¥} op (Leibnitz rule),

(iv) {o.{v. p}} = {H{w. v} o} + {0, {¢,p}} (Jacobi’s identity).
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Strict deformation quantization

Let us recall:

Definition

A Poisson algebra is a triple (7,0, {-,-}), where <7 is a real vector
space, o, {-,-} are bilinear maps : &7 x o/ — o/ such that o is associative
and commutative, {-,-} is antisymmetric and for each ¢ € o/, {p,-} is a
derivation both with respect to o and to {,-}. Thus, aside bilinearity, the
two maps satisfy for all ¢, ), p € o:

()op=ypoth, (Pop)op=1vo(pop),

(i) {¥, o} = —{e, ¥},

(ii)) {p, v 0 p} = o{p, p} +{p, ¥} op (Leibnitz rule),

(iv) {o.{v. p}} = {H{w. v} o} + {0, {¢,p}} (Jacobi’s identity).

Let % be a Poisson algebra which is densely contained in the self-adjoint
part €% of an abelian C*-algebra 9.
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E—— e o
Strict deformation quantization

Definition
A strict quantization of the Poisson algebra (%, o, {-,-}) is a family
of maps (Q" : @ — €f), _,, where
(i) Vh € Iy, €"is a C*-algebra, with product #" and norm || - ||
(i) Q" : of — €L is R-linear VA € Iy and Q0 is just the inclusion map,
and the following axioms are fulfilled:
(a) RIEFFEL'S CONDITION:
I 5 h—| Q") |[n€ Ry is continuous Yy € 2.
(b) VON NEUMANN CONDITION: For ¢, € %,
lim || 5 (""" + ") — Q"(p 0 9) [l 0.
) DIRAC'S CONDITION: For ¢, € <,
im || 7 (""" — v""e") — Q" ({9, 4}) [l 0.

h—
(c
Ty
(e ) COMPLETENESS: 9"(#%) is dense in € for all h € 1.

Radu Purice (IMAR) Magnetic coherent states Biatowieza, July, 2013 23 / 54



Introduction

Strict deformation quantization

A strict quantization (Q": % — ‘Kﬂ@hel is called a strict deformation

quantization if for each h, Q" (%) is a subalgebra of €} and Q" is
injective.
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Introduction

Strict deformation quantization

A strict quantization (Qh N Cg@he/ is called a strict deformation

quantization if for each h, Q" (%) is a subalgebra of €} and Q" is
injective.

Let us consider:

e o = ./ (=) with o the usual pointwise multiplication and

{.,.} ={., .} B the Poisson bracket associated to the 'magnetic’
simplectic form on =.

o ¢%:= C, (=) (continuous functions vanishing at infinity).

o Vi >0, ¢":= B, (L3(X)) (the compact operators in the Schrédinger
representation of the magnetic Weyl system).

o Q') := Op?(p) for some vector potential A associated to B.
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Introduction

Strict deformation quantization

A strict quantization (Qh N Cg@he/ is called a strict deformation

quantization if for each h, Q" (%) is a subalgebra of €} and Q" is
injective.

Let us consider:

e o = ./ (=) with o the usual pointwise multiplication and

{.,.} ={., .} B the Poisson bracket associated to the 'magnetic’
simplectic form on =.

o ¢%:= C, (=) (continuous functions vanishing at infinity).

o Vi >0, ¢":= B, (L3(X)) (the compact operators in the Schrédinger
representation of the magnetic Weyl system).

o Q') := Op?(p) for some vector potential A associated to B.
Theorem [MP JMP’05]

The above family is a strict deformation quantization.
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Weyl coherent states

Suppose given a Weyl system W, : = — U(H) for some h € Iy.
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Weyl coherent states

Suppose given a Weyl system W, : = — U(H) for some h € Iy.
For any fixed vector ¢ € H \ {0} we can define the family

{enXxez,  @nl(X) = Wi(=h"X)e.
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Weyl coherent states

Suppose given a Weyl system W, : = — U(H) for some h € Iy.
For any fixed vector ¢ € H \ {0} we can define the family

{enXxez,  @nl(X) = Wi(=h"X)e.

