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o
d
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H
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L

2(
R

)
w
e
co
n
sid
er
th
e
S
ch
rö
d
in
g
er
o
p
erato
r

(H
f
)(x
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:=
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12
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1

M
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V
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(x
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x
∈

R
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∈

W
1
,2(

R
)

:
1M

f
′
∈
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e
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∞
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∞
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∈
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∞
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ca
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d
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
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p
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∈
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∈
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
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∈
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b
th
e
H
am
ilto
n
ian

H
b ,

(H
b f

)(x
)

:=
−

1

2
m

b

d
2

d
x

2
f
(x

)
+

v
b f

(x
),

(1
4
)

f
∈
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⊕
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n
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b
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m
u
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b
e
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n
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b
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te

T
h
e
eq
u
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riu
m
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b
-states
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̺

a
,̺

I
an
d

̺
b
w
h
ere:

̺
a

:=
f
a (H

a
−

µ
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̺
I
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f
I
(H

I
−

µ
I
),

̺
b

:=
f
b (H

b −
µ
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(1
7
)

A
p
h
y
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F
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W
.
R
.:
B
o
u
n
d
ary
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n
d
itio
n
s
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r
o
p
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q
u
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tu
m
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s

d
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m
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u
ilib
riu
m
,
R
ev.
M
o
d
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P
h
y
s.
6
2
(1
9
9
0
),
7
4
5
-7
9
1
,

p
ro
p
o
ses

f
j (λ

)
:=

c
j
ln

(1
+

e
−

β
λ
),

j
∈
{a

,I
,b}

λ
∈

R
,β

:=
1/

T
.
T
h
e
co
n
stan
ts
are
g
iv
en
b
y

c
j

:=
q

m
∗j

π
β

,
w
h
ere
th
e

m
∗j
’s
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o
n
e
d
im
en
sio
n
al
effectiv

e
m
asses.

T
h
e
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itial
state
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̺
D

:=
̺

a
⊕

̺
I
⊕

̺
b .
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T
im
e-d
ep
en
d
en
t
co
u
p
lin
g

T
h
e
m
ain
q
u
estio
n
:
can
w
e
co
n
stru
ct
a
N
E
S
S
fo
r
{
H

,H
}
startin

g

fro
m

̺
D
?

L
et
u
s
assu
m
e
th
at
at

t
=

−
∞
th
e
q
u
an
tu
m
sy
stem

{
H

,H
D
}
is

d
escrib

ed
b
y
th
e
N
E
S
S

̺
D
.
T
h
en
w
e
co
n
n
ect
in
a
tim
e
d
ep
en
d
en
t

m
an
n
er
th
e
left-
an
d
rig
h
t-h
an
d
reserv

o
irs
to
th
e
clo
sed
q
u
an
tu
m
w
ell

{
H

I
,H

I
}
.
W
e
assu
m
e
th
at
th
e
co
n
n
ectio
n
p
ro
cess
is
d
escrib

ed
b
y
th
e

tim
e-d
ep
en
d
en
t
H
am
ilto
n
ian

H
α
(t)

:=
H

+
e
−

α
tδ(x

−
a
)+

e
−

α
tδ(x

−
b),

t
∈

R
,

α
>

0
.
(1
8
)
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T
im
e-d
ep
en
d
en
t
co
u
p
lin
g

T
h
e
o
p
erato
r
H

α
(t)
is
d
efi
n
ed
b
y

(H
α
(t)f

)(x
)

:=
−

12

dd
x

1

M
(x

)

dd
x

f
(x

)+
V

(x
)f

(x
),f

∈
D

o
m

(H
α
(t)),

w
h
ere
th
e
d
o
m
ain

D
o
m

(H
α
(t))
is
g
iv
en
b
y

D
o
m

(H
α
(t))

:=


f
∈

W
1
,2(

R
)

:

1M
f
′
∈

W
1
,2(

R
)

(
1

2
M

f
′)(a

+
0
)
−

(
1

2
M

f
′)(a

−
0
)

=
e
−

α
tf

(a
)

(
1

2
M

f
′)(b

+
0
)
−

(
1

2
M

f
′)(b

−
0
)

=
e
−

α
tf

(b)

;
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T
im
e-d
ep
en
d
en
t
co
u
p
lin
g

O
n
e
can
p
ro
v
e
th
e
fo
llo
w
in
g
o
p
erato
r
n
o
rm
co
n
v
erg
en
ce:

n
−

lim
t→

−
∞

(H
α
(t)

