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Let $) be a complex Hilbert space. J

A linear subspace A in the Cartesian product ) x ) is called a linear
relation in ).

domA ={fe$H: {f,f'} € Aforsomef € $},

ranA ={f' € H: {f.f'} € Aforsomef € 9 },
kerA={fe9H: {f,0} €A},
mulA={f"e€$H:{0,f}eA}
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Linear relations in Hilbert spaces

A relation A has a formal inverse A~ = { {f',f} : {f.f'} €A}. J

Let A and B be linear relations in $). Then the product BA is the linear
relation defined by

BA={{f.g} € xH: {f,¢} €A, {p,g} € Bforsome p € H}.

For any A € C the relation A — A is defined by
A=) ={{f,f = XN}: {f,f}eA}.
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Linear relations in Hilbert spaces

Let P be the orthogonal projection from ) onto (mul A)*. J

Then each {f,f’} € A can be uniquely decomposed as

{f.f"y ={f,Pf'} +{0,(1 - P)f'}.

The linear relation

As:{{faf/}: {fvfl}EAaf/:Pfl}:{{f7Pf,}: {f,f/}GA}

is called the (orthogonal) operator part of A: it is the graph of an
operator from ) to PH) C 9.
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Define the linear relation A, by

Ase = AN ({0} x H).




Linear relations in Hilbert spaces

Define the linear relation A, by

Ao = AN ({0} x 9).

Then the linear relation A admits the orthogonal decomposition
A= As ® Aom

where the orthogonal sum is with respect to the inner product on

H X 9.
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Linear relations in Hilbert spaces

The adjoint A* of a linear relation A in §) is the linear relation in $),
defined by

A ={{f . ftenxn: ({f fHinn'})=0{hn} €A},

where

<{flaf}7 {hvh,}> = (f? h) - (flvh/)? {faf,}v {hv h,} ENHXH.

The adjoint A* is automatically closed and linear. J

The resolvent set p(A) of a closed linear relation A in §) is defined by:
pA)={reC: (A-N)""e[9]},

where [$)] denotes the set of all bounded linear operators on ) and
(A — X\)~!is identified with its graph.
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(AB)"' =B~ 1A~} J
(A*)—l — (A—l)* J
B*A* C (AB)* ]

Assume that A is a linear relation in $) and U an invertible bounded
operator.Then the following two identities hold

(UA)* = A*U*, (AU)* = U*A*
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Linear relations in Hilbert spaces

A linear relation A in $) is said to be symmetric if (f',f) € R for all
{f.f'} € A, or, equivalently, if A C A*.

The relation A is said to be selfadjoint if A = A*. )

If the relation A is selfadjoint, then dom A = (mulA)* and Ay is a
(densely defined) selfadjoint operator in dom A.
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Linear relations in Hilbert spaces

A linear relation A in a Hilbert space $) is said to be nonnegative, for
short A > 0, if
(f/7f) Z 07 {f’f/} E A'

Clearly, every nonnegative relation is symmetric. )
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u-scale invariant relations

Let U be a unitary operator in a separable complex Hilbert space $
and let € C\{0}.

| A\

Definition
A linear relation S is said to be u- scale invariant with respect to U if
the following identity is satisfied:

USU* = usS.

U*(dom S) C dom S

U*(mul §) C mul S
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u-scale invariant relations

Lemma

Assume that S is a linear relation in §) which is u- scale invariant with
respect to U. Then

1

@ the inverse relation S~! is u~!- scale invariant with respect to U;

Q the relation S is also u- scale invariant with respect to the unitary
transformation U”, n € N. That is U"SU*"* = uS, for all n € N;

Q the adjoint relation S* is fi- scale invariant with respect to U.
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p-scale invariant relations

M—IS—I _ (,U/S)_l _ (USU*)—I _ (U*)—lS—lU—l _ US—IU*

This follows by induction on n € N. I

Us*U* = (U*)*S*U* = (SU)" U*
= (USU*)* = (uS)* = is*.
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Closed nonnegative forms

Let t = t[, -] be a nonnegative form in the Hilbert space §) with
domain dom t.

The inclusion t; C {, for nonnegative forms t; and {; is defined by

domt; C domty, t[h] =t[h], h € domt,.

The nonnegative form t is closed if

hy — h, t{hy — hy] — 0, h, €domt, heH, mn— oo,

imply that 7 € dom t and t[h, — h] — 0.
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Closed nonnegative forms

The inequality t; > t, for nonnegative forms t; and t; is defined by

domt; C domty, t[h] > t;[h], h € domt,.

t; C tp implies t; > ¢ J

There is a one-to-one correspondence between all closed nonnegative
forms tin $) and all nonnegative selfadjoint relations A in ) via

domA C dom t,

and

t[f,g] = (Af,g), fecdomA, gecdomt




Closed nonnegative forms

let the nonnegative form t and the nonnegative selfadjoint relation A
be connected as above. If t > 0 or, equivalently, A > 0, then

domt = domAl/2

and

tlf, gl = (Al/2 1/2g), f,g € domt.
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Nonnegative selfadjoint extensions of nonnegative relations

Let S be a not necessarily closed nonnegative relation in a Hilbert
space ). J

One nonnegative selfadjoint extension can be constructed as follows: )

Let {f,f'},{h, '} € S and define s[f, h] = (', h), so that s is a
nonnegative form on doms = dom S. The closure t of the form s is
nonnegative (and is equal to the form obtained by starting with the
closure of S) and gives rise to a nonnegative selfadjoint relation which
is called the Friedrichs extension Sg of S.




