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In a classical system: complete information of a system implies
a complete description of its individual parts and vice versa.

A B
In quantum phyWr true: If ABis a quantum

system, then:

AB in a pure state

W > /' A and B are
AB/ individually in pure

states

A and B can be correlated in a way which has no classical
analogue:

A and B are entangled.
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Separable and Entangled States

A pure state |¥.s) of a bipartite system AB is separable if it is
expressible in the tensor product form:

W) =10)0lw,)

Else it is entangled!

Moreover, ‘ LIJAB>iS a maximally entangled state (MES) if its
reduced density matrices are given by completely mixed states
1
p, =—=p,|: egabettstate 7
d W) = —H00) +|11
| | W) =—=00) +[1 )2

A bipartite mixed state is separable if it is of the form

P s
Pap = Z pi(o Dw’) Else it is entangled.
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Entanglement plays a crucial role in Quantum Information
Theory.

It is a novel resource which can be used to perform tasks
which are impossible in the classical realm, e.g.,
teleportation, superdense coding, quantum cryptography etc.

a fundamental property of entanglement: it cannot be
created by local operations and classical communications
(LOCC) alone.

However, one can transform one entangled state to another by
LOCC alone: this is called as entanglement manipulation


http://www.cam.ac.uk/

FE UNIVERSITY OF
4V CAMBRIDGE

Alice shared entangled state Bob

éLocal (LO)
:operations

if E (,UAB) denotes entanglement of state  Ojghen :

Pas cc— YAB E(UAB) = E(pAB)
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An essential property of any quantity that is used to

characterise entanglement is that it cannot be increased by
LOCC alone

For a bipartite pure state W, ) one such quantity is its
Schmidt number:

\LP AB) is entangled if and only if its Schmidt number > 1.

There is no such simple quantity characterising the
entanglement of arbitrary bipartite states P4

However, one can establish asymptotic measures of
entanglement for any arbitrary bipartite state 0 gby
considering suitable entanglement manipulations of it.
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Why do we need entanglement manipulations?

to convert the entanglement of a state to a standard form
or “currency”.

This also allows us to compare the entanglements of two
different entangled states.

To obtain “standard form” or “currency” for entanglement:
define the entanglement of maximally entangled state (MES)
of rank M

W)=Y el tobe (W) =loe.....1)

This yields a benchmark against which to measure the
entanglement of other states.

[Note: take logarithmin (1) is taken to base 2]
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Asymptotic measures of the entanglement of any arbitrary
bipartite state O are then obtained by considering :

entanglement manipulations which convert

multiple copies of 0 £ACe7 . multiple Bell pairs

(or vice versa)

[In

P m Bell pairs (Entanglement Concentration)
[In
or equivalently, P MES of a rank
M =2"" {nON)
[} [In

m,, Bell Pairs P~ (Entanglement Dilution)
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Denoting a the density matrix of a Bell pair by = @Wthe above
transformations can be denoted as follows:

n Um, - 7
p O™ o™ O - 2 i

with

Sirdd ntabglerniit EAMoDHiikickeabal by EATEwe have
m, < E(p) <mQ E(@, ) =m,

Hence

n

Note: transformations (i) and (ii) cannot be achieved
perfectly for finite . Hence one allows imperfectiéns and
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|f Tnpn oCcC

~

- 0

FIDELITY: |F, = F(rn(pn),q\n) =Tr(r (p,)0,)

[final state] [target\state]

and we require that | £, — las 7 — @

The asymptotic entanglement measure of the state O

| .
£(p)=lim—E(p™")
We have:

I

liminf 22 Sé‘(,o) < limsup " Q (m SE(pD”)Sm;
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Thus the entanglement manipulation protocol yields two
(different) asymptotic entanglement measures for a bipartite

state
(1) the entanglement cost
E.( p) = inf limsup
n— 00 n

1

rw[lm,'q Dgcp_) pDn
F,O0p31

: the minimum number of Bell pairs needed to create P

(i) the distillable entanglement

ml’l

ED(,O) = sup liminf
ne®p

rpDn D BCLD—) a)Dmn
F,00 51

&

: the maximum number of Bell pairs that cTn be extracted

locally from the state /) Hence, £, ( P
f3s a resource (for an entanglement-

the entangled state
based protocol).