−
z
)
−

1
=

(H
D
−

z
)
−

1
(1
9
)

an
d

n
−

lim
t→

+
∞

(H
α
(t)

−
z
)
−

1
=

(H
−

z
)
−

1,
(2
0
)

z
∈

C
\

R
.
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T
im
e-d
ep
en
d
en
t
co
u
p
lin
g

O
u
r
d
en
sity
m
atrix

w
ill
b
e
g
iv
en
b
y
a
m
ap
p
in
g

R
∋

t
7→

̺
α
(t)

∈
B

(W
1
,2(

R
)),

w
h
ich
is
d
ifferen

tiab
le
in
th
e
sp
ace

B
(W

1
,2(

R
),W

−
1
,2(

R
))
an
d

so
lv
es
th
e
(w
eak
)
q
u
an
tu
m
L
io
u
v
ille
eq
u
atio
n
:

i
∂∂
t ̺

α
(t)

=
[H

α
(t),̺

α
(t)],

t
∈

R
,

(2
1
)

fo
r
a
fi
x
ed

α
>

0
satisfy

in
g
th
e
in
itial
co
n
d
itio
n

s-
lim

t→
−
∞

̺
α
(t)

=
̺

D
.

(2
2
)
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T
im
e-d
ep
en
d
en
t
co
u
p
lin
g

H
av
in
g
fo
u
n
d
a
so
lu
tio
n

̺
α
(t)
w
e
are
in
terested

in
th
e
erg
o
d
ic
lim
it

̺
α

=
lim

T
→

+
∞

1T

∫
T

0

̺
α
(t)d

t.
(2
3
)

If
w
e
can
v
erify

th
at
th
e
lim
it

̺
α
ex
ists
an
d
co
m
m
u
tes
w
ith

H
,
th
en

̺
α

is
reg
ard
ed
as
th
e
d
esired

N
E
S
S
o
f
th
e
fu
lly
co
u
p
led
sy
stem

{
H

,H
}
.
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T
h
e
u
n
ita
ry
ev
o
lu
tio
n

L
et
u
s
co
n
sid
er
a
w
eak
ly
d
ifferen

tiab
le
m
ap

R
∋

t
7→

u
(t)

∈
W

1
,2(

R
).
W
e
are
in
terested

in
th
e
ev
o
lu
tio
n
eq
u
atio
n

i
∂∂
t u

(t)
=

H
α
(t)u

(t),
t
∈

R
,

α
>

0
.

(2
4
)

w
h
ere

H
α
(t)
is
reg
ard
ed
as
a
b
o
u
n
d
ed
o
p
erato
r
actin
g
fro
m

W
1
,2(

R
)

in
to

W
−

1
,2(

R
).
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T
h
e
u
n
ita
ry
ev
o
lu
tio
n

T
h
ere
is
a
u
n
iq
u
e
u
n
itary

so
lu
tio
n
o
p
erato
r
o
r
p
ro
p
ag
ato
r

{
U

(t,s)}
(t,s

)
∈

R
×

R
leav
in
g
in
v
arian
t
th
e
H
ilb
ert
sp
ace

W
1
,2(

R
)
an
d
:

∂∂
t 〈U

(t,s)x
,y
〉
=

−
i〈H

α
(t)U

(t,s)x
,y
〉,

x
,y

∈
W

1
,2(

R
),

∂∂
s
〈U

(t,s)x
,y
〉
=

i〈H
α
(s)x

,U
(s,t)y

〉,
x
,y

∈
W

1
,2(

R
),

U
(s,s)

=
1.

N
eid
h
ard
t,
H
.;
Z
ag
reb
n
o
v,
V
.
A
.:
L
in
ear
n
o
n
-au
to
n
o
m
o
u
s
C
au
ch
y

p
ro
b
lem
s
an
d
ev
o
lu
tio
n
sem
ig
ro
u
p
s.
T
o
ap
p
ear.
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Q
u
a
n
tu
m
L
io
u
v
ille
eq
u
a
tio
n

W
e
n
o
te
th
at

̺
α
(t)

:=
U

(t,s)̺
α
(s)U

(s,t),
t,s

∈
R

,

seen
as
a
m
ap
fro
m

W
1
,2(

R
)
in
to

W
−

1
,2(

R
)
is
d
ifferen

tiab
le
an
d

so
lv
es
th
e
q
u
an
tu
m
L
io
u
v
ille
eq
u
atio
n
satisfy

in
g
th
e
in
itial
co
n
d
itio
n

̺
α
(t)|t=

s
=

̺
α
(s),
p
ro
v
id
ed

̺
α
(s)
leav
es

W
1
,2(

R
)
in
v
arian
t.

