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The backscattering data

Consider

H_

v.—

A+v, vell(R"), g>n,

n > 3 odd.
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The backscattering data

Consider

H =-A+v, vell(R"), g>n,

n > 3 odd.
o Wave operators: Wy =lim; .41 €

ithv g =itHo exist and are complete
@ Scattering operator: S = Wi W_.
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Classical backscattering data

Consider

A= (2ri)" XS —1).
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Classical backscattering data

Consider
A= (2ri)" XS —1).

e For every A > 0 there is a continuous operator A(A\2) on L2(S"1)

such that
(FAF)(\) = AN)(FF)(N),

where F is the Fourier transformation.

e Scattering amplitude: A(\%; w,w')
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Classical backscattering data

Consider
A= (2ri)" XS —1).

e For every A > 0 there is a continuous operator A(A\2) on L2(S"1)
such that
(FAF)(X) = A)(FF)(A),
where F is the Fourier transformation.
e Scattering amplitude: A(\%; w,w')
o “Classical” backscattering data: A(A\%;w, —w), w € S" 1 and A > 0.
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The real backscattering data

Ap = —(27m)? lim / e cltleto(Wiv)e tHopdt

—00

The “classical” backscattering data can be identified with

(Buwwv)(x) = F1(6 — FOWENF(—E/2,€/2))
=27 [ vlx— )Wl - yox ) dy.

Ingrid Beltita (IMAR)

Backscattering



The real backscattering data

[e.o]

Ap = —(2m) 7! EIQB / e~cltletto (W v)e~tH pdt.
—00

The “classical” backscattering data can be identified with

(BaasV)(x) = F (€ — F(Wiv)F (=£/2,€/2))

=2”/V(X—y)W+(X—y,X+y)dy-

@ v is real: consider only the real part of B,.v

(BuassreV)(x) =271 / vix = y) (Wi + Wo)(x — y,x + y) dy.
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The real backscattering data

[e.o]

Ap = —(2m) 7! EIQB / e~cltletto (W v)e~tH pdt.
—00

The “classical” backscattering data can be identified with

(BaasV)(x) = F (€ — F(Wiv)F (=£/2,€/2))

=2”/V(X—y)W+(X—y,X+y)dy-

@ v is real: consider only the real part of B,.v

(BuassreV)(x) =271 / vix = y) (Wi + Wo)(x — y,x + y) dy.

Problem 1. Find v (singularities of v) from B V.
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A formula for W, + W_

o K,(t): (92 + H,)K,(t) =0, K,(0)

0, K,(0) =1
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A formula for W, + W_

o K,(t): (8% + H,)K,(t) =0, K,(0) =0, K,(0) =1
o Ko(t) = Si”f'“" t>0.

t

o Kn(t) = [ Kn—1(t — s)vKo(s) ds.
0
Then

Ko(t) =Y (=1)VKn(t),

N
and L3, 5 v — K, (t) € B(L*(R")) is entire analytic.
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A formula for W, + W_

o K,(t): (82 + H,)K,(t) =0, K,(0) =0, K,(0) =/
o Ko(t) = S"‘f'“" t>0.
° ft (t — s)vKo(s) ds.

Then °

Ko(t) = > (~1)"Kn(t),

N
and L3, 5 v — K, (t) € B(L*(R")) is entire analytic.
|x — y| < t in the support of K,(t,x,y) (with = when v = 0)
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@ Define
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G—— / K(tvko(t) dt, v e LT,
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@ Define -

G- —/Kv(t)vko(t) dr, veld,.
0

e {)\;} C (—o0,0] eigenvalues of H, counted with multiplicities, with
{f;} the corresponding orthonormal set of eigenfunctions. There exist
g € C>(R") such that

(Wi + W) 2=1+G+) fiog.
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The backscattering transformation and the problem
Definition (A. Melin (99))

The backscattering transform of v € Lf:’pt:

(Bv)(x) = v(x) +2" / vix —y)G(x —y,x+y)dy.
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The backscattering transformation and the problem
Definition (A. Melin (99))

The backscattering transform of v € Lf:’pt:

(Bv)(x) = v(x) +2" / vix —y)G(x —y,x+y)dy.

Problem. Find v (singularities of v) from Bv.
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The backscattering transformation and the problem
Definition (A. Melin (99))

The backscattering transform of v € Lgpt:

(Bv)(x) = v(x) + 2"/v(x —y)G(x—y,x+y)dy.

Problem. Find v (singularities of v) from Bv. J

@ When v is real Bv — B,V is a smooth function. If there are no
bound states Bv = B, V.
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The backscattering transformation and the problem
Definition (A. Melin (99))

The backscattering transform of v € Lgpt:

(Bv)(x) = v(x) + 2"/v(x —y)G(x—y,x+y)dy.

Problem. Find v (singularities of v) from Bv. ]

@ When v is real Bv — B,V is a smooth function. If there are no
bound states Bv = B, V.
e C°(R") 3 v — Bv e C®(R") is entire analytic in v:

Bv = ZBNV, Biv =v.
1
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The backscattering transformation and the problem
Definition (A. Melin (99))

The backscattering transform of v € Lgpt:

(Bv)(x) = v(x) + 2"/v(x —y)G(x—y,x+y)dy.