Proposition

For any two vectors (¢, 1) € (H \ {0})2
o the map =3 X = W/ (X) 1= (¢n(X), )3 € Cis of class L*(Z) for

_dx?
the measure d?X := By

@ and using the canonical Riesz anti-isomorpism R : 7—01, — H*
the map H* @ H 3 R(p) @ — WP o € L2(Z, (2;%)‘,) is unitary.
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Weyl coherent states

Let us consider the vector ¢ € H to be of unit norm and let us denote its
associated orthogonal projection in H by

P, = |¢ >< ¢| € P(H).

Thus, chosing any two vectors (¢1,12) € H? we have
axd axd
(Y1, 92)n / (X (X)W = /: (Y1, P¢h,(X)w2)HW'
dx?
Thus J= Poro)) e = 1

in the weak operator topology on B(H).
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The Projective Space

The Projective Space |
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P(H) as a metric space.

Definition

Given a complex Hilbert space H,

P(H) :={P €Bi(H) | PP=P=P*, TP =1}.
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P(#H) as a metric space.

Definition

Given a complex Hilbert space H,

P(H):={PeBy(H) | PP=P=P", TtP=1}.

o V(P, Q) € P(H)? we have that 0 < Tr(PQ) < 1.

@ The following applications define equivalent metrics on P(H):

d(P,Q) =[P =Qll, = (P —QP)V?,  1<p<o.

d(P, Q) := arccos Tr(PQ).
e We notice that: d(P, Q) = /1 — Tr(PQ).
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P(#H) as a quotient space.

o Let S(H) = {v € H | 6] = 1}.
@ We have the group action U(1) x S(H) 2 (\,¢) — X\ € S(H).
@ Then P(H) = S(H)/U(1) as metric spaces; i.e. the quotient metric
o o _ 1/2
AL WD) = inf 16 = Xl = \/2(1 ~ [TH(PyPLI2)
is equivalent with the above metrics,
(Here Pyt := (¢, %)né and we shall denote it also by Py = |¢p >< ¢|.)

e We also have P(H*) = H/C*
for the natural group action H* x C* 3 (¢, ¢) — cp € H*.
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A group action on P(H).

o Let UH) :={U e B(H) | UU* = U*U = 1} endowed with the
operator multiplication and with the topology defined by the operator
norm.

@ We have the topological group action
U(H) x P(H) > (U, P) — UPU* € P(H).
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A group action on P(H).

o Let UH) :={U e B(H) | UU* = U*U = 1} endowed with the
operator multiplication and with the topology defined by the operator
norm.

@ We have the topological group action

U(H) x P(H) > (U, P) — UPU* € P(H).
For any fixed P € P(H) let
e Vi(P) ={QeP(H) | du(P,Q) <1} ={Q e P(H) | Tr(PQ) > 0}
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A group action on P(H).

o Let UH) :={U e B(H) | UU* = U*U = 1} endowed with the
operator multiplication and with the topology defined by the operator
norm.

@ We have the topological group action

U(H) x P(H) > (U, P) — UPU* € P(H).
For any fixed P € P(H) let

e Vi(P) ={QeP(H) | du(P,Q) <1} ={Q e P(H) | Tr(PQ) > 0}

o Ip:={UcU(H) | UPU* = P},
pp: U(H) — U(H)/Hp = U(H)p
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A group action on P(H).

o Let UH) :={U e B(H) | UU* = U*U = 1} endowed with the
operator multiplication and with the topology defined by the operator
norm.

@ We have the topological group action

U(H) x P(H) > (U, P) — UPU* € P(H).
For any fixed P € P(H) let

e Vi(P) ={QeP(H) | du(P,Q) <1} ={Q e P(H) | Tr(PQ) > 0}

o Ip:={UcU(H) | UPU* = P},
pp: U(H) = U(H)/Ip = U(H)p.

o Letalso V 5(1) := {U e UH) | |U—1gm) < V2}.
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A group action on P(H).

o Let UH) :={U e B(H) | UU* = U*U = 1} endowed with the
operator multiplication and with the topology defined by the operator
norm.

@ We have the topological group action

U(H) x P(H) > (U, P) — UPU* € P(H).
For any fixed P € P(H) let

e Vi(P) ={QeP(H) | du(P,Q) <1} ={Q e P(H) | Tr(PQ) > 0}

o Ip:={UcU(H) | UPU* = P},
pp: U(H) — U(H)/Hp = U(H)p

o Letalso V 5(1) := {U e UH) | |U—1gm) < V2}.