2
0



T
im
e-d
ep
en
d
en
t
sca
tterin

g

W
e
set

U
(t)

:=
U

(t,0
),t

∈
R
an
d
co
n
sid
er
th
e
w
av
e
o
p
erato
rs

Ω
−

:=
s-

lim
t→

−
∞

U
(t)

∗e
−

itH
D

an
d

Ω
+

:=
s-

lim
t→

+
∞

U
(t)

∗e
−

itH
.

B
o
th
ex
ist,
an
d

Ω
+
is
u
n
itary.

2
1



T
h
e
so
lu
tio
n
to
th
e
L
io
u
v
ille
eq
u
a
tio
n

...w
h
ich
also
o
b
ey
s
th
e
in
itial
co
n
d
itio
n
:

̺
α
(t)

=
U

(t)Ω
−

̺
D

Ω
∗−

U
(t)

∗,
t
∈

R
.

(2
5
)

2
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In
co
m
in
g
,
sta
tio
n
a
ry
w
a
v
e
o
p
era
to
r

W
e
n
eed
to
in
tro
d
u
ce
th
e
in
co
m
in
g
w
av
e
o
p
erato
r

W
−

:=
s-

lim
t→

−
∞

e
itH

e
−

itH
D

P
a
c(H

D
)

(2
6
)

w
h
ere

P
a
c(H

D
)
is
th
e
p
ro
jectio

n
o
n
th
e
ab
so
lu
tely
co
n
tin
u
o
u
s

su
b
sp
ace

H
a
c(H

D
)
o
f
H

D
.
W
e
n
o
te
th
at

H
a
c(H

D
)

=
L

2((−
∞

,a
])
⊕

L
2([b,∞

)).
T
h
e
w
av
e
o
p
erato
r
ex
ists

an
d
is
co
m
p
lete,
th
at
is,

W
−
is
an
iso
m
etric

o
p
erato
r
actin
g
fro
m

H
a
c(H

D
)
o
n
to

H
a
c(H

)
w
h
ere

H
a
c(H

)
is
th
e
ab
so
lu
tely
co
n
tin
u
o
u
s

su
b
sp
ace
o
f
H
(th
e
ran
g
e
o
f
P

a
c(H

)).
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T
h
e
m
a
in
resu
lt

T
h
eo
rem
0
.3
.
L
et

E
H

(·)
a
n
d
{
λ

j }
Nj
=

1
b
e
th
e
sp
ectra

l
m
ea
su
re
a
n
d

th
e
eig
en
va
lu
es
o
f
H
.
If

̺
D
is
a
stea
d
y
sta
te
fo
r
th
e
system

{
H

,H
D
}

su
ch
th
a
t
th
e
o
p
era
to
r

̺̂
D

:=
(H

D
+

τ
)
4̺

D
is
b
o
u
n
d
ed
,
th
en
th
e
lim
it

̺
α

:=
s-

lim
T
→

+
∞

1T

∫
T

0

d
t̺

α
(t)

=
W

−
̺

D
W

∗−
+

N
∑j
=

1

E
H

({
λ

j }
)S

α
̺

D
S
∗α
E

H
({

λ
j }

)
(2
7
)

exists
a
n
d
d
efi
n
es
a
stea
d
y
sta
te
fo
r
th
e
system

{
H

,H
}
w
h
ere

S
α

:=
Ω

∗+
Ω

−
.

2
4



A
co
m
m
en
t

W
e
stress

o
n
ce
ag
ain
th
at
o
n
ly
th
e
p
art
co
rresp
o
n
d
in
g
to
th
e
p
u
re
p
o
in
t

sp
ectru
m

̺
pα

:=
∑

Nj
=

1
E

H
({

Λ
j }

)S
α
̺

D
S
∗α
E

H
({

λ
j }

)
o
f
o
u
r
N
E
S
S

d
ep
en
d
s
o
n

α
>

0
,
w
h
ile
th
e
ab
so
lu
tely
co
n
tin
u
o
u
s
p
art

̺
a
c

α
:=

W
−

̺
D

W
∗−
d
o
es
n
o
t.
N
o
te
th
at
w
ith
resp
ect
to
th
e

d
eco
m
p
o
sitio
n

H
=

H
p(H

)
⊕

H
a
c(H

),
o
n
e
h
as

̺
α

=
̺

pα
⊕

̺
a
c

α
.

