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1 Brief Description of the Scientific Project

Homogenization of a Thermal Problem with Flux Jump

The goal of our project is to analyze, using homogenization techniques, the effective thermal

transfer in a periodic composite material formed by two constituents, separated by an imperfect

interface where both the temperature and the flux have a jump.

In the last decades, the study of the macroscopic properties of heterogeneous composite ma-

terials which exhibit imperfect contact between their constituents has been a subject of major

interest for mathematicians, physicists, engineers, etc. In particular, the problem of thermal

transfer in such heterogeneous media has attracted the attention of a broad category of re-

searchers, due to the fact that the macroscopic properties of a composite can be affected by the

imperfect bonding between its constitutive components. This imperfect contact can be gene-

rated by various causes: the presence of a thin interphase, chemical processes, the presence of

impurities at the boundaries, the interface damage, etc.

Let Ω be an open bounded material body in Rn(n ≥ 2), with a Lipschitz-continuous boundary

∂Ω. We assume that Ω is formed by two constituents, Ωε1 and Ωε2, representing two materials with

different thermal characteristics, separated by an imperfect interface Γε. We also assume that the

phase Ωε1 is connected and reaches the external fixed boundary ∂Ω and that Ωε2 is not connected.

Actually, Ωε2 is the union of domains of size ε, periodically distributed in Ω with periodicity ε (ε

is a small real parameter related to the characteristic size of the two constituents).

Since the pioneering work [1], where a thermal problem in a two-component composite with

interfacial barrier was studied for the first time by using asymptotic expansions, many mathe-
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matical studies were performed, in order to rigorously justify the convergence results. Various

mathematical methods were used: the energy method in [7], the two-scale convergence method in

[4] and more recently the unfolding method for periodic homogenization in [3]. The main common

point of all these studies is the fact that at the interface between the two components the flux

of the temperature is continuous, the temperature field has a jump and the flux is proportional

to this jump. Several cases are studied, following the order of magnitude with respect to the

small parameter ε of the resistance generated by the imperfect contact between the constituents.

Moreover, the case when both components are connected is studied, too.

The main novelty brought by our project consists in allowing the presence of a jump in the

flux across the imperfect interface, too. Following the ideas presented in [5] and [6], we will define

suitable interface conditions corresponding to our problem. More precisely, the problem that we

will study is the following one:

−div (Aε∇uε1) = f in Ωε1,

−div (Aε∇uε2) = f in Ωε2,

Aε∇uε1 · ν = εαhε (uε1 − uε2) on Γε,

Aε∇uε2 · ν = εαhε (uε1 − uε2) + εβgε on Γε,

uε1 = 0 on ∂Ω.

(1)

Here, α and β are real parameters, α ≤ 1, ν is the unit outward normal to Ωε2, f ∈ L2(Ω), h and

g are positive bounded Y -periodic functions (Y being the unit cell in Rn) and

hε(x) = h
(x
ε

)
, gε(x) = g

(x
ε

)
a.e. on Γε.

Also, the matrix A is supposed to be bounded, uniformly elliptic and

Aε(x) = A
(x
ε

)
a.e. in Ω.

Under the above hypotheses, problem (1) is well-posed.

Proving suitable energy estimates and using the unfolding operators introduced in [2] and

developed in [3], we shall pass to the limit, with ε→ 0, in the corresponding variational formu-

lation of problem (1) in order to get the homogenized problem. Various limit problems will be

obtained, the most interesting one being the case corresponding to α = −1 and β = 1. Corrector

results will be obtained, too.

Both participants to this project already worked on problems with interfacial

barriers and published independently (alone or with co-authors) a series of papers

on this topic (see the articles written in bold in the lists of publications).
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2 Activities to be Supported by the Project

We propose two research visits, with financial support needed for travel expenses, accommodation

and local expenses:

- One research visit (10 days) to Metz of Claudia Timofte, 2015.

Required financial support 1400 e, as follows:

• 400 e for travel expenses (flight, train and bus tickets)

• 1000 e for accommodation and local expenses.