Then we have an isometry hp : Vi(P) = pp(V\@(]l)) C U(H)p.
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The manifold structure on U(H).

Differentiable curves in U(#).
e 7:(—1,1) — U(H) continuous such that 7(0) = 1 and
3X, € B(K) with Jim || 791 - X”HB(H) —0.
@ The unitarity implies that X7 = —X,.
@ Thus, U(#H) with the operator norm topology is an infinite
dimensional manifold of real Banach type having the tangent space at
the identity isomorphic to the real Banach space

Bap(H) = {X € B(H) | X* = —X}.
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The manifold structure on P(H).

Let us fix P € P(H) .

@ Let us transport any differentiable curve v : (—1,1) — U(H) on P(#)
by conjugation on P: yp(t) := ~v(t)P~(t)* € P(H).
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The manifold structure on P(H).

Let us fix P € P(H) .

@ Let us transport any differentiable curve v : (—1,1) — U(#) on P(H)
by conjugation on P: yp(t) := ~(t)Py(t)* € P(H).
o Then &|,_ vp(t) = [X;, P] € B(H).
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The manifold structure on P(H).

Let us fix P € P(H) .
@ Let us transport any differentiable curve v : (—1,1) — U(#) on P(H)
by conjugation on P: yp(t) := ~(t)Py(t)* € P(H).
o Then &|,_ vp(t) = [X;, P] € B(H).
e We notice that y(t) € Ip < [X,,P] =0. Let
Hp := {X € B.py(H) | [X,P] =0}.

32/ 54
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The manifold structure on P(H).

Let us fix P € P(H) .
@ Let us transport any differentiable curve v : (—1,1) — U(H) on P(#)
by conjugation on P: yp(t) := ~(t)Py(t)* € P(H).
o Then &|,_ vp(t) = [X;, P] € B(H).
e We notice that y(t) € Ip < [X,,P] =0. Let
Hp = {X € Ban(H) | [X, P] = 0}.
Thus Tp[P(H)] ~ Bos(H)/Hp

32/ 54
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The manifold structure on P(H).

Let us fix P € P(H) .
@ Let us transport any differentiable curve v : (—1,1) — U(H) on P(#)
by conjugation on P: yp(t) := ~(t)Py(t)* € P(H).
o Then &|,_ vp(t) = [X;, P] € B(H).
e We notice that y(t) € Ip < [X,,P] =0. Let
Hp := {X € B.py(H) | [X,P] =0}.
Thus Tp[P(H)] ~ Bos(H)/Hp
Hilbertian model for Tp[P(H)].
e Forany ¢ € PH
o let us define Ty : Boy 3 X = TyX := (1-P)X¢ € [¢]* C H.
Then Ty : B,p/Hp — (1 —P)H is a bijective isometry.
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The symplectic structure on P(H).

Let us notice that

@ B, is closed for the commutator.
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The symplectic structure on P(H).

Let us notice that
@ B, is closed for the commutator.
o P(H) C By(H) = [B(H)]" with the identification
P(H) > P — P e [B(H)]", P(X) := Tr(PX)
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The symplectic structure on P(H).

Let us notice that
@ B, is closed for the commutator.
o P(H) C By(H) = [B(H)]" with the identification
P(H) > P — P e [B(H)]", P(X) := Tr(PX)
@ and we have the following canonical symplectic form:
o (X1, Xo) = P([X1, Xo]) = Tr(P[ X1, Xa]) =
= *2%(T¢X1, T¢X2)H, for ¢ € PH.
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Magnetic Coherent States

Magnetic Coherent States |
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Magnetic Coherent States

Given a magnetic field B with bounded smooth components, we want to
construct a set of 'magnetic coherent states’, similar to the family defined
above for a Weyl system.
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Magnetic Coherent States

Given a magnetic field B with bounded smooth components, we want to
construct a set of 'magnetic coherent states’, similar to the family defined
above for a Weyl system.

We want these states to provide also a kind of pure state quantization in
the sense of N.P. Landsman (that I shall briefly present further).
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Magnetic Coherent States

Given a magnetic field B with bounded smooth components, we want to
construct a set of 'magnetic coherent states’, similar to the family defined
above for a Weyl system.