Nonnegative selfadjoint extensions of nonnegative relations

The so-called Krein-von Neumann extension Sy of S is defined by

Sy =((s""r)"
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The invariance of nonnegative selfadjoint relations

Theorem

Assume that S is a nonnegative linear relation in $) which is p- scale
invariant with respect to U. Then
@ the Friedrichs extension Sg of S is u- scale invariant with respect
to U,
Q the Krein-von Neumann extension S of S is u- scale invariant
with respect to U.




The invariance of nonnegative selfadjoint relations

Let {f,f’'} € Sr. Then there exists a sequence ({f,,/,}) C S such that
Jfon— f, and

(fr —frsfo —fm) — 0, as m,n— oco.




The invariance of nonnegative selfadjoint relations

Let {f,f’'} € Sr. Then there exists a sequence ({f,,/,}) C S such that
f» — f,and

(fr —frsfo —fm) — 0, as m,n— oco.

It follows from {f,, uf,} € puS = USU* that

(U, nUf1} €35. (1)




The invariance of nonnegative selfadjoint relations

Let {f,f’'} € Sr. Then there exists a sequence ({f,,/,}) C S such that

fu — f, and

(fr —frsfo —fm) — 0, as m,n— oco.

It follows from {f,, uf,} € puS = USU* that

{U,, pUfL} € S. (1) |
Furthermore,
Ufn = U, )
and
(LU fy = pU o fo —fn) — 0, as m, n— oo. 3)




The invariance of nonnegative selfadjoint relations

Since {f, uf'} € pSr C uS* = US*U* it follows that
{U*fn, pU*f} € S*. 4)




The invariance of nonnegative selfadjoint relations

Since {f, uf'} € pSr C uS* = US*U* it follows that

{Ufu, nUf,} € S™. “4)

v

A combination of (2), (3) and (4) leads to {U*f, uU*f'} € S, so that
{f, uf'} € USpU*. This implies that uSr C USpU*. Since both uSp
and USpU™ are selfadjoint linear relations it follows that

/LSF = USFU *,
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The invariance of nonnegative selfadjoint relations

Extremal extensions

A nonnegative selfadjoint extension A of S is called extremal when

inf{ (f' =i .f —h): {h,h} €S} =0 forall {f,f'}€A.

The Krein-von Neumann extension Sy and the Friedrichs extension
SF are extremal extensions.
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Let S be a nonnegative relation in a Hilbert space §. Then the
following statements are equivalent:
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The invariance of nonnegative selfadjoint relations

Hassi, Sandovici, de Snoo, Winkler — 2006

Let S be a nonnegative relation in a Hilbert space §. Then the
following statements are equivalent:

Q A is an extremal extension of S ;

QA= RGR’S" for some subspace £ such that

domS C £ C domSl/z;

Q Aisa nonnegative selfadjoint extension of S whose
corresponding form t satisfies t C ty.
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The invariance of the extremal extensions

Assume that S is a nonnegative linear relation in $) which is p- scale
invariant with respect to U.




The invariance of nonnegative selfadjoint relations

The invariance of the extremal extensions

Assume that S is a nonnegative linear relation in $) which is p- scale
invariant with respect to U.

Then any extremal extension of S is u- scale invariant with respect to
U.
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Example A

A purely multi-valued relation

Assume that U is a unitary operator in the Hilbert space ) such that
U*(R) = R, where R is a not necessarily closed subspace of .

Consider the purely multi-valued relation S in §) defined by
S ={0} x R

Then S is closed if and only if £ is closed, and it is 4 invariant with
respect to U for any p > 0.

The adjoint S* is given by
S* = &t x 9,

so that mul $* = .
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The Krein-von Neumann extension Sy and the Friedrichs extension
Sr are given by

SNZRLXE, SF:{O}XS’_'),




Example A

The Krein-von Neumann extension Sy and the Friedrichs extension
Sr are given by

SN:.QLXE, SF:{O}XS’_'),

There exists a one to-one-correspondence between the class of all
extremal extensions A of S and the set of all closed subspaces £ of
1. The correspondence is given by

Z:QXSL,
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Assume that x> 0, i # 1, and that U is the scaling transformation on
the Hilbert space ) = L*(0, 0o) defined by

(U@ = w3 (172x), £ € L3(0,0).
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Example B

Assume that x> 0, i # 1, and that U is the scaling transformation on
the Hilbert space ) = L*(0, 0o) defined by

(U@ = w3 (172x), £ € L3(0,0).

Consider T the maximal operator on the Sobolev space H>%(0, 00)
defined by
2

e
dx?’

dom T = H**(0, 00).

The linear operator S defined by
S =T" ldoms,domS = {f € domT : f(0) = f'(0) = 0}

is a closed nonnegative operator with deficiency indices (1, 1).
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Il
~N
—

S*
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S =T )

Sp = T" ldoms,,dom Sy = {f € domT : £(0) = 0} |




Example B

S =T )

Sp = T" ldoms,,dom Sy = {f € domT : £(0) = 0} |

Sy =T* ldomsy,domSr = {f € dom T : f/(0) = 0} J
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All the operators S, $*, Sg and Sy are - scale invariant with respect
to the transformation U.




Example B

All the operators S, $*, Sg and Sy are - scale invariant with respect
to the transformation U.

Any other nonnegative selfadjoint extension of S different from the
extremal ones can be obtained by the restriction of 7 to the domain

domA; = {f € domT : f'(0) = sf(0)}

for some s > 0.




Example B

All the operators S, $*, Sg and Sy are - scale invariant with respect
to the transformation U.

Any other nonnegative selfadjoint extension of S different from the
extremal ones can be obtained by the restriction of 7 to the domain

domA; = {f € domT : f'(0) = sf(0)}

for some s > 0.

A, s > 01is not p invariant with respect to U. J
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