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In this talk I would like to show an example of an
interaction between

mathematical physics
and

partial differential equations.

et us consider one of our favourite operators:

e "2 L*(R™) — L*(R™).

This Schrodinger propagator, e %2 is unitary on any
Sobolev space, so regularity is not improved in propagation.



About 20 years ago, Sjolin, Vega, and also Constantin-Saut
discovered that the regularity improves when we integrate in
time and cut-off in space:

T
| Ixexp(-ita)ul, p dr<Cllulz, xeCER.
O

In R® we can take T =00 , and x(z) = (z)~1/2—€,
T his much exploited effect is known as

LOCAL SMOOTHING.



T
| Ixvexo(-itAyulZ p de<ClulZs . xeCER).
O

Proof: [due to Burg] The bound is equivalent to
boundedness of

T: 12— L2HY? Tu(z,t):=x(2) (e Pu)(z),
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or, equivalently,
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We want to show that
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or by Plancherel’'s Theorem,
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We recognize that
Fin (1 fo.0) (Dxe %) () =x(=A = A Fi0) Ix.
So, all we need is:
Y(—A - AFi0) Iy=01): 5 Y2 —, gt/2
and that is the same as:

X(—A—A:FiO)1X20< ):L2—>L2,
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The estimate

1
X(—A—A$i0)1X:O<— 22
VA

IS @ quantitative version of the Ilimiting absorbtion principle
established by many authors Jensen-Mourre-Perry,
Robert-Tamura, Gérard-Martinez, Wang, Robert... And in
more geometric setting by Vasy-Zworski, VVodev.

We have established that local smoothing is related to
standard issues of mathematical physics.

LLocal smoothing plays a crucial role in the study of
nonlinear Schrodinger equations and is closely related to
Strichartz estimates. Burqg used results of Ikawa to obtain
local smoothing estimates for some exterior problems.



Geometric setting

Instead of R™ we can consider (X, g), a Riemannian
manifold close to R"™ near infinity.

Local smoothing for Ay, the Laplace-Beltrami operator
means:

T
. 2 2
/O ||X€XD(—ZtAg)U||H1/2(X) dtSCHuHLQ(X) ) (1)

Doi (1996) proved a remarkable result that (1) implies that
the metric is non-trapping. Roughly, that means that all
geodesics, escape to infinity. But that is natural since
non-trapping assumptions are needed for

1
a0y =0 )2 — 12
VA



On the other hand, Burqg's proof shows that

gives a weaker version of local smoothing:

T
| Ixexpitagul? s de < Clulfagyy . xeCEEX).

but that is sufficient for many applications — Burq,
Christianson.



This is is useful when there is trapping! Simplest case:

Theorem 1.(Nonnenmacher-Zworski 2007) Suppose that
(X, g) is a surface Euclidean outside of a compact set and
that the geodesic flow is hyperbolic on the trapped set.

If the dimension of the trapped set (inside of the three
dimensional S*X) is less than two then

N log A 5 5
A, - ATi0) Iv=0 i —— 2.
X ( g F+:0)” " x (\/X>

and consequently,

T
| Ixexpitauly, g dt<Clulfagy, . x€CEX).



Remarks.

1. The resolvent bound is probably optimal. Examples of
Colin de Verdiere-Parisse, Christianson,
Alexandrova-Bony-Ramond, give

N v 1og A
[x(—=Ag — AF1i0) 1><IIL2HL22< ¢§ )

2. Resolvent estimates are closely related to having a gap
between quantum resonances and the real axis.

Hence the tools needed to prove Theorem 1 are closely
related to the tools needed to understand the behaviour of
resonances in chaotic scattering.



Quantum mechanical perspective

Classically we consider
H=¢4+V(z), zeR?
( n = 2 for simplicity only) and on the quantum level,

H=—-h2A+V(z).



T he resonances of ﬁ are defined as the poles of the
meromorphic continuation of the resolvent:

(H—2)"1:0®—C>.

So it is not surprising that a presence of resonances near
the real axis will destroy good bounds on the resolvent.

The nontrapping bounds correspond, after rescaling to
~ N—1 1Y, .o >
x(H — E £+ 10) X:O(E) L — L~
and the bounds in Theorem 1 to

~ |
x(H — E:l:iO)_lxz(’)< Og(;/h)) L2 — L?,




We assume that the flow is hyperbolic on the trapped set:

Kp=rtnr;

where [+ =
{(z,8) : &€ +V(@)=E, (x(),£®)) A oo, t— Foo},
and the flow is defined by Newton 1687
z'(t) = 2¢6(t), &) =-VV(x(t)),
z(0) ==z, £(0) =¢.