gives the value of
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For a bipartite pure state ‘LPABht is known that
k), ( | LIJAB>) =S8(p,) =S(ps) = E, ( | LIJAB>)

Here 0, and p;: reduced density matrices of the subsystems

A and B resply., and denoteswhe von Neumann
entropy of : P,
Hence, locally transforming ‘LlJAB>D” o S

is an asymptotically reversible process.

Moreover ©(04) is the unique asymptotic entanglement
measure for |W,,) since any other entanglement measure

E for |W.s) satisfies:

EpSESEe |[Donald et al.]
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The practical ability of transforming entanglement from one
form to another is useful for many applications in Quantum
Information Theory.

However, it is not always justified to assume that the
entanglement resource available consists of states which are
multiple copies (tensor products) of a given entangled state.

In other words, the entanglement resource need not be
“memoryless” or “i.i.d.”.

More generally, an entanglement resource is characterized by
an arbitrary sequence of bipartite states, which are not
necessarily of the tensor product form.
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These sequences of bipartite states are considered to exist
in Hilbert spaces /Z," OA," for n ={1,2,3,...}

Our Aim: to establish asymptotic entanglement measures

(00}

for arbitrary sequences of bipartite states : P :{ ,On} _

n=1

The only assumption that we make is that Hand Hare
finite dimensional

f o =p" forsomestate P :

then one retrieves the usual memoryless scenario discussed
thus far.
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In order to establish £c ( lb)and L ( f))’or such arbitrary
sequences of bipartite states O :{ ,On} »we make use of the
so-called Information Spectrum Approach.

This approach was developed in Classical Information Theory
by Verdu and Han and was first extended into Quantum
Information Theory by Hayashi, Nagaoka & Ogawa.

The Information Spectrum Approach is a powerful method for
obtaining the optimal rates of various protocols.

The power of the method lies in the fact that it does not rely
on any specific nature of the sources, channels or
entanglement resources involved in the protocol.
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Spectral Projections

The Quantum Information Spectrum (QIS) approach requires
the extensive use of spectral projections.

For a self-adjoint operator A with spectral decomposition
A=Y Ali)i

we define the spectral projection on A as
N :the projector onto the eigenspace
(420 =31 { e gersp

of non-negative eigenvalues of A

For 2 operators A and B we can then define

{4z B} ={ 4-B =0}
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For any given constant Y, one can associate with each

sequence of bipartite states  p :{ pn} "~ asequence of

n= 1

orthogonal projectors { py} with PY :[ 0 = 7YY

n=l1

: y : :

i.e., E, projects onto [ the eigenspace of p,
correspondin%tpnthe eigenvalues
which are =2

i )€l

P’ =

n
iAT=27"

if P, = ZA"

:|spectral decomposition

n n
e\ e
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Using these projections, for any sequence ,5 :{ Pn} one
can define 2 real-valued quantities : n=1

S(p) = inf inf-spectral entropy rate

y:limsup Tr P/ o, BH=1

n—o

S(P) = Sup{ y:liminf Tr g;y P, BF (}}up-spectral entropy rate

n— o

RESULTS: Ec=S(p) and Eo=5(P)

S(p) < liminf 1~ S(p ) < limsup—S(p.) < S(P)
n n

n—-o

n—-o

ror| PPV erave S(D)=5(0)=3(p)
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Asymptotic Entanglement Dilution of Pure States

@/ 1Locc\@

Alice
—1

W >:;MZ‘1'§”)>‘1'§”)> . MES of rank M,

‘¢n> [] HAD” [] HBD” . partially entangled target state

am: | {|wn ), 0BB-|

@),
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Definitions: Achievable rate and Entanglement Cost

Achievable Rate: R is an achievable dilution rate if
[1e >0,V such that [z = Nan LOCC transformation

exists that takes

F 21-¢ and llogMnSR
n

with fidelity

The entanglement cost:

E.=mf R

for the required class of transformations.
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Theorem 1: The entanglement cost of a sequence of pure
bipartite target states { ‘q;)} °°_11's given by

EC:S('@) where /A?:{P,f]:gith p’f:TrB‘Canch

is the sequence of subsystem states.

