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Introduction.

-

Mean field limit : Bosonic Fock space on Z

H=@\/Z=T.(2).
n=0

Specific states ¢ = 2@V
Hamiltonian Hy(a*, a) Wick quantization of h(z,z).

() = e,

(W(t), Ov(e) "R (N, 027N

\— z’@tzt = 8gh(zt) : J
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Introduction.

Semiclassical analysis : a(x, hD;) acting on L?(R%) T

Hamiltonian H" = p"(z, hD) Wick quantization of p(z, z).
Egorov theorem

eZ%Hha(x, hD)e_i%Hh =0 (a o ®¢)(x, hDy)

# Algebra of semi-classical pseudos preserved by the
classical flow.

# Possibility of an asymptotic expansion up to O(h>°).

#® Weak and very flexible version via Wigner measures.

o -
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Formal correspondence.

- V2
a(z21),a*(z2)] = (21, 22)  a*(z) = ; ! 5%/; zj)
d(2) = %(a(z) +a*(2))  zrr — 21Dy

Wi(z) = e'2(2) T(21,28)

V2 22
E(z) =W(—2)Q  7_ /., va.)(Cae” 7)

29N 2| = Hermite functions. J
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Formal correspondence.

ofz) = Y 5Ot D)

— j Z; \/§
. € —5’333. + X
RN SEC

ZR\/EZC - ZI\/ng

T( \/EZI ) \/EZR)

22

T(—\/ng,\/gZI) (Cde_T)

£/2 — Hermite functions.
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Formal correspondence.

- .

g 1
A _
2 TN

a(v/'hez,v/hD,) unitarily equivalent to a(z, hD,)

T:?o,ﬁo = ¢ (Go-vhae=aovhD.) , 20=—x0+ 1.
9 N L2 )
B = (L0 = Gl = 5 3
n=0 '



Known difficulties

=

f ...Bogolubov, Berezin,Segal, Kree, Lascar, L. Gross...
pZ finite dimensional (sub)space. L, Leb. meas. on pZ.
Weyl quantization :

Flfl(z) = [ f(&) e 2= L(dg)  S(z1,22) = Re (21, 22)
pVeul = [ Flbl(z) W(V2rz) Ly(dz).

A-Wick quantization :

A—Wick __ € Lp(dg)
b B /pz b(£) Pf (ﬂ-g)dimpz
| = [ FBI©) W(VEne) o TIlbe Lde).

pZ
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Known difficulties

-

Infinite dimensional integration. Quasi-equivalent Gaussian
measures, Shale’s theorem — Hilbert-Schmidt condition

=

/A(:E17“‘7:Cm7y17"'7yn)

a*(x1)...a" (xm)a(yr) ...alyy) dridxsy ... dr,dy; ... dy,

can be considered as Weyl-pseudos when A is
Hilbert-Schmidit.

Pb : The class nonlinear flows which preserve the quasi-
equivalence with a fixed gaussian measure is very restricted

and non-physical.

o -
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Wick quantization

=

f ... Derezinski-Gérard, Frohlich-Graffi-Schwartz,
Frohlich-Knowles-Pizzo ...

b= 4 2020%b(z) € LIV 2,V 2),
(b(2) € Ppq(2)) < { b(2) = <Z®q, gz®p> |
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Wick quantization
-

f ... Derezinski-Gérard, Frohlich-Graffi-Schwartz,
Frohlich-Knowles-Pizzo ...

b= 1 a020b(z) € LIV 2,V 2),
(b(z) € Ppq(2)) = { b(z) — < g bz®p> |

Ex: a*(€) = (2,6)" ", a(€) = (€, )",
(&) = VIS (&, 2)Vick.
d0(A) = ({z, Az))Viek.

Replace the variable z by a, and Zz by «! while keeping the

a* on the left-hand side.

o -
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Wick quantization

-

The formulas

: Wick
| | min{pi,q2 } P
bll/Vzc/c bg[/zck — ( Z — (951?1 8];[)2)

|
p=0 p-
Wick
— (€€<az78w>b1(2)b2(W) \Z:w) |
' | max{min{p1,q2} , min{p2,q1}} - Wick
b}, by 1] = 2 — fb}® |
p=1 p:

hold for any b, € Pp,.,(2), ¢ =1,2.

o -
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An example.

-

Quantized

=

H® =dI'(-A)+ 5 /Rd V(zxy—x2)a™ (z1)a”™ (x2)a(x1)a(xs) dridrs

Z'é‘atw — ng, Vv eH
Qz) = <z®2 Vi) — $2)2®2> Ve LOO(Rd) .

Classical
ic‘?tz = —A + (V * \zt|2)zt



An example.

-

Propagation of chaos: Empirical distribution (bosonic)

=

W(t), Ov()) R (=F, 0zF)
with ke — 1 and
O = dl'(A(z, Dy)) = ((z, A(z, Dy)z))Vir

Bardos-Golse-Mauser, Erdds-Yau,
Graffi-Martinez-Pulvirenti, Frohlich-Graffi-Schwartz,
Frohlich-Knowles-Pizzo

o -

Qmath 10, Moeciu, september 2007. — p.



An example.

-

Hepp method: Coherent state.
Hepp, Ginibre-Velo.

With ¢ = E(z), z € Z, the solution ¢(¢t) = e~ =1 ¢y satisfies

=

8:0 0.

wp o) =05

(1) :/Ot (/R Viay — 29) |2e(@0)]? 2a(22)] d:z;ld@) ds.

E(z) squeezed state computed explicitly after considering
the quadratic approximation of H,. at the point z

o -
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An example.