We want these states to provide also a kind of pure state quantization in
the sense of N.P. Landsman (that I shall briefly present further).

In fact, together with Marius Mantoiu and Serge Richard we have
constructed two types of magnetic coherent states:

@ both depending only on the magnetic field and not on the vector
potential,
@ both reducing to the usual Weyl coherent states when B =0

@ but each one being more adequate to certain specific features
connected with the general properties a coherent states system is
supposed to have.
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Magnetic symbols of 1-d projections

Let us consider some A with B = dA and the magnetic Weyl system with
H = [2(X).
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Magnetic symbols of 1-d projections

Let us consider some A with B = dA and the magnetic Weyl system with
H = L[2(X).

Let us consider ¢ € S(H), i.e. ¢ € L2(X) with [}, [¢(x)[?dx =1

and its associated magnetic 1-d prOJeCtIOH P4 € P(H) given by

Py = (¢, 9) 12(x)9-

Thus P, = J3(pg) where py(x,y) := ¢(x)¢(y) is a distribution kernel in
[2(X x X). Thus its magnetic symbol p; € L?(Z) satisfies:

¢h 0©oFomy(py) =p

and thus we would obtain a symbol depending on the vector potential A.
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Magnetic symbols of 1-d projections

Let us consider some A with B = dA and the magnetic Weyl system with
H = L[2(X).
Let us consider ¢ € S(H), i.e. ¢ € L2(X) with [}, [¢(x)[?dx =1
and its associated magnetic 1-d prOJeCtIOH P4 € P(H) given by
Py = (¢, 9) 12(x)9-
Thus P, = J3(pg) where py(x,y) := ¢(x)¢(y) is a distribution kernel in
L?(X x X). Thus its magnetlc symbol ps € L?(Z) satisfies:
¢h 0©oFomy(py) =p

and thus we would obtain a symbol depending on the vector potential A.
We prefer to ‘rename’ the state vectors by making an A-dependent unitary
transformation (the transversal gauge)

(U46) (x) = &M o Ay ).
so that Pu;)qs (p¢) with p P Alx,y) = /M Jog A i/h)f[O’Y]A¢(X)m-
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Magnetic Coherent States

Magnetic symbols of 1-d projections

We define
the magnetic projection symbol associated to the vector ¢ € S(H) to be
Pl =m; 50 [wf (62 9)]

with wf(x,y) = e_(i/h) f<0.x,y> B.
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Magnetic Coherent States

Magnetic symbols of 1-d projections

We define
the magnetic projection symbol associated to the vector ¢ € S(H) to be

pEy=m; 5107 [wB (¢ @ 9)]

with wf(x,y) = e_(i/h) f<0.x,y> B.

Then OpA(pB )i = s,
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Magnetic Coherent States

Magnetic symbols of 1-d projections

We define
the magnetic projection symbol associated to the vector ¢ € S(H) to be

pEy=m; 5107 [wB (¢ @ 9)]

with wf(x,y) = e_(i/h) f<0.x,y> B.

Then OpA(pB )i = s,

We denote by P;s\,h = DpA(pgh)
the Schrodinger representation of a gauge invariant projection symbol.
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Magnetic Coherent States

Magnetic symbols of 1-d projections

We define
the magnetic projection symbol associated to the vector ¢ € S(H) to be

pEy=m; 5107 [wB (¢ @ 9)]

with wf(x,y) = e_(i/h) f<0.x,y> B.

Then OpA(pB )i = s,

We denote by P;s\,h = DpA(pgh)
the Schrodinger representation of a gauge invariant projection symbol.

A magnetic projection symbol
is defined as p € L2(Z) such that p = p = ptZp. J
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\VEEQISIN @ IENIBI Y  The Perelomov type magnetic coherent states

Magnetic Coherent States

The Perelomov type magnetic coherent states

Radu Purice (IMAR) Magnetic coherent states Biatowieza, July, 2013 38 / 54



The Perelomov type magnetic coherent states
The Perelomov type Magnetic Coherent States

Definition 1
Given any ¢ € S(H) we define the following family of pure quantum states
indexed by X € =:

P2 (X)) = WL (hX) T PS, W (RX)

Then P(’;ﬁ X).: DpA(pgf(X)) where, if we denote by
ex(Y) = e (XY) (V(X, Y) € Z?) we have