Here S(p):=inf

y:limsup Tr 7/ p, B 1}

n—o

Hence | Dy >5(p), Tr@’p, B0 001 | B/ ={p, 2271

: : : 4
i.e., the eigenspace corrs.to eigenvalues of P, which are
> 27"(P) s a high probability subspace
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Proof :Let the target state |®, have N non-zero Schmidt
coefficients. Let its Schmidt decomposition be given by

Nn
) =3 Ak
=1

where the Schmidt coefficients A  are arranged in
decreasing order:
A zA,, 2.

nl =

Protocol: Alice has a bipartite system 44’ and locally
prepares the state

Nn
,),, =3 LK)

Then she teleports the state of the subsystem Ato Bob,
using her part of the MES ‘ LPL>
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@d MES state

—

\

fml

Alice

2

Bob

Alice locally prepares AA'in a state

N,
-5 ke

Alice teleports A to Bob using her part of ‘ LPLH >

e
...
.
*
o .
* *
g .
& .
d [
————————————————>: .
"
- n
. o
. Uy
.

* o
. o
0 o
L4 *
ey .®
Taamuns®
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@l O

Alice Bob

If M, =N, the teleportation can be done perfectly and
the final shared state is the desired target state:

~ N,
5,)=10.),, = 3 [k k)

I. . oy o
The subsystem A'is now referred to as  Bsince it is
now in Bob’s possession.

In this case the fidelity : F =1

n



http://www.cam.ac.uk/

FE UNIVERSITY OF
4V CAMBRIDGE

However, if M, <N, then Alice can perfectly teleport only
the (unnormalized) truncated state

~ M,
6.,)= 3 Vo) k)

Note : only the M.largest Schmidt coefficients of the target
state ar{ébrétai ned in the teleported state

This is the “quantum scissors effect”: if the quantum state to
be teleported lives in a space of a dimension higher than the

rank of the MES shared between the 2 parties, then the higher
dimensional terms in the expansion of the state are “cut-off”.
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Hence, for M, <N, the final shared state between Alice and
Bob after the teleportation can be expressed as

~/

) (P, |+0,"

n

AB
where g, is an unnormalized error state.

Fidelity for M, <N,
Using Uhlmann’s Theorem we prove that
F=F([®,, )(®,, |[+0,". |, )(o,|
(final state) (target state)
>[(@, |0, )| =Tr(0f, o)

Qj\fj: orthogonal projection onto the {drgest
" eigenvalues of p; =Tr, |P (P

+a]fB,

n
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Fidelity (for M, <N, )

F, 2 Tr( 0y o))

A
Oy = orthogonal projection onto the M |argest
. A
eigenvalues of the reduced state O,

CLAIM: By choosing M, appropriately we can ensure:
FOQB1

i.e., in spite of truncation of the state under teleportation,
unit fidelity achieved asymptotically!!
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PROOF:
Rank of

Why?

Note that Pny

S(p) = 1nf

Define a projection operator

P =pl 22

P’ satisfies: |TrP” <2"

O TrP! <2V

(ol o

y:limsup Tr P/ o, H=1

n— oo

is the projection used in defining the

where O = ,O,f

Hence

Oy > S(p) we have TrHP/p

B0 031
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We saw that | £, 2 TT( Oy P, )

(Q1) How can we prove that £ [0 [] [1. 17

(A1) By proving that:

Te( Q) p!) 2 THE ) with V>S(P) .