- One research visit (7 days) to Bucharest of Renata Bunoiu, 2016.

Required financial support 1100 e, as follows:

• 400 e for travel expenses (flight, train and bus tickets)

• 700 e for accommodation and local expenses.

Total required financial support: ≈ 2500 e.
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• D. Borisov, R. Bunoiu, G. Cardone, ”Waveguide with non-periodically alternating Dirichlet

and Robin conditions: homogenization and asymptotics”, Zeitschrift für angewandte Mathematik

und Physik, 64 (3), pp. 439-472, 2013.

• R. Bunoiu, G. Cardone. C. Perugia, ”Unfolding method for the homogenization of Bingham

flow”, Modelling and Simulation in Fluid Dynamics in Porous Media, J.A. Ferreira, S Barbeiro,

G. Pena, M.F. Wheeler (Eds.), Springer Proceedings in Mathematics and Statistics 28, New

York, pp. 107-122, 2013.
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• D. Borisov, R. Bunoiu, G. Cardone, ”Homogenization and asymptotics for a waveguide

with an infinite number of closely located small windows”, Problems in Mathematical Analysis

58. J. Math. Sci. (N. Y.), 176 (6), pp. 774-785, 2011.
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2010.
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230, Theta Ser. Adv. Math., 3, Theta, Bucharest, 2005

• D. Polişevski, R. Schiltz-Bunoiu, D. Polisevski, ”Diffusion in an intermediate

model of fractured porous media”, Bul. Ştiinţ., Univ. Piteşti, Ser. Mat. Inf. 10,

pp. 99-106, 2004.

• R. Bunoiu, S. Kesavan, ”Asymptotic behaviour of a Bingham fluid in thin layers”, J. Math.

Anal. Appl., 293 (2), pp. 405-418, 2004.

• R. Bunoiu, S. Kesavan, ”Fluide de Bingham dans une couche mince”, An. Univ. Craiova

Ser. Mat. Inform., 30 (1), pp. 71-77, 2003.

• R. Bunoiu, ”Nonlinear viscous flow through a thin slab in the lubrication case”, Rev.

Roumaine Math. Pures Appl., 45 (4), pp. 577-591, 2000.

• R. Bunoiu, J. Saint Jean Paulin, ”Linear flow in porous media with double periodicity”,

Portugaliae Mathematica, 56, pp. 221–238, 1999.

• R. Bunoiu, J. Saint Jean Paulin, ”Fluide à viscosité non linéaire dans un domaine de faible

épaisseur dans le cas de lubrification”, C. R. Acad. Sci. Paris, 323, Série I, pp. 1097-1102, 1996.

Other publications

• R. Bunoiu, ”Sur les caractéristiques hydrauliques d’un module de stockage”, Rapport interne

Commissariat à l’énergie atomique, 1996.

• R. Bunoiu, ”Sur un problème mathématique en mécanique des fluides”, Rev. de l’Assoc.

Femmes et Mathématiques, 1997.
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interface via the periodic unfolding method”, Asymptotic Analysis, 89 (1-2), pp.

111-122, 2014.

• A. Capatina, C. Timofte, ”Boundary optimal control for quasistatic bilateral frictional
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• C. Conca, F. Murat, C. Timofte, ”A Generalized Strange Term in Signorini’s Type Pro-

blems”, ESAIM: Model. Math. Anal. Numer. (M2AN) 37(5), pp. 773-806, 2003.
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5117, ISSN: 1790-5117, ISBN: 960-8457-45-9.
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Problem Arising in Chemistry”, chapter in ”Multi Scale Problems and Asymptotic Analysis”,

GAKUTO International Series Mathematical Sciences and Applications, Volume 24, pp. 89-103,
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dia”, Proceedings of the First HMS 2000 International School and Conference on Homogeniza-

tion, Naples, June 2001, Italy, Gakuto International Series in Mathematics, L. Carbone, R. De

Arcangelis eds., pp. 281-289, 2003.
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