Py n(X) = e_nxtr PSalf enx-
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The Perelomov type magnetic coherent states
The Perelomov type Magnetic Coherent States

Definition 1
Given any ¢ € S(H) we define the following family of pure quantum states
indexed by X € =:

Pon(X) == WRA(nX) " P, Wi (1X)

Then P(’;h X) = DpA(pgh(X)) where, if we denote by
ex(Y) = e (XY) (V(X, Y) € Z?) we have
Py n(X) = e_nxtr PSalf enx-

Remark: PLLXIH = C- WARX) sl
and we also have Schrodinger representations of gauge invariant magnetic
projection symbols.
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The Perelomov type magnetic coherent states
The Perelomov type Magnetic Coherent States

Definition 1
Given any ¢ € S(H) we define the following family of pure quantum states
indexed by X € =:

P2 (X)) = WL (hX) T PS, W (RX)

Then P(’;f X) = DpA(pgh(X)) where, if we denote by
ex(Y) = e (XY) (V(X, Y) € Z?) we have

Py n(X) = e_nxtr PSalf enx-

Remark: PLLXIH = C- WARX) sl
and we also have Schrodinger representations of gauge invariant magnetic
projection symbols.

We call { or( )} xe= the Perelomov type magnetic coherent states.

Radu Purice (IMAR) Magnetic coherent states Biatowieza, July, 2013 39 / 54



The Perelomov type magnetic coherent states
The partition of unity property

Proposition
For any two vectors (¢, ) € (1 \ {0})2

e themap =3 X — W;‘i(X) = (UA(X)o,¥)x € C is of class L2(Z)

. dx?
for the measure d9X := By

@ and using the canonical Riesz anti-isomorpism R : H — H*

; — d ..
the map H* @ H 2 R(p) @ ¢ — W:,\:; €L2(3, %) is unitary.

° fE %PQH(X) = 1 in the weak operator topology.
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\VEEQISSIN @ NI The pure state quantization

Magnetic Coherent States

The pure state quantization
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The classical limit

We are in the following special case of a "quantization”:

o Classical description:
The phase space = = X x X'* with simplectic form o8 and associated
Poisson bracket {.,.}g: C® x C® — C*.
The bounded observables BC*(=) so that f(X) is the value of
f € BC*>(Z) in the state X € =.
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The classical limit

We are in the following special case of a "quantization”:

o Classical description:
The phase space = = X x X'* with simplectic form o8 and associated
Poisson bracket {.,.}g: C® x C® — C*.
The bounded observables BC*(=) so that f(X) is the value of
f € BC*>(Z) in the state X € =.

@ Quantum description:
The phase space P(H) (for some complex Hilbert space H).
The bounded observables By(H) :={T € B(H) | T* = T} so that
Tr(PT) is the mean value of T € Bx(H) in the state P € P(H).
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The classical limit

We are in the following special case of a "quantization”:

o Classical description:
The phase space = = X x X'* with simplectic form o8 and associated
Poisson bracket {.,.}g: C® x C® — C*.
The bounded observables BC*(=) so that f(X) is the value of
f € BC*>(Z) in the state X € =.

@ Quantum description:
The phase space P(H) (for some complex Hilbert space H).
The bounded observables By(H) :={T € B(H) | T* = T} so that
Tr(PT) is the mean value of T € Bx(H) in the state P € P(H).

We want to connect the two descriptions when i — 0.
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The classical limit

We are in the following special case of a "quantization”:

o Classical description:
The phase space = = X x X'* with simplectic form o8 and associated
Poisson bracket {.,.}g: C® x C® — C*.
The bounded observables BC*(=) so that f(X) is the value of
f € BC*>(Z) in the state X € =.

@ Quantum description:
The phase space P(H) (for some complex Hilbert space H).
The bounded observables By(H) :={T € B(H) | T* = T} so that
Tr(PT) is the mean value of T € Bx(H) in the state P € P(H).

We want to connect the two descriptions when i — 0.
Remark: P(7{) has a canonical symplectic structure with the symplectic

form of(*). We have to work with the symplectic form UE(H) = hot (M),
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Transition probability structure

Let us notice that in the quantum description each state P € P(H) is also
a bounded observable (we have P(H) C By(H)).
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\VEEQISSIN @ NI The pure state quantization

Transition probability structure

Let us notice that in the quantum description each state P € P(H) is also
a bounded observable (we have P(H) C By(H)).