(Q2) Why?
(A2) Because Tr(PVp ) 0031

(Q3) How can we choose M , such that (a) holds ?_
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: 4, :
Eigenvalues of P, indecreasing order

labels Cee M,
I % / QM projects onto first
__________ M, eigenvalues
values 27 P projects onto all
1--_____/_ ___________ eigenvalues > 2"/

(thereare <2" suchvalues TrP <2”

If we choose M, 22" then TI”(QM ) 2 Tr(P) p;)

“IF (QM ) (PVP)DDB*1 for ¥V >S(P)
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ftherank M of the initial shared MES | is:

M, = @ny Ewith y>S(D) . then TN R

Hence, a rate R= 1 logM > g( o) Is achievable!

n

Weak converse: Arate R < S(0)is not achievable

Hence, entanglement cost:

E.=inf R=5(p) "
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Schematic summary of protocol for entanglement dilution

Aim:

where

Wi, 0EE{|o,)

o0
n=l1

©)=3 A

k)

@ (1) Locally prepares AA’ in state ‘CD>

(2) She teleports A" to Bob

o If M,<N, then

n

F OO

if we choose

M

such that

1

n

log M, > S(p)

n
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Asymptotic Entanglement Concentration of Pure States

(00}

~

~
~
~
~

~ {
~
~

@/{ )}

LJ—I- >} ”,’
M
T p=l

{ ‘ O} >} ::1 : partially entangled pure states

AIM:

(o) OHE

lwn )
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If the fidelity of this LOCC transformation:  F [ [ [ 1

then, any R< llog M, is an achievable rate:

n

Distillable entanglement: | £, =SupR

THEOREM (Hayashi): For the entanglement concentration
protocol [ ‘cbn>] - HRip { ‘ ‘P;dn >}

ED:§(Ib)

(00)
n=1

where P :[ 'Ocﬁn] -1 with pcﬁn :TrB‘ch><ch
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Proof: Let initial shared state: ‘ ”> Z\/ n.k

k)

Define projection operators P’ ::{ ,O,f > )Y ]’;4}

wd [B/ =17~/ =[ o/ <271

Note : Pny is the operator used in defining S(p)

n — 00

S(p)=supl y:limint Tr (Y H=0) ror P ={ P,

Hence for YV <5(P) . Tr (P/p,)0 O[30

n — 0
— [y N —
It (P.p;)0 01
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@/ D)

initial shared state

PROTOCOL:

@ (1) Does a von Neumann measurement corrs. to

PY, P’

on her part of shared state®, )

/

If outcome corrs. to £
Failure!
Protocol aborted!
Probability=  Tr (P’ p;')

\

—V

If outcome corrs. to P
Success!

Probability= Tr (ﬁpf)
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If the outcome corrs. to £ post-measurement state:

®,), 0@& 01))

ch

>AB|:| Z \/a

k)

k")

kid, <27

since P’ :={ p < 2_””];1}

Normalized
post-meas. state:

W)

P

kid, <2 }‘/ Tr(ﬁ z): ,0,;4 )

ky")

/

square root of eigenvalues of pjn ( =Tr, ‘ L|Jn><L|Jn

each eigenvalue of

L 2"
IO‘-lJn < -y 4
Tr(Plp!)

|
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@ Alice’s measurement (if successful) takes

@) DE-[W,)

We wanted: ‘(Dn> 0 0- ‘ LIJI4>

(Q) Is there an LOCC operation that will take:

W) O[5 )

(A) Yes! Use Nielsen’s majorization theorem.
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By Nielsen’s Majorization Theorem  |W,) O [J.0-|¥}, )

Awn ,A%: vectors of Schmidt coefficients of  |¥.): LPL">

. . A A
i.e., vectors of eigenvalues of Oy , 0.
& M

. —ny
each eigenvalue _ 27 . 41 | B
- b <+ D—a— °°°°°° —9D

(1) holds if we choose M such that :
27 1
<
Ti(P/p,) M,

d{M, <2"Tr(Pp?)
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We need: M, <2"Tr(P/p!): Let |M,=R" TP/ p,))E

(00)

A

if V<S(D) where P :{ P, } ~then
Tr(P/pHyO O[30

Probability of failure:

—
Probability of success: Tr (£/p,) U A1

1 .
Achievable rate: = ;log M, <S5(p)