Where do the resonant state live?

In phase space they live on I‘ZEF.

Theorem 2.(Nonnenmacher-Rubin 2006) Let u(h;) be
resonant states corresponding to z(h;). with

Rez(hy) = E+o0(1) and Imz(h) > —Ch. Let u be a
semiclassical measure associated to w(hg): Then

suppu C I},

IN>0, lim Imz(hy)/hy = —)/2,

k— 00

Lp = Ap,

where L is the Lie derivative along the flow.



0.8

06
04
02
0 |
-6 4 -2 0 2
v
1
0.5
0
05+
i A
|
3] 4 -2 0 P4

A potential with a simple trapped set.
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The “first” resonant function for h = 1/16.



The resonant state thanks to David Bindel

www.cims.nyu.edu/~dbindel

FBI transform thanks to Laurent Demanet

www.math.stanford.edu/~laurent
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The trapped set Ky lives in the three dimensional energy
surface and looks similar to

This is actually a picture of a Julia set but the similarity is
more than formal and similar ideas apply to zeros of Ruelle
zeta functions.



We say that the flow ®!(x, &) = (x(t),£(t)) is hyperbolic on
Kp, if any p € K5, the tangent space to H~1(E) at p splits
into the flow, unstable and stable directions:

o T,(H *(E)) = R(2¢(p), —VV (x(p)))OE, SF,

trpEty — p=*
o dO)(E)) = By, )

¢ IX>0, [dPL(w)| < Ce M|y

for all v € EJ, and +t > 0.

Verification of this is not easy but in our setting it is

available thanks to the work of Sinai, Ikawa, Sjostrand, and
Morita.



The Poincaré section is given by a surface in H 1(FE)
transversal to the flow:

250

200

150

100

50

H H
H = H .
H = H .
H = H =

100 150 200 250

We write the Hausdorff dimension of Kg as

Pesin-Sadovskaya 2001



Theorem 3.(Sjostrand-Zworski 2005)

Let R(h) denote the set of resonances of
H=—-h’A+ V().
Under the assumptions of hyperbolicity near energy FE,

'R(h) N [E — h, E + h]—i[0, Mh]| = O(h™9E).

This is the analogue of the counting law for eigenvalues of
a closed system. Classically everything is trapped in a
closed system, so dim Ky = 3, dp = 1 and the number of
eigenvalues is asymptotic to

Cgh~ 1.



If w is a resonant state for
z2=F — I

then

exp(—itﬁ/h)u = e HE/h—tl/h,,

Hence states with [ > h decay too fast to be visible.

Interpretation of the imaginary part as decay rate brings us
to the next theorem.



Question: what properties of the flow ®;, or
of K alone, imply the existence of a gap v > 0O
such that, for h > O sufficiently small,

z€R(h), Rez~F — Imz< —~h?

In other words, what dynamical conditions
guarantee a lower bound on the quantum decay

rate?

hbar=0.017
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Theorem 4.(Nonnenmacher-Zworski 2006)

Suppose that the dimension dg satisfies

d<1
ES S

(That is, the dimension of the trapped set inside the energy
surface is less than two.)

Then there exists o, v > 0 such that

R(h) N ([Eg — 6, Eg + 6] —i[0,hy]) = 0.

What is 7 It can be described using the topological
pressure of the flow on Kg.



We can take any ~ satisfying
O<vy< min (—Pg(1/2)),
[Eo—E[<é

Pr(s) = pressure of the flow on Kg.

T he existence of a resonance gap depends on the sign of
the pressure at s =1/2, Pg(1/2).

The connection between the pressure and the quantum
decay rate first appeared in the physics/chemistry literature
in the work of Gaspard-Rice 1989.



Numerical results (Lin 2002):

Quantum resonances for the three bumps potential.
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This and also some quantum map rigorous models of
Nonnenmacher-Zworski 2005 suggest that Theorem 2 is

optimal.



Preliminary experimental results (Kuhl-Stockmann 2006):
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Preliminary experimental results (Kuhl-Stockmann 2006):
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Preliminary experimental results (Kuhl-Stockmann 2006):
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The optimality of Theorem 4 is not clear even on the
heuristic or numerical grounds.

In the analogous case of scattering on convex co-compact
hyperbolic surfaces the results of Dolgopyat, Naud, and
Stoyanov show that the resonance free strip is larger at
high energies than the strip predicted by the pressure.

That relies on delicate zeta function analysis following the
work of Dolgopyat: at zero energy there exists a
Patterson-Sullivan resonance with the imaginary part
(width) given by the pressure but all other resonances have
more negative imaginary parts.