2
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T
h
e
resu
lt
is
stro
n
g
er
o
n

H
a
c(

H
)

T
h
eo
rem
0
.4
.
If

̺
D
is
a
stea
d
y
sta
te
fo
r
th
e
system

{
H

,H
D
}
su
ch

th
a
t
th
e
o
p
era
to
r

̺̂
D

:=
(H

D
+

τ
)
4̺

D
is
b
o
u
n
d
ed
,
th
en

s-
lim

t→
+
∞

̺
α
(t)P

a
c(H

)
=

W
−

̺
D

W
∗−
.

(2
8
)
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A
co
n
jectu

re

T
h
e
case

α
ց

0
w
o
u
ld
co
rresp
o
n
d
to
th
e
ad
iab
atic
lim
it.
In
sp
ired
b
y

th
e
p
h
y
sical

literatu
re
w
h
ich
seem

s
to
claim

th
at
th
e
ad
iab
atic
lim
it

w
o
u
ld
tak
e
care
o
f
th
e
ab
o
v
e
m
en
tio
n
ed
o
scillatio

n
s,
w
e
co
n
jectu
re

th
e
fo
llo
w
in
g
resu
lt
fo
r
th
e
tran
sien
t
cu
rren
t:

C
o
n
jectu

re
0
.5
.

lim
α
ց

0
lim

su
p

t→
∞

∣∣T
r{

̺
α
(t)P

d(H
) [H

,χ
]} ∣∣

=
0,

w
h
ere

χ
is
a
n
y
sm
o
o
th
ed
o
u
t
ch
a
ra
cteristic

fu
n
ctio
n
o
f
o
n
e
o
f
th
e

reservo
irs.
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S
p
ectra

l
rep
resen

ta
tio
n

C
o
ro
lla
ry
0
.6
.
W
ith
resp
ect
to
th
e
sp
ectra

l
rep
resen

ta
tio
n

{
L

2(
R

,h
(λ

),ν
),M

}
o
f
H
th
e
d
istrib

u
tio
n
fu
n
ctio
n
{ρ̃

α
(λ

)}
λ
∈

R
o
f

th
e
stea
d
y
sta
te

̺
α
is
g
iven
b
y

ρ̃
α
(λ

)
:=



0
,

λ
∈

R
\

σ
(H

)

ρ
α

,j ,
λ

=
λ

j ,
j

=
1,...,N

f
b (λ

−
µ

b ),
λ
∈

[v
b ,v

a )


f
b (λ

−
µ

b )
0

0
f
a (λ

−
µ

a ) 
,

λ
∈

[v
a ,∞

)

w
h
ere

ρ
α

,j
:=

〈S
α
φ

j ,φ
j 〉,j

=
1,2

,...,N
.
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T
h
e
sta
tio
n
a
ry
cu
rren
t

L
et

η
>

0
,
an
d
ch
o
o
se
an
in
teg
er

N
≥

2
.
D
en
o
te
b
y

χ
b
th
e

ch
aracteristic

fu
n
ctio
n
o
f
th
e
in
terv
al

(b,∞
)
(th
e
rig
h
t
reserv

o
ir).

W
ith
o
u
t
lo
ss
o
f
g
en
erality,

let
u
s
assu
m
e
th
at

H
>

0
.

D
efi
n
itio
n
0
.7
.
T
h
e
tra
ce
cla
ss
o
p
era
to
r

j(η
)

:=
i[H

(1
+

η
H

)
−

N
,χ

b ]
(2
9
)

is
ca
lled
th
e
reg
u
la
rized

cu
rren
t
o
p
era
to
r.
T
h
e
sta
tio
n
a
ry
cu
rren
t

co
m
in
g
o
u
t
o
f
th
e
rig
h
t
reservo

ir
is
d
efi
n
ed
to
b
e

I
α

:=
lim
η
ց

0
T
r(̺

α
j(η

)).
(3
0
)

