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Hydrogen Atom coupled to the
Quantized Radiation Field� Hilbert space is tensor product space,���������
	��

,
where� the Hilbert space of the electron (in H-atom) is�
������� �����������

,� and the Fock space�������! "� � ��� �$#&% � �(')�+*-,.0/21 �43 .65
is the photon Hilbert space,� where the 7 -photon sector is� 3 .65 �98;: .=< 	 . � ��>�?A@ �B: . ��C 3 .65 �D��: . ��C 3 .65E �GF

,
with

C 3 .05 �H��CJIGKML0L0LMK!C . � and
C 3 .65E �N��C E 3 I 5 K0L0L0LOKGC E 3 .65 � .� � 3 1(5 �P�+QSR

, where
R

is the vacuum vector.� On
�

, we have creation and annihilation operators,
obeying CCR:

? C)K!CJTA� VUA��C2�GK!UA��CWTX�(')�Y VU[Z6��C2�GK!U[Z;��CWTX�(')��\
, "UA��C]�^K!U Z ��C T �(')��_]��C=`aC T �

,U)��C2�bRc�d\
.
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pling `Be)fgihkjl fm �P�n`Be)fg=ho`�pq�(rs�oft ��p fuWv � ,
i.e.,w=xn�P� yz`aeAfg=hB`�p �(rs� ft ��p fuWv �|{ �~} � � u � } w��BK
where

� � u ����� > u >�� I ,� the vector potential of the quantized radiation field
in Coulomb Gauge ( f� � fC)K } ��� f� � fC)K0`��D� fC

isft � fu ���P�� � ��C]�2�JC� @ �(rs� > fC > I rs�k� f� ��C2�|� �[����^� �h U Z ��C2� } f� ��C2� Z � ����^� �h UA��C2�6��K
with UV-Cutoff � ��C2���N�) > fC >[��� '

, and

w=��� � �WC�����C2��U Z ��C]�bUA��C2�
is the field energy operator.
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p���\

,wa��\���� wi���
	d� } ��	�w���Kwi���Y� `�� h } ¡> u > L
� Spectrum of

w���\
�
is sum of spectra of

w����
and

w��
,¢  "w���\
�£'A� ¢  Vwi����' } ¢  "w=�0')�H V¤ 1 K¦¥�� ,� Ground state energy §©¨]ª ¢  "w���\
�£')�d� 1 is eigenvalue

at the bottom of the continuum,� Excited eigenval’s
�«I^K¬� � K0L0L0L are embedded in

continuum.
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Results
1. Existence of Models� wa��p­� is semibounded quadratic form, selfadjoint on

domain of
wa��\��

[Hiroshima 99];

2. Binding� Existence of ground state:¤¯®£°¬��p±�²�P� §³¨]ª ¢  Vwa��p±�(' is an eigenvalue,´¶µ ®£°!��p±� < �·��wa��p­� µ ®£°¸��p­�¹� ¤¯®£°G��p­� µ ®£°¸��p­�^K
� Existence of ground state for

\=º > p >�» ¡
[B + Fröhlich + Sigal 99];� Existence of ground state

? p�¼�\
, provided

(HVZ-type) binding condition
�£½«�

¤�®£°¬��p�K!¾¿K � ��ºcÀ §©¨� 8�¤¯®£°¬��p¦K¬¾�`�C)K � � } ¤¯®£°¬��p¦K!C)K!\
�!F
holds true [Griesemer + Lieb + Loss 00];� Condition

�£½«�
holds true for¾Á� ¡ [GLL 00],¾Á� �

[Chen + Vugalter + Weidl 03],¾�Â ¡ [Lieb + Loss 03],



VB at QMath10, 10-Sep-2007 5� Non-Existence of Gr. St. for
- Nelson Model [Fröhlich 74, Pizzo 02,

Lörinci + Minlos + Spohn 01],
- Pauli-Fierz Hamiltonian [Arai + Hiroshima +

Hirokawa 99, Könenberg 04].� Key condition for existence/non-existence:� Ã fÄ ��C]� ÃG�����C2� � �WC$Å º�¥
gs exists,�+¥

gs doesn’t exist.� Enhanced binding: no ground state for
p~�+\

,
but ground state for

p�¼�\
, not too large. [Hainzl +

Vougalter + Vugalter 01, Catto + Hainzl 04]
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3. Construction of Ground States� For Pauli-Fierz Ham. [B + Fröhlich + Sigal 98]� For Nelson model [Pizzo 02];� Thm. [B + Fröhlich + Pizzo ’06,
B + Könenberg ’06, B + Pizzo + Shoufan ’07]:½
For

\
º > p >[» ¡ small,
w���p±�

has a unique ground
state vector Æ 1 ��p­����� Æ ®£°!��p­� < �

at the bottom¤ 1 ��p±�²�P�d¤¯®£°G��p­�²¼Ç¥
of its spectrum.½

For
\=º > p >�» ¡ small, the complex dilation

wa��p¦K!È«�
of
wa��p±�

has an resonance eigenvector Æ v ��p¦K!È«� with
resonance eigenvalue

¤ v ��p±� < Q � in the vicinity
¤ v ��p­���� v }ÊÉ ��p � � of the excited energy levels