The mean value of the observable state Q € P(7) in the state P € P(H),
given by Tr(PQ) € [0, 1] is called the transition probability from state P to

state Q.
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Pure State Quantization

Definition
We call pure state quantization of a symplectic space (Z, o) of dimension
2d, a complex Hilbert space H together with a family of

injective applications { Py : ¥ — P(H)}ney, satisfying the following three
axioms:

o Axiom I: J= %Pf(X) = 1 in the weak operator topology.
o Axiom Il: lim [ g;; Tr(Pu(Z)Pu(Y))F(Y) = f(2),

Vf € BC(X), VZeZX.
@ Axiom Ill: Let us denote by P;o, ot ) the pull-back on the tangent

space of X of the canonical symplectic form on P(#); then

P(H
I|mP}kar( e
h—0

v
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\VEEQISIN @ IIENIBI Y  The pure state quantization

Pure State Quantization

Theorem

Taking X := =, a magnetic field B with components of class BC*(X), its
associated symplectic form o8 and H := [?(X)

the family of maps {'Dg\,h : = — P(H) }rey, satisfies Axioms | and Il of a
pure state quantization for any ¢ € S(H).
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\VEEQISIN @ IIENIBI Y  The pure state quantization

Pure State Quantization

Theorem

Taking X := =, a magnetic field B with components of class BC*(X), its
associated symplectic form o8 and H := [?(X)

the family of maps {’D;;\,h, : = — P(H) }rey, satisfies Axioms | and Il of a
pure state quantization for any ¢ € S(H).

Remark

Concerning Axiom Il we have the following result:

1
tim [(PA)' ™) = [ oBds
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\VEEQISSIN @ ICNIBI I  The Landsman type magnetic coherent states

Magnetic Coherent States

The Landsman type magnetic coherent states
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The Landsman type magnetic coherent states
The Landsman Magnetic Coherent States

Definition 1
Given any ¢ € S(H) we define the following family of pure quantum states
indexed by X € =:

QL H(X) = SO WR(rX) 1Py WR(hX) [ 2)] Y,

where

(HAX)P) (y) = /M in Ag(y).

Then QQH(X) = DpA(q(fﬁ(X)) -
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The Landsman type magnetic coherent states
The Landsman Magnetic Coherent States

Definition 1

Given any ¢ € S(H) we define the following family of pure quantum states
indexed by X € =:

QL H(X) = SO WR(rX) 1Py WR(hX) [ 2)] Y,

where ,

(4(X)0) (y) = & een (). ,
Then QQH(X) = DpA(q(fﬁ(X)) :
Remark: QLX) = C-(X)WARX) 1o

and we also have Schrodinger representations of gauge invariant magnetic
projection symbols.
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The Landsman type magnetic coherent states
The Landsman Magnetic Coherent States

Definition 1

Given any ¢ € S(H) we define the following family of pure quantum states
indexed by X € =:

QL H(X) = SO WR(rX) 1Py WR(hX) [ 2)] Y,

where ,

(4(X)0) (y) = & een (). ,
Then QQH(X) = DpA(q(fﬁ(X)) :
Remark: QLX) = C-(X)WARX) 1o

and we also have Schrodinger representations of gauge invariant magnetic
projection symbols.

We call {QQA,I(X)}XGE the Landsman type magnetic coherent states.
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\VEEQISSIN @ ICNIBI I  The Landsman type magnetic coherent states

Pure State Quantization

Theorem

For ¥ := =, for a magnetic field B with components of class BC*°(X’) and
for the associated symplectic form o8, taking H := L?(X) and the family
of maps {Q(;‘_h : = — P(H)}rel, is a pure state quantization for any

¢ € S(H).
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Magnetic Coherent States

Comments on the classical limit
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Magnetic Coherent States Comments on the classical limit

The projective representation on P(H)

A basic step in defining a system of coherent states is:
e to raise the magnetic Weyl system: W/ : = — U(L2(X))

@ to a projective automorphism representation on the algebra of
bounded observables: W7 : = — Aut[B(L(X))]

WEX = WX (W)
e and restrict it to P(L3(X)) C B(L?(X)).
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Magnetic Coherent States Comments on the classical limit

The projective representation on P(H)

A basic step in defining a system of coherent states is:
e to raise the magnetic Weyl system: W/ : = — U(L2(X))

@ to a projective automorphism representation on the algebra of
bounded observables: W7 : = — Aut[B(L(X))]

WEX = WX (W)
e and restrict it to P(L3(X)) C B(L?(X)).

