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• Semiclassical time-dependent Schrödinger
equation

iε
∂

∂t
ψε = Hεψε, ψε(0) = ψε

0 ∈ L2(Rd; C)

Hε = Opε
Weylh with h(x, ξ) symbol in C∞(R2d; C)

• Gaussian coherent state centered at (q, p) ∈ R
2d

gε
q,p(x) =

1

(πε)d/4
e

i
ε
p.(x−q)e−

|x−q|2

2ε

Overcomplete basis of L2(Rd; C)

=
1

(2πε)d

∫ ∫

∣

∣

∣
e

i
ε
tHε

gε
q,p

〉

〈

gε
q,p

∣

∣ dqdp
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Semiclassical propagation of Gaussian coherent states

(Hagedorn ’80)

e
i
ε
tHε

gε
q,p = e

i
ε
Sκ

t
(q,p)g̃ε

κt(q,p) +O(ε)

• κt = (Xκt

,Ξκt

) given by Hamilton equation of
motion in phase-space

d

dt
κt =

(

0 I

−I 0

)

∇(x,ξ)h ◦ κt, κ0 = Id

• Sκt

classical action of motion

Sκt

(q, p) =

∫ t

0

[

d

dt
Xκτ

(q, p).Ξκτ

(q, p) − h ◦ κτ(q, p)

]

dτ
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Semiclassical approximation of the unitary propagator

• Thawed Gaussian Approximation (Heller ’75)

U ε
TGA(t) =

1

(2πε)d

∫ ∫

∣

∣

∣
e

i
ε
Sκ

t
(q,p)g̃ε

κt(q,p)

〉

〈

gε
q,p

∣

∣ dqdp

• Frozen Gaussian Approximation (Heller ’81)

U ε
FGA(t) =

1

(2πε)d

∫ ∫

∣

∣

∣
e

i
ε
Sκ

t
(q,p)gε

κt(q,p)

〉

〈

gε
q,p

∣

∣ dqdp

• Herman-Kluk Propagator (Herman and Kluk ’84)

U ε
HK(t) =

1

(2πε)d

∫ ∫

ut(q, p)
∣

∣

∣
e

i
ε
Sκ

t
(q,p)gε

κt(q,p)

〉

〈

gε
q,p

∣

∣ dqdp
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Main result (Swart R. ’07)

Assume that h(x, ξ) is subquadratic i.e.

‖∂α
(x,ξ)h‖∞ <∞, |α| > 2

then, for −T 6 t 6 T ,
∥

∥

∥
e

i
ε
tHε

− U ε
HK(t)

∥

∥

∥

L2→L2

= O(εN+1|t|)

ut
HK(q, p) = ut

0(q, p) + εut
1(q, p) + · · · + εNut

N(q, p)

where ut
k are solutions of transport equations with

initial conditions

u0
0 = 1, u0

k = 0 (1 6 k 6 N)
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Semiclassical FIO with complex quadratic phase

associated to a canonical transformation

[Iε(κ;u)ϕ](x) =

2d/2

(2πε)3d/2

∫ ∫ ∫

e
i
ε
Φκ(x,y,q,p)u(q, p)ϕ(y)dydqdp

with Φκ(x, y, q, p) = Sκ + Ξκ.(x−Xκ) − p.(y − q)

+
i

2
|x−Xκ|2 +

i

2
|y − q|2

∂qS
κ = −p+ (∂qX

κ)Ξκ, ∂pS
κ = (∂pX

κ)Ξκ

for symbol u, Iε(κ;u) : S(Rd; C) → S(Rd; C)
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Sketch of the proof

[

iε
∂

∂t
−Hε

]

Iε

(

κt;
N
∑

k=0

εkut
k

)

=

Iε

(

κt;
N
∑

k=0

εkvt
k + εN+1v

t,ε
[N+1,

)

as consequence of composition theorems (Swart R. ’07)

[

Opε
Weylh

]

◦Iε(κ;u) = Iε

(

κ;
N
∑

k=0

εkvk + εN+1vε
[N+1,

)

where v0(q, p) = (h ◦ κ)u, v1 = . . .

. . . and vε
[N+1,(x, y, q, p)
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Hierarchy of equations
• “eikonal” equation

vt
0 =

[

−
d

dt
Sκt

+
d

dt
Xκt

.Ξκt

+ h ◦ κt

]

ut
0

• transport equations

vt
1 = i

d

dt
ut

0 −
i

2
Tr

[

(

Zκt
)−1 d

dt
Zκt

]

ut
0

Zκt

:= (∂p + i∂q)(Ξ
κt

− iXκt

)

Herman-Kluk prefactor ut
0 =

(

detZκt)1/2

vt
k+1 = i

d

dt
ut

k−
i

2
Tr

[

(

Zκt
)−1 d

dt
Zκt

]

ut
k+L

t
k(u

t
0, . . . , u

t
k−1)
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Final step of the proof

[

iε
∂

∂t
−Hε

]

Iε

(

κt;
N
∑

k=0

εkut
k

)

= εN+1Iε(κt; vt,ε
[N+1,)

We combine Gronwall’s lemma with
L2-boundedness theorems (Swart R. ’07)

‖Iε(κ;u)‖L2→L2 6 C
∑

|α|62d+1

‖∂α
(x,y)u(x, y, q, p)‖∞
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