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The Deterministic Model

Quantum system S

® Finite dimensional system, driven by Hamiltonian Hs on $s, S.t.
J(HS> — {617 T 7€d} .
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The Deterministic Model

Quantum system S

@® Finite dimensional system, driven by Hamiltonian Hs on $s, S.t.
J(HS> — {617 T 7€d} .

Chain C of quantum sub-systems &, k=1,2,---:

C=&+E+E+E+---

® Each & is driven by its Hamiltonian Hejp on H¢, , dim He, < oo

® The chain C isdrivenby He = Heqy + Heo + - - -

Interaction

® 1V, operatoron Hs® He, , k> 1.
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Repeated Interactions Quantum Systems

Evolution Let {7%}ren=, with infy 7, > 0 be a set of durations.

Fort=m1+mn+ - 4+7Tm-1+s, 0<s<1m,
® S and &, aredrivenby Hs + He,, + Wy,
® £, evolvefreely VE#m
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Questions about Open Quantum Systems

Large times asymptotics

Let A= As ®Ic € B(Hs ® Hc) be an observable on acting on S only
Let 7/(A) be its Heisenberg evolution, attime t =7 + 72 + -+ - + ™m
Let p: B(Hs @ Hc) — C be a state (“density matrix”) on observables of S + C
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Questions about Open Quantum Systems

Large times asymptotics

Let A= As ®Ic € B(Hs ® Hc) be an observable on acting on S only
Let 7/(A) be its Heisenberg evolution, attime t =7 + 72 + -+ - + ™m
Let p: B(Hs @ Hc) — C be a state (“density matrix”) on observables of S + C

@ Existence of asymptotic behavior of lim; .., po 7/(A) ?
Dependence of an asymptotic state on the initial state p ?

® If Alim; .. po7’(A),what about arandom set up ?
Random interactions, time durations, elements &, and/or initial state p ?

@® ( initially at thermal equilibrium = thermalization ?

® More general observables, like the energy variation ?
Non trivial entropy production ?

Asymptotic 2% law of thermodynamics ?

® Non-trivial examples ?
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Motivation

Experimental reality

One-atom maser Walther et al '85, Haroche et al '92

e e O. . Qﬁ
& I NG
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® S : one mode of E-M field in a cavity
® ¢, : atom #k interacting with the mode

@® ( : sequence of atoms passing through the cavity
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Motivation

Experimental reality

One-atom maser Walther et al '85, Haroche et al '92

e e O. . Oﬁ
& 5 NG

® S : one mode of E-M field in a cavity
® ¢, : atom #k interacting with the mode

@® ( : sequence of atoms passing through the cavity

ldeal RIQS used as models Vogel et al '93, Wellens et al ‘00

= Random RIQS model fluctuations w.r.t. ideal situation
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Mathematical Framework

GNS representation
Let p € B1($H) be a density matrix on $

0<p=> Xlpj)p;| and Trp=1
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Mathematical Framework

GNS representation
Let p € B1($H) be a density matrix on $

0<p=> X\lej){ps| and Trp=1

GNS:
p — pure state |¥,)(¥,| on enlarged Hilbert space

® H-H=HR9
@ peBi(H) =V, =3V Np;®p; €H
@ AcBH) —TI(A) =Axl, € B(H)

=Tre (pA) = (V| A® Is U,p)p = Trag(|,) (F,|TI(A))
® [, ® B e B(H) don't play any role

® [or gases with oo -ly many particles, GNS is required and non-trivial
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Liouvillean

Evolution of observables
Tt(A) _ eitHAe—itH c B(f))

Evolution of states
pE Bl (5{)) . e—thpe'LtH c Bl (Sj)
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Liouvillean

Evolution of observables
Tt(A) _ eitHAe—itH c B(f))
Evolution of states

D c 81(5{)) . e—ithe'itH c Bl(ﬁ)

Invariant states
Tr(e "™ pe™ A) = Tr(pA), YA € B(§)

Liouville operator

Given p invariant, 4 a unique self-adjoint L on H =$H ® $ S.t.
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Liouvillean

Evolution of observables
Tt(A) _ eitHAe—itH c B(f))
Evolution of states

D c 81(5{)) . e—ithe'itH c Bl(ﬁ)

Invariant states
Tr(e "™ pe™ A) = Tr(pA), YA € B(§)

Liouville operator

Given p invariant, 4 a unique self-adjoint L on H =$H ® $ S.t.

{Iu#@@) = MI(A)e ™ €N

(&
LY, = 0
Simple setup

L=H®Ils -1y ® H
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Formalization

After GNS (writing A for TI(A))

® Hilbert spaces Hs, He,, and He = He, @ Hey, @ Hey ® - - -
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® Stateson S, &, C are density matrices on Hs, He,, Hec
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Evolution of observables As — 75(As), As, — T£(Ag,) + tech. hyp.