� v , Ë � ¡ K � K0L0L0L .½
Both Æ v ��p±� and

¤ v ��p±� are constructed by a
convergent iteration procedure (Pizzo’s method).½

That is, a sequence
��w 3 .05 � ,.6/21 of infrared

regularized Hamiltonians with eigenvectors
� µ 3 .65 � ,.0/21

and corresponding eigenvalues
��¤ 3 .05 � ,.6/21 is

iteratively constructed such thatw 3 1(5 �+wa��\��^KÌw 3 .65 l wa��p±�GKµ 3 1(5 � Æ v ��\
�^K µ 3 .65 l Æ v ��p±�GK¤ 3 1(5 �d¤ v ��\
�^KH¤ 3 .65 l ¤ v ��p­�^K
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Ground state Æ ®£°!��p­� can be expanded in terms of
bare quantities up to

É ��p­Í2�
, for arbitrary

� <ÏÎ .½
Scattering amplitudes can be expanded in bare
quantities, as well.½
Imaginary parts Ð À
8�¤ v ��p­�GF of resonance
eigenvalues can be explicitly computed to leading
order in

p
. This yields the inverse life-time¡Ñ vÓÒ Ð À
8�¤ v ��p±�GF

of the resonances as metastable states.
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4. RG based on SFM� Smooth Feshbach map (SFM):

Let
\ ��Ô�� ¡ , ÕÔ ���-Ö ¡ ` Ô � , and

 V×ÏK Ô ')�d\
. ThenØ § ÀÚÙkÛMÜ6��× }aÝ `�Þ
�¹� Ø § ÀÚÙßÛOÜ y£à  "× }áÝ `�Þ�' { K

whereàãâ«ä å  "× }cÝ `�Þ�'4���×�`�Þ } Ô Ý Ô ` Ô Ý ÕÔoy ×�`�Þ } ÕÔ Ý ÕÔq{ � I ÕÔ Ý Ô L
on æBç«¨  Ô ' .� Renormalization group (RG) map è based on SFM:½

Effective Hamiltonian
w 3 .05 � �[× 3 .05 }cÝ 3 .65

is defined on
�A Vw��Êº ¡ '³� ,½

where
×�3 .65 �Çék3 .65 ��w=�;�

andÝ 3 .65 �êë ä ì
� U Z ��í�Ib��î6î6îbU Z �ïí ë �­ð ë ä ì ��w=��K¸í]K]ñí«�DUA�;ñí�Ib��î6î6îbUA��ñí ì �^K

½
and choose

Ô ���n�) Vw��Êºcò�'
with

\=ºcò » ¡ .
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Set w 3 .6ó I 5 ��Þ
�a�P� è  Vw 3 .65 ��Þ
�£'ôK
where è ��õ�ö àãâ«ä ÷�ø

is composition of SFM
and rescaling map

õ
which maps�A "w=��º�ò�'³� jl �A Vw=�Êº ¡ 'ù�½

Show that
Ý 3 .05 l \

, as 7 l ¥
.� Preservation of soft photon sum rules (SR)

under RG map: �ú­K¬w¿'A�+\ û  �ú­K è ��w¹�£')�+\kL
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5. Pizzo’s Scale Decomposition� Define a decreasing energy scales by¢ . �P� �¹ü .
,� Divide momentum space into corresponding slices,

for ¡ �Çý º 7 � ¥ ,þ . �P� � � fC)K Ñ � < � � #Ï% �kÿÿ ¢ . � ��� fC2� � Kþ��. �P� � � fC)K Ñ � < � � #Ï% �kÿÿ ¢ . � ��� fC2�²º ¢ � � K� with corresponding
�D�

-spaces� . ��� � ��� þ .�� and
� �. ��� � ��� þ��. �� and corresponding Fock spaces� . ��� � � � .�� and
� �. �P� � � � �. � L� This gives rise to an momentum scale

decomposition of the photon Fock space� � � , Ò � � . 	Ú� ..0ó I 	Ú� .0ó I, L



VB at QMath10, 10-Sep-2007 11� Similarly, we decompose the Hamiltonian asfm . ��� `oe fg=h } U Z � fÄ . � } U)� fÄ . �­K	w . ��� � �A� ¢ . �Y> C > �¶����C2� U Z ��C2�bUA��C]�z�WC K
	w �. ��� � �A� ¢ . �Y> C > º ¢ � �A����C2�)U Z ��C2�bUA��C2� �WCiKw . ��� fm �. ` � � u � } 	w . K� which implies thatÝ ..0ó I �P� w .6ó Iq`�w . � � fm .0ó Ib� � `·� fm . � �� � U Z �ãfÄ ..6ó I �­î fm . } � fm . î;UA�ãfÄ ..6ó I �} y U Z �zfÄ ..0ó I � } UA�zfÄ ..0ó I � { � K

where, e.g.,U Z �ãfÄ ..6ó I �á�P�� �A ¢ .0ó I � ����C2�²º ¢ . ';�WC� @ �(rs� > fC > I rs� f� ��C2�b� �[����^� �h U Z ��C2�­L
� Projection 
 . onto approx. ground state or reso-
nance:


 . � ` ¡� @ e � � �
� /����
�[Þw . `��¤ . `�Þ
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� Inductive step 7 l 7 } ¡ by Neumann series ex-
pansions:


 .6ó IÏ� ` ¡� @ e � � �
� /�� �����
�WÞw .0ó Iq` �¤ . `�Þ

and ¡w .0ó Iq` �¤ . `�Þ � ,ê � /21 ¡w . } 	w ..0ó I ` �¤ . `�Þ� ` Ý ..6ó I�� ¡w . } 	w ..6ó I `��¤ . `�Þ����
�

� Existence of each 
 . is easy - convergence
 . l 
 v ��p±� and
�¤ . l ¤ v ��p±� is difficult� For this use that
Ý ..6ó I is “small” andeA Vw . K fu ' � � fm . K

which only holds for the minimally coupled model.