Problem. Find v (singularities of v) from Bv. ]

@ When v is real Bv — B,V is a smooth function. If there are no

bound states Bv = B, V.
e C°(R") 3 v — Bv e C®(R") is entire analytic in v:

Bv = ZBNV, Biv =v.
1

@ Byv is the value at (v, ..., v) of an N-linear singular integral
operator.
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Continuity problems and smoothning

Aim: Find (Cg°(R") €)X C Y Banach spaces of functions such that there
isC>0

o ||[Byv|x < CN|v||¥, for every N and v € Y, or
o ||Byv|x,. < CN|v||¥, for every N and v € Y with compact support.
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First result

@ The regularity of Byv increases with N in the sense of the next
theorem.

Theorem (A. Melin (03))

Let g > n and k be a nonnegative integer. Then there is a positive integer
No = No(n, g, k) such that if Ry, Ry > 0 there isa C = C(n, k, R, Rz, q)
such that

1A By vl 2(g0.ry < CVlIvIie/NL N> No,

whenever v € L9 has support in the ball B(0, Ry).
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Formula for Byv

We have

(BNV)(X):/---/v(x+x1)...v(x+xN)

En(xn — x1,,

s XN—2 — XN—1,XN—1 T XN) dxy ...dxy
when v € CS°(R"), N > 2.

Here Ey € D'((R")N) is constructed iteratively.
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The distribution Ep
Define

Qu(x; t) = ko(x; t),
N>2:

QN(Xl,---,XN;t)=/QN1(X1,

o XN—1 E— S)Ql(XN; S) ds,
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The distribution Ep
Define

Qu(x; t) = ko(x; t),
N>2:

Qn(xt, ... Xy t) = / Qn-_1(x1,...xn—1;t — s)Q1(xn; 5) ds,
Then set

En(xt,....xn) = —/QN—1(X1,---,XN—1;t)ko(XN,f) dt.
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Further properties of Ey

o E = 47 (im)t-ns(n=2)(x2

y?) and it is the unique solution to
(Ax — Ay)Ex(x,y) = 6(x, y) such that

> E2(X7.)/) = —E2(y,X)

» FE; is rotation invariant separately in both variables
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Further properties of Ey

o E, = 47 (im)"6(n=2)(x2 — y?) and it is the unique solution to
(Ax — Ay)Ex(x,y) = 6(x, y) such that
> Ex(x,y) = —Ex(y,x)
» FE; is rotation invariant separately in both variables
o N >2:

EN(Xl, c. ,XN) =
= (Eg(Xl,Xg) & (5(X3, - ,XN)) * ((5(X1) & EN_1(X2, .. ,XN))

— (Ex(x1,%x2) @ 6(x3, ..., xn)) * (6(x2) @ En—1(x1,X3,...,%xN))

» Ey is rotation invariant separately in all variables

» Ep is symmetric in xq, ..., Xy_1

> |xn| = |x1| + -+ |xn—1] on the support of Ep.
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Another result

Theorem

Assume n =3 and s > 1. Then there exists C = C(s) such that

1Bnvlliz < CVI )%V
when v € Cg°(R").
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Another result

Theorem

Assume n =3 and s > 1. Then there exists C = C(s) such that

1Bnvlliz < CVI )%V
when v € Cg°(R").

Proof relies on:

En(x1, x2 xy) = cV ko(lxa| + -+ + Pev—1l: xn)

Ixa| - [xn—1]
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Smoothning properties of By

Theorem

Let R, Ry > 0 be fixed. Assume

0>(n-3)/2,0<a<o—(n-3)/2,
No > 2 integer , Nop > a+ 1, Ny > 2.

Then there exists C that depends only on R, Ry, o, o and Ny such that

N N
||BNV||H(U+Q)(B(O,R1)) S C ||v||H(o)(]Rn)

for every N > Ng and v € C3°(B(0, R)).
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Consequences

Corollary

Assume R, Ry > 0 are fixed and

g>no>(n-3)/2,0<a<l a<o—(n-3)/2

If v.e Hgy N L9 is compactly supported then

v—Bv e H(a+a),|oc-
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Main ingredients of the proof

e Byv = fnv on B(0, Ry) where

ﬂ/\/v) CN/ /Rn),\, . 01,.. ,On_1, 5/2)
0(E/2+ 01)0(02 — 61) ... 0(£/2 — On_1) d,

where
Un = ¢(xn)En

for some ® € C3°(R").
o |Da(&,m)| < CIg] + )~ (le] — [nl)
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The quadratic term

Assume N = 2:

Theorem

Assume s, o, a satisfy

0<a<(n—-1)/2, a>1/4,
0<a<l a<(n-3)/2-og,
at+a<(n-1)/2.
Then
[(x)?2=12(D)7* By(v)|| < Cl[(x)*(D)7v|]>.

Remark: When 1/2 < a,2a—1/2 > a.
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