Assumption: 3 invariant states (cyclic and separating)
Vs € Hs and Ve, € Hg, St
T (Ay) = # Aye " # and LyVy =0, where # =S or &,
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Formalization

After GNS (writing A for TI(A))

® Hilbert spaces Hs, He,, and He = He, @ Hey, @ Hey ® - - -

@® Algebras of observables Ms C B(Hs), Me, C B(He,, ) and Me C B(He)
® Stateson S, &, C are density matrices on Hs, He,, Hec
®

Evolution of observables As — 75(As), As, — T£(Ag,) + tech. hyp.

Assumption: 3 invariant states (cyclic and separating)

Vs € Hs and Ve, € Hg, St
T;(A#) — eitL#A#e_itL#v and LyWy =0, where # = & or &y

Entire system

S+ConH="Hs®@Hc,drivenby L¢ee = Ls + ), Le,
Interaction

Vie € Ms @ Mg, , the GNS repres. of W;, + tech. hyp.
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Dynamics

Repeated interaction Schrédinger dynamics

Forany meN,ift=m+7m+---+7, and v € H,

where the generator for the duration 7, is

Em — 7-771[1771 + Tm Z LS,k
k#£m

with L, = Ls+Ls, +Vy On Hs ®He,  coupled
Le i on He, free
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Dynamics

Repeated interaction Schrédinger dynamics

Forany meN,ift=m+7m+---+7, and v € H,

U(m) = e Fme tm-1... g7 1y

where the generator for the duration 7, is

Em — 7-771[1771 + Tm Z LS,k
k#£m

with L, = Ls+Ls, +Vy On Hs ®He,  coupled
Leg 1. on He, free

To be studied

Let o € B1(H) be a state on H and As € 9t an observable on S

m — o(U"(m)AsU(m)) = o(a(As)), as m — oo
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Reduction to a Product of Matrices

Special state

Q0:<\D0’°\Ifo> where
Vg =Vs® Ve and Ue =g, QWVge, ®--- € Hc

P =1x, ® |Wc)(Pc| isthe projectoron Hs ® C¥¢ ~ Hs
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Q0:<\D0’°\Ifo> where
Vg =Vs® Ve and Ue =g, QWVge, ®--- € Hc

P =1x, ® |Wc)(Pc| isthe projectoron Hs ® C¥¢ ~ Hs
C'— Liouvillean Given Ls, Lg,, and V,, € Ms @ Mg, ,

etlm fe—ilm — oiKm fo—iKm 4 € Ms Q Mec
4 K,, S.t.
K,Ws® Ve = 0.

K., is not self-adjoint, not even normal ! Jaksic, Pillet '02
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Reduction to a Product of Matrices

Special state

Q0:<\D0’°\Ifo> where
Vg =Vs® Ve and Ue =g, QWVge, ®--- € Hc

P =1x, ® |Wc)(Pc| isthe projectoron Hs ® C¥¢ ~ Hs
C'— Liouvillean Given Ls, Lg,, and V,, € Ms @ Mg, ,

etlm fe—ilm — oiKm fo—iKm 4 € Ms Q Mec
4 K,, S.t.
K,Ws® Ve = 0.

K., is not self-adjoint, not even normal !  Jaksic, Pillet '02

Km = Tm(Lfrege + Vi — Vin), Vi = JmAéLVmA;L% T, Tomita-Takesaki '57
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Reduction to a Product of Matrices

Evolution of pg

eiil . .eif/mAse—if,m o e—iil \I’0>

eiKl o .ez'Km Ase—z‘Km . _e—iKl \I’0>
Pef1 .. e Bm Ag P

o|(Pe' 1 P)(Pe' 2 P) ... (Pe'"m P)Ag W)
Ws|Mi My - M, As¥s)

oo(a™(As)) =

s e
o o o

S

<
<
=
<
(

where M; ~ Pe'*iP on Hs.
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Reduction to a Product of Matrices

Evolution of pg

oo(a™(As)) = (Yo eilt ... eilm pgeilm ... e_iil\IJ()}
= (WgleF1 ... etfim Age™Em . eT 1)
(Wo|Pe ™1 ... eFm Ag PWg)
= (Up|(Pe*1P)(Pe™2P) .- (Pe'"™ P)AsWy)
= (Us|MiMs-- M,As¥s)

where M; ~ Pe'*iP on Hs.