-

Propagation Chaos: Truncated Dyson expansion

=

Ug(t)*OUg

l " 1 1C e
+Z 9e / dtl / W k) [Q kaot]]

' t te—1 _
o)t [t [t U U@ Q1,00

0
U2 (te)*Us(ty).

Ou2) = U2(t)*OU2(t)  Qu(z) = Q(e"22) with
U(t) = ['(e'?).
LUg(t) preserves the number. J
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An example.

-

Propagation Chaos: Truncated Dyson expansion

Ug(t)*OUg
i " 1 1c 1c
+Z > /dh / LI QYR O ]

- t te—1 :
o)t [ [ dte U U@ Q1,00

0
U2 ()" Ue(te).
Oi(z) = U2(t)*OU(¢#) Q:(2) = Qe 2) with
U9(t) = (™).

o -
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An example.

-

Propagation Chaos: Truncated Dyson expansion

=

1 : : . i n Wick
[ Ejzckj - [Qg/@ck7 b?/wk“ _ Z e" (Cr,g )(tna et t)) 7
r=0

en
holds with b € P, ,(Z) and

n 1 e e
Oﬁ )(tna"'atlat)ZQ_r Z {Qtn7°'°7{Qtlybt}( 1)...}(n

\

#{i: e;=2}=r 6¢€E,2}

€ Pp—rtng—r+n(Z).

\ —

o -
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An example.

-

Propagation Chaos: Truncated Dyson expansion ¢k — 1

=

<Z®k, Ug(t) bchk:U ) ®k

S0 o[

&~

i
-

n=0
[Z 0 (k) O (b, 1, 8:2)] + O(Y),
j:

p+n—r—1 |
Z ;" (k)" =k(k—e)(k—2e)-- (k= (p+n—1—1)e),
1=0

r.,n
Lozs’ =0when s> (p+n—r) Orr>n. J
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An example.

-

Propagation Chaos: Truncated Dyson expansion ¢k — 1
This implies a similar result for coherent states. (2 proofs)

-

Not exactly an Egorov Theorem (valid only for some specific

states).

o -
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Wigner measures

=

f ... Tartar, Helffer-Martinez-Robert, P. Gérard,
Lions-Paul, P. Gérard-Mauser-Poupaud...

a— atWik(, fex \/ED,) is a positive quantization.
In dimension d < oo and for a € S5(1,q0)

o

For any family (gs -~ Of (normal) states, there exists a
subsequence (¢;,)zeny and a measure i on T*RY LI {oo} s.t.

Tr {2s0 \f \f ]’H” a(w,€) dp(w, ),

Lholds for all a € C®*(T*RY LI {o0}). J
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Wigner measures

-

p finite rank projector, Iz = p+ (1 — p)

[(Z)=T{E2)eT(1-p)Z2),
W(V2méy + &) = Wp(ﬂwﬁl) R W1_p(\/§7T€2) ,

when & e pZand & € (1 —p)Z.
Characteristic of distribution (A-Wick)

en?|¢|?

G(§) = Tr |oW (V2rg)| e 7



Wigner measures

=

fBochner . Characteristic function of distribution iff positive
type + continuity on any finite dim. space.

Prokhorov (tightness) : A distribution on Z separable Hilbert,

IS a Borel (probability) measure iff it is weakly Radon.

o -
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Wigner measures
fConsider normal states (o-)-~¢ such that
Tr {gs <N>5>0} < Cs < oo uniformly in e with § > 0

Then there exists (e )ren, €x — 0, and a Borel probabiblity
measure on Z, s.t.

=

lim T [QakaWeyl or A—Wick} _ /Za(z) d,LL(Z)

k— 00

forany a € C§°(pZ), any p finite dim. projector.

[ du) < ¢
Z

o -
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Wigner measures

-

Sketch of the proof:
# Ascoli type result for G.(£) : separability of Z with

(e1) = W)V + 1)72| < G, a1 — 2l
min(e|z1|, e|zo|)® + 1]

for0 < s < 1.
# Prokhorov (tightness) condition due to

(N5 > Ng ® [F((l_p)z)) = (Tr [Qs <Np>5} < C()) ,

with some finite dimensional s-pseudodiff calculus.

o -
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Wigner measures
fExamples: T
® Ifo=|E(2)(FE(z) then u =56,
® If o = [29™)(2%"] with lim._one = 1 and |z| = 1, then
= (2m)~ ! OZW Ogio, dO
® Ifo= [, |E(2))(E(2)| dv(z) then p =v.

# The propagation of chaos in the example implies the
propagation of Wigner measure for coherent states and
Hermite states (Laguerre connection).

# Again: No Egorov theorem. Cylindrical functions do not
remain cylindrical (non linear flow).

o -
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Wigner measures, an application

=

fAssume that U, Is a unitary operator on ‘H s.t.
U.eN = ¢NTT_for 6 € R.
Assume that for z € Z, the image of the coherent state
U.E(z) satisfies

lim <U5E(z) ,awelegE(z)> — a(zy).

e—0

Then for any ¢ € C§°(R), [ ¢ > 0, the state

251/2 ( 12(p — 1/5)) U257 (80| U

nEN

has a unique Wigner measure p = (27)7! 02” Ogi0 5, 0.

o -
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Wigner measures, an application

-

Sketch of the proof:

=

» Gauge invariance of (2r)~! [ |E(e12)) (E(e?2)| d
preserved by the Conjugatlon by U-..

# Convex extremality argument.
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Summary

- .

# scaling : W(z) — characteristic function — stochastic
processes.
W(z/e) — phase space translation — phase space
geometry.

# (uantizations .

» Weyl and Anti-Wick specify some directions in Z
— Inductive point of view (Hilbert-Schmidt cond .. .).
— projective point of view (very weak but
geometric).

s Wick quantization uniform treatment of all the
directions in Z.
— No Hilbert-Schmidt condition.
— Fits directly with the number representation.
L — Complete expansions of propag of chaos. J
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