Remark
We have the evident equality

T[P}4(X)] = T[W§P,).
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Magnetic Coherent States Comments on the classical limit

The projective representation on P(H)

Remark
The Weyl system being not a representation of the linear group = we have

WX +tZ)P # WRZ)WH(X)P.
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Magnetic Coherent States Comments on the classical limit

The projective representation on P(H)

Remark
The Weyl system being not a representation of the linear group

WX +tZ)P # WRZ)WH(X)P.

= we have

Thus:
o i G WRtDP = ¢-Q-z- M} =14(2),
o i%‘t:0W€(X+t;)P =

C-Q—z N+ fysds Sy zixicBu(Q + (1 — s)hx) =1 Z{\(X, Z; (
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Magnetic Coherent States Comments on the classical limit

The projective representation on P(H)

Remark
The Weyl system being not a representation of the linear group = we have

WX +tZ)P # WRZ)WH(X)P.

Thus:
o i G WRtDP = ¢-Q-z- M} =14(2),
o i%‘t:OWf?(X+tl)P =
C-Q—z M+ 1 [y sds 7y 2ixBi(Q + (1 — s)hx) = ZR(X, Z; (

Let us define

Wip i TZ 5 (X, Z) = (WHX)P, (1= W) (Z)ox ) € TR(H),

’

Vox € WHA(X)PH.
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Magnetic Coherent States Comments on the classical limit

The classical limit

Theorem

For a magnetic field with components of class BC*(X) we have

I@ Uh(;-i‘)(X) (Wﬁ PA( )217W2,P§(X)Z2) = 0" (21, 7o),
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Magnetic Coherent States - Symbols
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Mg Calizyar Sies - Syitbels
The symbolic calculus

o Let us notice that V(f, g) € .7(=)? we have fPg € .7 (X).

@ Let us induce the following C*-norm on .¥(=):
Vf € 7(2), define ||¢]|..5 := || Op7 (f)]]-

e Completing now . (=) for the above norm we obtain a C*-algebra
((Z),48, ] - I|l+,5) that we denote by Cgﬁ.
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The symbolic calculus

o Let us notice that V(f, g) € .7(=)? we have fPg € .7 (X).

@ Let us induce the following C*-norm on .¥(=):
Vf € 7(2), define ||¢]|..5 := || Op7 (f)]]-

e Completing now . (=) for the above norm we obtain a C*-algebra
((Z),48, ] - I|l+,5) that we denote by Cgﬁ.

We can prove that Q:(Iiﬁ >~ By (L%(X)).
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Magnetic Coherent States Magnetic Coherent States - Symbols

The symbolic calculus

o Let us notice that V(f, g) € .7(=)? we have fPg € .7 (X).

@ Let us induce the following C*-norm on .¥(=):

Vf € (), define ||¢]|..5 := [|[Opp(F)]|.
e Completing now . (=) for the above norm we obtain a C*-algebra

((Z),48, ] - I|l+,5) that we denote by Cgﬁ.

We can prove that Q:(Iiﬁ >~ By (L%(X)).

Then the pure states on Qﬁc’ih are of the form {pgh}¢es(L2(2{))

with p8, = p8, iff 3 € U(1), ¢ = Ao
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Magnetic Coherent States Magnetic Coherent States - Symbols

The symbolic calculus

o Let us notice that V(f, g) € .7(=)? we have fPg € .7 (X).

@ Let us induce the following C*-norm on .¥(=):
Vf € 7(2), define ||¢]|..5 := || Op7 (f)]]-

e Completing now . (=) for the above norm we obtain a C*-algebra
((Z),48, ] - I|l+,5) that we denote by Cgﬁ.

We can prove that Q:(Iiﬁ >~ By (L%(X)).

Then the pure states on €§, are of the form {pgﬁ}¢es(L2(2{))
with pg’ﬁ = pﬁh iff 3IX € U(1), ¢ = M.

The mean value of f € Qigh in the state pgh is

L [piee] 00 ax
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