Reduced Dynamical Operators
{Mj - L(Hs)}jeN s.t. 3C < oo and Y5 € Hs with

{ M;Us = Us
| My, My, -+ My, || < C, V{Ji}ien

Note: Unitarity of evolution and dim Hs < oo.
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Reduced Dynamical Operators

RDO'’s {M; € L(Hs)}jen S.t. 3C < >0 and ¥s € Hs with

{ M;¥s = Vs
[ My, Mj, - - My, || < C, V{Ji}ien
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Reduced Dynamical Operators

RDO'’s {M; € L(Hs)}jen S.t. 3C < >0 and ¥s € Hs with

{ M;¥s = Vs
[ My, Mj, - - My, || < C, V{Ji}ien

b Im 2

Consequence f
spec M; C <1 ’
Vi €N P i CHlzl <1}
1 € spec M, \

Rem: |M,|| can be large
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Reduced Dynamical Operators

RDO'’s {M; € L(Hs)}jen S.t. 3C < >0 and ¥s € Hs with

{ M;¥s = Vs
[ My My - - My, || < €, V{ji}ien
} Im 2

Consequence /

spec M; C <1 )

Vi €N P i CHlzl <1}

1 € spec M; \

Rem: |M,|| can be large

Uncoupled case
Vi=0 = M, =e "7"S unitary,

1 is dim hs-fold degenerate

{ spec M; = {e” "m0y, <: 1
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Reduced Dynamical Operators

RDO'’s {M; € L(Hs)}jen S.t. 3C < >0 and ¥s € Hs with

{ M;¥s = Vs
[ My My - - My, || < €, V{ji}ien
} Im 2

Consequence f

spec M; C <1 )

Vi €N P i CHlzl <1}

1 € spec M; \

Rem: |M,|| can be large

Uncoupled case

—i7; L : A Im Z
Vi=0 = M; =e "77% unitary, ///
spec M, = {e~"miler=e)l, L
1 is dim hs-fold degenerate \,\\ Re 2

Fact: In general, M; M- --- M, does not converge as n — oo!
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ldeal RIQS

Identical RDQO'’s
M; =M, VjeN

Assumption (E)

spec M NS' = {1}
1 is simple
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ldeal RIQS

Identical RDQO'’s
M; =M, VjeN

Assumption (E)

spec M NS' = {1}
1 is simple

Consequence

lim M™ — Py.v = |¥s){¥|, where P; spect. proj. of M on1l

m— 00
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ldeal RIQS

Identical RDQO'’s
M; =M, VjeN

Assumption (E)

spec M NS' = {1}
1 is simple

Consequence

lim M™ — Py.v = |¥s){¥|, where P; spect. proj. of M on1l

Repeated Interaction Asymptotic State Bruneau, J., Merkli '06
Under (F), for any state p on 9t and any observable As on S

lim o(a™(As)) = o+ (As), o+(1) =(¢| - ¥s), astateon Hs

m—00

Actually, if t =m(t)T +s(t), 0 <s(t) < T,

lim |o(a'(As)) — o4 (Pa*™ (As)P)| = 0, i.e. “RIAS”

t— o0

QMath10, Moeciu, September 2007 —p.13/18



Random Repeated Interaction Quantum Systems

Setup Let (0, F,dp) be a probability space

Let Q0 5 wo — M(wo) € 'H be an RDO valued random variable:

M(LU())\IJS = \Ifs, \V/u)() c Qo
IM(w1)M(w2) -+ M(wm)|| L C V(wi,wa, - ,wm) € 25", ¥Ym €N,
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Random Repeated Interaction Quantum Systems

Setup Let (0, F,dp) be a probability space

Let Q0 5 wo — M(wo) € 'H be an RDO valued random variable:

M(LU())\IJS = \Ifs, \V/u)() c Qo
IM(w1)M(w2) -+ M(wm)|| L C V(wi,wa, - ,wm) € 25", ¥Ym €N,

Product of i.1.d. random matrices
Let Q =Qy, dP =1l,5>:dp and w = (w1,w2,ws,...) € .

x(m,w) = M(w1)M(w2) - M(wm), as m — oo.
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Random Repeated Interaction Quantum Systems

Setup Let (0, F,dp) be a probability space

Let Q0 5 wo — M(wo) € 'H be an RDO valued random variable:

M(LU())\IJS = \Ifs, \V/u)() c Qo
IM(w1)M(w2) -+ M(wm)|| L C V(wi,wa, - ,wm) € 25", ¥Ym €N,

Product of i.1.d. random matrices
Let Q =Qy, dP =1l,5>:dp and w = (w1,w2,ws,...) € .

=
x(m,w) = M(w1)M(w2) - M(wm), as m — oo.

Simplification: The RRDO M (wy) satisfies (E) on € .