Weak Converse: Arate R >S(0)is not achievable

Distillable Entanglement: E,=S(p)
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Schematic summary: protocol for entanglement concentration

Aim : {‘CDH>AB} ::1 D@Cﬁ_’[‘w& > ]

n/ AB n=1

(00)

PROTOCOL:

(1) Does a von Neumann measurement corrs. to
@ P’",P’  on her part of shared state®,)

_— T

If outcome corrs. to P’ If outcome corrs. to P,
Failure! Success!
®,) 00 |¥,)
pd

it y<S(p) LO%)
yiq

(i) Prob.of success. L 1 [H1 & ‘LPL>
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Entanglement Dilution

Summary

[ v >AB] °°1 afigay

Entanglement cost -3 (D)
where  » _ ©  with
p={ps}

Entanglement Concentration { D) AB}

pgn — TrB ‘Cbn><cp

®,) uf

00}

n=1

Distillable entanglement | £

o0}

a @Cﬁq{\w;n >AB} :
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(00]

Any sequence of bipartite pure states { ‘ D, > AB] __for which

A 1.1 = .
S(p)=lm—-S(p,)=S(p) :information stable on
S its subsystems
asymptotic entanglement measure:

1
E.=FE, :}Elfg;S(pn) here £, :TrB|ch><q)n|

(00]

L o ’ :{ D”} sequences of
e.g. if {‘ ”>AB} n=l ‘¢>AB n=l memoryless/i.i.d. states

then P :{ PDn] ::1 with P =Tr;[¢)(9)
and  5(p)=5(p)=S(p)

Hence, ‘EC =E,=5(p) \:unique entanglement measure
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However, @equences {‘q)n>AB] ,of bipartite pure states for

which the corrs. sequence of subsystem states are
not information stable: S(p)#S(P)

e.g. sequences for which the reduced states are:

W) =t]g,) " +J1-1)]¢,) "

with 70(0,1) and S(o) <S(w)

For such sequences |E,, :S(J) <S(a)) =k,

Hence, the asymptotic entanglement measure is unique only
for information stable sequences !
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SUMMARY
For an arbitrary sequence of pure bipartite states { ‘ P, >AB} n=
p={Tr,|®, ) (®,]

n=l1

(00]

entanglement cost  |Ec =S(0);

distillable entanglement | £ :§( ,f))

E =F only for sequences of states which are
c D

information stable, i.e., for which S(D) = E( )

only such sequences have a unique asymptotic entanglement

measure.
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NOTE: The quantities S(2)  S(P)

are obtainable from 2 fundamental quantities: the spectral
divergence rates:

D(P| &) :=inf Ey:hmsupTr@nn(y) > 0} Fln(y)Q:O§
0T =

D(p || w) = sup %/:liminfTr@ﬂn(y)ZO} I'ln(y)@ﬂ%
g "

Ja

Here P :{ pn] ; w:{ wn] ::qnd n.y=p,-2"w,

By substituting  @=1={1,} _ we get

n=l1

S(p)=-D(p| 1) and S(p)=-D(p| 1)
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From D(p||&®) and  D(p|l @) we obtain

s(p)=-Dp D f"  [s(p)=-DpIIT)

a 00

by substituting @=1={1,} "_

The spectral divergences rates can be viewed as
generalizations of the quantum relative entropy:

S(p||lw)=Tr plog p-Tr plog w

since

S(p)=-S(p|l1)
S(AlB)==-S(p™ |17 8 p°)
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The Quantum Information Spectrum Method provides a
unifying mathematical framework for evaluating the optimal
rates of various information theoretic tasks e.g. entanglement
manipulation, data compression, data transmission, dense
coding etc.

OPEN PROBLEMS

Use the Quantum Information Spectrum Method to:

Find the quantum capacity of an arbitrary quantum channel.

Find the optimal rates for various other informations theoretic
protocols, such as, distributed quantum compression, quantum
capacity in the presence of feedback,

etc., using arbitrary sources, channels and entanglement
resources.
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