A
sch
b
ach
er,
W
.,
Jak
šić,
V
.,
P
au
trat,
Y
.,
P
illet,

C
.-A
.:
”T
ran
sp
o
rt

p
ro
p
erties

o
f
q
u
asi-free

ferm
io
n
s”,
J.
M
ath
.
P
h
y
s.
4
8
,
0
3
2
1
0
1
(2
0
0
7
)
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T
h
e
L
a
n
d
a
u
-L
ifsch
itz
fo
rm
u
la

L
et

c
>

b
+

1
.
C
h
o
o
se
an
y
fu
n
ctio
n

φ
c
∈

C
∞

(
R

)
su
ch
th
at

0
≤

φ
c
≤

1
,

φ
c (x

)
=

1
if

x
≥

c
+

1,
su

p
p
(φ

c )
⊂

(c
−

1
,∞

).

(3
1
)

T
h
en
th
e
statio

n
ary
cu
rren
t
is
g
iv
en
b
y
:

I
=

iT
r {

W
−

̺
D

(1
+

H
D

)
3W

∗−
P

a
c(H

)(1
+

H
)
−

2[H
,φ

c ](1
+

H
)
−

1 }

=
iT

r {
W

−
̺

D
W

∗−
P

a
c(H

)[H
,φ

c ] }
.

C
o
m
p
u
te
th
e
trace!

3
0



T
h
e
L
a
n
d
a
u
-L
ifsch
itz
fo
rm
u
la

W
e
co
m
p
u
te
th
e
in
teg
ral
k
ern
el
o
f

A
:=

iW
−

̺
D

W
∗−
P

a
c(H

)
1

2
m

b

(
−

dd
x

φ
′c
−

φ
′c

dd
x

)

in
th
e
sp
ectral

rep
resen

tatio
n
o
f
H
an
d
g
et

A
(λ

,p
;λ

′,p
′)

=

=
−

i˜̺
a
c

D
(λ

)
p
p

2
m

b

∫

R

φ̃
p (x

,λ
) (

dd
x

φ
′c (x

)
+

φ
′c (x

)
dd
x

)
φ̃

p
′(x

,λ
′)d

x

=
−

i˜̺
a
c

D
(λ

)
p
p

2
m

b

∫

R

φ
′c (x

){
φ̃

p (x
,λ

)φ̃
′p
′ (x

,λ
′)
−

φ̃
′p (x

,λ
)φ̃

p
′(x

,λ
′)}

d
x
.

3
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T
h
e
L
a
n
d
a
u
-L
ifsch
itz
fo
rm
u
la

In
o
rd
er
to
co
m
p
u
te
th
e
trace,

w
e
p
u
t
λ

=
λ
′,p

=
p
′,
an
d

in
teg
rate/su

m
o
v
er
th
e
v
ariab
les.
W
e
o
b
tain
:

I
=

∫

R

φ
′c (x

)j(x
)d

x
,

w
h
ere

j(x
)

:=
1m

b

∫
∞

v
b

∑

p

˜̺
a
c

D
(λ

)
p
p ℑ

{
φ̃

p (x
,λ

)φ̃
′p (x

,λ
)} d

λ
.

j(x
)
is
a
co
n
stan
t,
o
n
ly
d
ep
en
d
in
g
o
n
in
v
arian
t,
scatterin

g
q
u
an
tities.

3
2



T
h
e
L
a
n
d
a
u
er-B
ü
ttik
er
fo
rm
u
la

...
w
as
o
b
tain
ed
fro
m
L
an
d
au
-L
ifsch
itz
in

B
aro
,
M
.;
K
aiser,

H
.-C
h
r.;
N
eid
h
ard
t,
H
.;
R
eh
b
erg
,
J:
A
q
u
an
tu
m

tran
sm
ittin
g
S
ch
rö
d
in
g
er-P
o
isso
n
sy
stem
,
R
ev.
M
ath
.
P
h
y
s.
1
6

(2
0
0
4
),
n
o
.
3
,
2
8
1
–
3
3
0
.
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F
u
rth
er
q
u
estio
n
s

1
.
th
e
m
u
ltid
im
en
sio
n
al
case

2
.
”lo
n
g
-ran
g
e”
sw
itch
in
g
in
tim
e;

3
.
”lo
n
g
-ran
g
e”
sam
p
les/q
u
an
tu
m
w
ells;

4
.
ex
ten
sio
n
s
to
g
eo
m
etric

scatterin
g
in
h
y
p
erb
o
lic
m
an
ifo
ld
s;
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