Thus
M(w;) = M; = [Vs){(¢;| + Mg,
where
P; = |Ws)(vy,| spectral projectoron1l, @Q; =({I— P;)
Mg, = Q;M;Q; s.t. specMg. C {|z] <1}.
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Product of Random matrices

Properties

Pj Py = Py = [Ws) (k| 4] <C
QjPr =0, Mg, ---Mg,,|| <C
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Product of Random matrices

Properties

Pj Py = Py = [Ws) (k| 4] <C
QjPr =0, Mg, ---Mg,,|| <C

Fluctuating + decaying parts

x(n,w) = |¥s)(On|+ Mq, - Mg,
en — ¢n +Mé5n¢n—1 +M5nMé5n_1¢n—2 ++Mé5n MC>52¢1
Rem: If (E) not satisfied, ; := Pf‘,Mj Us is OK,
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Product of Random matrices

Properties

Pj Py = Py = [Ws) (k| 4] <C
QjPr =0, Mg, ---Mg,,|| <C

Fluctuating + decaying parts

x(n,w) = |¥s)(On|+ Mq, - Mg,
en — ¢n+Mén¢n—1+M5nMggn_1¢n—2+"‘+M*n MC>52¢1
Rem: If (E) not satisfied, ; := Pf‘,Mj Us is OK,

Ergodic/Cesaro limit

N
, 1 T
Nh_rgoﬁ E x(n,w) ergodic limit

n=1
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Product of Random matrices

Properties

Pj Py = Py = [Ws) (k| 4] <C
QjPr =0, Mg, ---Mg,,|| <C

Fluctuating + decaying parts

x(n,w) = |¥s)(On|+ Mq, - Mg,
en — ¢n+Mén¢n—1+M5nMggn_1¢n—2+"‘+M*n MC>52¢1
Rem: If (E) not satisfied, ; := Pf‘,Mj Us is OK,

Ergodic/Cesaro limit

N
, 1 T
Nh_rgoﬁ E x(n,w) ergodic limit

n=1

General hypothesis
p(M(wo) satisfies (F)) > 0.
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Main Results

Theorem (Decay) Bruneau, J., Merkli '07
dJa >0, C >0 s.t.

) [|[Mg, --- Mg, || <Ce "™, V¥n >1, almostsurely
i) E(M) satisfies (E)
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Main Results
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Theorem (Decay) Bruneau, J., Merkli '07
dJa >0, C >0 s.t.

) [|[Mg, --- Mg, || <Ce "™, V¥n >1, almostsurely
i) E(M) satisfies (E)

Theorem (Fluctuation)

Recall x(n,w) = M(w1)M(w2) -+ M (wp)

) imN—oo = >on_, X(n,w) = |Ts)(f]|, almost surely
i) 0 = Pleon¥s =337, E(Mg) "E(4)

Theorem (Ergodic limit of RRIQS)

For any state ¢ on 9t and any observable As on S,

My oo 5 Yon_, 0(al(As)) = (0| AsV¥s), almost surely
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Comments

® Beck-Schwarz '57 Existence of erg. lim. of x(n,w), but no value
® Order matters

M(wn)M(wn—1) - M(w1) = [¥s) (oo (w)| + O(e™") as

Moo (W) = Y(w1) + Mg (w1)p(w2) + Mg (w1) Mg (w2)Y(ws) + - - -

® Numerous results on pdts of random matrices (e.g. Guivarc’h, Kifer-Liu, ),
focus on

1. Lyapunov exponents
2. Limitin law, or pdt. in the “wrong” order
3. Stochastic or invertible matrices

® ,, — o via cyclicity and separability of g .
® More general observables can be considered.

= for RRIQS, positive entropy production in the RIAS and (averaged) ond
law of thermodynamics if C at thermal equilibrium.
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Applications

Spin-spin
® S and &; spins with e.v. {0, Es}, resp. {0, E;}
® W;=M\as®aj+as® aj)

® U, tracial, Ve, ~ope; = e P, AR,
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Applications

Spin-spin
® S and &; spins with e.v. {0, Es}, resp. {0, E;}
® W;=M\as®aj+as® aj)
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Explicit computations
M; s.t. (E) true & 1, #T57,
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Random energies and durations
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Applications

Spin-spin
® S and &; spins with e.v. {0, Es}, resp. {0, E;}
® W;=M\as®aj+as® aj)
® U tracial, U, ~ gpc, = e e )7,

Explicit computations
M; s.t. (E) true & 1, #T57,

where T; = 27 /+/(Es — E;)? + 42

Random energies and durations
Let wo — (E(wo), 7(wo)), S.t. p(r(wo) # T(wo)Z) >0

Then, for any p and a.s.,

lim — Z o(c ~ 05 s(As), B explicit and complicated

N—>oo

Ideal RIQS 3 = BEs/Es i.e. nothermalization
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